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MNMPEOUCJIOBHUE

Tema HacTosiliell KHUIH — aCHMITOTHUECKHE OLIEHKH MHTErpaJiosB.
MHorouunc/jenHble 3ajlaud MaTeMaTHKH, MaTeMaTHYeCKOH H TeopeTH-
yecKOH (U3UKH, MeXaHHKH, TEeXHHKH IMPUBOASAT K HeOOXOAHMOCTH
HccseoBaTh HHTErpaJibl BHAa

F(A)= S exp[AS (x)] f (x) dx
, v

npu O6OJbIINX 3HAUEHHUSIX NapameTpa A —> + oco. 3Jecb HHTerpal
MOJKeT OBITh OJHOMEPHBIM HJHM MHOTOMEepHbIM, 06J/acTb HHTErPHPO-
BaHUS Yy MOXKeT OBITb MHTEPBAJOM BelLECTBEHHOH OCH HJ/H 00J1aCThIO
n-MepHOr'0 BeLIEeCTBEHHOTO NPOCTPAHCTBA, KOHTYPOM B KOMILJIEKCHOH
IJIOCKOCTH HJIM f-MEPHBIM KOHTYPOM B n-MEPHOM KOMIJIEKCHOM
NpoCTpaHCTBe.

MoxHO mNo maJbllaM NepecuuTaTh Te CJayuaHu, KOrpAa Takue
HHTerpaJbl $IBHO BblUHCJsiOTCA. C IPyro#f CTOpPOHbI, NpH OGOJbLIHX
3HAUYeHHAX [apaMeTpa BbIYMCJIeHHe 3HAaUeHUH TaKHX MHTerpaJos
He MOJ CHJYy paxe caMbiM coBpeMeHHbiM DIIBM. EnpuucreenHoce,
YTO OCTAETCS—3TO MCIBITATHCS BOCHOJIb30BATHCS ACHMITOTHYECKHMH
MeTOlaMH.

B nacrosimefi KHuUre paccMOTpeHBl OCHOBHblE METOJbl ACHMITO-
THUYECKHX OLIEHOK HHTerpaJjioB: MeTon Jlamsaaca, MeTon CTalHOHap-
HOH (hasbl, MeTOJ| mepeBaJsia. B yacTHBIX cayuasfXx aCHUMITOTHYECKHe
pasfioxeHUs1 OBLIM OTKPbITHI W MpuUMeHsinHch eute B XVIII croaetnn
Crupannrom, Maxkjopenom u diinepom. [asnbueliliee pasBuTHE 3TH
MeTonbl noayuusau B pa6orax Crokca, Kenabuna, Ile6as u MHoOrux
Apyrux aBTopoB. TeM He MeHee KHHUI'HM, MOCBSILIEHHBIE CHeLHAJbHO
aCUMIITOTHUYECKHM METOJaM, HauaJu NoABIAThCS TOAbKO B 60-X rogax
Hallero CTOJIeTHS.

Hacrosimas xHura paccuutaHa Ha MIMPOKHH KPYr JIHI — MarTe-
MaTHKOB, (H3HMKOB, MEXaHUKOB, HHXKeHepOB-uccCJemoBaresed. Jlas
YTEHHs] KHHI'H JIOCTATOYHO 3HAHHUSI OCHOB MaTeMaTHUeCKOro aHaJu3a,
JIMHEHHOH aJyre6pHl U TeOPHH QYHKIHMH KOMIJIEKCHOTO NEePeMEeHHOro.
Hckmouenne cocraBasieT Juib 1. V; He0OXOAHMBIE AJs1 €e MOHH-
MaHHsl 3JeMeHTapHble TOINOJIOTHYECKHe H aJsarebpanueckve QakTh
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npuBefieHbl B Tekcre. HexkoTopble GaxTel B Kuure copMyJaUpOBaHBL
B ¢opMe 3axau. [Ipumepnl, KoTOphle NPHUBOIATCS B KHUTe, KAK MNpa-
BHJIO, CBSI3aHBl C KOHKDETHHIMH 3aJauyaMu; Mbl u3Gerasu npHMepoB,
NPHAYMAHbIX CHelHaJbHO [Js JIeMOHCTPAUMH TOTO HJH HHOrO
MeTo/1a.

Jluteparypa, nocssiiieHHasi aCUMITOTHUYECKHM OLleHKaM HHTerpa-
JOB, B OCOGEHHOCTH OJHOMEpPHBIX, OI'DOMHA, U NMpUBEJACHHbBIE HAMH
fubaHorpaduueckHe YKa3aHWsa HM B KOeH Mepe He MpeTeHAYIOT Ha
noaHoty. HMMeercss psagx Monorpaduif, NOJHOCTBIO HJH UYAaCTHUHO
MOCBALICHHBIX aCHMITOTHKE HHTErpajos, — ato Kuuru [10], [34], [44],
[66], [97], [106], [113], [128]. TlogpoGHast GuGauorpacdus HMeeTCs
B [66], [128].

ACHUMITOTHUECKHE METOHbI, K COMKAJICHHIO, TAK:KE HMEIOT CBOH
rpanunel. He crenyerT aymaTh, uTo acUMITOTHKY JOOOro MHTerpa.a
Buna F(A), Aaxe OLHOMEDPHOTO, MOXKHO BHUHCAUTb. PaccMorpum,
yHanpuMep, npeo6paszoBaue Pypbe

0o

F(A) = S e~ (x) dx.

— 00

Ecau npo ¢yHKIHIO ¢ (%) U3BeCTHO JUILL, 4TO OHA (pHHMUTHA H Gec-
KoHeuHo auddepeHuupyema, to npo GpyHkuuo F(A) MOXKHO cKasaThb
TOJIbKO, UTO OHAa yOblBaeT NpH A — == oo ObicTpee A0GOI cTemenu A;
HO HHKAaKOH acHMITOTHYeCKO# (pOpMYJH (KPoMe HANHCAHHOTO BHILE
HHTErpaJa) AJA Hee TOJYUHTb Heab3s. MMeercs He Taxoe yx
60JbIIOE UHCJIO ITAJNOHHBIX THIIOB HHTErPAsOB, aCHMITOTHKY KOTO-
pBIX YyAaeTcs BBIUHCJHTb. [lo-BHOIHMOMY, B HejpasekoMm Oyayiilem
Hapanay ¢ TabJauLaMy HHTErPaJioB BO3HHKHYT U TaOJHULBI aCHMITO-
THK HHTErpaJioB.
HyMmepanus ¢opMy1 B KaxK0H riaBe He3aBHCUMA OT HVMePaLHUH
B 1pvrux raaBax. [lpu ccelnixe Ha ¢dopMyJdy U3 APYTOH TJaBnl jo-
GaBJIACTC HOMEP 3TOH T.J1aBbl.
Aarop



I'TABA I
ACHMIITOTHYECKHE PA3JIO)KEHHS

§ 1. Hpocreitinne aCUMNTOTHYECKHE OLEHKH

I. CuMBoan ~, o, O. Ilycts dbyuxuuu f(x), g(x) ompeneens
Ha HeKOTOPOM MHOXKecTBe M u @ — npefebHasi Touka MHOKecTBa M.
Kak npaBuso, He3aBHCHMGCE IepeMeHHoe X OYAeT BellleCTBEHHBIM
HJIH KOMIIJIEKCHBIM UHCJOM; OJHAKO BCe YTBEPXKAEHHS NaHHOTO pas-
JeJa NPUroAHBl H B TOM cJydae, KOrja x — 3JeMeHT Xayciopdosa
TOIOJIOF HUECKOr 0 MPOCTPaHcTBA, DTO 3aMeuaHHe OTHOcHTcs n K § 2.

Mp 6yaeM HCIOJAb30BaTh cJeAVIOHIHe cOllelpHHATbE 0003HA-
YeHHA.

Popmyna Onpenenenue
f~gk) (x—a, xeM). im0
x>a, xeM g(x)
fx)=o0(gx) (x—a, xe M) im0
i>a xeM g(\)
[ (x)=01(g(x) (xre M) CyuiectByer mnocrosnnas C
Takas, 4To

T I<Cigl
npu Bcex y = M.

fX)=0(gkx) (x—a xM). CymectByor nocrosingass C n
okpectHocTb U TOYRM a Taxue,

41O
T I<Clg)]
npu xe MNU.

B stHx dopMysax ykasanne Ha MHOXecTBO M 6yneM onycKarh
B TeX cJayuasx, Korja 5TO He BbI3OBET HeJOopasyMeHHH.

[Tpumepn. 1. Inx=0(x"% (x—+40), a>0.

2. Inx=0x% (x— + ), a>0.

3. sine~2z (z—0).

4. sinx=0(1) (— oo < x << o).

5. nl~4/2ane~nr (n— oo).
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6. TTyets S, — cektop |argz|<< % —e< % B KOMIUVIEKCHOH
njockoctu 2z, ¢ > 0. Toraa
e=cz =0 (e=-c12l) (z=S,), ¢ >0.

Tak kak Rez>=>|z|(sine)” npu z= S,, 10
c
|e—cz | Lo sine 2] (z=S,).

7. Tlpn mo6uX a, b >0

e=elzl =o(z1™") (jz|—> o).

CootHomenre f(x)=o0(g(x)) (x— a) o3HauaeT, uTO GYHKIHA
f(x¥) ectb OeckoHeuno MaJiag no CpPaBHEHHIO C g(x) mpu x —a.
Ananornuno, cooTHomenne f(x)=:0(g(x)) (x —a) osHauaer, uToO
dyuxkuus f(x) orpaHnueHa no cpaBHeHHIO ¢ QYHKuuel g (x) npu
x— a. B ugactHocTH, ecaH [ (x)=o0(1) (x = a), TO [ (x) — GecKOoHeuHO
MaJag BeJHYHHa mpH x — a; ecan xKe [(x)=O0(1) (x— a), 10 [(x)
orpaguueHa npu x—a. OTCojAa HETPYJAHO MNOJYUYHTb PAA NPaBHJ
NeHCTBHI ¢ cHMBoJaMH o, O:

o(f (0)) + o(f (x)) = o (f (x)),
o(f (x) o(g () =o(f (x) g (x)),
oo (f(x)) =o (] (x))-

B stux dopmyaax x—a, x & M, MHOXecTBO M H TouKa a — OJHH
H Te e B JeBOH M NPaBOH YacTH KaxkJAOro PaBeHCTBA.
Pacuwindpyem n poxaxeMm nepByio GpopMmMyJy; ocTaJbHbie JOKa-
spiBaoTes aHagoruuno. Ilyers g, (x)=o(f(x)), g (x)=o(f (x)) npu
x—a; Torna g (x)+ g (x)=o0(f (x)) npn x— a — 3To cojiepxanue
nepsoii popmyasl. JloKasaTebCTBO:
& (x)

. g {x) g (x) . s &2 (x)
lim ===y = lim S 4 lim S =0

TouHo Takne ke GOPMYJ bl CHpaBedUBB AJs cHMBoJga O.
Jlagaee, UMeT MecTo (HOpMYJIbl

o(F(x) + 0 (T (x)) = O (f (x)),
o(f(x)O(g(x) = o I(x)g(x)),
Olo(f()=0(f(x)), o0 x)=0((x).

(3nech BCiOLy x—>a, x < M.)
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CooOTHOIIEHHsT BHAA
fx) ~ g(x), [(x)=o0(g(x)), [(x)=0(g(x)
HA3BIBAIOTCHA ACUMATOTUYECKUML (POPMYAQMU AT ACUMATOTULCCKILMU
OUEHKAMIL.

2. MpocreiiHe acCHMNTOTHYECKHE OLEHKH HHTETPAJIOB H PAIOB.
TlpuBejieM NPOCTBIE AOCTATOYHBIE YCJOBHS, NPH KOTOPHIX ACHMIITO-
THUECKHE OIEHKH MOYKHO HHTEr PHPOBATH.

MNpeanoxenne l1.1. Tycre pynsyuu f(x), g(x) HellpeprBHbl
gix) >0 npu a<x<b, unycre

Sg(x)dx=+oo, (L.1)
Xo
ede a < xy < b. Toeda:
[°. Ecau f(x)=0(gx) (x—0b), ro

b b
Sf(x)dx=0(8f(x)dx) (x=>b). (1.2)

X X

2°. Yreepocdenue 1° ocraerca 6 cuse, ecau sctody 3amenurs O
e 3%. Ecau f(x)~g(x) (x—b), 10
b b
Sf(x)dx ~Sg(x)dx (x — b). (1.3)
HokasaTe .J'be CTBO. ﬂgxameM 2°. TlpuMensist npasuJo Jlomu-
TaJgast, moJaydaem

i{x) dx

h
e
llme ——ll_)f][]) T =

¥

AHaJoTHUHO JLOKA3BIBAIOTCS OCTAJbHHBIE YTBEPIKIEHHA.
B 3ToM NpensoKeHMH AOCTATOYHO MOTPeGOBATH H3MEPHMOCTH
byukuuit f, ¢ ¥ CyMMHPYeMOCTH Ha KaxaoM oTpeske [ < (a, b).

3anaua 1l Ecan ((x)=0(x% (x> 4 o) 10

idt =0T (x> 400) a>-—I

(t)dt =0 (in x) (x> 4 00) a=-—I

S
|



CJL 1. ACHMIITOTHIYECKHWE PA3JIOXEHHIA

10
3azaya 12 Ecam [(x)~x® (x> 4 o), T0
a+1
~ L.._’ a>—]
Sf‘(t)dt~ o+l
(x > + o0),
0 In x. o= —
°°_ prEs |
S,(t)dt~———~a—+—1—- (x >4+ o00) o< —
X

1
3anawa [.3. Hyerb [ (x) = Z akxk—{—O(x"Z) (x > +o0) Torza
k=_1

\ 2 a,xtt
Si‘(t)dt=z kk—+r--+u_1 Iny4+0() (x> oo
0 k=0

n
3anaua 14 Ilycrs [ (x) = Z akx'k + 0 (x"“l) (x > + o0). Torna
k=2

% n

2 _
Sf(t)dt: -—-—k_—{—O(x ") (x> + o).
k;(k—l)x !

X
3anava 1.5. Jdokasath uro
X

S'\/l+t~’dt=x+-;—ln.\f+0(l) (x > + o).

[IpuBejiem mpocreiiline OUEHKH AAS PALOB.
[Ipennoxenune 1.2. Hycre pynsyus f(x) Henpepsisna, noro-

Heureabha w monoronna npu x 0. Toeda

NiR={ids+0((+1)+0(0) (o) (LY
k= )

HdoxrkasarteabctBo. IIyeTs [(x) BospacTaer AJst OIpejeJieH-

HocTH. Torma
k k:l‘—l
[ roar<im< | fwa,
B E
H, CYMMHDYst 3TH HepaBeHCTBa Npu | <C k<{n, nojayuaem
1 fn n+l {
fo<yiw-—{toa<io+ | fod—|ind<
k=0 0 n 0
1

<fa+n+io—{f@a

a9

Tem cambiv (1.4) nokasaHo.
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[Mpennoxenune 1.3. Hycrs pynkyus [(x) Henpepoigro Oug-
(};epemmpyema npu x = 0. Toeda

wa wa) <\ir@iax+ii@L @5

t

HJdokasateancTBo. HMumeem
k

\T@dt—iw= {1io-1wa,
k—1 k—1 (16)

F@&)—FRy=\ 1 () dr.

T ey

CaenoBarTeJbHO,

k
{ Go—fwna< (1o

k-1

R—1

Cymuupvsa towmaecta (1.6) ot k=1 mo k==n 1 yuuTHBAs NocJaex-
nee HepapeHCTBo, nmogaydaem (1.5).
Ilpepsoxenns 1.2 u 1.3 ynoOHB IpH BHYHCJICHHH aCHMNTOTHKH
n

cymm Trma . f(k), ecan f(x) pacTer He OBICTpPee HEKOTODOIl cre-
R=14

IEHH X IpH X —> -+ oo,

JlokagzaTte uTe np}x n—> + oo

3aaaua 1.6 Z—~1nn

3amnaua 1.7 Zka +] (a>—1).

o+l 8
0, (lnn) .
3amaua 18 E &% (In k)P —arT (a>—1)
i | k)rx 1 ya+1
{In (In n)
3aaava 19 E "~ a7 (o> —1).

k=2
§ 2. AcHMOTOTHYECKHE pPAABI

1. ACHMNOTOTHYECKHE TOCJEXOBATEJNBHOCTH. [IyCTh QYHKIUH
9, (x), n=0, 1, 2, ..., ompefiesieHsl Ha MHOXecTBe M, HMeIOIIeM
NpeneJbHYI0O TOUYKY @, H NYCTh @,(x) =0 B HEKOTOPOH OKpecrt-
Hoctn U, TOoukHd a.
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Onpenenenne 2.1. ITocaegoBarenntocts {@, (x)} HasbBaerca
acumnTorueckol Mpu x —a, x € M, ecau npu Jo60M LeaoM n =0

Cnsy () =0(9,(x)) (x—>a, x&M) 2.1)

IlpuseneM mnpuMepsl acUMITOTHYECKHX IOCJEA0BATENABHOCTEH,
B 3THX mpuMmepax x — KoOMIIJIEKCHOe IlepeMeHHOe, M — OKPECTHOCThb
Toqxn a.
Ax—a)", x—a
2. {x™ "}, x— o0,
ACHMITOTHUECKHE NOCJE0BATENbHOCTH TAKOTO BHAA HA3LIBAIOTCS
CTEReHHBIMIL.

3. {eknz}, A, BELIECTBEHHBI, A,.; < A,; NPH 2Z-—>00 B CEKTOpe
S jargz[<<m/2 —e, toe 0 <esCm/2.

YKaxkeM HeKOTOpble CBOHACTBA ACHMITOTHYECKHX IIOCJAeZ0Ba-
TeJabHOCTEH.

JIiobasi moamoc/ae0BaTe/bHOCTh ACHMATOTHUECKOH IOCIe0-

BATC.IbHOCTH SBJAETCH ACHMITOTHYECKOH I10CJA€L0BATENbHOCTBIO.

2°. Ilycrb ¢yuxuusa f(x) oTJauuHa OT HY.Js1 B HEKOTOPOH OKpecT-
HOCTH Touku a npu x=M, a {g,(x)} — acumuroTHUeCKas mocJe-
JlOBE‘.TeJIbHOCTb npu x—a, x& M. Torpa nDocaesoBaTeNbHOCTh
{J (x) 9, (x)} sABAsieTCS ACHMNOTOTHUYECKOH NpH x —>a, x = M.

3°. TlycTh mectefoBaTeJbHGETH {@, (x)}, {\pn(x)}——achnTom-
yeckue (OpH x — @, x = M). Tcraa nocaenosatesbHoOCTb {@, (X) P, (x)}
ABJSIETCS ACHMIOTOTHUYECKOH MpH X — a, x = M.

J10Ka3aTeJbCTBO 3THX YTBEPXK/IEHUH BbiTeKaeT HeNocpeICTBEHHO
U3 ONpeJeseHHsl.

2. Acumnroruueckue paapl. [lycTh ¢ — npegesibHasi TOUKA MHO-
keerBa M, dyuxuus [(x) ompenesieHa Ha MHokecTBe M.

Onpeneaenne 2.2. ITycrs {@, (x)} — acuMoToTHUeCcKas noCJIe-
JLOBaTeJbHOCTh HpU x—a, x =M. Dyukyua [(x) pasaraeaercs
8 acumnrorudeckuii pad

f(x)~ Zoancpn (x) (x—>a, xeM), (2.2,
Tle @, — NOCTOfiHHbIe, ecJd Hpu JioboMm Ledom N =0
flo)— Z G () =o0(gy(¥) (x—>a, x=M). (@0

Psg (2.2) HasweiBaercst acumnroTuseckum pasiodceruem by
nuu f(¥) MO0 acHMITOTHYECKOH IMOCJeN0BaTedbHOCTH {¢, (x)}. Onpc
neneHne 2.2 mpunansexur A. Ilyankape, u pasaoxenue (2.2) ua-
3bIBAETCSl QCUMNTOTUMECKUM Dadaoxceruem 6 cmuicae Iyanxape.

BoJgee obmee onpejednenne Obiio BBegeHo Ipaeiin [97]. Ilyets
@, (X¥) — acHMOTOTHUeCKAsl IIOCJEOBATENbHOCTL NpH x & M. IlycThb
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{($, (¥)}, n=0, 1, 2, ..., — nocaen0BaTeJbHOCTb (QYHKIUHH, KOTO-
pble ompeneJeHbl Npu x & M, u

Titn Pulr) (¥) 9.4

x—)zlzl,r:rc]EM On (%) = Cn, (2.4)

rre 0 < C, < oo,
Onpepmeaenne 2.3. dopMaabHBIR psf Z P, (x) HasblBaercs

QACUMATOTILeCKUM pasaodcerues HYHKIMH f(x) no ACHMITOTHYECKOH
nocJenoBaTeapHoCTH {@, x)} ecau mpu JwoboMm meqaom N =0

f(x) — Z P (¥) = 0 (@y (x)). (2.5)

3anHceBaeTcs 3TO TakK:

[0~ 3% 4 () (@ (), @.6)

Onpesesende 2.3 HcnodbsyeTcs B TeX CAydasx, Korga GyHKIHH
P, (¥) MOrYyT HMeTb HYJH B /11000 OKPeCTHOCTH TOUYKH @ (HampH-
Mep, P, (x)=x""sinx, x— 4 o).

Huxe Mbl paccMaTpuBaeM acHMITOTHYECKHE PA3JI0XKEHHS] B CMEIC/IE
[lyankape. ACHMOTOTHUECKHH pPsij [aeT HaM IIOCJeI0BATEJbHOCTD
acUMOTOTHUeCKHX GopMya mas ¢yHruun f(x), npuueM Kaxpast
nocJseayilomas ¢GopMyaa yTOUHAeT IpeibaAYIilyIo:

[ (x) — ag@o () = o (@ (%)),
[ (%) — awy (x) — @19, (x) = o (g, (x)),

Us onpenenenus 2.2 cjieayeT, YTO acHMITOTHUECKHH psA Mo-
KeT pacxooursca (IPHUMepsl Takoro popa cM. B § 3). JeiictsuTenbHo,
3 (2.3) caepyer, uTO ocTaToudbii wieH paga Ry (x)=](x) —

N

- Z a,@, (¥) uMeeT BUJ
Ry () =0y ()ey(x), eyx@=o0(l) (x—a),

HO HHUEro He FOBOPHTCA O moBedeHHH Ry (x) NpH PUKCHPOBAHHOM X
H opi N —oco. B oTiHuUHEe OT CXOAANIHXCS PSAOB PACXOAALIHHCA
ACHMIOTOTHUECKHH DAL M03BOJIsSIeT BLIUHCJAHTD 3HaUeHHe QYHKINH [ (x)
B JAaHHOIl TOUKe X; JIHUIIb C HEKOTOPOH OTHOCHTEJbHOH OINHOKOH
e = e(xy); npu stoM lim e (x)) = 0.
Xo=>a

Takum o0pasoM, BO3MOXKHBI TPH BapHaHTa s aCHMITOTHUECKOIO
psia ¢yukumd f(x):

1) paa cxogures K f(x);

2) psg cxomutes K QYHKUHH g(X) %= [ (x);

3) psin pacxoaHTCH.
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Bce Tpu BapHaHTa peasusylOTCsi B AEHCTBHTEJBLHOCTH.

YCcTaHOBUM HEKOTOpPbIE CBOHCTBA ACHMITOTHUECKHX DPAa3sIOXeHHH.

Teopewma 2.1. Acumnroruneckoe pasioxcerue 8 cmoicae [lyan-
Kape JaHHOU GyHKLuU nO JQHHOL ACUMATOTUXECKOU MOCAed08aTe.ib-
HOCTU eOUHCT8eHHO.

Hoxaszateasnctso. [Iyets {¢,(¥)} — acuMmnroruueckaa mo-
CJeN0BaTeAbHOCTh OpU X —a, x € M, U nycth GyHKUUA [ (X) umeer
pas/oxeHus

F0)~ 2 an®a (), [ ()~ X bu ().

IMoxkaxeM, uto a,==>5,. HMmeeM, no onpenenexmo,
[(x) = ag@o(x) = 0 (o (), [ (%) — bo@o (x) = 0 (g, ()

npu x—a, x =M. BoluHTasg BTOpOe COOTHOLIEHHWE H3 I[EPBOTC H
nens Ha @g(x), oayuaeM aq;— by=o0(l), TaK 4t0 qy=b,. Ana.io-
rHYHO AOKasblBaeTcs, 49To a;==»b, u T. g. B dacrHoctH, Kovddn-
UHEeHTHl aCHMITOTHYECKOTO Pas/oxKeHHd (2.2) BbUHcasOTCH 00 (HOP-

My.J1e 1 /
= tm_ [(10 =T aww)/e 0]

x>a, x=M

b

C npyrofi cTOpOHbBI, d8e padauurbie HYHKUUL MO2YT UMETH OIHO
u TO e acumnToTuueckoe pa3aoxcerue. Hanpumep:

0~0-2040-x~"4+ ... +0-x"4 ... (x— 4 ),
e *~0 4+ 0- x4 ... +0- x4 ... (x— 4 o0).

3aMeTuUM, YTO B TIePBOM OPHMeEPEe ACUMIITOTHUYECKMH PAN CXOLHUTCSH
K (YHKIMH, KOTODYIWO MBI DasJ/JOXKHUJH, a BO BTOPOM MNpHUMepe ps..
CXOJMTCA, HO YXe K APYro# (YHKUHH.
AcUMITOTHUECKHE DPSAAB, KAaK W OOLIYHBIE CXONSILIMECT DAL,
MOJKHO CKJaJhBATh H YMHOXATb HA KOHCTAHTY.
Teopema 2.2. [Tycre
00

[0~ T atbn (9, €0~ 2 6, (9 (00 ()

n=>_

u a, B— nocrosnnsie. Toz0a
af () + B () ~ 3 (0t + B5.) s (2) (0 ()

Jloxa3aTenbCcTBO CJAEAYeT HENOCPEJCTBEHHO M3 onpeje-
ACHHUSL.

OnHaKo MepPeMHOKAThb aCHMMATOTHUYECKHe PSnbl, BOoGLIE rOBODH,
HeJNb3sl, TaK KaK He BCErAa MOXKHO YIOPSIAOUMTh CHCTeMY (yHKLHH
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{9, Pn}, n,m=0,1,2, ..., Tak, 4To6H NOJYy4HJACh ACHMITOTHU-
yeckas MocJeloBaTebHOCTD.

3. ACHMITOTHYECKHE PA3/I0XKeHHU, cofepxainne napamerp. [IycTs
obyuknus f (v, y) ompenesena Ha MHoXecTme x &M, y=N u a—
npenenpHasi Touka muoxecrBa N. Ilyctb dyHRUuS [ TpH KaxpoMm
(GUKCHPOBAHHOM y & M pasgaraercs B aCHMOTOTHUECKHH pAf

o0

F, ) ~ 2 ap (@) 9, (1) (x—>a, x= M) 2.7)

n={)

PasnoxeHHne HA3bIBAETCS pPABHOMEPHbIM hnO napamerpy y E N,
ecanl COOTHOILeHHe
N
F ) — X an(y) o () = 0oy (2)
=]
‘mpu x — @, ¥ & M BHIIOJHSETCA DPaBHOMEPHO Io y & N.
PaccmoTpuy Bonpoc o6 MHTErDHDUBAHHH ACHMITOTHUECKHUX pas-
noxenuil no nmapamerpaM. I[lyctb M u N — o6sactu B RY u R}
COOTBETCTBEHHO, obaacT N orpanudena, dy=dy, ... dy,, QyHK-
unn a,{y) 1 [(x, y) (mpu xaxpoM QurcupoBanHoM x & M) cymmu-
pyemsl Ha muHoxectBe N. Torma cnpaBennuBa
Teopema 2.3. Ecau pasaoncenue (2.7) pasHomepro no y E N,
TO €20 MOJNCHO UHTE2puposarsb NOHACHHO!

(e pdy~Y Ao,

N n=0

edo xkosdhduuuenror A, umeior eud A, = San (y)dy.
N
HdoKasaTenbcTBO TEOPEMBl MEl ONYCKAEM BBHIAY €€ @UEBHI-
HGCTH.
AuddepeHnuporanye acUMOTOTHYECKHX pasJ/iomeduil Nno 1mapa-
MeTpy y (Tax e Kak H 10 IepeMeHHOMY X), BooGlife ToBOPs, He-
JLOMYCTHMO.

§ 3. CrenmeHHsie ACHMITOTHYECCKHE PAXDI

o0
1. O:nsBHsle CBOHCTBA. ACHMIOTOTHUECKHE paxsl BHAA Z ay, X",
n=0

[ee]

Z a,(x — xo)" BHaA3BIBAIOTCH cTenendnimu. BaeneM 0BGO3HAUEHHS: X =
n=;

BelUleCTBEHHOE, 2—KOMIlJIEKCHOe NepeMeHHOe, S—CeKTop BHa | 2 | =R,
a<gargz < f (smech 0<Ca— P < 2n) B KOMIJIEKCHON MJOCKOCTH 2.
B uwacrti: 71, cextop S MOXKeT GbITh JYUOM HJ/iM BHELIHOCTHIY KPYTa.
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[TokaxkeM, uTo CTenennole acumnroTudeckue psds. MOJNCHO nepe-
MHOXMATL U ae/zuTb
Teopema 3.1. Hycre ¢ynxyuu [(2), g(2) Henpepoisror 8 S U

2) ~ Z fnz=?, g2 ~ Z g2 " (2> o0, 2= 9).
n=0 n=0

Toeda (npu z—> o0, 2 = S):
1° Ecau a, b — nocrosaxusie, 1o

o0

af (2) + bg(2) ~ X (af , + bg,) 2"

n=0

2° f(2)g (@)~ ; cp2 "
8. [(e)g e Z d,z7", ecau gy0.

4°, Ecau g, =0, 10 [ (g )~Zez—”

Koagppuyuenror ¢, d,, e, soipaxcarorca wepes f,, g, no rem e
0 oo

hopmyaam, w10 U 8 caydae, Koeda pAdsL Doz D g2t exo-
n==0 n=J
darcsa npu |z2|> R.
JNoxasarteasncTso. Hdoxkaxem 2° HMmeem

f@e@=(Z e+ o z—V>)(Z g o)) =

— 3 iz ngIZ“+on=Z 270 4 0(27Y),
k

rne cn=f0gn+f1gn—l+ +fng0-

AmnaJgoruuno gokaseiBaetcs 3°. Iokawxem 4°. HMMmeem

N N
f(z)= k,z=:1 frz *4+o0(z7%), g)= l;J gz=t + oY),

TakK 4TO
N N —n N
fe@=2 (T az) + o= ez to@)
kel =0 n=0

KosbduuuenTsl e,, mo NOCTPOEHHUIO, He 3aBUCAT 0T N U BHIUHUC-
JSIOTCS TOYHO TAaK e, KaK [AJs ToJOMOP(HBIX B TOUKE 2 == 00
dynkunit | (2), g(2).

PaccMoTpHM BOIPOCH! O NOYJIEHHOM HHTEIPHPOBAHHH U JAHQPe-
PEHLHPOBAHHH CTEIeHHbIX ACHMITOTHUECKHUX Pa3JoXKeHHH.
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Teopema 3.2. [ycre [(2) eoaomopipra npu z< S 1 as=p.
Toeda pynryus

FO={ 1@ —f—ht "4
V-4
(unrezpaa Geperca no kpusod, aexcawjeil shyrpu S) pas.iazaercs
8 acumnroTureckuti psag

FR~Z+dot .+ 25+ ... oo, 2E9).

Ecaua =R, rodocrarouno norpe6osare HenpepovlsHocTu PyrryuL (2)
npu lz|> R, argz=aq.
JokaszateabcTBo. MMeem
N

F(Z)——S [ané_n—FO(@_v 1)] dg = Z(—?‘—n;T—FO(Z—N)

z n=2

nas Juoboro N Z=2, uTo W JoKa3blBaeT yTBeprkAeHHE.

Teopewma 3.3. Ecau pyusyus [(x) umeer Henpepoienyo npo-
usgoduyro [’ (x) npu x 2= a, KoTOpas pa3iaeaerca & aACUMATOTUYeCKIL
CTeneHHol pAad npu x—> -+ 00, TO 3TO pa3.a0IeHue noayuaeTca op-
MANOHOIM ROYNeHHOIM Outhdheperyuposaniies AcUMATOTULECKO20 pAada
dai f(x), 7. e

P~ = X (1= Dfperx (5= o0)
JokasateabcrBo. [Iyets f/ (x) ~ 2, a.x~" Hmeem
n=0

F)=F(@+ [ " Odt=F (@) + ax + @ Inx+ O(1) (x> + ).

a

Tak kak f(x)~2, f.x~" To ay=a, =0.
n=0

B cuay rteopemn 3.2.

oo

fo=—{roa~—y

. (n 1) x*H!

(x_') + 00),

X
H N3 €JHHCTBEHHOCTH ACHMITOTHUCCKOrO DPAa3JIOXKEHHA CJIeAYET, UTO
ap=—{(n—1)fn-1.

2. AcHMITOTHYECKHE PA3jI0KeHAq rodoMopdubix dyHkunit. Ity
PasJoxeHHs MOXKHO NouseHHo AUdPepeHIupoBaTh, Kak OKa3bIBAET
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Teopewma 3.4. Ecau f(2) eoaomoppna e cexrope S: |z1> R,
a<argz<@P, u ecau

F@~ X

n=0

npu | 2 |-—> 00 pagHoMepHO no argz 8 Ar000M 3AMKHYTOM nOdceKTope
cekropa S, TO

o)~ ~ ¥ nfar

paci 2 TDHO No argz 8 At000m 3aMkHYTOM nodcekTope cexkropa S.

dcxasarteanctso. PaccMoTpuM 3aMKHYTHIH ceKTOp St |2| =R,
a, < argz <, nexkamwui BHYTPH S, n 0603HAUNUM [ TpAHHIY CeKTOpA
S 1212 R, a,sgargz<<P,, Takoro, uto S’ <= S” = S. Hmeem
nast aoboro N =0

N
flz)= r;] foz= 4+ 2=N=1 gy (2),

rie | @y (@) I<C B 87, ecam R, > R pocratouno Bennko. PyHKLHA
oy (2) I‘OTIOMop(I)Ha B S”, Tak Kak [ (2) ronomopdua B S. [Ipu z= S’

ren L r()ds
f (2)——- QTU'IS(@—Z)E_
i dz 1 9, (8 dt
i —_ — e =
=—2nianS§n(;_z)‘+ SE\H— (s-__ )
n=0 {

=— Z S+ Ry (@), (3.1

uTo caegyeT U3 TeopeMbl 0 Beiuerax O6osnauuM ! OKPYKHOCTD
|z —z|==p, aexamywo B S’. Torma Ry pased wuurerpaay mo I,
TaK uTo

[ @y (O |1 dE]
IRy (2) 1< S];—NWT<
Cop

—N—1

5 = —> 00
SoTmamay =00z oo, 2E9)
paBHoMepHO mo argz. M3 arofi ouenku u (3.1) caeayer yteep-
XK eHHE,

U3 teopemsl 3.4 caenyer

Teopema 3.5. [Tycre S: a<argz <P, 0 <|z|<R,— cexrop
6 KOMNACKCHOU NAOCKOCTU R, Pynkyus [(2) eoromopdpra npu z< S
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e o]
u pasiazaercs 6 acumnroruseckuti pad f (2) ~ 2, f.2" (2—0, 2z S).
n=0

Toeda
lim ™ (2), (3.2)

20,2 8*

:]_.

fn’——_

ede 8" — ar0boi s3amruyroui nodcektop cexropa S.
HoxasareascrBo. Hmeem [(2)=a;+ 0(2) (2—0,2=3),
orkyja ciaeayer (3.2) npu n=0. B cuay reopemur 3.4 nmeem

@~ X @) 0, z=9),

UYTO H JgokaseiBaer (3.2).
Teopema 3.6. [Tycro hynryun f(2) eoromoppra npu|zi> R u

[@~ S fe  (2—o)
Tozda

f@=T Fen (21> R)

HoxasateasbcTBo. Tak kak lim f(2)=f,, 10 dyuxuus (2)
2>

roJoMopdHa B TOUKe 2= 00 H paajaraercs B pan Jlopaua
f(2)= 2 frz,
n=0
cxonsamuiics npu R < |z | << oo. Ilockoabky npu Jio6oM neaoM N =0

f(Z)—Zfz 0V (2 o),

n=0

pag JlopaHa sBJseTcss ACHMITOTHYECKMM s GYHKUuuH f(2) npu
Z-—>00. B CHIY eNHHCTBEHHOCTH AaCHMITOTHUECKOTO DAa3JOXKeHHUS

fnzf* n:OD 17 27

n’

Teopema 3.7. Has wobozo ¢opmasvrozo pada Z a,z—n

udan awboeo cexropa S: a<{arg2 <<\ p0<a—p<2m, |z ) R > 0)
cymecTayer GyHKyUL f(z), 2000MODPHASL 8 CEKTODE Su Taxas, 410

f ()~ Z a2 (2—> o0, z& ). (3.3)
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HoxasareabctBo. He orpannuuBas OOUIHOCTH, MOXKHO
CYHUTATh, uTO ceKTOP S UMeeT BuA | argz | < a < xm, | 2| > 1. [lonoxum

1 =i WPn ()27, @u(2)=1—exp(—bu2Y).  (3.4)

3pecy b,>=0, a uncao vy > 0 BbIOPAaHO HACTOJNBKO MAaJblM, UTOOHI
BLINOAHAIOCH HepaBeHCTBO Rez¥ < 0, |argz|<{a. C nmomoulsio He-
pasenctBa |1 —e || L] (Rel>=0) nonyuaem, uto

| an®p (2) z=n| <la, lbn |2 Iv_n-
[Monoxum

bo=la,[", an#0; b,=0, a,=0.
Torpa npu z=S pan (3.4) Maopupyercss CXOASUIHMCS PALOM
Z, |z ¥7". Tax xak ujensl psina (3.4) rosomopdHH B cexTope S, TO,

no TeopeMme Befiepmrpacca, ¢pyHkuus f(2) rojoMopdna B cexrope S.
Hokaxem (3.3). Mwmeem

[0 — % aer]=

n=y
—1

= ZN n®n (Z) ZmnHN — Z an eXp(“’ b z’Y) znEN,

Bropoe ciaraemMoe B NPaBofl UgCTH CTPEMHTCS K HYJIO HDH 2 —> 00,
zeS. Jlanee, npu z= S

o0

2, anfp () 27N

n=N

< Yz V<2V 50 (2> o).
n=N

Dra TeopeMa NOKAa3bIBA€T, UTO CYIIECTBYIOT ACHMITOTHUECKHE
PSIABI, KOTOPHIE PACXOAATCS BCIOAY B KOMIJIEKCHOH MJOCKOCTH.

Bonee mnoapoGHble cBeneHHss 00 ACHMITOTHUECKHX PsiZax CM.
B [10], [15], [16], [97].

§ 4. Hurerpaas co caaboit ocoGeHHOCTBIO
1. drtanonHple MHTErpanael. B 3ToM naparpade Mu Hccaemyem
noBejeHue npu e—> 0 HHTErpasjoB BHua
a
Flso, ="+ e'0a, 0<a<o. (1)
0

3aecs f> 0, a — BemecTBEHHOE YHCJIO.
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Ecin g = C [0, a], to dyukuua F(e; a, f) rosomoppHa B KOoM-
IJIeKCHOH IJIOCKOCTH €& C Pa3pe3oM Mo MOoJayocH (— oo, 0). B Touke
e=0 3Ta (byHKuym HMeeT 0COGEHHOCTD (3a HCKJIIOUEHHEM CJIydYaes,
korga o_>=0—uesoe uucao HJaH @ (f)=0 B OKPECTHOCTH TOYKH
t=0). Hac HHTEpeCyeT XapakTep OCOOEHHOCTH. 3aMeTHM, UuTO
uaTerpad Buia (4.1) mo Jo6omy otpesky [8, a], 0 <8< a, ecTb
rosoMoppras ¢yHkuua B Touke &£==0. CienoBaTeabHO, ocoben-
HOCTb YyHKLHH F B Touke &==0 IOJHOCTLIO ONpPene/seTcs INoBe-
geHveM GyHKuud ¢(f) npu Maawx {220, T. €. POCTKOM ¢YHK-
uun ¢ (f) B Touke {==0.

BeeneM oGosHauenue: Sy —cexTop O0<|e|r, |arge (<K — O
B KOMILJIEKCHOH IJocKocTH €. 3nech r > 0, upcio 8 MoxeT OBTb
BHIGPAHO CKOJb YTOAHO MaJblM, HO He 3aBHCSILIHM OT €.

PaccMOTpUM 3TaJIOHHBIH HHTerpaJ

a

D (e; a, B) = S £+ ) dt. (4.2)

0

Beiogy B paJpHe#nieM Mbl IpeNNOJaraeM, UTO o He ABAACTCH YeAbiM
ROAONHCUTEAbHOIM HUCAOM.

[°. ITyctb a4+ B < 0. Torna @ (0; ¢, B) = co. IlpencraBum uHTE-
rpaa (4.2) B BuOe

@ (e; a, [3)=(S —-S)tﬁ"‘(t—i—e)adtsd)l—}-%. (4.3)
0 a

Ecaun € >0, 10
@, =ea+ﬁS A+ 1) dt=e"PB@, —a—p). (4.4)

4]
ITockoabKky ¢yHKuud D), e2+P rosoMopdHb B MIAOCKOCTH & C pas-
pesom mo Jayuy (— oo, (], TO mo NPHHUMIY aHAJHTHYECKOTO Ipo-
noJkennst  dopmyaa (4.4) cnpaBemgsuBa InpH e &(— oo, 0] w,
B uacTHOCTH, Npu &£ & S;. ®yukuua @, rosomopdHa B Touke € =10
H pasJjaraercs B CXONSINHACA psig mo cremedsaM e. Fimeem
O, — — S £ (1 et at.

a

—\& _
Pagnaras ¢yuskuuwo (l—l-et ‘) B PsAL MO CTelNeHAM ef " u mure-
rpUPYSA TNOYJEHHO, MoJjydaeM, yto npu o+ H < —1

D a,f)=DB@B, —a—p)e*tP
B a—n
+z( )ﬂ++a—n ” e&E(—o0,0. (4.5
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Hrak, ocobenrocts ¢yuxkuun @D(e; a, ) B Touke £==0 nmeer
BU1 const e®+5,

2°. Ilycte a4 B> 0, a+ B — ueuesaoe uucrao. dupdepeuunpo-
BAHHEM MO €& 3TOT cayyaifl CBORHTCH K IPEALAYIIEMY:

N
() @@ ap=nN(,)PeEc—N,B). (4.6)
[Monoxkum N={[a -+ B]+ 1, Torna a +§—N < —1, u oas QyHk-
nun D (e; a — N, ) copaseasuso pasJoxenue Buga (4.5). Hure-
TRUPYA TOoXKIecTBO (4.6), mosnyuaem anas pyugnuu @ (g; o, f) pas-
Jgoxenue (4.5).

B naunoM ciayuae TJAaBHBIA 4JieH ACHMITOTHKH HMEET BHI

aa+ﬁ ,
D (e; a, ﬁ)Nm (e—>0,e=Sy).

OnHako, Kak 4 B cJayuae 1°,

® (g; @, B) = const g2+8 4 @,

rae ® —rogoMopduass B Touke € =0 ¢QyHKIHUS.

3°. Ocraerca paccMOTpeTb cJayuad, kKorja a-+Pf=N >0, rae
N — nesoe uucjao. TlosoxuM Pp=N—a-+p B (4.5) u nmepeiinem
K npereny npu p— -+ 0 u npu QUKCHPOBAHHLIX a, & Ilpu p=10
ofpamaoTess B 6eCKOHEUHOCTb TOJBKO IepBoe cJjaaraeMoe B NpaBoi
yacTH paBencTBa (4.5) W uJeH pspa, oTBewaowu# n=»N, T. e,

aa+B—N

A=etiB (@, —a—f)+ () v

Bripakaa Gera-¢pyHxUuio depe3 ramma-pyekuuu:  B(p, g) ==
i

=T ()T (¢)/T(p+¢q), n ucnoabsysi Ttoxgectso ()T (I —x) =
= q/sinnx, noJyuaeMm

_T(N+p—a)T(=N—p) (=)' 'ar¥4p—a)
B(ﬁ, “Q_B)— I'(—a) TP (—a)T(N+p+1)sinmp®
CJefioBaTe N bHO,
—~IWVH TN Fo—1)
A:sN(p(p)p_l, (P(p)“—( I‘(—a)I‘(N—}—Op—}—Inp 0+( )ao

Herpyano npoBeputs, uto ¢ (0) = 0. I1pumenss npasujo Jlonuranis,
noJyuaeM

lim A=gl¢’ (0)=
o>

= [(V)na—(¥) e+ S 5 Tivrriarl,)
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IMoncrasasas B (4.5), noayyaem, 4tc
D o, N—a)=

_ o I(w a |, (=D""" 4 T(W—a+tp)
=c (o)t + Foa % Ty LO]JF

+ ¥ T g eEm (0,0 (47)

N—n
n=0, n%N

drta dopMyaa ympoulaercs B cjydae, Koria o — Hesoe (oTpuia-
TegbHoe) gncso. [Ipuamenss toxpectso I'(x 4 1) =T (x), noayuaem
opu a < — 1

P(N—a-+p) _{ (N—a—149p)...(N+1+4p), a<—1,

T(N+T+9) 1, a=—1.
CrenoBaredpHo, TPH LEHX o< — |
4 TWN—a+tp) | __ _ _*
& O o=~ @+ DV —F).

H ¢opmysa (4.7) npuHHMAaeT BHJ

@ (e; a, N—a)=e’\’[(N)lr1—(i+ ((__1(3;; (a—}—l)(N—%)]—}—

& €

0o

N-—-n
+ ) e, (48

n=0, n#V

rie N 20, a<<0—uensie uucaa. ®dyHxkuus O wuMeeT Jjorapud-
MHUYECKYVIO 0COOEHHOCTD.

Hrau. ecan a 4+ B He ABJsIeTCA HEOTPHLATENBHBIM LIEJABIM YHCJIOM,
T0 Ads @yHkuun @ {g; a, ) cnpaBepauso pasgaoxenue (4.5). Ecuu
Ke a-+-Pp=NZ=0, rame N — uejoe uYHCJO, TO AJas (QYHKLUHH
®(e; «, B) cupaBegauBo pasgaoxenue (4.7), KoTopoe yuUPOUIAETCH
npu ueasix o< — 1 (cm. (4.8)). Ecan xe a =0 — uesoe 4ucyo, To
®(e; @, p) ecTs NOJMMHOM OT & IDTH Pas3AOCKEHHS CXOAATCA [PH
qo6oM e & (— oo, 0]. Oum cocTtoAT M3 peryJaspHoii uacTu (panb
B NpaBuiX dacTaAx dopmya (4.5), (4.7), (4.8), KoTopble sBJSIOTCH
roJoMopdHLIME B Touke &€ =0 (QYHKUUAMU) ¥ CUHIYJSIPHOH dYacTH.
Tlocnenusia umeer Bupg constett® ecam a4 P~ N, rage N20—
uejoe umcgao, u Bup consteV Ine, eecan o+ p=N. DTH KOHCTAHTH
He 3aBHCAT OT a. Bce passoKeHHs MOXHO AH((epeHLUPOBATL IO €
JaioBoe yucyo pas.

2. Hnurterpaant suaa (4.1). HanomuuM, uto o — HeleJsoe YHCIO.

Teopewma 4.1. [Tycre a — gewjecreernoe wucao, f> 0, @ (f) &
=C (0, a}).
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1°. Tycro a+ P ne ssaserca yeawm uucaom. Toeda cnpased-
AUBO ACUMNTOTUHECKOE PASAONCCHUE

F(e; a,B)~ZB([3+n,—a— n)cP Oe‘+5+”+ Zane
n=_0

n=7

(4.9)
(e >0, e =§y).

2°. Hycre o+ B=N, ede N — yeroe wucao. Toeda cnpasedauso
AcUMATOTULECKOE DPABAONHCEHUE

oo

F(e; a,p)~— Z s”+‘Vlne(n+N)cP(n)(0) -l—ibns”
n=0

n > max [0, —N]
(4.10)

(e—=>0, e=S8y).

Atu pasaowenus moxmHo Oudpgepenyuposars no e awwboe Hic-
A0 pas.

Hdaa dyskuuil e¥, Ilne BHOpPaHa B IVIOCKOCTH C pPaspes3oM
(— 00,0) Takasi BerBb, uTO &¥ >0 npu £>0, Ine BemecTBeH npH

e > 0.
HdokasatenbcTBo. Pasnoxmm dyuxkuuwo ¢(f) no dopmyne
Tefinopa

k (n)
oty=Y Ty gy, ). (4.11)

n=0

Oyuuua P, (£ = C* (0, a]). Torma

F(e o, ﬂ)—Z 92O (65 a, B+ 1) + Re (o),
(4.12)
Ri(e) = S P4 (¢ o) (1) dt

0

Hns wunterpanoB D(e; a, p - ) cnpaBennusn pasjoxenus (4.5),
(4.7). Dyuruust Ry (e) rosoMopdua B cekrope Sg. Tak Kak

RO tim  RY(@)=() | n 0 a,
Q

e»0, e = So
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to npoussonnbie RE (0) cymectByior npu s < a4 p-+ £ 1. Cue-

IOBATEJbHO,
[a+B+ k]

Re)= Y 2 RE(0)+ o(*+) (4.13)

s=0

npu e = Sy, € > 0. IToxcraasisa B (4.12) u yuuthiBas, uTo & MOXKHO
BBIGPATh CKOJb YroAHO OGoJbiuiuM, modyvyaeMm (4.9). Amasoruuno
nokaswsiBaerca (4.10).

KosdhuuueHTH CcrHry apHON 4acTH pasJoxenud (4.9) 3aBucar
TOMLKO OT 3Hauenu#t @) (0) (T. e. ompeneJsioTcss PoCTKOM (YHK-
unn @ (f) B Tourke f=0). Kosddwuunentsl a,, b, peryaspHofi uacru
pasjoxenuil 3aBucaAT orT 3HaueHni# @ (f) npu 0<Cf<Ca. IlpuBenem
bopmyas aas ko3¢ duuuesToB a, (T. e. a - — HeleJ0e UHCJIO).
HMa (4.11) — (4.13) u (4.5) nosayuaem

a

k —_
a, = ( (’:) Z . i“;z;‘r,; —”. _ (‘p";‘!(o) 4 % ( Z ) S fBratk—n Py (£) di,

m=0 0
(4.14)

rie k takoBo, uTo o+ P4+ k£ —n> 0, dyHkuua

k
— k) N 9™MO m
b () =t [cp(t) P
m=0
Ecuu ke QyHKUHA @ (f) L1oNyCcKaeT aHAJNUTHUECKOE IPOJAOJKEHHe

B Kpyr [1|<R, rae R>a, 10 B Qopmyse (4.14) MOxKHO moJgo-
KUTh k=00, P, ({)=0, Tak uTo B 3TOM CJyuae

_(n = gatBtm=—n q)(m) (0)
a”-(a)z a—{—ﬁ—{—m—n ml . (415)
m=0

Ecin ke @ (f) = C™ ([0, a]), To dopmysa (4.15), BooGute rosops,
HeBepua. JleHcTBuTenbHO, M3 dopmyan Komu — Anamapa cienyer,
yTo M3 cxoauMocTH psana (4.15) (upu HexoTOpoM n=ng) caenyer

o™ (o) .,
CXOJIUMOCTh CTENeHHOTo psina Z i—m—!(——) t" B kpyre || <a.
m=0
3ameuanue |l. Teopema 4.1 oueBUIHBEIM 06pa3oM o6obuiaercs
Ha HHTerpaJsl BHIA
a
F(e)= S £+ e o, &) dt, (4.16)

0

roe dynkuna @4, e)&C” ([0, a]} X {e: |e|<r}) u rosomoppua
no ¢ B kpyre |e|<r npum KaxaoMm ¢uxcuposanuoM ! & [0, al.
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an 3TOM CHHrYJIsIpHasl 4aCTh AaCHMINTOTHUYECKOrc psiia UMeeT BUJI

0o

! o (1, ,
Y B+ —a—p—n) SEE| b (49)

n=i

¢CJH o -+  — HelleJioe YNCJ0, H BHJ

N
_ n—I—N) o (1, &)

o atn

.o entVineg, (4.10")
n>=max [0, N1
ecan a+p=0N.
Pasqoxenns (4.9), (4.10) ocraipTcs B cujie W B TOM cJyuae,
korna @ (¢, e)e C” ([0, a] X [0, &]), € >0, npn e— + 0.
PaccmoTpuM npuMepbl. B npumepax 4.1 u 4.2 npeanoJaraercs,
uto ¢ (f) € C7 ([0, a]). .
[Tpumep 4.1. BoluncauMm rJaaBHHE UJdeH AaCHMHTOTHKM IIpH
¢ — - 0 pnTerpaJa

a

F(e)=g-t"i—‘ldt, 0<a<l

B nanHom cayuae a=—1, B=1, Ttak uto a-+p=0, u no
dopmy.ie (4.10) nMeeM
Fe)~—¢@0)Iine (e—-+0).

MOXHO TOJYYUTH 3TOT PE3YJbTAT HENOCPeaCTBEHHO:

a

F(a)=cp(t)1n(t+e)]:—Scp'(t)ln(t+a)dt.

i

Mocaenuunfi uurerpas orpanuued npuH e — 0. M3 srtoit dopmyan
cJenyeT Takxe, uTo npu €— + 0

Fle)=—(0)lne+ ¢(a)lna— Scp’(t)lntdt—i—o(l).
0

[Tpumep 4.2. BoupcauMm raaBHBE 9jeH aCHMIOTOTUKM TPH
¢ — + 0 uHTerpaJa

a

F(a)=g—17(’%—dt, 0<a<l.
0
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Hcnoaws3ys pesyabraTt npuMepa 4.1, nojdyuaem

o ot o o .
F(E)_%(St—iedt St+iedt)——

{} 0

=¢2—;2)—(lni—-ln(~i)—|—o(l))=_27%.q)(0)_|_0(8_1) (€ — 4-0).

[Tpnvep 4.3. BeludcauM raaBHBIl dYJdeH aCHMNOTOTHKH HpH

e — -- 0 unTerpaJaa
a

(t)
F(g) = S AT
(e) : (12 + e

Mbl orpanuumMcst caydaedM o > 1/2 (tak uto F(0)=o0). enasn
3aMeHy [ —{, noJjyuaem

1 e,

F(E) = O] (t+82)a

il

TnaBublil uleH acHUMOTOTHKH, K4K HETPYJAHO [0Ka3aTh TeM XKe Me-
TOJIOM, UTO U B JlOKasareJbcTBe Teopemnbl 4.1, paped

Vi
P~ 2 | ey ar=

0
=D 0 —a, 12)~ELBR, a—12)e (e +0).

)

AHAaJCrHuHO HCCJACAVIOTCA HHTErpaJibl BHIA

a

Fe)={ (" + &) g (1) at.

0



TJABA I
METOJ, JANJIACA

§ 1. Huaterpaan Jlannaca (omHOMEpHHIH caydai)

1. dppucTndeckne coobpamxenus. Hureepa.iamu Jlaniaca HA3b-
BAIOTCS HHTErpaJibl BHAA

b

F(p) = S F (x) exp [AS ()] dx, (1.1)

a

rae S (x) — BemecTBenHo3HAauUHAS GYHKIHA, A — GOAbLIOH [10I0KH-
TeJbHBI mapamerp. ®yuruus f(¥) MOKeT MPHHHMATb KOMILJIEKCHEIE
3HavyeHua. BygeMm cunTaTh Aad OpocToTH, uto [=[a, b] — KoHeu-
HEI  oTpesok u ure [(x), S(x) — mocraToudo raaaxue npu x e/

¢yukuun. TpHBHaAbHBIA  cayuail

&M\ S(x)=const, f(x)=0 wue paccMa-
, TPHBAETCS.
it TTyers max S (x) =S8 (x;) u no-
xel

i CTHraeTcss TOJBKO B TOUKE X,
I Torga ¢yukunsg exp [AS (x)] umeer
} MaKCHMYM B TOYKe X3, KOTOPbIH
! TeM peaue, ueM Ooubire A (puc. 1).
] i ~. - HHTerpaa F (i) MoxHO npudau-

4 Zp ' ¢ ¥KEHHO 3aMeHHTb HHTerpaJsoM 1o
MaJIoll OKPeCTHOCTH TOUKH MakK-
Puc. 1 cUMyMa X;, M 3TO TpPHOJIKEHHE

) O6yner TeM TouHee, ueM GoJbile A
[lanee, B 3TON OKPECTHOCTH (OYHKLUH [, S MOXKHO MNPHOJHKEHH
3aMeHdTb 1o ¢opmyae Teilsopa, W MB MOJYyUuHM HHTErPaJ, aCHMI-
TOTHKA KOTOPOro JIEFKO BBIUKHCJSAETCSI. DTOT MeTOA ObLA Mpensoke
Jlannacom.

Iyete a <xy<b. Torga S’ (x)=0; uyctb Aa8 HPOCTOTH
S”(x0) # 0, [(x) # 0. Toraa

Xote
FO)=~ § [0 exp DS (0)ds,

Xo~8
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rie e > 0 — MaJsoe GUKCUPOBAHHOe YHUCJO, H

Fa)~ ), S@~S () + 520 87 (x).

CaenoBaTeNbHO,
e

F () 2 (xg) exp [AS (xo)] S exp [—’"—S-(—-“—t?] dt.

—e
BameruM, uto S”(xy) < 0. TMocaenuui uHTErpas paseH
eVE
L - — {279 2
[—AS” (x0)] " S e f/—dt~/\/———}v—s,,j(170) (h—>o0),
—e /A

oo

S e~t2 dt = +/2x.

—00

TaK Kak

HTak, Mbl DOJYUHJIM acHMITOTHUECKYI0 dopMyy
Fm A/~ someg T3 (o). (12)

TIycTh Temepb X, COBHajgaeT C OAHHM H3 KOHI{OB oTpeska [,
4
HalpuMep, ¥o==a, U OycTb AJas npoctoth S’ (a) 5= 0, [(a)==0.
3amenss F(A) uuTerpajoM mo OTpe3ky [a, a-+e] W 3amensin Opu-
GaMXKeHHO Ha 3TOM OTpe3Ke (PYHKIUH

fX)=f@), SE=S(a)+(x—a)S(a),

noJyuaeMm, 4TO

[}
F )~ (a)exp(2S (@) | exp 65 (a)] dt.

3ameruM, uto S’ (a) < 0. Buuuc/as DoCJAeAHHH HHTErpaJ, nosayuaeM

; AS (a)
F(A)z—% (A —> + o). (1.3)

Crporuit BoiBog dopmya (1.2) u (1.3) Oymer mnpuBeneH B cJje-
AyIOMUX pasjpeaax. [lo cyuiecTBy, 3TH aBe GOPMYJBL SABJISIOTCA
OCHOBHLIMH AaCHMIOTOTHYECKHMH ¢opMyJiaMu ajs HuTerpajos Jlam-
Jgaca. HaMm ynaJoch NOJNyUHTb NMPOCTble aCHMOTOTHUECKHE (HOPMYJIbI
N0 CJEAYIOUHM MPHUHHAM:

1°. TlogplHTerpaqpHas QyHKUYMS HMeeT Npu GOJMbIIMX A Pe3KHil
MakcuMyM (T. e. HHTerpaJ Mo OTPe3Ky [ MOXKHO NPHOJHKEHHO
3aMEHHTb HHTErpaJsoM IO MaJOH OKDECTHOCTH TOYKH MAKCHMyMa).
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2°. B OKDeCTHOCTH TOUKH MaKCHMyMa NOJBHTErpajbHyI0 (GYHK-
LU0 MOXHO 3aMeHHTb Gouee mpocTofi (Hampumep, Tako#, YTC HHTe-
rpaj oT Hee OepeTcsi MJIH €ro ACHMITOTHKA JETKO BBIUHCJSETCS).
SlcHo, uTO ecau uHTerpan
b

F() = S f(x, A) exp[S (x, )] dx

obnamaer cokcTBaMH 1° u 2°, TO ero acCHUMOTOTHKY MOYKHO BbIUH-
CJIUTh, W MpPHMeHeHHe MeToxa Jlammaca Bcerfa CBOJHTCH K TIPO-
Bepke 3THX cBOHCTB. [lsa HHTerpasioB Jlammaca (npd yc/JoBMEH, YTO
I — KoHeuHbll OTPe30K H [, S — HOCTATOUHO TJafKHe QYHKIHH)
ACHMITOTHKA BBIUHC/SETCH NOBOJBHO Ipocro. B eayuae xe, korpa
3aBHCHMOCTb OT A sBJAETCH GoJee CJI0KHOH, HMEIOTCS TOJBKO
HEKOTOpble pe3yJbTaThl, HOCsANIHe 4YacTHbIH Xapakrep (cm. § 2).

2. Mpocreftine oueHKH.

Jlemsma 1.1. [Tycre

M= sup S(x) < oo (1.4)
a<x<h

u npu Hekoroposm kg > 0 unreepanr (1.1) cxodurca abcerorHo:

b

Sa F () ] exp [hoS (1)] dx < oo. (1.5)

a

Toeda umeer mecTo oyeHka
FF() 1<K CleM)  (ReAd = A). (1.6)

HdokasareabctBo. MMeem npu Red =4,
b

LF ()1 <[exp@M)| {1 expao(S () — M1 X

a

X1 expl(d — o) (S (x) — M| f () 1 dx <

b
<Jexpl(t — 2) M1 1 exp (1S ()] 11 (+) 1dx = C | exp (M) |

a

Tak Kak nojblHTerpaJbHasi (QYHKOUS ABJAAETCH UeJOH QyHK-
Hued A IpH KaxaoM (HKCHpoBaHHOM X & (a, b) u unrerpas (1.1)
CXOJHUTCS paBHOMepHO mo A mpu Rel ==Xy, To cnpaBensiuBo

Caepcraue l.1. Iycre ¢ynxyuu f(x), S(x) = C (a, b) « ycao-
eun (1.4), (1.5) sownoanenst. Toeda ¢ynryun F(X) eoromoppra
8 noaynaockocty ReA > Aq.

Iycrs [ — HeKoTOpbIA HHTepBaJs. BBemeM cranmaprTHble o6o3Ha-
uenust: C (/) — xaacc nenpepbBHbIX Ha [ (yHKuuit, C" (/) — kaace
r pas HempepblBHO AuddepeHuUpyeMbX Ha [ GQyHKIMA.
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3. Jlemma Bartcona. Paccmorpum muuTterpaa Jlammaca, B KOTO-
poM S — creneHHasi QpyHKIHS
a
© ()= { 17 (v exp (— Ax) dv, (1.7)

rie 0 <a<oo, >0, a >0 Tak xak B OKPeCTHOCTH TOUKH Mak-
cuMmyMa (QYHKUHIO S (¥) MOXKHO MPHOJHIKEHHO 3aMEHHTb CTeNeHHOMN
dyukuue# (BooGIlle TroBops), TO BHIYHC/JIEHHE ACHMIOTOTHKH HHTE-
rpaJos Jlamsmaca (1.1} cBOAMTCH K BHIYHCJIEHHIO ACHMITOTHKHE 3Ta-
JOHHHIX uHTerpason (1.7).

[MoayuuM acuMnToTHUecKHe OUeHKH A4 @ (A) npu |[A|— oo,
A= S, rae S, — cekTop

[arg?»l<—3—-—e<—'g— (1.8)

B KOMIIJIEKCHOH MJOCKOCTH A. BO BCexX MNpelsIoXKeHHAX HACTOALLETrO
naparpada & > 0 MoxeT ObITb BHIOPAHO CKOJb YTOAHO MaJvbM (HO
He 3aBUCALIHM OT A).

3ameuanne l.l. Tax Kak

Rea>=(sine) '|A] (S,
TO 1MpH |A|—>o00, Ae=S,, ¢ >0
O(je=*|)=0(e~¢''1*l), ¢ =c|sine|™".

Ham nenagoburcs dpopmy.aa

oo

Sxf’“‘e‘“adx=7\,—6/al‘ (-2) ReA >0, (1.9)
]

rae a, f>0. 3necs ¥ pajee A PYHKUHH )P BhIOpaHa rJas-
Hasl BeTBb:

- - —-iE—ar A
B — g, Pl g ([arghl<%).
Ecan A >0, To ¢ noMOIIbIO 3aMeHbl MepeMeHHOH Ax®%==/{ unTe-
rpaa (1.9) npusogutcs K I-dpynkunu. Tak kak 06e wuacTi hop-
myaet (1.9) ronomopduer npu Red > 0, To 1Mo Teopeme egHHCTBEH-
Hoctu ¢opmyaa (1.9) copaBensuBa mpu Rek > 0.

Jdemma 1.2 (nemma Bartcona). [Iycre o >0, >0, f(x) &
e C” ([0, a]). Tozda npu A—>o0, A= S,, cnpasedauso acumnTo-
TUYECKOe Pa310XCeHue

1 = - p(R)
Q) ~ o Y A~ *Bep (EER) L0 (1.10)
k=0

a k!

3ro pasjoxcerue mosxcHo duddeperyuposars no A a06oe uucao pas.
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BrimumeM rJaBHBIH YJeH ACHMIOTOTHKH:
® (1) = o~ 'T (Bfar) [f (0) + o (1)} 277 (1.10)

HokrkasarteabctBo. [lo popmyne Teitnopa
N
Py =Y 20 e,
k=0
[ry () S Cpx't (0<x<a)

[Togaxem, uro mpu {A|— 00, AES,,
Dy (M) = S xFFB-lexp (— Ax®) dx =

0

=T (EER) -ttt o (et M), (1)

rpe ¢ > 0. TlpemcraBum @, (A) B BuIe pPa3HOCTH HHTErpaJsos
no mnojayocu [0, co) u [a, o0); Torma mnepBbIl HHTErpaJ paReH
%F(k—_:——ls—)l_(km/a {cm. (1.9)). Tak Rak —x*>=—a* >0 upu
x>=0, TO WHTerpas Mo MOJYOCH X ==>a, B cHay JeMMmbl .1 ¥ same-
uyasus 1.1, ectb O(e=¢1*1) (¢ > 0) upu |A|—> o0, A= S,. Tem ca-
mbeiM (1.11) nokasano. OueHUM OCTATOUHBIA UJEH:

a

Sxﬂ“r,v (x)exp(— A dx | <K

0

<Cy S W+ exp [— (4 l(sine)™ x@]dx = C A TPV = 5,
0

B cuay (1.9). Tak xak O~ =0(1A™") (A ) npu
JwboM neaom N =0, to

Yook
o= % 0,0)+ Ry ()=
k=0
.

i)
_ % Z (O) r ( k -(L— B ) 5~ k+Bre +0 ([ A [—(B+N+l)/a).

W3 srToro cocTHOlIeHHs U onpenesenun 1.2.2 caegyer cmnpaBepnu-
BOCTb acuMmmToTHyeckero pasgoxenus (1.10). Jduddepenunpona-
ane D(A) nmo A UpUBOAHT K HHTerpaJsy TOro XK€ BHIA, OTKYZHa
cJeyeT BO3MOXHOCTh NMOUJIEHHOTo ANQGepPeHUHPOBAHAA aCHMIITO-
THueckoro psaa (1.10).
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Jlemma 1.3. Ecau ¢ynxyus [(x) nenpepusaa npu x [0, aj
ua>0 >0, 10 npu |Al—>o00, A= S,, cnpasedausa acumnroru-
deckas gopmyaa (1.107).

HokaszarteawbcrBo. [Iyers 0 <6 < 1. Toraa unurerpaa suia
{1.7) mo orpesky Lia ](6“1)‘/“, a] umeer mopsIoK O(exp(-—c IMG))
{BCe OUEHKH TMHIIYTCH mpH |A[— o0, A=S,), B cuay aemusr 1.1,
TlesToMy mocratouro jokasarh (1.107) 1714 HHTerpasa mo OTpesky

e
[D PAL ‘)’al IJTOT dHTErpa’a NpeicTaBHM B BHIE
1a j8—1)a
‘ £ 3

7 (0) 3 Wlexp(— A% dy +

0

| & |(6—tia
Bt - £ ~ - o P
+{ I = O exp(— e =Fy () Fo (1),
0

Maireem

Fo)y={\— \;," OB exp(— Ay o =
) /

rae ¢ > 0. B cuIy H2IDeDHBHACTH

)= <er) (=i 2007,

!
riae e{x)=o0(1). CrenoBareasHo,
00
X ay b Bty ‘ ~-B
PP, ) I<<e(®) L 07 fexp (—Ax Vde=o(n ).
Sameuvanue 1.2. Gyuruust A (x)==exp(— 2% 10CTHrAET MAK-
cumyma npu =0, u otHowueune 1 {x)}/h(0) ecrp Besmyuma no-
—1
pAxka 1 B OKpecTICCTH TOUKH MakcuMyMa pasMmcpa =~ A | * 13
JoKkasareJ scTBa JeMubl 1.3 cjenyer, UTO OCHOBHOHM BKJAjJ B LHTE-
rpaa F(A) BHOCHT 4VTh 6O/bluasg OKPECTHOCTh TOUKH MaKCHMyMa

-
(bt BuGpanu ee B Buge [0, |A 07V,
MMruseop 1.1, PacemorpuMm nmpeoGpasoBanue Jlannaca

o0
F)= g F(x)e=* dx.
0
[Mycrs f{x}e=C” npu Maawix ¥ ==0 u HHTErpas cXoauTes adeo-
JIOTHO TIPH HeKOTopoM Ay, > 0. Torpa

F (M)~ kior"f"” 0) (Ial—>o0, rsS,).

2 M. B. Pepopior
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JleficTBUTeNILHO, HHTErpaJ Mo moJyocH x =1 HMeeT NMOPAIOK
Of(e~c'*), ¢>0, a kK uHTerpaay no otpesky [0, 1] npumenuma
nemMa BatcoHna.

[Tpumep 1.2. JokaxeM, uto npu [2|—>o0, |argz|Kn—e <0
CNpaBe/JIHBO aCHMIOTOTHUECKOE DA3loXKeHHe

In (Qn

lnl‘(z)~(z———)lnz—~z+ +Z%—Bik—)z-9k+‘, (1.12)

KOTOpoe MOXHO auddepeHLHpoBaTh Ja000e 4HCJIO pas.
Psan (1.12) naseiBaoT obbiuno padom Crupaunea. 3pech By, —
uyucga Deprnyaau, KoTopble ONpenessioTCs H3 COOTHOIIEHHS

1 1 ' -
St Bt y—(—“—' Qk 1, |t|<2ﬂi (113)

Ilpu Rez > 0 cnpaBeasiMBO HMHTerpaJibHOE NpeJcTaBJeHHe

1 1
P(2)= ((Z)) =1nz—l—-§ (T—T;T__T)e—tzdt, (1.14)

rie Agsa Inz BoifpaHa ryiaBHasl BETBb.
W3 npumepa 1.2 caepyer, urto

1 S Bot —2k
bR~ — 5 =) 5tz
k=)

npu |argz|<<n/2 —e < m/2. HNHTerpupyss 5T0 AaCHMITOTHUECKOE
PaBeHCTBO, MOJYuaeM

lnl‘(z)~(z—~)1nz—z+C +Z W’T zm2k+

Tloctosgrnas € HaxomuTcs M3 cpaBHeHHsl 3Tof dopmydaw ¢ dop-
myJqod Crupaudra (cMm. npuMep 1.2), u M moayuaem (1.12) mpu
|z|-—>o00, |argz| K a/2 —e < 7/2.

Urobel moxasath (1.12) npu |argz|<{n—e <m, HeOBXOLUMO
ApeBapHTe/]bHO AHAJUTHUYECKH MPOAOJIKHUTH MpaByio uvactb Gop-
myJael (1.14), Tak kak wuTerpaa B (1.14) pacxoxutes npu Rez < 0.
IToBepHEM KOHTYP HHTelDHPOBAHHA Ha OCTpHil yroJa a, [a| < m/2,
T. €. PaCCMOTPHM HHTerpaJ

o (2) = S "z(—————,-)dt,
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rae l,— ayu t=ype’*, 0<Lp < co. MHTerpan cxopurcst abcoMoOTHG,
KOTHa 2 JeXHT B noaymiockoctd Dg: Re(ze’®) >0, u nostomy
ABJsIeTC ToNOMOPQHOHA GyHKUHEeA 2 B 3TOH HOJAYNAOCKOCTH. Ecan
z==x>0, To, Mo TeopeMe Komu, P, (x)==1(x); caeposaTesnno,
P, (2) sIBASIETCST AHAMHTHUECKHM TNPOAOKeHHeM GYHKIUMH P (2) H3
noaynJjockoctd Rez > 0 B nmoaynaockocTs D,. B cHIy enHHCTBeH-
HOCTH aHAJHTHYECKOTO NPOIOJMKEHUT HUMeeM

PY(@R)=Inz+4+ F,(2), z&D,.

IMosoxkuM 2z ==e~!%, Torja
Fo(2)=e S e~fRg(tele)dt, ¢() :% —

0

l—e

ITo JOKA434aHHOMY Bblllle, 3TOT HHTerpaJ pasJgaraercsd B aCUMITO-

THUECKHH PAI 11D CTeneHsM gt npu [{l— o0, largl|<{n/2 —e <
< mf2, tak uro ¢yHKuus P (2) —Inz pasmaraercs B aCHMOTOTH-
ueCKu#l psag N0 crenenaMm 2~! mpu |z|—> oo, |argz +a <L n/2 —
— & < /2. Br0 pasJyokKeHHe uMeeT MeCTO, B YACTHOCTH, LPH Be-
IIECTBEHHBIX 2 —> - 00; ¢ APYrod CTOpPOHH, NPH TAKHX 2 COpaBesn-
JuBO pasJoxende (1.12). B cuay eIUHCTBEHHOCTH ACHMNITOTHUECKOTO
pasnoxKeHust Ko3¢h@uUHeHTH 0O00HX passoxkeru# coBnagaioT. Tem
caMbiM  pasjoxenue (1.12) gnokasano nmpu fargz|<{m/2 —e,
largz +a|<<n/2 —e. Tak Kak o — NPOM3BOJBHEH VYroa Takoi,
yTo | a | < /2, To (1.12) nokasauo npu |z |— oo, largz|<{n —e < m.

4. Bkaaja oT rpaHW4HOW Touku MaxcuMyma (OCHOBHOW cayuaii).
Paccvorpum uHTerpan Jlanmaca F(A) (em. (1.1)).

Teopema 1.1. MTycre [=|a, b] — koneunsili 0TPE30K U 8bL-
NO.IHeHbL [ CA08USA:

1°. max S (x) docrueaercs ToAbKO 6 ToUKe X = (4.
x e

1
2°. f(x), Sxy=C).
3. f(x), SK)=C™ npu x, 6auskux x a, u S’ (a) #* 0.

Toeda npu h— o, Ae§,,

F (1) ~ exp[AS ()] 22 % s (1.15)
=0
Koagpuyuenro. ¢, umeror sud

on=— M ($5)

M=— (1.16)

x-a’ TS (x) dx

10 pasacscenue MomHO Ouppepenyuposars no i awboe duc-
A0 pas.

NokasaTeabcTBO. BufepeM 6> 0 rtakoe, uto S’ (x) =% 0
npu x =|[a, a-+ 6], u nogoxuM F(A)==F, (&) + Fy(A), rae F,(A) —

2*
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uHTerpaa no ortpesky |a, a-+ 6], B cnay JgemMbl 1.1 HHTerpan
Fy.(A) skcmoHenunanabHo Maa no cpasHenuwo ¢ exp[AS (a)]. Hurerpu-
pysl MO "acTaM, HoJaydyaeM

a+d
P =" § L dfexp 05 ()] =
e a+d
_ () exp [AS ()] | ____‘_S A (i) ]
=TS !a n) (S' (x))eXp 2.5 ()} dx.

Q

WuTterpupysa TouHo Tak Ke 1o dacTsm eme N — 1 pas, moaydzed

N
Fi) =Y (=™ M (L) expaS () 1 —
k=0

a+6

_H“‘S [m" :if'((xx)) |espias@yiax, (1.17)

a

rie M — omeparop us (1.16), M°— exunnunniii omepaTop. BHennu-
TerpajbHasi nojcranoBka B (1.17) npu x=a gaer N caaraemnx
psina (1.15), a moacTaHOBKAa NpH X ==q -+ 6 3KCIOHEHLHANBHO Ma.’a
no cpaBHennio ¢ exp[AS (a)]. Tlocaeanuit uuterpana B (1.16) cers
O(k“v_lexp[AS(a)]), T. €. N0 XpaiiHe#l Mepe TOro e MOPsIAxad,
YTO W TNocJejHee ciaaraemce B cymMe B (1.17). DTo oueHb rpydad
OlleHKA, HO ee AOCTAaTOUHG:

FO)=expls@)[ X ea " +00™M]  (a7)

k=y

u (1.15) cnexyeT u3 Toro, utro N NPOH3BOJBHO.

Huddepennnuporanne F (A) Mo A NPUBOJHT K HHTErpPaJy TOro e
BHaa. BosMoxHocTs TounenHoro anddepenuuposanus psa (1.15)
BLITeKaeT Takike H3 Teopembl 1.3.4 # caenctBus 1.1. TmaBumfi unen
aCHMNTOTHKH HmeeT Buza (1.3).

Teopema 1.2, lTycre ycaosusa 1° u 2° reopemor 1.1 svtnoanenst,
u Sx)=C' npu x, 6auskux K a, S’ (a) % 0. Toeda npu h—> oo,
reS,, cnpasedausa gpopmyra (1.3).

HDokasdateancTBo. Ilyets & >0 rtakoBo, uto S’ (x) =0
npu x < [a, a+ 8} =15. Hnrerpan no ocraBmemycs ydyacTKy Mbl
OTOpPOCHM, TaK Kak oH umeeT nopsigok O (exp (A (S (a) — ¢))), ¢ > 0.
CnenaeM 3aMeny

S(x)—S(a)=—1t, x&l,,

Torga, mo TeopeMe o6 o6paTtHOH dyukuuH, x=¢(f), riae
o=CH[0, &] (oueBugHo, uto & = S(a) — S(a, a -+ 6 > 0).
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TIpuMeHsisi K NOJYUEHHOMY HHTerpasy
&

exp(AS(a)) § exp(— M) [ (@ (1) ¢’ () df

aemMy 1.3, moayuaem (1.2).

OcHeBHOH BKJajx B acHMOTOTHKY F (L) BHOCHT OKPeCcTHOCTb
TGUKY MAakCHMyMa x==qa pasMepa ~ A~ (cMm. 3ameuanue 1.2).

Sameuanune 1.3. B reopemax 1.1 u 1.2 u Bo Bcex Nocaenyio-
WX TeopeMax uHTepBaa (g, b) MoxeT OumiTh GeckoneuHsiM. Ha-
npuMep, 3akJaoueHHss TeopeMm 1.1 u 1.2 BepHbl j1s1 HHTerpana Mo
noJavecu |a, o0), ecan Bomoaneno yesosue (1.5) u ecanm S(x)<C
< S{a) — 6, 6 > 0, BHe HEKCTOPOH OKPECTHCCTH TUYKH X =d. AHa-
JICIHUHO, HHTEPBAJ MOXKET OBITb KoHeuHblM, 4o (GyHKuuu [, S MoryT
HMETh CCOGEHHOCTH MHpH X=0.

Sameuanue 1.4, UToOb MmOAYUUTH KCHEYHOE YHCIAO UJEHOB
psaaa (1.15), moctaTouHo noTpefoBaThb KOHEUHOH rJaaakoctd Qyhx-
wait [ w S. Hanpumep, dopmyaa (1.17) cnpasenausa, ecuu
Se "D, Fe (). dto 3aMeuante OTHOCHTCS K HOCIEAYIOLLIN
TeopeMaM H K JemMe Barcona. Ormerns, uto AnddepeHUHANbYEL
cBofictsa dyuxupii f, S cyuiecTBeHHbI TOJIBKO B OKPECTHOCTH TOUKH
MaKkciMyMa, T. e. acuMurotnka F(A) cupepessieTcss POCTKAMH 3THX
GYHKLUHI B TOUKe X==da.

IMIpumep 1.3. Ewe Jlanaac noayuyus acHMOTOTHUYECKOE DPasic-
XKenue s GYHKIUH OIIHOOK

3 ~2 A (1) (9% —
Erfc.x:zg erdi~ LN ED RS (s ). (118
2%

()kx‘zk
£=0 -
Heraasi 3aMeHy nepeMeHHOH t—»x/x {, noaydaem

Erfcx=x S e~ df,
1

B namnom npumepe [(f)=1, S(f)=—1¢, dysruus S pocruraer
MaKkcHMyMa Toabko npu f==1 u S’ (1) # 0. Tlpumenss teopemy 1.1,
noaywaem (1.18). Psix (1.18) pacxoaurcss npu Bcex x. M3 Teo-
pembl 1.1 caeayer, uTO pasJoxeHHe (1.18) cnpaBepsuBO TPH
|xj->oco, |argx | /2 —e < /2.

Ilpumep 1.4. PaccMOTPHM HeNoOJIHYIO raMMa-PyHKLHIO:

X

Yia, x)= S *"le™ dt,
8
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rie 0 < a< oo, x>0. Hafinem acumnroruky y(a, x) npu x = -+ oo.
Hmeem

v(a, x)=T (a) — S ta'le_tdtzF(a)—x“S £ dt. (1.19)

i

K nocnexnemy uurerpasy mpumenuM Teopemy 1.1, Tak kax
d\ta1| __ I(a)
(3r) 7' =T

7o u3 (1.18), (1.19) noayuaem (x — + oo0)

v(a, x) — I (a) ~ e—*xo~! Tl;(?ﬂx_k' (1.20)

k=0

dra ¢opMyna ocraercs B CHJE H NPH LeJBIX a =1, ecau moJo-
Kuth ['(@)/T(a— k)=0 npu k=a-+ 1.

Ilyery a — neuenoe. OunenuM ocraTouHsiii uneH pspa (1.20). Hu-
TErPHPYA IO HacTAM nocaexuud uurerpana B (1.19), moayuaem

i \v/

Ry(x)=1y(a, x) — I'(a) — e~xa~! Z e (l; (_a)k) x—k =
k=0

. I'lo ‘ a=N—1 —1
___F(a—N)St e di,
x

Tak uro npu N =a

| Ry ()| < em ="~ max

’ I(a )ta—\’l l__ p—rya-N—1_T(@
t=1

Tla—N Tla—A)°

TaK UYTO OCTATOUHBIA uJieH MeHbIlle MO BeJHUYHHe, YeM N-e cjarae-
mce B (1.20). Ecau 4, ectb k-B unen psaga (1.20), To |upqifu, =
=|k+1—alf x|, Tak 49TO 3TOT PAL PACXOAHTCA IpH JIOOOM X.
Moayau ujeHOB psla BHauyajJe MOHOTOHHO YOBIBAIOT, a 3aTeM MNpH
k <+ 1—a>x MOHOTOHHO BO3pacTamT A0 OeCKOHEUHOCTH. TakKce
[NoBeJeHHE XapPaKTEPHO AJAA OOJbLUIHHCTBA HM3BECTHBIX ACHMITOTH-
YeCKHX PHALOB.
3agaua L1 Ilyers npu x &[0, a] dysxunu {(x), S(x)=C®, S(x) >

87 (0) %= 0 u ¢oyuxumna [ (x) AOCTHraeT MaKCUMyMa TOJMBKO NPH X = 0. IlokasaTe.
YTo mpH A—> 00, AE S,

a

(/i e~ — L0 s 0.

Y]

IMonyunts acummroTHieckoe pasgoxenne I (A) ~ [S (0)]""" Z aph ="l
n=0
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5. BKkmajg ©T BHyTpeHHeHd HEeBLIPOXKAEHHCH TOUKH MaKCHMyMa.
Jemma 1.4 Mycre S(x) = C™ 8 okpecTHOCTU TOUKU Xy,

S ()= ... =SV U(x)=0, SWM(x) =0, (1.21)

u S(x) — seujecrgennosnaunas  pynxyua. Toeda  cyujecTsyror

orpesk [,=[xo— 8, X0+ 8], I,=1[—8, & (8; >0) u Pynxyus
x==q(y) Takue, uro:

. S@)=Sk)+ey¥, y=l, e=sgnS¥(x). (1.22)

2°. dynryua o(y)=C7(l,), s3aumno o00HO3HA4HO OTODpaxcaer
orpesok [, na orpesox I, u

9(0)=0, ¢ (0)=(I~W—TN(’;—0“)”N. (1.23)

NoxasarteabcTso. Ilyers agas onpepenennoctd S (xg) > 0.

Toraa
S(x)—S(xo)=(x —x)Vh(x), h(x)>0,

IOpH MaJblX x—xO, rae h(x) =C™, tak uto GYyHKUHSA

y==/( x—xo)«\/h(x)

npuHaaaekuT Kaaccy C™ mpu mMadabix x —xg H y (x;) = 0. U3 rteo-
peMbl 00 o0paTHO#l (VHKUHH CaeAyioT 00a YTBepPKIEHHS JeMMbl.

3ameuanue 1.5, MoXHO MOKasaTb, 4TO eCJH S & chr pH X,
G6IH3KHX K X5, r==1, To ¢ = C’ npu majabix y.

Bce jagapHeliuine pesy. abTaThl HacTosiulero maparpada Mel Io-
Jy4HM, KOMOWUHHDYs1 jemmy BarcoHa u aemMy 1.4

Teopema 1.3. Hycre [=la, b] — koneunsti orpe3ox u sot-
HOAHEeHBL 1JCA0BUA:

1°. f(x), Sxy=sC{).

2°. max S (x) Jocrueaercsa 1o4vK0 8 TOuke X5 a < xu < b;
x=]

3. fx), S(=C™ npu x, 6auskux Kk x5, 1 S” (x,) % 0.
Toeda npu h— oo, A= S,, cnpasedauso acumnroruygeckoe pas-
JA0dcerue

F(X) ~ exp [AS (x)] f} cph TR (1.24)
k=0

o=y (sgazyeny

Taasueili waen acumnroruku (1.24) umeer sud (1.2).
3To pasaoxcenue moxcHo Judpepenyuposars awboe wucao pas.
HoxasaTenbcTBO. B OKPeCTHOCTH TOYKH X, ciesJaeM 3a-
MeHY MepeMeHHOH

S —S(x)=—1y%, xr=0q()

(1.25)

X=X
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W BHIOepeM OKPECTHOCThb Takoil, 4Tobbl — d <Ly < 6. HMurerpan mo
ocTaBluelicd 4YacTH oTpeska [ 3KCIONEHUHAJNbHO MaJj 10 CPABHEHHIO
c exp[AS (x)], u Mbl ero or6pocum. Hmeem

[3}
P ) =exptS () | exp(— 2y (@) @' () dy =
-9

3}
= exp [AS (x,)] S exp(— 2y) [f (@ (W) ¢’ () + Flo (— v)y ¢" (— i dy.

0
(1.26)

[IpuMensst nemumy Barcona (1.2), moJsydaem, uTo npu A —> 00, L= S,

F#) ~exp 28 () ) Uk + ) (20)tas,
k=

an= (=) (@@ @) oo

Tem cambiM cyiecTBoBaHue pasaoxenus (1.24) nokaszaunc. Bos-
MOMHCCTB Tousennorc auddepennupoBanust psaza (1.24) noxasei-
BaeTcs TaK ke, Kak H B Teopeme 1.2.

Hokamenm (l 20) HaM pmocraTouno paccMoTpeTsh cayuda#l, Korjaa
dyukuuu [ (x), S(x) roaoMopdim B Touxke X;, TaK KaK doy BHIpa-
KAWTCS TOJbKO uepes mpousBoauble Qyaxuui f, S B Touke x;. [lo
*hopmyne Kowwn (3mecs X, y — KOMIJIEKCHble TepeMeHHBIE) iMeeM
npu & > 0 J0CTATOYHO MAasioM

an=2 it ) o () dy =

2mi
lyl=¢
2k)! S — S —k—1f2 o
= (2:13 S f(x) [—((H] (x —x0) " dx =
1 x—x1=0

.

X=X,

_(dx)2k[f() S—?)‘:}T)) ]

KosphunuenTol @y, MOMKHO fB.1) BLIPA3HTL Yepe3d MPOHIBCTHBE
dynkuui f(x), S(x¥) B Touke X;, €CJIH BOCHOJb30BaTBHCA (BOPMYJICH
auddepennupoBanus ciaoxHol dyuxknuu (Cpaawreis, Poikuk [31],
cTp. 33)

dnf;frfx)) =Z "1“2!’?!-. o P’ m )“(qf’(x))
Y

. (1.27)

u=q (x)
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3pech cymMa Oepercs IO BCEM LeJbIM HECTPIUATEe]bHLIM 3Haue-
HUSM £, ..., ip TakuM, uto 1 - i+ 2 -+ ... + k- -ip=n.

Eule oaun npHeM, NO3BOJSIOUUA BBIUHCIHTL dge, 3aKJ0YAETCH
B caeayiomieM. Pasnoxum GYHKIHIO

Fiexp [ (S (1) — S (x) — 5= 57 (1)

B pag Teillslopa W 3aMeHdHM Mpejebl HHTErPHPOBAHHSI BAa == ©© CG-
oTBerTcTBeHHO. Torga noayuum ¢opMmaJjbHCe PasJ/oKeHHe

0

F (&) ~exp [AS (xp)] Z i S x*exp [7—81/—(7—)—] dx, (1.259)

k=0 —o0

be= (=) (Fexp[1(S () — S (x) — L5 57(x)] )

X=X

Boluncsisi uHTerpaJnl, moJayuae

—k—1/2

F (X)) ~ exp[AS (xp)] Z ()Zkk i (__ }“S”‘)("o) ) T (k 4 %) (1247

k=0 -

Hetpyauo oGCoCHOBATH 3aKOHHGCTH 3TOH NMPOLEAVPHL.

B KOHKpeTHBIX 3ajauax SIBHOE BbIYHCJIEHHE KOIDDHHUIHCHTOBR Cp
CBSI3aHO € TPYAOEMKHMH BBIK/JIA/KAMH, H BbIYHCJAHTH BCE UJEC!bI
ACUMIITOTHUECKOrO PasJoKeHus yJaaeTcs TOJLKO B HEKOTHPLIX Clie-
[HAJMBHBIX CAYUasX.

Touno tak e joKkasbiBaercs

Teopema 1.4. [ycre sce ycacsus teopemst 1.3 soino.aneHot,
3u UCK.1rOeHUeM 00no20: Xg==a. Toeda npu b —> o0, L= S,

F (1) ~exp xS (a)] kz_u cpp TR, (1.28)
Taasuetll waeH acumMnTOTUKI UMeeT eud

FO =4 A/ —s5ra F@ +oMlexphS @) (1.28)

(r. e. npasas wuacrs (1.28") orausaerca or npasoid wactu op-
myast (1.2) mnooxcuresen 1/2).
Teopema 1.5. [Mycre ycaosus 1° u 2° reopemor 1.3 sbino.a-
HeHoL 1
3. foeC, Skye=C? npu x, 6auskux & x5 S” (xg) 5= 0.
Toeda npu A —>co, A= S,, cnpasediusa popmyia (1.2).
HdokasarteasncTBo. C mOMOmbBIO TOH Ke 3aMeHbl NepeMeH-
HOH, uTO M B jOKaszaTeabcTBe teopeMsl 1.3, mpuoaum F (A} K BHLY
(1.26). 3areM mpumensieM sameuatnue 1.5 u Jemmy l.3.
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3apgaua 1.2 Iycrs [a b] — xoueunnit orpesok, S (x) > 0, f{x), S(x)=C™,
¥ mycTb GYHKuMs S (x) JOCTHraeT MAKCHMYMA TOJbKO B TOUKe Xo. JlOKasaTh 4TO
eck 87 (x0) #= 0. To npu A > o A e S,

b
2m

1(h) = S P (0) (S ()" dx ~ ef (x0) V~ Ty S M, (129)

a

roe e=1 ecan a < xy, < b, € =1/2, ecan xp=a WIH x5 =b.
[Mpumep 1.5. Hoxaxkem dopmyay Crupausra
F(x+ D)=a/2nxe~*x*[1 + 0(x"")] (x— -+ ). (1.30)

Bocnoab3yeMcsl HHTErpaJibHBIM mpejcTaBjeHneM -G yHKUHH:
I (x 4+ 1)=S e~ dt,

0

Meron JlanJjaca HeNOCPeACTBEHHO HENPHMEHHM K 3TOMY HHTErpady,
Tak Kak QyHKUHA ¥ He uMeeT MakcuMyMa npH f & [0, + oo). [lpe-
ofpasyeM uHTerpaJ, jgeJqas 3ameny {—- xf, Torna

oo

[ (x4 1) =x*t! S explx(int — #)]dt.

0

TMocaenuuit uHterpan uMeer Bup (1.1), rae f()=1, S()=Int— ¢
®yuxkuua S(¢) pocturaer mMakcumyma Ha (0, 4 o0) TOIBKO B TOuKe
t=1, apuuem S(I1)=1, §”(1)=—1. B cuay Jemmn l.1 MoxHO
3aMEHUTh HHTErPHPOBAHHE MO MOJYOCH HHTErPHPOBAHUEM Mo JIOGOMY
KOHEUHOMY OTPesKy, cojaepxaiemMy BHYTPH celsi Touky f=1.
[Mpumensia teopemy .3, moayuaem (1.30). Taxk xax ['(n -+ 1)=n!,
to u3 (1.30) cnenyer dopmy.aa CrapaHara

nl ~ A/2ane—rnn (n— 4+ o).

®opmyaa (1.30) npuronna u npa x —> o0, x = S,. Y3 Teopemu 1.3
caenyer, uTo

I (x+ 1)~vme—xxx(1 +ki akx"k), (1.31)
=1

SBubt BUL @, CM., HanpuMep, B [74].
[Tpumep 1.6. [lokaxkem, uro mpu n—> -+ oo
/2 .
S sin”tdt:«/%[l—}—O(n—‘)].
0

Hmeem sin"f=exp(nlnsinf), Tak uro wunrerpan mmeer sup (1.1),
rae x=n, S({t)=Insin¢, [ ()= 1. Oyukuus S({) gocTuraer MaxcH-
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MyMa npu t=umn/2, opuueM S (n/2)=3S5" (n/2) = O S”"(@f2)=—1,
M aCHMITOTHKA Bbluuc/feTcsl mo ¢opmyne (1.2
3aMeuanue. HMasecrno, uro
/2
2n—1I &

. n — i
S sin tdt—-———-—(Qn)” 5
0

CpaBHuBasi ¢ aCHMITOTHUeCKO# dopMyJol, moJdyuaem GopMmy.ay
Baanauca:
(2n)t ]2

1
n=lim — [—(2n T

n->w

IMpumep 1.7. HafigeM acuMITOTHKY OpH X —> + 00 GYHKIHH
Becceasn

]n(x)=

n

1
— \ e*cos0 ¢cosnbdo,
n
0

rie n>=0—uenoe. 3meck f=cosnB, S=cos8 u maxS(h) =

f0, 7
=S8(0)==1, §(0)=0, S”(0) = — 1. [Ipumenssa teopemy 1.3, mouay-
qaeM

In(X)=—'\%[I+O(x—I/2)] (x——>oo, |argx|<_g__3)’

rie «/;> 0 (x > 0). AHasorHuHoO mMoJyuaeM, 4TO

=L (14 0] (x> oo, larg(—0) | <5 —e),

rie A/— x>0 mpu x < 0.
ITpumep 1.8. Hafizem acuMntoTHky npd x> 1, n— 4+ o
noJuHoMa Jlexauapa

P, (x)=%8(x+ A/x¥ =1 cos 8)" b,
0

rie /%2 — [ > 0. Bocrossayemcst peayasTaToM 3agaus 1.2. B nan-

HoM cayuae S(8)=x -4 +/x — lcosB, f==1, dynkuua S goctu-
raeT MakcuMyma npud 0=0 u

SO)=x+/2—1, §(0)=0, 8 (0)=

= VF T VESD)
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Orcioga HaxXoAHM, YTO
(x + VT 1)""
4
'\/‘2—:{5 '\/x~‘ —1

3anauya 1.3 [Hdukaszats 4rto npu n—-> -+ oo

g
S(l "t dx /\/n'

Ranaua 14. JlokazaTs, uto ecau 0 <a <1, 1o

Po ()= {140 ().

g exp(— 1%a — xt) dt~
0

11— ) l—a 00—
~ \/]..__a @/2(1—a) lexp( - it a)) (x > + o0).

3anaua 1.5 Jlokaszath. 4to ecau a > 0, To

o0

_ 27
S FE g gy ~/\/-——Z— %12 exp (Ex”a) (x > + oo0).
e e

0

[Tpumep L.9. IMoxkaxeMm, uto npu n—> 4 oo

n

> Chilnt= £ S5 40 ().

k=0
BOCHOJ”)SYQMCH TOXKZECTBOM
(o]
kln-t = S ettt dy,
0
Torpga cymMMma [IpuUMeT BHA

{4 nre=ntar.
0

3 namuom caywae f(f)=1, S({)= — {4 In(1 4 #); occraercsa upu-
MEHHTh TecpeMy 1.3.

Bagaua 16. JokasaTe, uto npn 0 <A <1, n> 4 o0

kpy ko 1 A2 -2
kZanzn M=y n(l__;v)2+0(n ).
=0
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6. Bkaapa ot TouxH MakcuMyma (oGuwyui cJayuyaii).
Teopema 1.6. [Tycre [ =1[a, b] — koueunsii orpesox,
f(x),S(xy=C(I) u maxS(x) docTuzaerca T016K0 8 00HOU TOUKE X,
I

x e
Iycre f(x), S(x)e=C* npu x, 6auskux k x, Tozda:
1° Ecau a<xg<bu

SV =0, 1<i<<2m—1, S (x)%0, (1.32)

2g0e m=1, To npu h—>o0, A =S,

F(A) ~ 27" ™exp[aS (xo)]i ag)” ", (1.33)
em’® 2%+ 1
ay = — 22 0 (B5E2) (20 o) G A (e )| o a

h(x, x0) = (S (x) — S (x)) 7"/ S (x).
2°, Hycro x9=a u

S@= ... =8"""a@=0, S™(a)0, (1.35)
r0o2da npu A —>o00, A=S,,
F ) ~ A" " expAS(a)] f‘; ah ", (1.36)
(__I)k-H k41
ax = “r (MY (he 0 2) Gkt )|, o

h(x, a)=(S (x) — S (@)' """ S (x).

Laasneut waen acumnroruky 8 caywanx 1°, 2°) coorgercraento,
uneer sud (npu [(x,) 5% 0)

o= ()]
X ?»'”2'" exp [?»S L (x) +0(7"M)], (1.33)

F )= —lr(—)[ ——S(m)(a)]”’"x
XA exp[AS @)][f (@ +0(™"™)].  (1.37)

3ru pasaosiceHuss moocHo Ouppepenyuposars no A aroboe wuc-
20 pas.

HokasaTteabcTBo. B cayuae [° ocHOBHOH BKJajx B aCHMII-
TOTHKY F(A) naeT MaJjasi OKPeCTHOCTb TOYKU Xy [Jenas B 3TOH
OKPECTHOCTH 3aMeHYy IepeMeHHOH x ==@(y) Takyio, 4ToO

S(@(y) — S (x) = — y*™
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(cm. Jemmy 1.3), mosyuaem srasonnsiit unterpas suaa (1.7). Touno
TaK e HCCIeAyeTcs caydap 2°.

3ameuanne 1.6. Eciu ¢pyuxunsi S(x) uMeer KOHeUHOe UHKCJIO
TOUEK MAaKCHMyMa Xy, ..., X; Ha oTPe3Ke [, To acuMnToTHKa F (A)
paBHa CyMMe BKJAZOB OT 3THX TOUYEK.

HMmMenHo, B cuay semmbr 1.1

k
F()= ]_; F (% x;) + O (exp (b (M — ¢))
A—>o00, AreS).
3nech ¢ >0, M=maxS(x) u

xel

Fs )= | Fwexps(ldx,
Uixp)

rae U(x;) — mocTaToyHo MaJjas OKPeCTHOCTh ToukH ;. OpmHako
BKJaJb OT TOUEK MaKCHMYMa MOTYT, BOOGIle roBopsi, COKPALIAThES,
Hanpumep, nycTb S(x) — mosaunom crenedn =2, S (& o0)= — oo,
Torja acUMOTOTHKA HHTErpaJa

(e

F ()= S S’ (x)exp[AS (x)] dx

— o0

paBHa CyMMe BKJaJ0B OT TOYeK MakcuMyMma moJuHoMa S(x), HoO
F(A)=0 npu A >0.

7. HonoaHenuss. Jlokaxem aHaJor JewmMbl BarcoHa B cayuae,
korza [(x) mMeer snorapuMHUECKYIO OCOGEHHOCTb.

Teopewma 1.7. [Tycre v sewecrsenno, B> 0, pynuxyus | (x) = C!
npu marvix x =0 u Henpepsigra npu 0 <Cx<Ca < oco. Toeda npu
A—o0, A& S, cnpasedauso acuMnTOTU4ECKOE pPA3A0MNeHUe

a
Sxﬁ‘l [Inx Y e ?f (x) dx ~
0

o

~ AP Y an(ind) ™, a=T @ (0. (1.38)

k=0

HoxasaTteancTso. Tak Kak ¢pyHknus S(x) == — x JocTUraeT
MakcuMyMa npd x =0, TO MOXHO CYHTaTh, 4To a < l; oT6poluieH-
HbIfl MHTErpaJ 3KCHoHeHnya bHO Mas. [TosoxuM [ (x)==7(0) 4 A (x);
TaK Kak h(x)=0 (x) (x=[0, a]), To npu L& S,

a

< Cs § xB+8g=% Red gy < Ch1 A, IB—IM-

a

§xﬂ-‘h(x)’ln7i-lye—“dx
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Mul BOCNOJIb30BAJKMCh TeM, uTo Inx =0 (x~%) (x - 4+ 0) npu ao6oMm
CKOJIb yrojaHo MasoM & > 0. CnegoBare/bHO, PACCMOTPEHHBIH HHTeET-
pas Mo MOpPsAKy MeHblle Jo6Goro u3 ujeHos psga (1.38); ocraercs
uceqaenoBath uurerpana (1. 38) npu f(x)==1, o6osnayum ero @ (A).
CaesiaeM 3aMeHy mnepeMeHHoH hx—»x TOrja

@(A):A‘“(lnx)vg (1—‘” e " dx.

Bocnoab3yemesi CJAEAYIOUIHM COOTHOIIEHHEM: ecJH 2 & (— oo, — 1),
N > v (v BewecTBeHHO), TO

N
1+27=Y (})2"+Ru(2),
k=0

rie OCTATOYHHIA YJ€H AONYCKAET OIEHKY
Ry@)=0(z"") (121<1/2), (1.39)
Ry@=0(zI")  (lz|=1/2). '
3nech aaa gyuxunu (1 + 2)¥ Bbi6pana riaBHast BETBb B MJIOCKOCTH 2
¢ paspesoM mo ayuy (— oo, — ). IlepBas ouenra aas Ry (2) cie-
ayer u3 anagurnudoctH Qynxuuu (1 -+ 2)¥ B kpyre |2 {<{1/2; BTO-
pasi— H3 TOro, uto Ry (2) ~ — ( N )zN npu | z |— oo. CireroBaTe/bHO,

& ()

D (A) = ST Sxﬁ—l (Inx)fe—*dx 4 @y (). (1.40)

Jlns ocratouHoro uJsena B cuay (1.39) cnpameasvBa olieHka
ah

X

NIOCKOJIbKY, COBepIIHB 3KCINOHEHLUHAJbHO MaJaylo OIIHOKY, MOXKHO
3aMeHHTb BePXHHIl NpejleJs] HHTETPUPOBAHUS Ha oo exp(iargA); nony-
YeHHBIH MHTerpaJ CXOJIHTCA abCOMIOTHO. 3aMeHsisi TOYHO TaK ¥Ke
BepXHHH npenes unterpupoanus B (1.40), moayuaem

N
© M= bein )™ 40 ((nn)™"),

Tak uTo Kosdduuuents pasnoxenus: (1.38) uMeior Bup

o

ap=(—1)* ( Z)f(O)S 18- (Inx)fe-*dx =
(]
=0 (1) (&) e a4y

In x
In A

Inx |V

T <C'|Ina ™"

Dy (W) I<C

Nt
)x“‘le—xdx
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PaccMoTpUM NpHMephl, B KoTophix oaHa u3 oyuknuil f(x), S(x)
UMeeT HyJb GeCKOHEYHOTO MOPAAKA B TOUKE MaKCuMyMa QYHKIHH S.
ITpuwmep 1.10. HafigeM acHMUTOTHKY IpDH A — +- oo HHTerpaJsa

1

F )= S exp (—— —1{ — 7».&') dx.

d1or unrerpan nveer Bujg (1.1), rae S(x)=1x, [ (x) =e~!"*. Makcu-
mym S(x) pocruraercs npu r==0, a ¢yukuus f(x) obpamaercs
B HyJb npu x==0 BMECTe CO BCEMH INPOH3BOAHBLIMH, H HNPHMEHEHHE

TeopeMmbl 1.3 jaer TOJBKO OUEHKY F(k)zO(k‘m) (A —> 4 o0).
YUrobul moayuuTs GoJiee TOUYHYI OUEHKY, 3aMeTHM, 4YTO (YHK-

i —172
LU —AX — X JOCTHrAeT MAaKCHMyMa HpH X ==X . Cremaex
o ~1/2
3aMeHy HepeMeHHOH X = {A ? torpa
E

FQ)=2""" S expl— /2 (¢ + 7)) at.

[

Oyuxuus S (f)= —1 — 17! gocTiraeT MakcuMyMa mpu f== 1, npHuem
S(l)=—2, §”(1)= — 2. Tlpumenss TeopeMmy 1.3, mosyuaem

FO) ~A/ar eV (> 4 o).

3anmavya 1.7 [Jorkasarp, uTo npx x —> - oo

S exp (— xi —at™%) dt ~
0

(e

— - o
) ~ ST —_
- ’\/aitl , 2letn exp l_(l +a)x 1+a] (@ 0).

TloayyuTh TaaBHBIl WJIeH acHMNTOTHKH B Cayuae, Koria noJ HHTerpadaoM aoda-
BJasiercst MHOKHTENDb f (1) (nocrarodro raaakas npu { & [0, 1] ¢pyukuus, [ (0) == 0).

[Ipumep 1.11. BrupcamM acumMntoTuxky npu A-—>o00, A& S,,
HHTerpaJa
a
F ()= S f(x)exp[— re—1+"] dx.

0

3pece 0<a< oo, f(x)=C™ ([0, a]) u o> 0. Bece nporssonusie
¢yakuua S (x) = exp (— x~°) obpamianTea B Hyab npa x==0.
Jenas 3ameny nepeMmenHoft f=exp(— x~%) M BBOAS 0G03Haue-
uue = —In#, nonyuaem
b

F (k)-‘_: _—_(]1_ S E—Mf (g—lla)g-—l/q_l dg,

0
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rae 0<b <1 1o (popmy.ne Tefinopa,
—I/a) Z 0) ——k/u_l__o(g—-—(Ni-l)/a)

upu t = [0, b]. Hanee,
b
Fo(h) = S Myt e

0
b

S _M( In t)—-\k+1)/a dt + O(,,—M) ~

V]

ar
k41

o0

~ (I )~ Z Qs (INA)™™

m =7
YyTO CJAeAYET M3 TEOpEMH 1.7.

o —(N42)/
OcraTougblfl uJieH HMeeT MOPALOK O((ln a)T e

), Tak uro

F(1)~(Iny)~"e [f (0) + é cx (In x)—k] .

I'naBHbI useH pasaowendsa umeer Buja F(A) ~ [(0) (Ina)~'",
MMpumep 1.12. BoluncauM acUMOTOTHKY NPH 7n—> + 00 HHTEr-
paJa
oo f
1n:S O di, (D(t):j:Se“”"du.
Vi

U ]

Oyuxuus D () crporo MoHOTOMHA, BoapactaeT or 0 mo 1 Ha
noayocu [>=0, Tak uTO 3Ta (QYHKUUSA [LOCTHTaeT HauboJbllero
sHaueHHd npu ¢ = -} co. Kpome Toro, O¥ (4 oo) =0 npu sBcex k=1,
TAK UTO CHUTyalus Ta :Ke, YTo u B npumepe l.11, ¢ Tofi JHIUB
paznyed, yto TO‘IKOfI MaKCHMYMa sIBJsieTcd Touka ! =+ oo. [enas
saMeny f==1~!, moJyuaem

I, = S Q" (v~ dr.
0

Teneps noablHTerpaJbHas GyHKIUA JOCTHIAeT MaKcuMyMa npHu T = 0.

HUnrerpaa mno noayocu 01 << oo, 8 >0, no sgemme 1.1, umeer
-1

nop a0k O (CD” (6 )), T. €. 3KcHonennHaasno MaJg. Ha orpeske [0, 8],

rae & > 0 jocrarouHo MaJo, caesaeM 3aMeHy IepeMEHHOH
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In® (v—!)==x, Torga
y .
=\ emiway, 1=
0
Tak 4ro npu tT—>-+0

AV rtle™*

26.4—2 ’

In® (1—2)~ﬁ eV
(cM. npumep 1.2), u T~ (— Inx)™", Tak uro
Fo)~ S (—Inx)™ (x> 4 oo).
W3 npenwlayniero mpuMepa cJAeAyeT, 4TO
1
i~ = (n—>+ o).

3anaua 1.8. okasatb, 4T0
1 1
I, = _+o( ) 1 -> o).
" '\/lnn Inn ( )

§ 2. Moaudukauun Meroaa Jlanaaca
(omHOMepHBbIH cayuaif)

1. Hurerpaam Jlannaca, coxepkalide DONOJHHTebHhIe NMapa-
MeTpbl. PaccMOTpPUM HHTErpaJ I10 KOHEYHOMY OTPe3Ky
b

F(h, @)= S f(x, @)exp[rS (x, )] dx, @.1)

rie a=(a, ..., 0y) — BellecTBeHHBe napameTpul. Ecau ¢yHKuuUs
S(x, 0) npy KaxaoM GHKCHPOBAHHOM @ H3 HEKOTOpoH obJacTu
Q= R"* umeer na orpeske /=[a, b] pPoBHO OJHY, U NPUTOM He-
BLIDOXKAEHHYIO, TOUKY MakKCHMyMa Xy(a) W ecqd npuH a € Q Touka
%o(a) He HoxXomMT GJIM3KO K KOHIAM oTpe3ka [, TO IOJY4YeHHOoe
B Teopeme 1.3 pasJjiokeHue OyLeT NPHUTOAHO NPH A—>o00, A ES,,
paBHomepHo To o (). Dopmanusyem 3TO yTeepxKieHHe. BBerem
CJeAyIoUHe YCAOBUS:

A,. Oyukuun f(x, a), Sx, )= CUI X QNCT (I X Q), rue Q —
o6aacTs B RE, u ¢dyuknua S (x, a) BeulecTBeHHO3HAYHA NIpH (X, ) &
=l X Q.

A,. Tpu KaxaoM GukcHpoBanuoM a € Q ¢yukuusa S (x, o) uMeeT
e HHCTBEHHYIO TOUKY MakcuMyMma xg(o) < [.

A, Touka MakcuMyMa xy(a) HeBEIPOXKJEHa:

~ 87 (% (@), ©)=8,>0, a=Q, (2.2)

X
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u Jexur crtporo BuyTpH [: xy(a) =l =[a’, b'] npu a=Q, rae
a<d <b <b.

Teopema 2.1. Mycre ycaosus A, — A; swnoanenvr. Toeda
ora pynryuu F (A, a) cnpagedaugo acumnroruxeckoe pas.aooe-
nue (1.24) npu h—>oo, hE S, PABHOMEPHO 1O as K, ede H —
APOUBBOALHBILL KOMRAKT, Aexcauiili sHyTpu Q.

IT0 pasioxenue MONMHO nOYAeHHO Oupghepenyuposars no A u
no a aroboe HucAo0 pas.

[naBHblil useH acUMITOTHKH HMeeT BHJ,

F, o)==

= /\/._ xsm( @ exp [AS (x, (@), W)} [f (x5 (@), ) +0 (7)), (2.3)

rre O (27" pasuomepro mo o & K.

HokaszareabcTBOo. /locTaTOUHO paccMOTPeTH cCJayuall, Korja
X (@)=0, S(x{a), a)=0 npu «< Q. elicTBUTesbHO, JAejas 3a-
MeHYy IepeMeHHON x*==x — x;,(a), noaydaeMm

b—xo (@)
Flry=expS(n(@), o] | (", opexp[ps* (¥, o)l dx,
a—Xy (a)

rae cGosnaueno
f* (X*y (l) = f (x9 a)’ S* (x!’ (Z) =S§ (x: (Z) -8 (xO ((Z), (1)

n dyukuus S*(x*, @) o6samaer yKa3aHHBIMH Bbillle CBOHCTBAMH.
ITyerp Qy — oGaacth, JeXamias cTporo BHYTpH , Torna

S(x, @) =5 8% (0, a)x* -+ x%h(x, a),
rae dyHkuus A(x, o) =C™ mo (x, ) ¥ YAOBJETBODSET OLEHKE
(h(x, ) |<Clx] (x=1, as=Qy). (2.4)

Iycts f5=[—9,8]. Toraa, eciu 6 > 0 gocTaTouno Majo, HyHKUHA

y=V"50 & =xA) — 5 S%(0, a) — k(5 a

o6aanaer caAefyOWUMH cBoiicTBaMu npu (¥, a) &[5 X Op:

1) y(x, ) =C™=

2) y,(x, ) =C >0.
ITo caexayer u3 ycaoBus Aj u ouenku (2.4). Ilo Teopeme o Hess-
HOH (QYHKIUHM cyllecTBYeT GyHKUMS x = @ (y, @) Takas, uTO

S(e(y, 0), 0)=—14% (y, 0) =7 (a) X Q, (2.5)
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3necs J(a) =(—d,(a), dy(a)), d; (@) > 0, pyHkuusa ¢ & C™ (J (o) X Q)
u J(a) comepKHT oTpe3oxk Buma [—e, ] npu Bcex a & £ Ilpu
K2ax/10M (UKCHPOBAHHOM o & Q; ¢yHKUHA @(y, a) B3aHMHO OJHO-
3HauHo otobpawxaer J(a) na I,.

Hurerpan suga (2.1) mo o6aactu | x| =08 3KCOOHEHIHAMBLHO MaJl
B cuay Jemmbi 1.1. [leqast B unrerpaJe mo Iy 3ameny x=¢g(y, a)
1 oT6pachiBast 3KCMOHEHIHAJbHO MaJsble HHTErpaJbl II0 OTpe3KaM
[—d,(a), —e], [e, dy(a)], mOTyuaemM HHTerpan

e

Fitha)= \e (@, a), 0,y o)dy.

&
OcraeTcst MOBTOPHTL AJSI 3TOTC HHTErpaJsia pacCcy:XIEHHs, NpHBe-
JEeHHblE B J0Ka3aTeJhCTBe JIeMMbl Barcona.
[Mpumep 2.1. Haiigem acumnrotuky npu x>0, v— 4 oo
byukiny MaggoHagba (6ecceneBoil GyHKIHH)

fo]

K, (x) =17 S exp (vt — xcht)dt.

-— 00

Touka MakcumyMa fy==t,(v) moabIHTerpaJbHOH QYHKIIMH HAXOXHTCH
13 ypaBHeHHs v — xshf=0, tak uto

ty~1n (2v/x) (v—>+0), to(+4 0)=+4 oo.

CnenaeM 3aMeny mnepemenHofi Tak, UYTOGH «OCTAHOBHTbL® TOUKY
makcuMyma. [Tosaras ¢ =1" + In(2v/x), noayuaem

¢ —t
Ky(x)=2""v""%"" S exp [v (t—e') — x—:r] dt. (2.6)

Teneps Touka Makcumyma f,— 0 npu v — -+ oo. [IpexnctaBum aror
uaterpan B suge (2.1), rae S()=+¢—e¢e!, [(¢, a)=exp(—ae~?) u
A=wv,a=x/4v. Tak kax max S{H=S0)=—1, S”7(0)=—1,

—oo <t < oo

2
TO, NpHMeHsIA Teopemy 2.1, monywaem (D~/\/Tn eV (v—> 4 ),

rae @ — unTerpasa B npasoit uwactu (2.6). 3gech uHTerpasa Geperca
no Bced ocH; HO, no JemMe 1.1, uprerpai mo obJgactu ({|=1
uMeeT nopagok O (e~°V) (v-—> - o), ¢ > 0. CrnegoBaTelbHO,

K, (X)N(—?g-)ve“" /\/—z—ﬂ—~ (v = -} o0).

Hetpynno Bugerh, uto M ~e~v /\/%—t— Z avr.
k=0
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3anawa 21 MNokasaTe 4rto
2v v — 2r ] — 2x _9
Kv(x)—(—;") e /\/—V‘ (1+ v +0(v )) (v > -+ o0),

MMpumep 2.2. Hafinem acumnroTHKy ¢yHkunu Bebepa (bynk-
nusd n0apaboJruecKoro NHJIHHAPA)

oo

— x/4 2
D_v_l(x)zi)fr?—((—vq_fl—/)—)—s ' exp (— xt — ) dt

vl

npu x>0, v— -4 co. [loabiHTerpanpuas QyHKUHS HMeeT €I1HH-
CTBEHHHII MakCHMyM B TouKe fy==1,(v), KOTODas onpenenseTs

—1} -
u3 ypaBHenua — x—f- vt =0, Tak uTO t0~x/v npH v —> - oo,
Henan sameny ¢=A/v ¢, noaryuaem

v+1 0

2 2 —
Dy (x) =——-2P (— x?/4) g exp[v(Int — £2/2) — xt/+/~v ] dt.
Y

Tiv+ 1)

O6osuayuM nocaegnnit uurerpad D (v) u npeacTaBuUM ero B BHJE
(2.1), rne S, a)y=Int —#/2 —oxt, a=~v"'?, =1 Touka mak-

cuMyMa fy=f,(a) HaXonurcs M3 ypaBHeuus f ' —t—ox=0, TaK
ax a’x?
uro h=1——+— + O (a'). Moxuo 3aMeHHTh YUACTOK HHTE-

rpupoBanus uHTeppasom (1 — 9o, 14+ 9), 0 <8 < 1, Tak Kax ocras-
IIMeCsT HHTErpaJibl SKCIOHEHIMANBbHO MaJbl NpH v —> -+ 00 B CHJIY
aemybl 1.1, BelumeauM S u S7: B Touke fy ¢ TounocThio mo O (),
O («) cooTBeTCTBEHHO ¢ TeM, 4ToOH OCTATOYHbIH ugaed nMes sun o (1).
Hmeem

VS (fy, @) =— % —xA/v+ - F O ), Sh=—240("").

[TopcraBigs B nocaeAHuil HHTerpaJs 3TH PA3JOXKEHHS M NPHMEHSd
dopmyay Crupannra x T'(v-+ 1), noayuaem, dTo nmpu x> 0,
v —> 4 0o

Doyer () == v exp (2 —x YV ) (L0 m) - @27)

3anaua 2.2, Halitu caenyiomuit uien pazaoxenns D—y—; (x).
3anauva 23. IokasaTb. 4TO -

K\,(x)~/\/?nx_ e* (x> 4 o0)

paBroMepno 1o | v| <K R, npu JawboM pukenposannom R > 0.
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2. BoJaee cJaoxkuasi 3aBHCHMOCTb OT napaMmerpa. PaCCMOTpHM

HHTErpaJ »
b ()

Fry= | f(x, MexplS(x, ] dx, (2.8)

ath)

rie A >0 — Goabwol mnapamerp, a, b, f, S-— BeuecTBenHo3nau-
Hele GYyHKIHH. He NpUXOAHTCS PacCUHTHIBATL HA TO, UTO ACHMIITO-
THKY uHTerpata (2.8) B ofuieM cJyyae MOMKHO BBIMHCJHTh. Pac-
CMOTpPUM cJydaH, KOrjga OCHOBHOH BKJAaJg B HHTerpaJ jaeT HEKO-
TOopasi OKPEeCTHOCTh TOYKH MakcumyMma x;(A) dyukuun S(x, A).
B srofi oxpecTHocTH 3aMeHHM S KBaApaTHUHOH dynruued. s
BLIUHCJIEHHSI Pa3MepOB 3TOH OKDECTHOCTH H BKJaJa BOCHOJb3YeMcs
OueBHAHEIM COOTHOILEHHEM

a (M

S exp[— L ] dx=/\/-b2(—T(l Fo(l),  (2.9)

—a (A}
ecau A — 400, a(h), b(A) >0 u lim a (M) Vb A) ==+ oo.
=>4

JJemma 2.1. Mycre e;(x, &), j=1, 2, r(A), p(r)— sewe-
CTBEHNOBHAYLHbLE cpymcz;uu r{d) >0, u(-{— o0) =+ 00 u g; Henpe-
poiguot npu | x| < p(A). Hycre

lim e;(x, A)=0, j=1, 2,

A>+ oo

pastomepro no | x| u (). Toeda
» (MR

ow= | (+eexp[— P (4 e)]de=
MY

——\/r(}u [14+o0(l)] (—-4o0). (2.10)

HokasareanbcTBo. Pukcupyem 6, 0<9d<2, u BHbepeM
Ao >0 Takoe, uro |e;(x, A)|<<d nmpu [x|<{u(d), A=Axr,. Toraa
opu A 2= A

O-M)<OM) <Dy (A),
B (M/r ()
o]
0= ()= (1%7) S exp[~
—u (A)/r(A)

(2.11)

- —g—)] dx
B cuay (2.9)

oL =(1x£2)(1F2) " A/ E 1o

npu A — -+ oo, M3 ouenku (2.11) 1 npoussosbHocTH O caenyer (2.10).
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ITycts  xp(A) — HeBHIpOXKIEHHAS TOYKA MAaKCHUMyMa (YHKUHH
S(x, A) (1. e. S%x5=0 B 3710# Touke). ITosoxHM

UMW) =1{x: |x—x M) 1<) S (@), M (2.12)

Teopema 2.2. Hycre cywecrsyer pynxyus p(L) — + oo npu
A — -+ oo rakas, 4re
e (6, )= Sk (xo ), M) 1 + o (1)), (2.13)
e, M) =T (x @), M1+ o(1)] (2.19)
npu h—> 4+ oo, x = U (xy(A)), pasromepro no x =U (x,(1)). Tozda
npu A —» 4 oo

S [ (r, A)explS (x, A)dx] =
U

_W/ Sien®)| o) (215)
X=x, (A)

HNoxasaTeabcTBo. Ilomomum r(A)=— S7(x 1), A). ITo
dbopmyse Teitaopa, npu x = U (x, (X)) umeeMm

St 1) — S (o (), ) = 5 Sk & M) (x — 5o (W),

rae £ =U(x(A), n B cuay (2.13), (2.14) unrerpan us (2.15) umeer
BHA [ (xy(A), A) exp [S (x (1), A)] D (), rne D (X)) — unterpan usa (2.10).
Mpumensns aemmy 2.1, moayuaem (2.15).

Mycrs ¢GyHKIHA S(x, A) CTPOro BHIIYKJA KBepXY NMPH KAXKIOM
(GHKCHPOBAHHOM A, T. €. IpDH BCeX X, A

St (x, 1) < 0. (2.16)

Torja npu KaxaoM QUKCHPOBAHHOM A CYILECTBYeT, W NPHTOM eJIuH-
cTBeHHasi, Touka x,(A), B KoTopo#ii gocturaerca max S(x, A).

—o<x<®©
Teopema 2.3. [ycrs soinoanens: ycaosus (2.16) u (2.13)
(045 HexoTOpoti yukyuu p(A)—> 4 oo npu h— 4+ oo0). Tozda npu
A > -+ oo

Sexp S (x, )] dx~,\/ ( o ISt @), Al @17)

NokasaTeasctBo. ITomoxum r(A)=|S% (xe(r), M) u
pasoGbeM uHTerpaa u3 (2.17) ma tpu: Fi(A)+ Fo(A)+ F3(A), o
HHTepBasaM (— oo, X (A) —r (A) p(A)], [xo(A) —r (A)u(A), x(R)+
+ r (&) p )], (%o (M) + r (&) u(A), o0) coorBeTCTBEHHO. M3 Teopembr 2.2
cienyer, 4to Fo(A)~V (&) (A— - 00), rue V (A) — npaBast vactb
dopmyant (2.17). Ocraercs mokasaTtb, UTO

FiM)=o(V(A) (A—>400), j=I,3. (2.13)

— 00
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M3 yciaosufl teopemnl cueayer, uTo Qysxiua S(x, ) MOHOTOHHO
BospacTaeT npH x < x,(A) M MOHOTOHHO yOhIBaeT (40 — ©0) IpH
x> xp(A). CxoZUMOCTb 3TOr0 HHTErpasa CJeLYyeT M3 BHITYKJICCTH
¢yukunn 8. Ouennm Fy(A). Ilyetb A (f) — rakas (O VHKIHA, UTO
h(+ 00)= 400, K (£)>0, 7 (f)>0 npu ¢{>a. [TokaeM, uTO

oo

bt e—h
a
Heaas sameny h(f) =7, noayuaeu
N -1 c —h(a)
I = 3 e, GT\ < h,r1 S e’ dT:_ef?—(_E)—'
nia) hl (t(T)) f(a) hla)

IOCKOJIbKY Gyukius [A7 (zf(r))]‘i MOHOTCHHO YOBIBaeT:
d e BTy >0
——— T T e—— N
az =SS

ITpumenas x Fy(A) onenxy (2.19), noayuaem

xp [S(x+ (M), )]
F, () < 22l
d( )\ Sx (X+ (A), k)

X+ (M) =2, () + 7 (1) p (A).
B cuay ycaoBus (2.13) /
St (1), 1) — S (xy (), 1) =2 (1 4o (1)),
S ), ) =2 1+ o (1)]

npu A— - oo, Taxk uTO

’

, w2 (A) /
Fy(h) <CV (1 exp [— 257 (1L + 0 ()] /u () =0 (V ().
Tem cambiM (2.18) nokaszauo aasa Fy(A). AHATOrHUHO OllEHHBaeTcs
uarerpan F, ().
CunepcrBue 2.1. [lycre ycaosus teopemvt 2.3 8bINOAHEHLL U
lim ) (2) VST 0 (R), 2| = + oo. (2.20)
>+ o0 -

Toada popmyra (2.17) cnpasedausa das unrezpaia S exp [S (x, A)] dx.

Q
J18 moKas3aTesbCTBAa JOCTATOYHO 3aMeTHTh, 4TO Xo{(A)/r (L) —
— - oo W Yro, He OrpaHHYUBAasi OGLIHGCTH, MOXKHO BHIOpaTh W (A)
TakK, uTobhl Xy (A)/r (A) u(A)— + oo, Tak uro U (% (1)) = 0 upu A > 1.
B ocranpHoM mOKa3aTeNbCTBO TO e, YTO W B Teopeme 2.3,
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3. AcumnroTHka npeoGpasoBanuil Jlanaaca u Menauna. Ecan

S (x) — BHIIYKJas KHU3Y (YHKUMS, pacTyulas IPH x — - co GuicTpee
midefiHof QYHKUMH, TO QYHKUHS

max [— S (x) + xp] = S (p) (2.21)

x29
KoHeyHa npu BceX p_=0, W 3TOT MAKCUMYM JOCTHTAeTCH TOJLKO

B oamoft Touke X (p). ®yuxunu S (x), S(p) naswiBaiorcs dsoricTae-

weimy no HOwey. @ynkuusg S(p) TaxKe BHIIYKId KHH3Y.
Teopema 2.4, Iycre @yuxyua S(x)=C?[0, -+ o] u ydo-
6.°TBOPAET Y AOBUIM:

i S (x)—> 400, x2§7(x)—>+ o0 (v— 4 co).

2°. Cywecrsyer ¢ynxyus w(xy raras, 4ro p(+ o0)=4 co u
7€) ~8"(x) (lx—el<n)[S"(x)["", x>+ o).

Toeda npu p— + o

(=5

¥ 23
S exXp—=8(x) ~u S (p) ,\/m . (222)

4]

JokaszarteabctBo. PyHruusg G(x, p)=—S () -+ xp yno-
B/METBOpAET YCJIOBHAM TeopeMmbl 2.3 u cjenctBus 2.1; nocjennee
caenyeT u3 ycaoBus x°S”(x) > -4 oo (v — + o0). Ilpumenas cuaej-
crBue 2.1, nmoayuaem (2.22).

PacemorpuM npeo6pasoBanne Meannna.

M) = S B lexp(— S (x))dx. (2.23}
0
Jlenast 3aMeHy nepeMennoil x==e', mosnyuaem
M@= { expat— S (e at,

TaK UYTO HCCJAEIOBAHHe 3TOTO HMHTErbaJa CBOAUTCH K CAydYao, pac-
CMOTpeHHOMY B Tecpeme 2.4. Hmeem

LS (et = 'S (&),

dt
A S(e)=eS(e) + oS (e,
Tak 9To ycaoBus 1° u 2° Teopemnl 2.4 npHHEMAOT BUI
X287 (x) > 4 oo, xIn?x[S"(x) + xS8”7 ()] >+ o0 (v — 4 ), (2.24)
S7E)~S"(x) (Ix—gI<p@)r(x), rx—+4-o00), (2.25)
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rre o603HaueHO
r(x) = (xS (x) + x28” (x))”"" (2.26)

U p(x)—> 4 oo mpu x — -+ oo. ChegoBaTesbHO, CIpaBelJHBA

Teopema 2.5. [Tycrs S(x)=C?[0, + ) u ycaosus (2.24),
(2.25) gotnoanenst. Toeda daa unreepara (2.23) cnpased.ausa acumn-
TOTUYECKAS (hopmyra

F (&) ~exp[dlnx, (A) — S(x,(A)] X
X (2m)' [, (M) S” (%, (M) + x2(0) S” (x, W]™'" (2.27)
20e xy(A) — peuierue ypasnenus

xS (x) =A. (2.28)

[Tpumep 2.3. lNokaxkem, uTo npu p—> -+ oo

oo

S exp(px —eXdx ~ /\/%Ep— pre=P,

0

YcaoBue 1° teopeMbl 2.4 Buimogneno. adgee,
S (x)/S7 () — 1 =e*"t—1=0(1),

ecad [x —E|=o0(l), Tak 4TO B KauecTBe | MOXKHO B3ATb JIOOYIO
Takyl QYHKIHMIO, UTO u{x)==o0 (e*?) (x — + o0). UMeem

w(p)=Inp, S(p)=plnp—p, S"(x(p)=Inp;
ocTaercsl TOACTAaBHTL 3TH 3HaueHHs B (2.22).

3angaua 24 BeuHcauTh acHMOTOTHKY wunrterpana us (2 22) npu § = x%,
o> 2
3agaua 2.5 Bouscants acumnrotuxky uurerpaga (2.23) npu S = (In x)%,

S=x% (¢a>0)

4, Hurerpaibl ¢ mepeMeHHbIM BePXHHM mnpegedoM. C MOMOMIL'O
WHTErPUPOBAKHA 110 YACTAM MOXKHO BBIUHC/THTL ACUMITOTHKY IIDH
X — -+ oo uHTerpaJoeB BuIa

o0

Fi(x)=\F({)exp[—S(A]dt, (2.29)

By

x

Fy(x) = S F(t)exp[S (O] dt, (2.30)

[¥]

ecJH MOABIHTEerpadbHbie (YHKHHH HMEIT pe3Ko BHIPAMXKEHHBIH Ma-
KcuMyMm mpu {=x > |. IlpuBenem veacus ua dyuxnuu f, S.
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A, ®yuxunn f (), S(f) BemecTBEHHO3HAUHEI,
fyec, SHec, SH>0
(t=0), S(+ o0)= oo.
Ay 87(=0(S" (1) (t—+ oo).
Ao f()>0mpu 120, 'O/ O)=0(S"(t) (t— + ).

Bagaua 2.6. Ilokasate, uro ¢yukuun S (f) muaa ¢® (a>0). t*(In t)E‘
(e > 0, B-aw0boe), exp (At“) (A>0.a>0), a TakiKe HX UPOH3BEeJleNHs YHOBJe-
TBOPSIOT YCJIOBHIM Ay,

3anaua 27. Hycn, S =1* a>0 uau S () — nosunom crenenu n>1.

IMokasars, uto ¢yuxkuus f[(f) = (1 )Y (B=0. y—moboe) yaoBsersopser
yeroBuwo Asg.

Teopema 2.6. [Tycro ¢yuryuu [ (f), S(f) ydosrersopsror ycao-
suam A, — Ay Toeda npu x— + 00
Fl (x) S (x) e}\p[ (X)], (231)

Fo (1) ~ i exp [S (9) (2.32)

S/

JdokasareasctBo. [lokaxkeMm, uto uarerpaa (2.29) cxo-
nutes. MHTerpupys mo uyacTsaM, INoJdyuaeM

X

Fi(x, )= | [ (D exp[— S (0] d =

= hy (x) — b (@) + S fityexp[— S@)at,  (233)

rae o603HaAuYEHO
f ’
hy(x) = _S/((xx)) , fl (x) = h1 (x).

W3 ycaosuit Ay — Ay caenyer, uto

[H®)=o(f(®) (t—+ ). (2.34)
Buibepem a > 0 Takoe, uto |f, ()/f (1)1<<1/2 upu ¢t = a; Toraa uure-
rpaj B npaBoit uactu (1.26) He IPEeBOCXOAUT 110 MOAYJIO BeJHUHHBE

1
5 £ (x, a). CaenoBaTesbHO, IPH X =a

5 Fi (e, a) <<y (0) — Iy (), (2.35)

IMpumensis npasujo Jlomurass, moayuaem

i Inf () —0 lim In 87 (¢)

t> oo S frte S =0, (2.36)
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A Tak Kak S(4 oo)=-f co, To H3 (2.36) HAXOAHUM, UTO
lim A, ({)=0. (2.37)

{—>»+o0

ITpumensis npapuJjo JlonuraJjs, noJydaeM, uro

lim —-28 i (1—f.’("))=1,

x>+ Fy(x) x>+ F(x)

u (2.31) nokasano.
Oc6osnauuM A, (f) =exp[S [ (©)/S" (). Ha (2.37) u ycaosui
A, — A; Caexyer, uTo

Fy(+ o0) =400,  hy(+ )=+ oo.
ITpuvenss mpasuiao Jlondraas K OTHOWeEHHIO Hy(x)/Fs(x), moay-
uyaem (2.32).
[Mpegnoxenue 2.1. [lycro sotnoanerno ycaosue A,, f(f) =0

npu t =0, ¢ynxyuu (), S{) = C™ ([0, + o]). [Tycrs noc.edvsa-
T€.16HUCTb

{M’e(s’,‘(’j) booM=— L k=0,1,2, ..., (2.38)

sieanerca  acumnroruvecxkoli npu t— -+ oo. Toeda npu x— -4
CRpasedAussl QCUMNTOTUYECKUE PA3AONCHUSR

Fil) ~ exp[— S (9] 2 M (S (), (2.39)
Fa() ~explS (9] 2 (—DF M S () (2.40)

no nocaedcgaresvrocru (2.38).
HokasarteabcTBo. Pacemorpum F(x). TlokaxkeMm, uto

lim 4. (=0, w(=expl=SOIM* (L), @4

>+

Ilpu k=0 3710 g0Ka3auo B TeopeMe 2.6. Hauee, (g4, (£) = 0 (P, ()
(t —» - o), Tak Kak mocJsaegoBaTeNbHOCTE (2.38) — acHMHOToTHYECKAS
npu {— -4 oo, uro © poxaseBaer (2.41). Murerpupys mo wacTsu,
[ayuaeM

N

Fu(x) =exp = S (9] )] My () + S exp[— S (0] M5 (&) dt,

M, (x) = M* (—S—T";)—
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OGosgauuM noctenHuli uuterpat Ry (x). Ilpumensis mpaBuao Jlo-
nHTaJsl, MoJayyaeM, UTo
. Ry(x) . My, ()
lim ————= lim i
x>t Wy (x) x>too M (x) —

x) =0,

N+l N(

n (2.39) nokasano. AxaJgoruyHo jgokassiBaercs (2.40).

3anauwa 2.8 [doxazarh, 4TO HOCAELOBATENLHOCTL (2.38}) sinsercs acumo-
TGTHYECKOA npH § — 4 00, eciH:

1L S(H=1% i) =1*=(n#Y, rae a>0, p>0, y— modoe.

2. 7 (t), S (¢)— nosuHoMel M cTenesp S He MeHnpuwe 1.
Banauwa 29 HoxasaTb, yTO:
X

et gt ~ £ e (x> 4 ).
1%~ g ~ [5‘1x”_6+‘e""B (x > -+ o), B>0.

1P~ gt ~ TP 1E (5 5 ),

N
Tl Bl § O

I"Io.nqub ACHMIITOTHYECKHE DJABl B 3THX INpuMepax.

§ 3. Hexoropble cBejeHHsl n3 aHa/au3a

1. O6o3HavyeHusi. TeopeMbt 00 OOpPaTHBIX M HESIBHBIX (PYHXLHSAX.
ByneM HcHo/ab30BaTh cjepyioline obosHauenusi: Q — o6aacts B R
(oTKpHITOE CBSI3HCE MHOXKeECTBO), (€2 — rpannuna obaactu Q, [Q]=
=QU0Q, a — MyabTaHEACKe: a=(a;, ..., ), TJe o; =0 — ueibie
uyucaa,

'} (x)
Ox, ' ... oxpn

D°f (x) = —:-—d—?;)al e (‘l 9 )anf (x).

dxp

lal=u +a+ ... +a, )=

Ipannna 0Q & C™, 10 ONpe/lesIeH IO, eCan B OKPECTHOCTH KaXKI0i1
Touxky 1 & 0Q ee MOKHO JIOKAJbHO 3a/aTh ypPaBHEHHEM BHIA X; ==
=q (), ¥ €U, X' =X, ..., Xj=1, Xj11, -« -, X,), U — OKpecTHOCTR
toukd x* # QyHKUMA @(x") Geckonewno pguddepenunpyeMa B U’

Beepem kaacest dyukuui:  C([Q]), C(Q), C ([Q]), CH(Q
(r 20— uenoe uHCAO HJIH r==o0). Oyuruns f(x) yaoBaeTBOpsET
COOTBETCTBeHHO ycjoBuaM: 1) f(x) wenmpepmBHa B [Q]; 2) 0%f(x) ne-
npepuiBHb 1IpH x € Q, |a|<<r; 3) 0% (x) HenpepuBHE npH x & [Q];
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4) f(x)=C"(Q) u [(x)=0 B HeKOTOPOH OKPECTHOCTH MHOXKeCTBa JQ.
3necy CO=C. ®dynxuun [(x) = Cy(R™) HA3WBAWTCH @UHUTHbLMIL.
Hocurenesm @ururnoil gyuxkyuu f(x) HasplBaeTcst 3aMbiRaHHe MHO-
sKe¢TBa, Ha KoTopom [ (x) = 0; ofo3HaueHHe HocHTessi: suppf(x).

Paccmotpum  oroGpaxkense @: £, —€,, 3ananHoe GopMyJoh
y=q(x), x=Q,, nId, B TOKOMIOHEHTHOH 3anHuCH, y;==@; (X, ..., X,),
1< i< n. Io onpejeaennio, oTodpaxKeHHe @ NPUHAAJIENKHT KJiaccy C7
(r = 1—neaoe), ecin ¢;(x) =C (Q,), 1<<j<<n BsanMHo oxHO-
3HauyHOe oToGpayKkenue ¢ HasbiBaeTcs dupeomopuamon (2 na Q)
kaacca C7, ecan g = C7(Q,), ¢~ = C"(Qy).

TyeTs @ (x) = (¢, (%), ..., ¢ (x)), x=R", rie @;(x) — ckaaApHbe
dbyukuun. Marpuyeii SIko6u nHaseviBaercss (k X n)-MaTpHLa

, d¢; (1) . ,
0 =(2) 1<i<h 1<i<n,
i

ITpuBeneM (GOPMYJHPOBKH H3BECTHBIX TeOPeM H3 aHAJH3a.

Teopema 06 o6patunolt dyuxuuu IHycre sexrop-
pyuryus y=¢(x), 2de x =R" y=R", ydosaereopser ycaosusm:

1°. o(x)=C’", r=1, 6 oxkpecrnocru U rouxu x°.

2° det ¢/, (x% = 0.

Toeda cywecreyror oxkpecrrocrs Vo rouxu y° =@ (x% u sexrop-
pyuryus x =1 (y) raxue, uro $(y) =C (V) u

ph)=y, ysV.
O6paTHa${ (I)YHKL[PIS €IHHCTBEHHA B CJCAYIOUIEM CMBICJIE: €CJH

cymecTByoT ABe ¢yHruua YO (y), ¢?(y), obragaowmne ykasau-
HEIMH CcBOHCTBaMHn B okpecTHoctsix VI, V@ toukn 49 to

Y () =D (y), ysVOINVe.

Teopemy 00 oOpaTHOH GYHKUHH MOXKHO CPOpPMyJHPOBaThb CJe-
AYIOWHM ofpasoM:

ecau ycaoeus 1°, 2° gwinoauennt, 10 orobpaxcerue y=q(x)
agaserca Oupgeomoppuamon rxaacca C"(U) e docrarouno marott
oxpecrroctu U Touru x°.

CnpasensnBa dopmyJaa

o, )= W,uN y=oW.

ITycTh jmaHa BelecTBeHHO3HAYHAH BeKTOP-QYHRuUMA F (x, y)=
=(Fi(%,9), ..., Fr(x, 1)), x=R", y =R* PaccmorpuM ypaBHenue
F(x, y)=0,

T. €. CHCTeMY YypaBHeHHH

-Fl(xly vy Xny Yis ooy yk)zo- er s Fk(xl: sy Xns Yy ve ey yk)=0»
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Teopema o HesBHONH dyHKUHH [lycre Q — obaacrs
6 RYX Ry, sexrop-pyuryua f(x, y) =C"(Q), u nycrs 8 ToUKe
() =Q

F(x% ¢9=0, detF,(x% ¢ 0.

Toeda cywecrsyer oxpectnocts U rtouku x° u sexrop-ghynxyus

)= (x), ..., [« () =C"(U) rakue, uro
F(x, [(x)) =0, xe&U, yk°=74"
Bexktop-byHKIHs [ (x) eAHHCTBEHHA B CJEAVIOLIEM CMBIC]IE: €CJIH

CyHIeCcTBYIOT ABe Bektop-byuruuu f (x), [ (x), obarapawmue yxa-
3aHHBIMH CBoMcTBaMu B okpectHoctax UM, U touku x° To

W=D (x), xesUONUD,
CnpasepnsinBa dbopmyJia
Yy, ()=—(F,tx, )" F,(x, y).

2. Jlemma Mopca. ITycrs S (x) = C7(Q), r >=2, -— BeleCTBEHHO-
agaunas ckajisipuas ¢yunxuus. Beegem o6o3zHayeHHe

o 028 ..
m(x)=(axl§§’[. 1<i, i<n. (3.1)

Onpenenenne 3.1. Touka x° HaswiBaercs kpuruteckoii Tou-
Koit ¢yuxkuun S(x), ecuan

VS (£ = 0. (3.2)
Kpurnueckass Touka x° Ha3bIBAETCS HesuPOMIeHHOL, eCcH
det S%, (x") == 0. (3.3)

Onpegesnutens u3 (3.3) naswBaerca eeccuarHom Gyukiuu S (x)
B Touke x°.

Jlemma 3.1 (1emma Mopca). Hycre x° — neswiponcdennan kpu-
Tuueckan rouka gyuxyuu S(x), x = R", u nycrs S(x) =C™ s okpecr-
noctu Touku x°. Toeda cywecrsyor okpectroctu U, V rouex x = x°,
y=0 u duppeonoppusn ¢: V—->U xaacca C* rakue, 4ro

S =S+ Y ny, (3.4)
j=1
det q)’y 0)=1. (3.5)

3decs n; — cobcreennvie 3nawenus marpuyst Sy, (x0).

NoxasarteabctBo. IIycrs x°=0, 8”7 () = diag(y,, ..., u,).
O6muit cayyail CBOAHTCSH K 3TOMY C IOMOILBIO JIHHEHHOH 3aMeHbi
nepemennbix x = x* + Tx*, rze T — opToronasbHas (n X n)-MaTpHia
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S (x9)

detT =1, npuBoasmass KBanparTi'tHylo (opMy Z T PR,
97

i, =1
K BHILY Z wx; . [lckaxewm, uro S(x) MOXKHO mpH MAaJBIX |X|

, i=t
ﬂﬁeECTaBHTb B BHJE

S =S+ Y el (v, (3.6)

rae gt (x) = C% apn magux lxi,
o) ot ) -
Sif (0= Si (), S (0)=wdy. (3.7)

[Myers Upy— manasi BUIYKIAA OKPeCTHOCTh Toukuw x==0. Ilo
dopMyae Tefsopa, npu ¥ & U, wueen

1 n
¢ o d Y A 1 . .
S{x)—S(0)= 3 {(1l—op) ( S ) S(ox)dp =+ Z xix]S‘i‘]) (13,
0 i, f=1 (38)
. 3-8 .
SRR S| de.
7 ¢ ! Z2=0X

Tes cavpnl (3.5), (3.7) 1cKasanbl.

Byes rtemepb AeficTBOBATH MO AHAIOIHN C METONM ﬂ.an KA
OpuBejeidsd KBAAPATHUHOH (Gopyi! K cyMMe KBaaparos. IlpeacTa-
BuM S{x) B Bume

S(x)—S(O):;—Sl (’C)(Xl—i‘z)q S[({’ X)) + = Z x,x,88 (x) =

— LS EE A Y 5 SE (),
i, j=2
(l) (x) S(’)( )
S(lll) (x)

@ (x) =S¥ (x) —

OyHKIHH SP(x), no mocTpoeHHIO, YAOBACTBOPSIOT YeaoBuaM (3.7).
IpuMensst 3Ty XKe npoueaypy K QyHKUHH —;~ X XX S‘?‘ (x), nonyuaem

n

SE—SO =5 SH®E, (3.9)

J=1
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rjae o6o3HaueHo
n

|
El ()C) =X;+ S;ji) (x) kz=j xksyk) ()C),

H QYHKUNH s}!}(x) OIpese/SIIOTC W3 PeKYPPEHTHBIX COOTHOINEHHH
S (1) =8%7" (x) — SE () SE" () [SH" (0]

U3 stux gpopMya caedyer, uro SY/ (x) = C” npu Maawx | x| Cre-
JaeM 3aMeHy MNepeMeHHbIX y == (x), rie

g =5 0ASTWw, 1<j<n (3.10)

Tak xak S§)(0)=p, 0, o dynxuun y,(x) = C™ npn MaIbIX | x|,
HOopu x=20

9y, .
—5;j—-l, dxk———O, k<]

CaenoparenbHo, Matpuua $lko6u y’,(0) — Tpeyrosbnas, ¢ eluHHY-
HbIMH 9Ji€eMeHTaMH Ha AHaroHanu, u moromy dety’ (0)==1. 13 Teo-
peMbl 06 o6paTHo# ¢yukuux caegyer, uto u3 (3.10) MOXKHO BHI-
pasuTh x uepes y:x=¢(y) npu maaeix |y|, rae ¢(y)=C”,
det ¢ (0) = 1.

Ioacrasasis (3.10) B (3.9), moayuaem (3.8).

Gameuanne 3.1. Us aeMmbpr Mopca cjefyeT, u4To HeBHPO-
JKAeHHble KPUTHUECKHE TOUKH W30JHPOBAHBL

3aMeuanune 3.2. U3 nokasarteancTBa JeMMH Mopca cjenyer,
gTo ecam S(x) = C, r >3, B OKpecTHOCTH TOYKH X0, TO cp(y)EC'_2
B OKPECTHOCTH TOUYKH y ==0.

Iyery 2==(z;, ..., 2,) —TOYKA H-MEPHOTO KOMIJEKCHOI'O IpO-
crpanctsa C". Onpenesnenne 3.1 ocTaercs B ckJje A4s QyHKIHE S (2)
OT 7 KOMIIJIEKCHBIX NepeMeHHbX. JlOKarKeM KOMIJIEKCHBIH BAPHAHT
JemyMb Mopca.

Jdemma 3.2, ITycre 2°— Hesuiposcdennan kputuieckas To4Ka
pyrryuu S(2), eoromopgroii 8 oxpectrnoctu Touku 2°. Toeda cyuje-
creyior okpecrnoctu U, V r1ouwex 2°, =0 u BeKToOp-(hyHKUuAa

y

n
z =@ (w) rakue, 4ro S(z)—S(z°)=—;—Z pw;, det ¢, (0)=1. [Tpu
j=1
sTom @(w) eosomopdpHa npu w S VL]l 83AUMHO OOHO3HA4HO OTO-
bpascaer V Ha U
HokasaTenbcTBO TOYHO TAKOe e, KAK H B BCUIECTBEHHOM
cnydae. JocTaTOYHO 3aMETHTh TOJBKO, YTO ¢YHKIHH Sy (2) roJo-
Mopdubl B Touke 2% Toraa (QyHKUuH ¥;(2), a 3aTeM H y;(2) OYAYT
rosoMupdHBIME npH 2 = 20

3 M. B. denopiok
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ChopMmyanpyem aunador JemMmbl Mopca B cayuae, Korga ¢yHk-
LM S 3aBHCHT OT AOTOJIHUTEJbHBIX NapaMeTpoB.

Jdemma 3.3. [Tycre S(x, a) — 8euieCT8eHHO3HAYHAS qbym{r;uq
yJ08.2€TBOPAIOUAA YCAOBULM:

1. S(x, )&= C” U X V), ede UcR% Vc RE — oxpecrrnocTu
rouex x°, al.

2. 8,2 a)=0, a=sV, Si(x,a)=0 npu x=U\{x%}, a=V.

3. det ST (X% a)# 0, a=V.

Toeda cyugecreytor okpectroctu Vo, Uy, W Toek a =, x'=x0,
y=0 u sexrop-pynxyus x =@ (y, a) TaKUe, 4TO:

1°° llpu as=V, ys= W uneen ¢(y, )EUO

S@(y, @), =Sz, o) + Q,Aym— Z vp @

20e p — HUCAO NOAOHCUTCAbHBIX COOCTBEHHOHIX SHAYEHUL MATpUlybl
e (X, ),

2°. ¢y, ) =C*(W XV, @0, a)=0, 319
det ¢, (0, ') = | det ST, (x°, %)} (3.12)

Jrta JemMa J0Ka3hBaeTCsd TOYHO TaK iKe, Kak H Jemma 3.1.
BuipoAentbie KpHTHUeCKHe TOuKH OyAYT paceMotpenn B ra. I, § 5.

3. IlpeoGpazoBanne Pypbe 3KCIMOHEHTHI OT KEAAPATHUYHOMH DOPMbI.
BreneM o6osHaueHHe: eciaH X=(xy, ..., X,), £=(&;, ..., E,}, TO
x B=x& + ... +x,8, Tlyerp A=(a;;) — cummerpuunas (n X n)-
MaTpHlla. Oéosﬂath Re A maTtpuny c saementamu Rea;;: samuch
ReA>0 (ReA > 0) osnauaer, uro {(ReAx, x) >0 (couTBeT-
crBenHo > 0) nua mo6oro x & R”, x4 0.

[Mpenaoxenune 3.1. [lycre A — Hesblposcdennas cummerpuy-
Aas marpuya nopadka n X n u ReA20. Toeda npu . >0, £ = R”

S exp [— 22- (Ax, x) —i{x, g)] dx =

Rll
) nj2 1 1. )
=(2)" ety Pexp[~ (47 8] (3.13)
Berso +/det A swibpana caedyrowum 06pazomn:
(det A)™"* = det A|" " exp[—iInd A),
I (3.14)
IndA:gZarguf(A), larg u (A) I< 5.
i=1
a0e p;(A)— cobcreernsie snanenus marpuyst A.

HoxkasaTtTenncTBo. [lyers J(A) — uHTErpast U3 JIeBOH uacTH
(3.13). Hoxawem (3.13) B canyuae, Korga ReA > 0. Torga unre-
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rpas J(A) cxoautca a6GcoawotHo. Tak kak ReA >0, to kBaapa-
THYHYO (GOPMY MOXKHO NPHBECTH K CyMMe KBaApaToB, T. €. Cylle-
CTBYeT BellecTBeHHas (n X n)-mMatpuua 7T .Takas, 4TO

'TAT = A = diag (4, (A), ..., p,(4))

4§
detT =1.
Itenas sameny nepeMeHHbIX
x=Ty, n="TE,
noJqyuaem
1 .
1@y=\ exp[— 3 Ay, 9 — ity w]dy=

Rn

= S eXp !J-’- (A)y(]—, —'l.l/,"l,]d!/,z
=t =%
/2 1 - - —
= 2" exp[— 5 (47", m)] [ s (AN,
i=1
rie BeTBH \/p.,- (A) puibpansl B coorsercTBuu ¢ (3.14). Hausee,
(A7, ) =(TAT"TE, £) = (47", m),

tak 4to (3.13) nokasano npu Re A > 0. '

Ecau xors Obl ogHO H3 uHcea W;(A) sABAfeTCS YHCTO MHHMBIM,

to uHrerpaa J(A) He sBasieTcst a6GCOJIOTHO CXOASMIIUMCH, W €ro
HeoOXoAuMO peryJaspu3oBaTb. OQMH H3 BO3MOMKHBIX crocoBoB pery-
JISIPH3AIMH COCTOMT B CJeAYIOUIEM: ToJaraeM, Mo ONpejeseHuio,

J(A)= lim J,(4),
e>+0
\ 1 € .
I (A) ::'S exp[-—;(Ax, x)— 5 (x, x) —ix, g)] dx.
Rn
HNurerpan J3(A) npu e >0 cxomurcst aBGCOMOTHO, TaK UTO .
nero cnpasenausel dopmyas (3.13), (3.14), rae u;(A) caeaver
3aMeHHTh Ha cobcTBeHHble 3HaueHHs W;(A, €) Marpuus A+ ef
({ — epnnuunaa marpuua). Tak kak u; (A4, &) — p;(A) npu e—»—} 0,
1<<i<Kn, n largu;(A4, e)|<m/2 ans BeTBell '\/p.](A g),
larg p; (A) << /2.
B uacrtHocTH, npu E=0 umeem

Vow | s 9]de=(2)" @ty . @15
Rn

3*
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OTMeTHM BaXHBIR vacTHHi cayuail dopmyaw (3.13).
IMpenanoxenne 3.2. [Tycre A — seujecreenHas cuUMMET PULHAS
Hegoipoxcoennas (n X n)-marpuya. Toeda npu t = R", A >0

S exp [ZT (Ax, x) —ilx, g}] dx=

Rn
= (%::_)nm Idet A" exp [— —2% (A7, §>] exp (LI— sgn A) . (3.16)

3necy sgn A — cuznarypa MaTtpuus A, T. e.
sgn A==v_ (4) — v_ (4), (3.17y

rae v, (A) — Yucno mONOKUTEABHBIX, Vo (A) — YMCHO OTPUIATE ABLHBIX
COGCTBEHHBIX 3HaUeHHH MaTpuubl A.

3. Hurerpaasl no MHoxecTBaM yposHs. [Tycrts S(x) = C7 (Q) —
BelleCTBeHHO3HauHasd GYHKUMS H S, — MHOMXKeCTBO YPOBHA, 3a1aH-
Hoe ypaBHeHdeM S (x) = ¢ (¢ — nocrosanunas), x = Q. Ecnu S, nenycero
H VS(x)5£0 Ha S, TO 3T0 MHOXeCTBO fABJAAeTcs (n — 1)-MepHBIM
C™-mHoroo6pasueM B R% Ju@pgepenyuarsnot ¢opmoii Jepe—
leabanda nasbBaercs popMma wg cTeneHd # — 1, yIOBJIETBOPAIOLIAA
YpaBHEHHIO

dS(x) N og(x)=dx; A ... Adx, (3.18)

Sra ¢opMa OJHO3HAUHO onupejneneHa Ha S, mpu x & S, ecan
VS(xy%= 0 na S, ([26]). Ecam 9S(x)/dx;= 0 na S,, 10 crnpasen-
JauBa ¢dopmyJa
: . dx /\.../\d/;./\.../\dxn
wg (x) = (—1)""" — 7S (x);dx.
i

(3.19)

(KpplllKa ©3Ha4aeT, UYTO COOTBETCTBYIOLIMH COMHOXKHTEJNb OTCYT-
cTBYET).
ITpuenem GoJee ynobHyo $opMyny:

n

05 ()= (—1y~M & IVS()I_del/\ COANAGA L A dx,,
= (3.20)
QO6e dopMyJbl IPOBEPSIIOTCS NPAMBIME BHIKJZJAKAMH.
ITpumep 3.1. ITycts S (x) = -—lixﬁ. Torpa npn x = S, ¢ > 0,
AMeeM

=‘1?Z(—1)i_1 XA A oo AAGA oo Adx,  (3.21)

i=1
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Crenaem 3aMeHy nepeMeHHBIX X =@ (y) (¢ ecTb auddeomopdusm
kaacca C%). Ilyets S™(y) =S(@(y) B 04 (y) — dopma Jlepe —
Teabdanpa, T. €. (o’fs* WNANAS (y)=dy, A ... ANdy, Torpa

0 () = (det @), (1)) 05 (x)  (x=o (), (3.22)

qTO CJACAYET H3 YpaBHeHUI AJsi ©, @ U ToXAecTBa dx == det o, (y) dy.

Hurerpan Sh(x) dx MOMXHO BBIUHCJIATH TAK: CHAUaJa NPOMHTE-
Q

TrPHPOBATHL MO MHOMXECTBaM YpoBHs S, a 3arteM no ¢. Mmenno,

Sh(x)dx= SCDh(c)dc, D, (¢) = Sh(x)xéz(x)ms(x). (3.23)

2 - s,

3nech ¥, (¥) — xapaxTepuctvuecKast gpysxuus obgactu Q (paBuas 1
npu x e Q 1 paBuaa 0 BHe Q). B uacrsocTy,

F()= S F(x)exp AS (x)] dx = S e, (c) de,

Q -

(3.24)

o 0)= | F)%e @ ag0.
S (x)=c

(Mbl He yKasbpiBaeM 3Aecb OUYEBHAHBIX VCJIOBHI HIPHMEHHUMOCTH
dopmya (3.23), (3.24).) »

M3 §§ 1 u 2 caenyer, uTo acuMOTOTHKa nHTerpaqa F(A) mpu
) —> 4 oo onpenensiercs noBedeHueM Gynxunu ®;(c) B OKpecTHOCTH
TOUKH Maxcumyma ¢yexkuun S. ITyets 10 — u3ouupoBaHHasi ToUKa
makcuMyMa ¢yukuuu S. Torma MHoxectBa ypoBHs S, S(x) —
—S (%) = —c¢ nmpu Maamx ¢ >0 sBasworcs C™-MHOrooGpasusMu,
aupdeomMopdhrEIME chepe S"!' pasmeprocTH n— 1 H cofepKalIHMH
BHYTpPH ceGsi Touky x°. PaccMOoTpuM wuHTerpas

0 c) = { £ () s (¥). (3.25)

Se

I[Tpennoxenne 3.3. lycre x°— nesotposcdennan rouxa snaxcu-

myma gyukyuu S (x), u nycre f(x), S(x) € C™ 8 oxpecrHOCTH
rouku x% Tozda

@; (¢) ~ ¢! kZ arc® (¢ 0). (3.26)
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JokasartedasbctBo. [lycts x'=0, S(x)z——Zx?. Torna
B cuay (3.21)

@:(C)Z L

(=a | f@nm= | iGvone,
lx|=vc [x =1 (3.27)

n(,\')::Z(—l)i—lx,dxlA /\d/);,/\ ... ANdx,.

=1
Pazaoxum f(x 1/0—) no ¢opmyJae Tefinopa:

Faeve) =10+ Ve i+ ... ¥y (x) + 0 (W),
rae [;(x)— omHOpOAHble IIOJNMHOMBI CTeIl€HH j, H 3aMeTHM, HTO
n(x)p(x)dx=0 pas moboil HeueTHOH ¢yHKUuH @ (x). [loj-

jx|=

cTaBasii 2To pasqoxende B (3.27), moayuaem (3.26). Ecau S(x)
UMeeT H30JHPOBAHHYIO HEBLIPOKEHHYIO TOUKY MakKcHmMyMa x, To
B CHJY JeMMbl Mopca €e ¢ NOMOUIbIO 3aMenbl HepeMeHHbIX x=¢(y)

MOKHO mpHBecTH K BHAY S (¢(y)=3S(0)— Z y Hs (3.22), (3.24)
CJIE/IYET, UTO

O )=m | O FO=[@)dety ©) ",
lyi=ve
1. e. @ (c) umeer Bux (3.27).

Ecan x"— BolpoKaeHHass KpUTHUeckasi Touka (QyHkuuu S, To
acuMnToTHKY ®;(c) B ofieM cayuae He ynaeTcsi BbIYHCJAHTL. [e-
KOTOpble Pe3yJbTaThl, IIOJYUeHHLIE B 3TOM HAaNpaBJEHHH, OCHOBAlib!
Ha Teopemax 3.1, 3.2.

Iyets S (2), A (2) — dyHKUH, TONOMOPdHBIE B OKPECTHOCTH TOUKH
e C". It QYHKUNH HASLIBAIOTCH JKBUBAACHTHbIMU 8 TOuKe 20,
€CJIN CYLIeCTBYET BeKTOP-PYHKUHA @ = @ (2), KoTopasi roaomMopdpua
B HEKOTOPoll OKpecTHOCTH U/ Toukn 2° B3aMMHO ONHO3HAYHO OTO-
opaxaer U Ha cebs, W Takas, uTO S(cp(z))—/z(z) zeU. Tlpu
atrom obpaTnoe 0T06pa)i<eH1’e ¢~ ' (2) rakxe rosomopdpuo B U.

Teopema 3.1 ([1)). Hycre 2° — usoauposannas kpurudeckas
roura Gynryuu S(2), eo.iomopgrol e okpecrroctu Towry 2°. Tozda
pyrryua S(z) 8 rtoure 20 sksusasenTHA JOCTATOHHO OAUHHOMY
orpeary csoeeo pada Teiliopa.

IIycts P(x) — nOoJMHOM ¢ BEIIECTBEHHBIMH KO3 duIMEHTaMH,

¢ (x) = ¢ (R™). PacemorpuM hyHKIHIO
poy= | [P ewar (3.28)

P{x)>0
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ItoT uHTErpa’a ABAfeTca roJoMoppHON (VHKIHEH A B mogymo-
ckoctd Rekd > 0.

Teopema 3.2 ([7]). Dywxyus P, (A) anaauruxecku npodo.a-
HQAETCA HA BCH KOMRACKCHYIO NAOCKOCT6 A Kaxk Mepomoppras
Pynkyus k. Ee RO.0OCHL AeHQT HQ KOHEHHOM 4ucae apugseruye-
ckux npoepeccull 8uda Ay ;== -— Qg ;— kb ;, =0, 1, 2, ...,
2de g, ;, bg, j— NOI0NMUTEAbHbIE PAUYHOHQAIbHBLE HUCAA, KPOTHOCTU
gcex NoA0Cos oepanutersr (00HuM w Tem e 4wucaom). Haeer
MeCTO OuyeHKa

[P I<CIAI™ (3.29)

npu |ImA | =1, —A<LReA <0 dasg .wodozo A> 0.
Teopema 3.3 [98]. [ycrs P(x)— sewyrcToennnil #0.14GHOM,
J[(x) = C§ (Q). Toeda npu a0b6on sewecT8entomn u

Gato= | fWept)~

P (xy=a+c
oo N
+ rf ' I—1 o
~Y Y agtel™ (njen (¢ £0). (330
k= M=
3deco rF—payuonaassie wucaa, rt <rit < ... <rf->oo (] 00),

U anaio2utHo 0as ry.
HdorkaszateabcTtso. Iyers ¢«=0, ¢ >0, Ald onpeiecicu-
Hoctu. Mmeem npu ReA >0

Py ()= "0 (c) de,
{)

1. €. P, (X) aBasercs npeobpazoBaunem Mesna ¢pyukuny c®; ().
Ilo dopmyse obpatieHns,

g4 {00
A 1
D (¢) = 5= S o= 1P, (M dh, o> 0.
e
Bri6epem & > 0 tak, yroSel Touka A = — b He OblJa MOJICOM (YHK-
uni P, (A), 1 3aMeHUM KOHTYP HHTErpHpoBaHus npaAMof Redl = —1b
(3T MOXHO cpeJjath B cuay ouenk# (3.29)). Torma
—bico
W)= Y res (e P AN+ | c-r-1p, (1) da,
Red;> —p = ~b=ico

rae A;— moawchkl pyuxuun P, (A). Ilocaennu#i nurerpas HMeeT mo-
psiack O (c®~%), rae e > 0 cKoJb YrOAHO MaJio, a BhlUeT B 10JH0Ce Aj
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m .
—A
UMeeT BHJ Zakjc I(Inc)*, roe m — KpaTHOCTb MO.JIOCA A; (Ha-
8]

noMuuM, uro i; <0). Tem cammm (3.30) gokasano npu ¢ > 0;

aHaJOTHYHO Hccaepyercst cayuail ¢ < 0.
M3 Teopembr 3.1 BhiTeKaeT
Caencrsue 3.1. [ycre S(x)— sewecreennas ¢yukyus,

x" — ee xputureckas touka, f(x) < Cy (R™) u supp f (x) ne codepacur
kpuruqeckux Towex pyuxyuu S (x), orauunsix or x0. MMycre S(x)
QHAIUTUHECKI NPOD0ANAETCA 8 KOMIACKCHYIO OKPECTHOCTb TOYKH X°,
U 3TA TOUKQ ABAAETCA UBOAUPOBAMHOL Kpuru4eckoil To4Koll (pyHk-
yuu S(z), 2= C" Toeda sce 3arkaovenus teopemvt 3.3 ocrarorca
8 cuae.

Kosdduunents pasaoxkenus (3.30) ymaercd BBHIYHCHUTL B SBHOM
BHJE ellle B OJHOM BAaXHOM cJayuae. HanmoMHuM ompenesieHue:
dbvurnEg @ (x), x = R", HA3BIBAETCS NMOAOMKUTENBHO OOHOPOIHOT CTe-
nenn a, ecau @ (tx)=t"q(x) mpu mobex { >0, x &R".

Jlemma 3.4. MMycre S(x)— no.omuressto 00HOpoOHAR PYyHK-
yua crenern a0 u S(x)=C” npu x % 0. Toeda mHOMECTE0
yposra S(x)y=c npu ¢ = 0 aubo nycro, aubo asaserca CT-mnoen-
0bpa3uem, 36€30HbIM OTHOCUTEABHO HAYAAL KOOPOUHAT.

Hokaszarteancto. [IycTts MHOXecTBO ypoBHs Mo S(x)=¢
Henycto. Ecan ayu [ ¢ sepwunoil B Touke x =0 mepecekaeT M,
B JBYX Pa3jHuHblX Touxax x' %= x, TO

o

’

S(x‘z)—c':S(—fc—j—-x‘):

x| x2
;T‘ S(-’C‘)—*—C';T

Tak 4rto |x!|=|x%|. ChnemoBarensHo, M, 3Be3JHO OTHOCHTEJBHO
Touru x==0. [Toraxem, uto S, (x) 5= 0 ua M, TeMm cambim 6yjer
nokasano, yro M, ectb C*-MHoroo6pasue. B CcHJIY TOX/IeCTBa
Ditnepa umeeM S (x) =a~1 (S, (x), x), u ecau S, (x)==0, T0 S(x) =0,
4TO IPOTHBOPEYUT yca0BHIO ¢ #= 0.

IIpenaoxenune 3.4. [Mycrs S(x)— nosomuressro odHopod-
Hag ¢ynkyus creneny o %0, S(X)eC” npu x#=0 u S(x) >0,
x5 0. Hycrs f(x) = Cy (RY).

Toeda cnpagedauso acuMATOTUHECKOE DPA3A0XCEHUE

qaf(c)~cn/a~lzck/a(z %f (0) S x%). (3.31)
k=0 [Bl=k S(x)=1

3neck o — auddepennnanpuan dopma Jlepe — leapdanna, f==
=(B,, ..., B,) — MyJIbTHHHIEKC,

L= kP 0P = (/ax) ... (0/0x,)n.



§ 4 METON JIATIJIACA IJI1 KPATHBIX HHTETPAJIOB 73

JdorkaszateabcTBo. B cHAYy OZHOPOAHOCTH S HMeeM
S F (%) @ = cr/a=t S f(c'ox) o, (3.32)
S=c S=1
Mnoxecrso ypoBHus M;: S=1 kKommakTHo, TaKk Kak S(x) > 0 npu
x 7 0. Ilo ¢popmyae Telinopa, umeem
1V
1Bpa ]
Flevox) = ) S x'BF(0) + 0 (¥, xe M,
1B1=0

npu Jwo6oM ledom N =0, oTkyna caeayert (3.31).

Ecau xe mNOJ0XKHTENbHO OAHOpPOAHas ¢QyHKUHsS S(x) Mosker
MEHSITh 3HAK, TO MHOJXKECTBA YpOBHs S ==c¢ O6yIyT HeOrpaHHYEH-
HBIMH MHOroo0pasusiMH. B 5ToM cJyuae BbIUMC/eHHe Pa3J0KeHHs
(3.30) (naxe Toraa, Korga S — oJHOPOJHBIH NOJHHOM), BECbMa 3a-
TPYAHUTENBHO, H Mbl OFPAHHYHMCS OJHHM IPHMEPOM.

IMMpumep 3.2. [Tycts S (x) — NON0KHUTEILHO ONIHOPOJHAST (Y HK-

nusi cremenn a0, S(x)=C” upn x50, f(x) = Cy (R"), n nyers
CXOAHUTCS HHTErpaJ S o. Torna

S=1
D (c) ~ ¢/~ (0) S . (3.33)
S=1
Hast prokasateabctBa 3ToH GOPMYJbl JIOCTATOYHO MOKA3aTh, UTO
lim S [} (ve'’®) — } (0)] @ = 0. (3.34)
c>0 So

Paso6bem sToT murerpaa Ha asa: [, (R) 4 I5(R), rae [, (R) — unre-
rpaJj no MHOXKecTBY | x|<CR, S(x)=1. M3 orpanuuennoctu QyHK-

l_[I/II/If U CXOOUMOCTH HHTEerpaJa O cjaeayer CylecTBoBaHue

S5
R(e) > 0 Takoro, uro | [, (R)|<e npnu R =R (), 0K c << 1. Hadee,
Ii{(R)—>0 mpu ¢—0, rtax uro |/, (R)]|<e npu MmMamsix ¢, u (3.34)
JLOKA3aHO.

§ 4. Merop Jlanaaca a0s KPATHBIX HHTErpaJioB

1. Bkaag oT BHyTpeHHeH TOYKM MaKcMMyMa. PaccmoTpum
HHTerpaa Jlamgaca

F()= S f () exp [AS (x)] dx. (4.1)

Q

3nech Q — orpaunuensas o6aacts B R®, x=(x;, ..., X,), A — mapa-
MeTp, S (x) — BemlecTBeHHO3HAUHAs ¢yHKUHA. Kak H B 0fHOMepHOM
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c/JIyuae, OCHOBHOM BKJaj B acHMOTOTHKY F (A} BHOCAT OKPECTHOCTH
TOUeK, B KOTOPHIX jAocTuraercs max S(x). HamoMHuM o603Haue-

xeQ)
Hue: S, — cekrop,

Sez{k: |argkl<%—6}, 0<e<12‘—,

B KOMIIJIEKCHOH MJIOCKOCTH A.
Teopema 4.1. Hycre gsvinoanens: ycaosus:
1°. f(x), S(x)=C([Q]).
2°. max S (x) docrueaercs ToAbKO 8 Touke x'= Q.

xe[9Q]
3°. [(x), S(x)=C™ 8 okpecrrocTu Touxu x°.
4°. X0 — nesoipodcOeHHAA TOHKA MAKCUMYMA.
Toeda npu A— o0, A =S,,

F(A) ~ exp [AS (x%)] x‘% 2 ah ", (4.2)

3ro pasioxcerue moxcHo Ouhgeperyuposats no A awboe uucao
pas. Trasubul 4ieH QCUMRTOTUKL umeeT 8ud

F (1) = exp [AS (x9)] (2/A) © —-)J“—O(——l)- (4.2')

A det ST, ()]

JoxkasarteanbcTBo. BuepeM oxpectHocTh U Touku x° Taky:
yto [,S=CT(U), u Takyio, udTo CYlUIeCTBYeT mu( q)eomopcb o

N

¢: U—V, ykasanunil B Jemme Mopea, rae V oects Ky6 |y, | <09,
1 <{j<{n. Paso6bem unterpaa F(A) na aBa:

m)=g+ S = F; (&) + Fy (h).
U QAN U
Torna

FyM)=0xpa(SK)—98) (*eS), &>0

(aT7a omeHKa [J0Ka3HBaeTCA TOUHO TaK XKe, Kak H .JemMMma 2.1.1),
B unrerpase F;(A) cpenaeM 3aMeHy NepeMeHHBIX x ==¢(y), Toria

S(x)=5S("+ Z ¥

Fy(4) =-exp (AS (x7)] S exp (-}2"— D u,yi) @ (y) det e (y)dy, (4.3)
1 4 /=1
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riae p; — CoOCTBeHHble 3HAYEHHst MaTpHUbl Sy (x') u Bce p; <0,
Tak Kak x®— Touka MakcuMyMma. PaccMoTpum

A

6 2
Fay= {e* " (o) det g, (1) dy,.
)

3:ech nepeMeHHble Yo, ..., I, HTPAIOT pOJb TapaMeTpoB. Ipume-
Hsis TeopeMy 2.1, moayuaeMm, uto mpH A —>oco, A ES,,

- ~k_flf ’ ’
F“(A)Nk;)k Pa, ), v =Y, -, Yy) (4.4)

paBHoMepHo mo y' &V’ u uro a, ()= CT(V’), rae V' —«kyo
ly; 1506, 2<{j<Cn. Temeph MpHMEHHM 3Ty K€ IPOLEAYPY K HHTe-

’ Ay o L
rpaJiam Sak‘ (y') exp (——2— yé) dy,, CHOBA TOJYUHM DPas/oxeHHe
W
Buaa (4.4) 1 t. 1. TeM caMmbIM CylIecTBOBauWe pasjoxkenns (4.2)
JOKa3aHo.

Huddepeniupobatune F (L) mo A CHOBAa NPUBOAHT K HATETpa.1y
TOTO iKe BH7A.

IpuBegeM apyroe jaoxkazateabctBo Tteopemnl 4.1. Hocrarouno
PaccMOTpeTh HHTErpaJ Mo MaJjoH OKPECTHOCTH TOUKH MaKCHMYyMa x%;
Br1GepeM ee B BHae {x: S(x)— S(x%) < —38}, 6> 0. B cuay (3.24)
MoU/KHO 3aMeHHTb HHTerpaJg (4.1) ogHOMEpHBIM:

8

F, (A) =exp[AS (x9)] S e M, (— c)de, (4.5)
O (—a= | 0esw), (4.6)
S(x)-S(x) =—c¢

rie og(v) — auddepenuuansuas popma Jlepe—Ileavpanna. Tak Kak
npu ¢ — 40 aas byaxunn O (— ¢) cnpaBeg nBoO acHMATOTHYCCKOE
pastoxenne (3.26), to (4.2) caegyer us jgemvsl Batcona.

3anaua 4.1. Jokasats teopemy 4.1, mepeilas K HOJAPUBIM KOOpIIi(aTaM
B OKpecTHOCTH Toukn x0.

B cuay 3ameuanns k JjgemMe Mopca (cm. § 3) cnpasenauBa

Teopewma 4.2. [Iycro ycacsus 1°, 2°, 4° reopems. 4.1 goi-
no.menst 1 f(x) = C, S(x) = C? g okpecrrnocru Touku x°. Toeda npu
L—>oo A eS8, cnpasedausa gpopmyra (4.2).

Gameuanue 4.1. ITycrb ycaosus 1°, 2°, 4° TeopeMrl 4.1 BhI-
noanenrl. Torga ¢opmyaa (4.2°) cupasenausa npu A — - 0o, ecau
f(x) = C wu BeuwecTsenucsnauna, S(x)eC? npu x, 6H3KHX K x°
drto cjaenyer u3 TeopeMu 1.5,
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Iipumep 4.1. PaccMOTpUM HHTerpaJ

G(L) = g F () A* (¥) d. (4.7)

]

IMycets A(x) >0, x=Q, u ycaous teopeMsl 4.1 Bemoanesst. [To-
KaxKeM, 4To Torga npu A—>oo, A &S,

6= (16 +o() i () (32) 1 det it ()7 (48)
HefictButennno, G (A) nmeer sup (4.1), rae S(x) =Inh (x). Tak xak

det 7, (x%) = (£ (x%) ™" det A%, (x2),

To u3 (4.2) caenyer (4.8).
[Tpumep 4.2 ([10]). BeluucanM acHMOTOTHKY [PH #—> - 00 HH-

TerpaJja
/2 w2
F (n) = S S[cosq»l...cosq>,sin(cp1+...+cp,)]2”dq>,...a’Q),.
—ay2 —2
Jrtor uHTerpas wumeer Bua (4.7), rae A=2n, x=(¢, ..., @),

f=1, h(p)=cosq, ... cos gysin(g, + ... + @,). Tax kak ~(e)==0
Ha TpaHHle 06.1aCTH HHTECPUPOBAHHA, TO maxA’@ HoCTHraerTcs
BHYTPH o0sacTn. [TocKkoJabKY
dh
oo = hlctgle+ ... + o) —tge)=0
!

B TOYKaX MakcuMyMa H A = 0 B 3THX ToUKaX, TO Q= =

*
. =¢@,, Tak YTO Mbl IOJydyaeM JBE TOUKH MAaKCHMyMa ¢ ==
i
=im(l, 1, ..., 1) dysxuun A% BKaagsl oT STHX TOUYEK
OIAWHAKOBEl, TAK UYTO AOCTATOYHO BBIUHCJAHTBL BKJIAJA OT ToukHd @t,

Hmeem
r+l
[h(pt)] =(C03 W%T) ,

O%h (@T) -2
———-(—(E—)—:(l +(3”) (COSQ—(IE—T-_]T) h(C[)+)

Jy, (’J(p].
Onpenenuresb MaTpuusl ¢ 3JeMentamu 1 4 9;; pased r + 1, Tak Kax

OoHa uMeeT coOCTBeHHOe 3HaueHHe r -+ 1 KpaTHocTu | H cobeTBeH-
Hoe 3HaueHHe | kparuoctu r. [lpuMmedssi dbopmyay (4.8) u yasau-
Bas MOJIyYeHHOE BBIpAXeHHe, MoJydaeM, 4TO

F(n)~2@n)"(r + 1)~ (cos —) (cos r+ I )
(n— + o).

\r+I)
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ITonywum dopmyas Aas xkoadduBuueHroB pasaoxenus (4.2).
Ilpennoxenune 4.1. B ycaosusax reopemor 4.1 cnpased.ausgo
QCUMARTOTUYECKOe pasaoxcenue npu A — oo, h & S,

F (k) ~ exp (2.8 ()] (55 )7 | det S, (+9) 7 X

1 3 ¥
X)) ———(Ls{=—)) (F(x)exprS(x, x%)
k;) k1 (20)" ( s(ax ))
8oece Lg ~— dupgpepenyuansnsiii oneparop
Le={(S%(x»)"'V, V), (4.10)
S(x, )= S (x) — S (1) — 5 (St () (x — x7), x — ). (4.11)

(4.9)

x=x

JdoxasateancTso. [Tonoxum
A= —87,(x%, S(x, x%=Sx)—S (9,
H (x, ) = [ (x) exp [AS (x, x%)],
H NycTh il (§) — npeobpasopanue Pypbe dyHkuu" 4 (x). [TpogoKum

f(x) va R”, nosouB [==0 BHe Q, u npuMmeHum paserncTBo [lap-
ceBa.Jd; Torga B cuay (3.14)

F () exp[— AS (x9)] = S exp [AS (x, x| H (x, &) dx =

er

— (20A) ™2 (det 4)~1" Sﬁ(g, Mexp[— 5 (47" )] de. (.12)
Rg
Tlycrs @ (A) — nocaegnuit wuHTerpaJs. Pasmaras 3KCIOHEHTY DOJ
uHrerpajoM B psg Tefiopa M yduThBas, 4TO

[(a7e, o e mde= @ (— 1" LsH (x, 2)
Rn
Mbl, moKa uTo ¢opmagbHo, noayuaem (4.9). IIpuBemem crporoe

060CHOBaHHEe 3THX BBIKJaL0K. MoXHO cuuTaTh, uto H (x, 1) = Cq (Q),
H Tak KaK acHMITOTHKA F (A) He H3MeHMTCS, €CJH 3aMeHMTH f(x) Ha
f(x)g(x), rne g =C®, g=1 B maso#i oxpectaocts Ky |x—x0| < d
Toukd X% ¥ ¢ =0 npu |x— x| > 28, To

F()exp[—AS (10 = y
= (270) """ det A" " [Z —g‘x)'a S(A—‘g, g)f HE, ) de +

E=0 ]

+\Ree 0 AE da]. (4.12)

n

R

’
x=x"
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B cuay HepaBeHCTBA

L2[¥ el?!
TS (N + 1y

V4

Z

e - &l
k=0

(4.13)

nocJaegnHil uuterpaa B (4.127) He NPEBOCXOAMT MO MOAYJA0 BeaU-
YHHBI

@t~ w+1 Sl(Ax, YT HE M de < Cyl ATV
7
Tak Kak H(x, A) — ¢ounutHas ¢pyukuusa. [lasjee, B mape K
1S (x, ) I<clx—xP,

Tak Kak 3Ta QYHKIHUA UMEET HYyJb mopsaka -3 npu x ==x". Pas-
aAarag ¢yukuu e* B pax Te#dsopa, moayuaem B cuay (4.13)

H(x, 1) = Z POy e Rty 4 Ry,

lal=0

Ry=0(x— " exp[AS (x, +)1).

a o o
31ech a=(a], ce an)—— MYabTHHHAEKC, X =X ... x,*. Tak xak

S(x)——S(x°)<——a|x——x°F B mape K TO
| expas (e, 0] Ry (x, 1) de|<
Ky |

<C | expl—raty, My dy=
191<<8

—0(7FT) oo, sy,

CaejoBatesbHo, npH MoGoM 1eqoM N =0

F (1) =exp[AS (x9)] [S Hy(x, A)exp[aS(x, 9] dx+ O (?»_NTH )]

3avMeuanue 4.2, Pan (4.9) He ecThb aCUMNTOTHUECKUH DAL 10
—1 o
CTelmeHsAM A~ '; 4TOOBI MOJYUHTHL Nocaexnuuil, psn (4.7) Hajgo mepe-
—k

pasnoxute. Koadduuuent npu A B page (4.9) ecTb mo.uHoM
oT A crenenn < 2/3k, Tak kak dymxuua S(x, x°) uMmeer HyJb TO-
pagka =3 npu x=2x% a Lg ecTb oaHOpOAHMI AH{dhepeHHAIbHbI]
omepaTop BTOPOro HOPsAKA.

PaceMoTpuM cayuail BHIPOXKIEHHOH TOYKH MAaKCHMyMa.

Teopema 4.3. IHyere ycaosus 1°— 3° reopemsr 4.1 govinoa-
nenot. Toeda cywecrsyer Taxkoe N < 0o, 410 npu > 00, A & S,
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cnp asedauso acCUMATOTUHECKOE pasaooerue

0 N
Fy~ 2 ( ap "k (In x)’). (4.14)
E=0 \{=0
3deco rp — payuonaasnoe ducaa, n2<ro<r< ... <rg—>-+oo

(s — o0).

HdokasaTeabcrTBo. JJOCTATOUHO PaccMOTPeTh HHTerpaJ (4.5).
Tak Kak B cua1y Teopembl 3.10 ¢pynkuus @;(—¢) wMeer acumnTo-
THyeckoe pasjoxkenue (3.40) mpu ¢— -+ 0, To, NPHUMEHsIA JeMMY
Barcona X omHoMepHOMY HHTerpaJay (4.5), nmoayuaem (4.14).

Jta TeopeMa sBJseTCS THIOHYHON TeopeMOHM CYIIECTBOBAHHA H
He JaeT aJropuTMa JAJs BHYHCJAEHHS KO3 (@HLHBEHTOB pasfoxKe-
Husa (4.14).

[Tpumep 4.3. Ilycts ycaoBus 1°— 3° Teopembl 4.1 BHINOJI-
vensl, xX'=0 ¥ npu MaJaBX X

SE)=S(0) =S )+ ...,

rie Sy, (X) — ONHOPOAHBIl MOJHHOM CTeleHH 21, MOJOXKHUTEJILHO
onpenenentslii (T. €. S;,(x) >0 npu x=%=0). MHoroTounem cGo-
3HayeHbl 4YJeHn mnopsinka —==2m 4 1. Tlokaxem, u4TO Torma npu
A—oo, AES,,
_n ® _k
FQ) ~A exp[AS(0)] X, axh ™,
=)
¢ (4.15)
ay=10) { exp[— Sy (1)) dx.

Rfl

[Tvern S(0)==0. J[HocTaTo4HO paccMOTpPeTb WHTerpas o wapy
Ks: 1x1<6, 8> 0 mano, Tak Kak OTOPOIOEHHbI HHTErpaJ 3KcHo-
HeHiHanbHO MaJj. [lepexols K MOJIAPHBIM KOOPIHUHATAM

n
r=ro, r=/[x| coES"—1:Zco?: ,
i=
noJyyaeM
8
Fy= | (ge—hr*’"hm "))r”“‘dr) dQ,
sh—1 N0
rae S"7' — enunuunas chepa, dQ — 3JeMeHT ee NOBEPXHOCTH H
h(r, ®)=hym (0) = rhypyi (@) — ... Tak kak hy, (0) =c >0,

2m

-1
o=S""", To dyHruus r"h npu Massx 8> 0 HoCTHraeT MaKCH-
MyMa TOJIbKO B Touke r = (. [IpumeHsis K wHTerpaJy no dr Jemmy
BaTcoHa ¥ HHTerpupys MOJyueHHOE ACHMOTOTHUECKOE DAa3JOXKeHHe

mo cdepe S"7!, mosnyuaem (4.15).



80 IJ. 11. METO/, JIATTJIACA

PaccMoTpuM HHTerpaJ

F(A, o) = S f(x, a)exp[AS (x, o)] dx, (4.16)

Q

coiepXamui AONOMHHTENbHbE NapaMeTpn a=(q;, ..., o). [loay-
yHM aHasaor TeopeMel 2.1. IlycTe QcRY, @eRﬁ—orpaHquHHbIe
obsactru. BBenem ychaoBus:

A, ODywxuus S{r, ¢) BellecrBeHHO3HauHa, GYHKUHA [(x, a)
KOMIJIeKCHO3HauHa 1npH (¥, o) € Q X 0 u ¢yukuun f, S
e C™ (12X 8]).

A,. Tlpu xaxgoM ¢purcupoBaHHOM a & © dyuruus S{x, a) HMeer
eAMHCTBEHHYI0O TOuUKY Maxcumyma x%(a), upuuem p (x°(a), 0Q)>=
=0, >0 upu Bcex o &6,

3aech o (x°(a), 0Q) — paccrosinne ot Touku x°(a) g0 OQ.

Teopema 4.4. [Tycre ycaosun Az, A, gvinoanenst. Toeda npu
arwbom yeaom N =0

F (%, o) =exp[AS (x°(a), &)] 2~ X

X (Z a @A™ 4+ AR, (4, a)), (4.17)

k=0

[Ry(h, @) |KC (A =S, |A| =4, uE X)), (4.18)

e0e K — moboii Komnakr, sexwawuti ¢ obaacru ©. Dopmyay (4.17)

MONHCHO Oughghepenyuposars no A 1 no a moboe uucao pas, ¢ coxpa-

HEHUEeM POABHOMEPHOL nO a, A OUEHKL OCTATOYHO20 4YJeHA.
KoadhduuuenTsl pasnoxenuss (4.17) BHIUHC/ASIOTCS 1O TeM Ke

dopMysaM, uro u Aas uurterpanaa (4.1), u npumasaexar C~(0),
HoxasaTteabcTBo. CoeraeM saMeHy

£ — x%a)=x", S{x, 0) — S{x%(a), &) =S"(x", o), f(x, &) =] (¥, ).
Torpa o6aacts Q 3amenurtes na Q(a) u

F, a)-exp[—AS{«%(a), )] = S f(x", a)exp [AS™ (x*, a)] dx*.
Q (0)

Ilycts K = 0O — xoMmnakt. Pyuruua S*(x*, a) npu KaxjaoMm a & X
nMeeT eJHHCTBEHHYIO ¥ IPHTOM HEeBLIPOXKAEHHYIO TOUKY MaKCHMyMa
x"==0. MuTerpan no obaacru Q(a) MOXKHO ¢ TOUHOCTbIO 0 O (e~ °*),
¢ > 0, 3aMeHUTB HHTerpaJioM mo wapy |x* | < &; sgecb 8 >0, ¢ >0
He 3aBHCHT OT @ & J. JT0 MOXKHO C/eJaTb B CHJIY YCJoBHH Aj, A,

[Mpumensis Kk ¢pyHxuun S* nemmy 3.3, moJyuaem wHTerpast BHia

S exp (— Y, y?) "y, o) dy.
ly <6

i=1
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TMocnenoBarteabpHoe NpHMeHeHHe TeopeMbl 2.1 Mo nepeMeHHBIM y,
Yo, - .., Y, 3aBepIIALT H0KA3aTeJbCTBO.

3ameuaunne 4.3. 3ameuanust 1.4 — 1.6 ocrarorcs B cuJje AJs
KpAaTHBIX uuTerpaJoB Jlammaca.

3ameuanune 4.4, Koapduuneuts acHMNTOTHYECKHX DPasioxe-
auit (4.2), (4.14) 1 T. A. ABISIOTCA UHBAPUAHTAMU B CJAeLVIOILEM
eMbicaie. ITyers F{A; S, f) — unrterpan (4.1) mo MaJoH OKPeCTHOCTH
ToukH Makcumyma . CpemaeM TrJanXylo 3aMeHy [ePeMEHHBIX
x=9¢(y), Torma

F S, D=F0; 8, )= () exp 8" ()] .

U*

Brecy U'=q~'(U), S"(1)=(S<@)(y), ["(y)=(>9)(y)detq; (y).

Tak Kak acHMIITOTHUECKOE pasJoKeHue 110 aCHMITOTHYECKOH mocJ/e-
n

L
IOBATeJbHOCTH {7» 2 } efHHCTBeHHO, TO ax (S, f)=0a,(S", [
npu Bcex k. B uvacTHocTtu, mpu k=10 noayuaem

| det S%e (x9) |7 = | det gy (4°) | det (S = @)
CuoepoBaTeqibHO, BHIpaKEHHE
D(y") = |detg/, (4| det (S = @), ()| (4.19)

AIBJISIETCSI HHBAPUAHTHBIM OTHOCHTENBHO AP heoMophH3MOB ¥y = @ (2)
(¥’ =@ (2%). Jra BeMuHHA MMeeT NPOCTONH rEOMETPHUECKHIT CMBICJ:

(yo)l—l/2'

7
4y

. —ni2
D(yo):hrfl ¢ S og,
60 S(x)=S (x"—¢

rae og — anddepennnaasuas popma Jlepe — eanpbania. Caexyio-
mHe ko3 PuIINeHTh pasJoxKeHns {(4.2) TakxKe SBJISIOTCS HHBAPKAH-
TaMH B YKa3aHHOM BbIilleé CMbICJE, OAHAKO OHH HE HMEIOT CTO.b
IOPOCTOr0 TeOMETPHYECKOro CMBIC/A.

[IpuBenenHoe 3ameuyaHHe OTHOCHTCS KO BCeM aCHMITOTHYECKHM
pasJgoxeHusM (no creneHsM A) GYHKIHUHA, 3a1aHHBIX HHTErpaJami.

2. Bkaapg or rpaHuuHo#d TOYykM Makcumyma. IlycTb max} S(x)

RS

nocruraercss B touke x’' & 0Q, u myers S(x), 0Q = C” mpu x,
6ansknx K 1% Touka x° me o6si3aHa ObITh KPHTHUYECKOI TOUKOM
¢yuxunu S (x), TaK Kak B 3TOH ToUKe AOJKHBI 06palliaTeCs B HYJIb
TOJIBKO IMPOH3BOJAHBIE MO HATPaBJEHUIM, KacaTeabHbIM K d€. Haszo-
BeM X0 HesolpoNOeHHOU epaHUHOL TOYKOL MAKCUMYMA, €CTH:

1. 8S (x9/0n 5= 0, rae d/on — pnddepeHuHpoBaHKe TO BHYTpPEH-
Hell HopMaJu K 0.

228 (x0) |+
2. Marpnna |———— = B oTpHnaTeJbHO ONpeleseHa, IJe
0808 i, f=1
ki, ..., En—y — OPTOHOPMHDOBAHHHIE Ga3uc B KacaTeJbHOH mJoO-

cxoctu T 0Qy K 02 B TOouke x%,
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B uacrnocty, nycts x°=0 u { — n0JynpocTpaHCcTBO X, > 0.
Terna npu Mmadawx |x|, x, >0, uMeeM (nocxoany S,’c]. (0)==0,
I<isn—1)

sw=3(0)+[bx +5 Z gxsgi x-x,]+
L i=1
928 (0) , 1 9:S(0)

— x? ce,
0x;0x 2 Odx, s

n
+ x,
=t
rje MHororouuem obOosHaueHH yJieHbl nopstaka = 3. Yciaosusa 1, 2
SKEHBAJEHTHB CJIeAYIOHHnM:
328 (0)

Oxi ax].

<.

bu < 0, ]
£, [=1

Teopema 4.5. [lycro soinoanens, ycao8us:
1°. f, SC([Q]).
2°. max S(x) docrueaercs Toasko 8 Touxe x' e R, u x° — ne-
xe[l]
BbiPOMOEHHASL 2PAHIYHAS TOYKA MAKCUMYMQ,
3. f, S, 0Q e C* g oxpecrrocru Todxu x0.
Toeda npu »—> o0, he S,
n+l
Fy~2n 7 exp[rS(x0) Z ah7*. (4.20)

310 pasaoxcerue moncHO Jupgeperyuposars no h aoboe 4ucio pas.
HokasarteabcTBo. 3amMeHuB F (L) HHTerpaJioM IO MaJjol
no.1yokpecTHocTH U Touku X%, Mbl COBEPIUMM SKCHOHEHIMOHAJbLHO
MaJjylo ownbky. IlepeneceM HauaJo KoopauHaT B Touky x° W no-
BepHeM OCH KOOD/MHAT Tak, 4TOOH HampaBJeHHe BHYTpEHHeH HOp-
Maau K JdQ B touke x° coBmaJso ¢ Bektopom (0,0, ..., 0, I). TI»-
JyueHHble B pesyabTaTe u3 f, S dyHkuum ofosHauuMm [*, S, u
nycts U” — o6pas U. Ypasuerne 0U" B OKPECTHOCTH TOUKM 1 =0
MOYKHO 3aTHCATh B BHJE
yn=fP(!/)> y,EU,r !/Z(!/h MR yn—'l)a (421)
rie U’—oxpecmocn; ToukH gy =0, npuueMm ¢(y’)=C™U"),
e)=0(y }2)(L/ —>0) PaCCMOTpHM caen ¢pyuruuu S”(y) Ha 00,
T. ¢. pyukuuo S*(y’, ¢ (¥’)), ¥ pasjaoxkum ee no dopmyne Tei-
Jaopa

S, oW =5, H+ Oy Py —0  (4.22)

(nvHelHble cyaraemble OTCYTCTBYIOT, TaK Kak TOUKa y’ == () sIBJSETCA
TouKOH Marcumyma ¢yukuun S (y’, ¢ (y’)) B obaacru U’).
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Bub6epem U Ttak, urobn ¢(y)<y,<9o, 6>0, mpu yesU".
Toraa

Fexpl—28 ()] = (@, ndy,

U/
[
O, = | expS W' (v) dy..
ey

Mpu xaxaoM dukcuposanHoM y €U’ dyuxkuus S"(y) Ha orpeaxe
[9(y'), 8] nmocTuraer wmakcuMyma B Touke y,=q(y’), npuuex

a‘%y(y) =c¢ >0 mpu scex y’ = [U’], ecau obaacts U 10-
i Yp=0

cratouno wMaJga. CrenosaredsHo, npu JwoboM uejom N =1,
y U]
Dy, 2)=2""expPS" (¢, @ (¥ X
N
] /Y ( ’ _ N ,
X[—-—————L(‘” RN N A () + ATV TR (Y x)},
Sy,z v .oy o

rie by (y)=C”(IU)), 1Ry, MIKCy (' (U], Rerazl,
reS,). U3z (4.22) u ueBbipoKaeHHocTH Touku xU caenyer, uro
K HHTEerpaJam

‘ exp[AS™ (v, @ (YN be(y') dy’

U
npuMenuMa TeopeMa 4.1, Tak 4To KaXIHH W3 HMX pasJaraercs
B aCHMTTOTHUECKHH pAI MO CreleHsaM A7 Tem cambim (4.20) no-
Ka3aHo.
I'JaBHHA YJeH ACUMIOTOTHKH MMeeT BHJ
n+1 n—1

Fy=—2 7 (2q) 7 expAS(9] X
® 0 —1 __1_,
X (S5E) Jdet BIT[F () +o(1)],  (4.20)
rae n, B ykasauw B ycaoBusx 1 u 2 {(ctp. 81).

Bamaua 42. Ilyere Touka x° & AQ sBAsleTcsi LEBHIPOKIAEHHON KPHTHUe-

cxoil Toukoil ¢gyurumn S (x) m max S (x) mocturaercs Toapko B rouxe x° Jo-
xe=]Q)
Ka3aTh, uTo OPH A —> oo, A= S,

F () ~ —é— ( E—E)n/z exp [AS (x9)] ‘ det 87, (9 rl/z X

)
X [r‘ (x) + Z akrk”]. (4.23)
k=1

IaaBrbft ugen acumntoTHH (4.23) oTaMuaerca oT rJaBuoro udexa (4.2) Muo-
Knurexem 1/2,
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3. Acumnroruka npeo6pasoBanus Jlamaaca. PaccMoTpuM HHTe-
rpaJ
D (1) = S f(x, 2)exp[S(x, A)] dx. (4.24)

QM)

Iyers f, S=C™(RE X RY), rae R — moayoces A > 0, byuruus S
BenlecTBeHHo3HauHa u x°(A) — Touka MakcuMyMa ¢yukuuu S (x, A).

TTonoxum
oM ={x: | VAR (x — )| < n)}, (4.25)
AQ) = — SL (P (2), A). '

3xech \/A (A) — mosIoXKUTEBHO ONpeleseHHAA MAaTPHIA TaKas, uToO

(VAY =4,
Teopewma 4.6. ITycre cywecrsyer ¢pynkyus w(h)— -+ oo npu
A — -} 00 Takas, 4ro

Ske(x, 1) =SL (), M) + &1 (x, 1)),
fGe, ) =F &), 2) (1 + & (x, 4)),
lim e;(x, A)=0, j=1, 2, (4.27)

A +co

(4.26)

pasromepro no x < Q(A). Toeda npu A — + oo
D (1) ~ (2m)" | det S%e (£ (1), ) [T F (2 (4), 1) exp[S (x° (1)), A)].
(4.28)
HokaszartenbcTBo. Umeem mpu A > 1, x=Q(A)

St )=S0 (1), M) = — 5 < A(M) (x — 20 (1),
x—x2(A) > (1L +es(x, 1)),

riae e5— 0 npu A — 4 oo, x =Q(A) pasHoMepro no x. Hesas aa-
meny A/ A(R) (x — x°(A)) =y, moydaem

1
PR =2u() | (4 e)exp[— 51+ e) o 6)]dy.
lyl<p®

rge @;(A) — npaBag uwactb (4.24). Tem xe cnmoco6oM, 4YTO H
B JeMMe 2.1, n10KasplBaercs, YTO IOCJAeJHHHA HHTErpaJ CTPEMHTCH
K (27)"* mpu 2 — - oo,

JloKaKeM CJAeIVIOIYI0 acUMATOTHUYecKYo ¢OpPMyay Aad ABY-
cropoHHero mpeo6pasoBanus Jlansaca npu |§|— oo:

2 @™ {expl— S0 + (v, B dx ~
Rn

~ (20)" | det S7, (@) TP exp[S®)].  (4.29)
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3nech S(x)—crporo BROyKJAas KBepXy npd |x|>» 1 $yHruus
(6osiee Toumble YCJIOBHS yKasauel HuKe), x°(f) — Touka (eAHHCTBEH-
Hast opu |E| > 1), B KOTOpPOH gocTHraercs

max(— S (x) + <x, §> ) =S ). (4.30)
xe=R
Oyuxius S(E) nsoiictsensa no IOnry (em. § 3) k dyukumn S (x),
H u3 (4.29) caenyert, uto

nZE9E~SE (gl o). (4.31)

dra ¢dopMyJ/a YCTAHABJIHUBAET CBA3bL MEXAY HPeobpas3osanuimu
Jlanaaca u Jlexwcandpa.

Teopema 4.7. ycre

1°. S(x) = C? u crpoeo svinyxkira ksepxy npu (x{Z=a >0, 7. e.
SZx (V) < 0.

2°. Cywecreayror nocrosnuse o, C,, C, Taxue, 4To

—C(l 12D <SW K< = G (1 +[x))™", r=R"
3°. Cyuwecrsyer § > 0 raxoe, 410
She (0) =S¥ () (I + 0 (1))
npu |V — S (x) (x—y)lgixlﬂ, | x| — 00, pasgromePHO RO Y.
4°. Ipu mobom e >0
In|detS% () |=0(1xf)  (lx])->o0).
“ 2€ ;)eaa npu |E|— 00 cnpasedausa aAcCUMATOTUHECKAS HOPMYAQ

ODoxasarteabcTBo. PasobGeem unterpaa £{(e~5)(E) Ha Tpu:
I, 4+ I,+ I, rae I, — uarerpaa no o6maactu Q(§):

| V=SI((E) (x— @) <@ P,

I, — unrerpan mo o6aactu |x|>=>Colt ", rme C, 6ymer yxasauo
Huxe. M3 ycaoBuit 1°— 4° u teopemnbl 4.6 caenyer, UTO d4CHMIITO-
tTuka [, coBmajaer ¢ nmpasoil uactbio dopmyuas (4.49). Ocraercs
JOKa3aTh, UTO

;@ =0(,E) (lg]>o), [=2,3. (4.32)
HMiMeem B cuay ycaoBus 2°
11(6) | << S exp(—Cilx)" x| ENdr <

1x12Colt/o

<CT g S rlexpl(—Cr 4 r) g Y ] ar.
Co
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Ecan €y > 0 mocTaToyHo BENHKO, TO NOABIHTErpa.bilasi 3KCIOHEHTA
Jocturaer npu r == C, MakCHMyMa ToOJbKO B Toyke r = C,, ¥ HHTe-
rpas /o (§) 3KcnoHeHnHaAbHO MaJi:

1, =0 (exp(— C”[g|'"""")),

npuueM nocroguuyt C” MOMKHO BBIOGPATH CKOJh YrOOHO 60JbLIOH
3a cuer yBeauuenus C,. Ilpu Gosabwux ||

S <max (= Cox*" 16 ) <Gl (4.33)

cFR

W3 s1oii ouenkn, ycaosust 4° u onenku aas [, (E) caenyer (4.32)
npu [==2. AHagornuHo (4.33) noxkasbpIBaeTcs OleHKa

SE=C(1+e)™"™ (=R (4.33")
Hokaxewm, uro npu [E] > 1
|20E) | = Cs1E]" > 0. (4.34)

JlomycTHM NPOTHBHOE, TOTAA Ha HEKOTOPOil TMOCJenoBaTeNbHOCTH
£} -> 0o Bumoansercs omenxa |x°(E)|<Ce|E]'®, Tak uro npu
=Y

S (e 141

1SE) =1—S (@) + (°E), BI<s(e) el

rae 6(g)— 0 nopun &€ —>0. 310 nporuBopeunt olieHke (4.33").

Ouenum 13 (E). Ilyers 0 <8, KOO, <1, AE)=S%(x()).
Torna npu |A/4 ®) x—x@)=01x¢)" @ ykaszano B ycuao-
BuH 3°) HMeeM

Sle, §)=—8) +(r, &)=
= — (AR (I + o (1) (x—20(F), x— 20 () =

=(—24+0) VI =L@ =(—5+o) o1 P

CienoBaTenbHO, MHOXKecTBa ypoBusa S (x, §)=»—% [0 &) [ npu
JEl>1, 0<6, <0 <O; <1, OaH3KH K 3/AIURNCOHIAAM lw/A_(g_)X
X (x — 2" () )]=~§rlx° @ " n comepwares B Q(A). Tak Kak
S (x, £)—BHOYKaasH KBEPXY (pVHKuHﬂ T0 3HaueHns S(x,£) B R\ Q(R)
He NpPeBOCX ST BeJHYHHBL ———e——lxo(g) 126 ipu nekotopoM 8°(0, 1)

(MHOKECTBA YPOBHSA BBIIYKAOH (GVvikiIHH BHIOYKJIL). [IycTh 22| (8) —
o6JsacTh, no kortopoii Geperca uHterpaa {3 Torma Qi (§) Jexwur
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B miape |[x|<< C0|§i”“, T4K UTO
mes Q; () <C7| g™,

exZ N ” 9
max_S(x, &) < — 512 (5) [ < — 715 P,

xe 2 (&
Tlocaenuss ouneHka BeiTekaeT H3 (4.34). Taxkum oGpasom,
13 (g) <C[ 13 ]n/a exp (.___ C” ]g ]28/(1).

M3 stoit onenku, (4.33") m ycaosus 4° caeayer (4.32) mpu j=3.
MMpuvep 4.4. Ilyers dynkuns S (x):
1. TToaoxuTeapHo ogHopoanasi pyHkuus nopagkaa > 1, S(x) =
& C™ (R* \ {0}).
2. Crporo BHIOYKJa npH x 5= 0.
Torna npu [E|—> o0

N , _1
Z (e @~ @M 1177 det Sy (¢ (@) | # X

X exp (12 S (0)) (1 +k§=jl ag (@) E] "“'k). (4.35)

1 0 -~ s
3;1er0)=§/]§!,—;—+3,—=1 Ha,(lo)eC (S" ]), rne "' — enu-

HuuHas cdepa.
Urto6b MOJYYUTH [JIABHBIE UJleH aCHMITOTHKH, MOXHO BOCIOJb-
soBathed Teopemoil 4.7. Ho mnpoume BOCHOJb30BATLCA OAHOPOLA-

neerbio dysxkupn S, Jlenas 3aMeHY nepeMeHHbIX x=|f el y,
no.Jyuaem

2@ =1t {exp[i2" (=S + (o ldy. (436)
Rﬂ

dvukung S(y, 0©)=—S(y)+ (o, y) npn mobom o S"" umeer

€IMHCTBEHHYIO ¥ NPHUTOM HEBBIPOXKIEHHYIO TOUKY MakcuMmyMma y°(o).
HeTpyaHo mpoBepuTh, 4TO

0<C <y (@) I<Co,  [det Sy (y°(@)[>C3>0

npu Bcex o & S™' u (4.35) caenyer us teopemsl 4.4.

3anaua 43 Halitu acuMnToTHKY npeobpasosanus Jlamiaca 2 (e™5) (g)
npu | &) —> co rae S (x)— noauHom crenewu 2m Z= 2. ctapwast OXHOPOZHAR YacTh
KOTODPOTO CTPOTO BHINYKJa KHH3Y npu x =% (.

I[ITpumep 4.5. Ilvets dyukuus S(x) yaosaerBopser ycaopuio |
npumepa 4.4, HO He sBJfETCS CTPOro BHIMYKJOH. Torga Touka Mak-
cumyMa x°(§) MomeT ObITh BHIPOKJEHHOH.
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1°. TIpu Becex E = R" cnpaBefsinBa oleHKa

Ze-@<(141877) 0. (4.37)

Paccmorpum  mnrerpas (4.36). Touka wmaxkcumyma z°(w) oou
Becex o =S""' nexur B HEKOTOPOM wmape |y|{<{Cy, Tax Kak
S(y=Clyl*, C>0, u unterpajq 0o 23TOMY Iapy KONyCKaeT

ounenky (4.37), mockoasky - S(x)- (x, §)<3(§) IpH Bcex X, E.
OcTaBuinfics HHTErpaJs 3KCOOHEHIIMAJbHO MaJa npd GoJbluux ||,
TaK Kaxk

— S+l p<—Colyl* (yI=C),

rie C} moxeT ObiTb CHEJSAHO CKOJb YIOAHO GOJbIIHM 3a CYeT
yBeaduenns C°. Tem caMmiM ollenka (4.37) nokasana npu [E]>> I
B orpanuueHHol o6Jgactd |E[<r 3Ta OlEHKa OyeBHHA.

2°. Ecan &' takoBo, uTo Touka MakcuMyma x°(£°) meBbIpONKAeHA
" eAMHCTBeHHa, TO AJast (yHkuuu £ {e~S)(E) cnpasepuBa acuM-
nrotHyeckas ¢opmyaa (4.35) ma syue E==1f£0, {—> 4 o0, a TakKke
npu |EJ—>o00 B HEKOTOPOM KOHYyce, cojepxauem 3ToT Jayd. [lo-
chaennee CJeiyeT W3 TOMO, uTo NpH Madawx |&£*—E0| dyaxnua
— S(x)+ {x, &) Oymer uMeTb POBHO OJHY H IPHTOM HEBHIPOXKAEH-
HYI0 TOYKY rJjoGagsnoro MakcuMmyma x%(&"), mpuuem x0(g%)— x0(:%)
npu £F—&% Ecam ke MaKCHUMyM [OCTHraeTcss B HECKOJIbLKHX He-
BBIDOJKJIEHHBIX TOYKaX TrJ06aJbpHOTO MakcuMymMa npu §£=E% To
B HeKOTOPOM KoHyce K, cogepxamem ayu E==17£" 0/ << o0,
aciMIOTOTHKA HHTErpaJga paBHa CyMMe BKJIaj0B OT TOUEK J0KaJib-
HOTO MaKCcUMyMa, JAexamuX BOJW3M HCXOAHBIX (HA KaXkioM Jyde
3 K mo KpafiHeli Mmepe oXHA M3 3THX TOYEK SBJAETCS TOUKOH I.10-
6aJBHOTO MaKCHMyMa).

3°. Mwmelworcs noepanuyunbie 30Hb1, B KOTOPHIX TOUKH MAaKCHMYMa
BLIDOKIEHB, H B 0O0LieM cJydae HesCHO, KaK HAHTH HCKOMYIO
ACHMITOTHKY.

3aMeTuM, uTo MakcuMyM (4.30) MOKeT JOCTHraThCs HE B TOUKe,
a Ha MHOroO006pa3suH.

Mpumep 4.6. @yuxuus S(x)=— (¥ +x;— 1)® xocturaer
MakcuMyMa B R® Ha okpyxuocTH 2 4 x2=[.

Teopema 4.8. [ycrs

1° f), Sye=C(19]).

2°. max S (x)= M docrueaercs na C™-muozoobpasuu M*™' = Q,

xe[Q]

1L TOABKO HOQ HEM.

3°. [(x), S)=C™ 8 wuexoropoll oxpecTHoCTU MHO2006paA-

sus M. ,
4°, Sv. (x) = 0 npu x = M"', ede 0/dv — npouseodnas no Hop-
maauw K M
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Tozda npu A S,, A — oo,

b !
Py
Fy={FwexphS@ldr~e Y an™ 2. (439)
Q k=2
JokaszaTeadbCTBOo. Kak 0GbIUHO, AOCTATOUHO PACCMOTPETH
HHTErpaJ 10 MaJgoil OKpecTHoCcTH MHoroo6pasus M™™'. Ilycrs
— -1 0 -
M~ '—o01Ha H3 CBA3HBIX KOMIOHEHT MHoroo6pasus M" ™', x e My,
U — nocraTouso Mafasi okpecTHocTb Todkd x°. ITosoxum
h(x)=+/M—S(x). (4.39)

C nOMOMIBIO IVIaAKOH 3aMeHE! IepeMeHHLIX MOXKHO MpeBpaTHTb M{
B KYCOK runepmJjiockoctd y,=0. MmeHHo, MoxXHo Tak BuOpaTs U/,
uroGbl  cyiecTBoBad guddeomopdusm ¢ V —U, obaamawmui
CJIEAVIOHIHMY CBOHCTRAMH:

)V —xy6 |y <o, 1<i<<m

2) ¢ (MET'NU) ects MHOKecTBD y, =0, y = V', rae 06o3na-
weHo ' = (y;, ..., Yp—1), V' ={y": 19,18, I<i<n— 1}

3) nopMasib Kk M) ' B Touke x' MepEeXOLHT B OCh y, HPH OTO-
6paxennn @'

ITonoxum S*(y)=M —(S>¢)(y) u nokaxem, uro npu y<V

SW=y:S (y; S, 00 yel, (4.40)

rie S, = C* (V). Heicrsureapdo, minS™ (y) = 0 gocturaercs TOAbKO
npu y,=0. Oyurumo S*(y) npu ye=V MOKHO DpeICTaBHTH

B BHAE
S =a@)+y,b @)+ ¥3S, ),

rae a, b, S, = C”. Tlo ycaosumo, Sy, 0) =0, 0—8%—?—0—)—50(;/ e V),

tak uto a(y’)=>b(y)=0, yy =V’. W3 ycaosua 4° caexyer, uro
Si(y,0>0, yyeV'. Tak xak h(x) =y, VS ® ¥ S (>0
mpu yeV, ecan ky6 V pocrarouno mada, to he C*(V); caeno-
parte.pHo, A= C™(U).

Ecaun & > 0 pgocrarouHo MaJjo, TO MHOMXKECTBO M —8 <
—1

< h(x) <& comepxur M; ' H He mepecekaeTcs ¢ APYTHMH KOMIIO-
—1

HeHTaMH MHOoxecTBa M® . Kpome Toro, ypasHeHue A (x)=¢,

—8<t<s, xe= My onpeneaser C™-mHoroo6pasue. KMeewm

n3 (4.40) s

S F(x) €S 0 dy = ohM S ey, (1) dt,
b

¥, ()= S fog, (4.41)
h(x)mt

nL 1
Mg
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rae o, — guddepenunapuan opMa Jiepe — I'eappanna. PyHkuus
V()= CT([—9, 8]), n u3 teopemst 1.1 caenyer (4.38).

o 1
I'naBHbll WwieH acMMOTOTHKY HHTerpada (4.41) pasen eMM r\/-}— X
X ¥, (0), tax uro

F=eiafT
S(x)=M

3anauva 44 Joxasatb. uto npu A->o00, A= S, H upa a >0

[ (%) 055+ 0 (1)] L (4.42)

o0

SS""”"“*‘QﬂLy“a%fl dx dy ~ ’\/%

— o0

4. HurerpanbHbie onepaTophl ¢ d-o6pasnbiMu sgpamu. Paccemo-
TPHM HHTErpa’biulii omepaTop

(Kal) (9) = 2" { exp [AS (y — 9] (9) dy. (4.43)

Q

3nech Q — orpanuuennas o6Jacte B R™. Bymem npeanogarare, uTo:
1°. S(x) — BewecrBenHo3HauHas gpyuruns, S (x) = C*(Q)N C([Q)),
Touka 0 Q.
2°. ma[x] S(x)=8(0)=0 pnocruraercss TO.IbKO B 3TOH TOUKe,
RX=31Y
K Touka Makcumyma x =0 HeBBIPOXJIeHA.
Teopema 4.9. [Iycro ycaosusa 1°, 2° geinoanenvt, K — xou-
nakr, X < Q, u ¢pynsyua [(x) = C(Q). Tozda

im (K ) () = (2m) 7 | det SZ (0) | % f (x) (4.44)

pasromepro no x = K.
Taxk kak

0y =) (W) dy=[(x)
(0 —ectn nesbra-gyHkuua upaka), To npu A — -+ oo GopMaIbHO
noJyuaeM
A" exp [AS (y — x)] — const - 8 (y — x).

HoxaszaTteanbcTBo. Hmeem

(Kaf) () = 2" exp(—AS @) [ (< + ) at,

Q
X

rne obaacte €, mnosyvyeHa H3 o6yacTu { CIBUrOM Ha BEKTOD X.
Or6pachiBast SKCOHeHUHAJbHO MaJbi HHTerpaJ no obsaactu Q, \ U,
rne U — Mmanas OKpecTHOCTb TOWKH {=0, H nNpHMeHAA 3aMeua-
Hue 4.1, nonyuaem (4.44).
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ﬂnTepaTypHue YKalaHdd H JONOJHEeHHH

Pegvibratet § | Kaaccuueckwe  Bocxoast K Jlamtacy u Batcomy. Teo-
peve 2.2 ycranoniena JI Beprom [100], M. A. Errpadosnim [34], Teopemw 2.3,
24 — M A, Esrpadoseim [34]. Teopema 4.1 — Kaaccuueckasi, Teopemnl 4.6, 4.7
OpHlaAIenar aBropy H NyGJaHKYIOTCH BIepBbIE.

Tousble OLENKH OCTATOYHOIO WJI€HA B YCJIOBHAX Teopemb 1.3 nodyyers
@ Ousepom [127].

AciMnToTHKa npe A —> + oo GecceseBoH GyHKUHH

o0

Ko () =+ S (2 + =P et gt

— 0o

BLUHCAACTCA TAK: KOHTYD HHTETPHPOBAHHA MOMKHO 3aMEHHTh HHTErpajgoM flo pas-
pesy li, + i o0), Tak uto

Ko ()= S ey + 1) ay.
1

ACHMITOTHKA 3TOrO HHTErpafja BbIYHCIAETCS ¢ MOMOMbIO JdeMMH Barcora. rias-
ubfl wien umeer Bug [10]
—1/2 —a
Ko () ~ (28) " e,

Papromepubie no a & [0, o0) acuMnToTHYecKHe Pa3JOXKeHHS IpH X —» 4+ oo

HHTErpaJoB BUIA
=)

{ et re—anr= it

noayueubl A, dpreitn [119]. Oyuxnns [ () & C* [0, 4+ o0} u orpannuena nyecre

€O BUeMIl TPOH3BOAHBIMH npi {220, I — oliepatop Apobroro uudbdepenuposa-
nuH, U< A< 1.
ACHMIOTOTHKA hipH A -> -+ 00 MHTETpaaoB BHAA
b

S D (AS (1)) /(1 dt
a

weeaenoBana . H. Puekcrminbmem [65] [66] 1 apyrusm; noapobuas 6ubanorpa-
(it nmeercs B [66].
Acnmntotuka npil ¢ > + O KOHTHHY&JdbILIX HITECPAJOB BIL1A
¢

1 . .
Sl,x(, exp ~GQSV[x(T),r]dT s x(nyeECix () =x;
0

(uurerpaJ Oepercst iic BaHepoBCKOHM mepe) mecactosana M. lummepoy [132].
Anajor JemMsl Barcona Ags uHTErpajoB Bula

S e~ (1) at

rae {Aq} — cemeficTBO omepaTopoB. LeHCTBYOILHX B 5AaHAXOBOM NDOCTPAHCTBRE,
uA;‘ “ —> 0 npu a-» oo, gokasaH JkK. Buabsascom, P. Yourom [135].



TJTABA 1IN
METOJ CTALHOHAPHOH &A3bl

§ 1. MeTon craunoHapHoii ¢as3sl B OTHOMEPHOM cCJliyuae

1. da3oBas QyHKuHA 6e3 KpPUTHYECKHX TOYeK. B aTom mapa-
rpade paccMaTpPuUBAIOTCA uHTEC2pabt Pypse:

b
F()= S f (x)exp [iAS (x)] dx. (1.1)

a

Bnecy S (x) — BemecTBeHHO3HAYHAadA, [ (x¥) — KOMIJIEKCHO3HAuHAA
G YHKIHH, A — GOJIbIIOH MOJ/JIOKHTENBHBIH NapaMeTp.

OueBunHO, 4To cayuail S(x)==const, uau f(x)==0, Mbl He pac-
cmarpuBaeM. PyHkuuioo S(x) GymeM HasblBaThb (asosol Gyrkuyuerl.

Wnurerpan F (A) 6ymer MaJa npu A > | 3a cuer GuIcTpoil oCIHUI-
JALUM SKCTIOHeHTH exp ({AS). HauGosee o61uM pe3yabTaTOM TAKOrO
poja sBJSETCSH

Jlemma Pumana—Jlebera. Ecau f(x) = L (— o0, o), 10

[ fercdr=o0() (x> + o).

Huxakoit Gosee TouHoH HHPOPMAUUH O CKOPOCTH YObIBAHHS
HWHTerpaJa NPH 3THX YCJAOBHAX NOJYUYHTb HeJap3s. $ICHO TOJBKO,
YTO OCHOBHOH BKJAJ, B aCHUMIOTOTUKY HHTerpasa ®ypee (mpn raaa-
kux f, S) LOJKHBI BHOCHTD cTAyUOHApPHLIE (T. e. KpUTUHECKUe) TOUKI
da30Bof (GYHKUHH, TakK KaK BOJU3H HUX OCLHJISUHS 3aMe/JIseTCs.
a Takxe ocobedHocTd QyHRUHE [, S HIM HX IPOH3BORHBIX. 3aMe-
THM, YTO B OTJHuHe OT uHTerpaJos Jlansaaca (cM. ra. II) xnaa nure-
rpajos ®yppe raagkocrs GyHKUME f, S cyllecTsenHa Ha BCeM
HHTepPBaJe HHTErPHPOBAHHSI.

B cayuae, xorma ¢asoBas ¢yHKUHA He HMEET CTallMOHAPHBIX
TOoueK, aCHMITOTHKA F (A) Jlerko BBIUHCJSETCS C MOMOILUbK HHTErPH-
pOBaHHS O YaCTSM.

Teopema 1.1. Iycre I =la, b] — rorexnbii 0Tpesox,

S0, xel, (1.2)
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f(x) = CN*I(), S(x)e= C¥+2(]). Toeda npu A —> + oo

u
S [ (x) exp [iAS (x)]) dx =

N )
=;}(ik)"k—l(?l(—x)— £ S’,(fz))f:Jro(rN). (1.3)

HokasarteabcTBo. VIHTErpupys mo yacTaM TakK Ke, KakK U
B teopeme 2.1.3, moayuvaem, uro pasHoctk Mexay F(A) # cymmof
B npasoil vactu (1.3) paBua ‘

b
)" S (v Sz(ﬁ) )’ exp [iAS (¥)] dx,
a (1.4)
M 1 d

= S (x) dx°

Mo nemme Pumana — JleGera nocaennuii uuTerpat ecrb o (1) mpu
A — + oo,
IFnasneiit uieH acuMuororuku (1.3) mmeer BHZ

F )= (i2)"" [f (b)exp [iAS (6)] — [ (@) exp[irS (@))] + O (A7F). (1.3

3ameuvanue l.1. Ecau [(x), S(x)=C”{), to F () pasna-
raercss B aCHMITOTHUECKHE Dsia MpH A —> - oo.

Caencreue L.1. Iycre =10, o], ycaosus Tteopemsr 1.1
8oinoanersr U npu 0 k<N

gl (%) '
M (S’(x))_o(l) (x = 4 o0), .

ka(/’(x>)eL[0 oo] (1.5)
dx S (x) A :

Toeda

00

S f (¥)exp [iAS ()] dx =

¢

N
— Z @) MEF S @), A0 (TY) >4 oo).  (1.6)
k=0

CronT o06paruTh BHHMAHHE Ha YIOJHOE CXOACTBO ACHMITCTHYE-
CKHX GopMya guas murerpajnoB Pypee u Jlansaaca: OHH MOJIYYAOTCS
Lpyr H3 apyra ¢opmaJjbHO# 3aMeHOH A — iA.
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3amaua LIl. [Jokasatb, uto npu @ > 0, A - + oo:

)

D\ 4+ e ge=in"4+00GY;

2) \ U+ x)"%sinAxdx=2""+0("3),

3) \ (14 x) %cosrxdr=ar™> 4+ 017

e @ Tl @ Ty g

0
HaﬁTPl ACHMIITOTHYECCKHE pﬂl:(bl B 3THX npmrepax:
3anava 12 Tyem j(x)=C¥[0,24] u V0 = D (@2n), 0<i<N,
N = 1. Jdekasars 4TO
«
S fx)eMdt =0 ") (>4, n=0 1, 2.
0 ’

C noMouibl0 HHTeTPHDOBAHHA II0 YAacTIM MOXKHO BBIYHC/ISITh
TAKKE ACHUMITOTHKY IIPH X — -~ 00 HHTErpaJoB BHa

F={iweswa,
rpe S(f) — BemecTBeHHO3HauHas ¢ynkuuA, S ()s%=0 nmpu > 1.

Paccmorpum

Mpumep 1.1. Tlyers f()eC [0, ), f{)>0, [/ <0,
[7(0>0 mpu t>1 n [P(Hh=o0(l), =0, 1,2, ["()=0( @)
(t — + o). Torpa npu x— 4 oo

oo

S @) eit dt = — if (x) e (1 + o (1)). (1.7)

x

O6o3HauuM 3TOT HHTerpas uepes F(x) W TPOMHTErpHpyeM Ilo
yacTam aBaxiabl. Torna

F=—if ()e™ -+ (e — | [7@e" dr.

oo

[Mocnennuil uuTErpas He MPEeBOCXOAUT IO MOAYJLO S f7dt = —f"(x),
x

u (1.7) pokasaHso.
3anaua 13 Ilycts a > 0. Ilokasats. uto npu X > 4 o

S fmagit gy o e Y Tkt a)
@ M Y
3 £t T (a) (ix)
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ITpumep 1.2. TloAyuuM acHMOTOTHUECKOE pa3/JOXKeHHe L4
unTerpasia @peHess
0o i
e 2 (—l)kI‘(k+—2~)
D)= \eil"dt ~ —=—= : 1.
@ (v) §e e > = (1.8)

k=0

Urobbl 10Ka3aTh 3T0, MOKHO JHOO CcresaThb 3aMeHY {—> 1/1— H BOC-
noJm3oBaThest 3apmaved 1.3, aubo cpesaTbh 3aMeHY t—»q/;c—t H
BOCMOJIb30BaThcH cJjeacTBuem 1.1.

2. TpuHUHN JOKaJaH3alHH.

JJevuma 1.1. [Tycre S(x) = C”(R), [(x)=Cy (R). Toeda npu
A—> -+ oo

S f (x) exp [iAS (1)) dx = 0 (A™). (1.9)

HoxasateanbctBo. MHTerpan ¢akTHuecKH OepeTcs Mo Ko-
HEUHOMY OTpe3KYy a < x< b, Tak Kax ¢yukuus [ ¢unurHa. [lpu-
menuM TeopeMmy 1.1, Torma B (1.3) BCe BHeHHTerpaJibHble I1HiCTa-
HOBKH PAaBHBL HYJIO B CHJIY GHHHUTHOCTH [, TAK 4TO F(k)=0(?f‘\),
rae N =0 — moboe.

dra JeMMa HrpaeT TAaKyl0 XK€ POJb B MeTOAe CTallHoHAPHOH
¢daswl, uto # JemMma 2.1.1 B mMetose Jlanaaca. MMeHHO, MOCKOABKY
rJ1aBHBIM UJieH acuMITOTHKH F(A), Kak mpaBiijio, HMeer CTeleHHOH
NOPSIAOK, TO HHTErpasiaMu, y10BJETBOPSIIOILIMHE YCAOBUAM JdeMMbl 1. 1,
MOXKHO JIpeHeOpeub.

Haum nonao6HTCA HEKOTOPBIH TeXHUUECKHH annapaTr — pa3dHeHue
elHHHUB. DyreM BeCTH H3J0XKeHHe Cpasy /s A-MEpPHOru CJaydas.
IMyers x=(x,, ..., x,) € R", Q— o6aacts B R”. Yepes € (Q) v60-
8HAUHM MHOXECTBO BCeX (PHHUTHHX GeCKOHe4YHO IH{PepeHupyeMbixX
dyukuui @ (v) takux, uro supp L. IMpumep:

fpo(x)-——{exr)(xTi_—l)}, xl<1l; 0, |x/>=1.

dyukuns o= Co (R), suppg =[—1, 1]. Pynguus qq(x)) . .. @, (x,) =
e ¢ (RY).

Teopema o pasdbueHuud eZUHHUUB. [lycre muoxecrgo
M < R” NOKPBITO KOHEUHbIM UAU CHETHbIM HUCAOM OTKPOLITOLX MHO-
acecre {Qq). Toeda cyuwecreyer cemeiicrso guyrkyul ® = {p, (x)}
TaKoe, 4To:

I° ¢g(x) = Cy (,).

2° Z‘(;oa(x); 1, x= M.

F0<g, ()L, x= M.
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4°. Kamcdas touka x = M umeer Takyro okpecTHocTs, 8 KoTOpoOl
TOABKO KOHeHHOe 4ucio PyHKkyull @q(x) oTAu4HO OT HyAs.

Ecai MHOXKecTBO M KOMHIAKTHO, TO MOKPbITHe {Q,} MOXKHO BbI-
OpaTbh KOHEYHBIM.

PaccMorpum unterpan ([.1). [Ipogomxum f, S nygem mpu x < a,
x> b H 0603HaUYHUM TOJyUeHHble GYHKIHH Takxe uepes f, S. Byaem
Ha3bIBaTh TOUKY X, 06biKHOGeHHOU Toukou uHreepaaa (l.1), ecan
dyuxuun f, S&EC™ (xg — 6, x5 + 6) npu HeKoTopom 6 > 0 U S (xy) =0.
B npoTBBHOM ciayuae 6ylieM HA3bIBATb Xy KPUTUHECKOU TOHKOU UHTe-
epaara (1.1). Mpl OymeM paccMaTpuBaThb TOJBKO H3OJHDOBAHHBIE
KPHTHYECKHE TOUKH. BK.aadom OT KpuTuueckoll TO4KU Xy B UHTerpasn
F(X) Mbl HazoBeM HHTErpaJ

o0

Fhs xp) = S F(0) ¢ (x, x,) exp [iAS (x)] dx. (1.10)

— 00

3necb @ (x, xy) — dunnTHAA GeckoHeuHo auddepeHuupyemas GyHk-
U Takas, UTO

) supp @ He CONEPIKUT KPUTHUECKUX TOUEK, OTJIHUHBIX OT Xo;

2) ¢(x, xg)=1 B HEKOTOPOH OKPECTHOCTH TOUKHU X, (HaMOMHHM,
UTO MBI TIpojoKuian ¢yurnuu f, S nyaem BHe [).

Teopema 1.2 (npunuun Joxamausauun). [lycre [==|a, b] —
KOHeuHbtll 0Tpe3ok, u nycre uureepaa (l.1) umeer KoHewnoe 4ucA0
U30AUPOBAHHBLY KPUTULECKUX TO4eK X, ..., X, € [. Toeda

k
F(%«)=ZIF(%; )+ 0(G™) (A + o) (1.11)
s
7. e. umreepar F (M) pasen cymme 8x10008 0T KpuTiveCKux roudex

¢ rounocrsio do O (A7),
HokasaTeabcTBO. [lokpoeM oTpe3ok / KOHEYHBIM YHCJIOM
OTKPBITHIX HHTEPBAJIOB Q, TAK, 4TOOBl KK AAsi KPUTHUECKAA TOUKA X;

COJlepiKaach POBHO B OAHOM WHTepBaje (g, i ycTpouM pasbuenue
eannuubl {@,(x)}, orBeuawrtiee mokpuitHio {Q,}. Torma T, (x)=1
B HEKOTODOH OKPECTHOCTH TOYKH x;. Ilpomosxum ¢yukuuu [(x),
S(x) Ha BCO ocb, moJaras HX pPaBHLIMH HyJo upuH x &/, Toraa

FO =Y § 1()explins (9] u () dx.

[0 T

Ecan az=a; | <</<<h, To HHTerpas, copepxawmufi Qg (x), umeer
HOPALOK 0(~™) B cuny nemmpr 1.1. Tem cammm (1.11) gokasaso.

Takum o6pa3oM, Kak X B MeTome Jlamnaca, 3amaya O BbiuH-
CJICHHH acuMNOTOTHKH F (A) CBOJMTCH K 3ajaue O BbIYHCJEHHH acHMII-
TOTHKH HHTerpasja Mo MaJoH OKPECTHOCTH KPHTHYECKOH TOUKH.
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B aToll okpecTHOCTH (YHRUMH [, S MOXKHO NPUGIHKEHHO 3aMEHHTb
6oJ/lee TPOCTHIMH M MCCJEJ0BATH 3aTeM MOJYUEHHBIH 3TAJOHHBIH HH-
Terpad.

BeluncaMM BKJA[ OT PAHMUHGH KPUTHUECKOH TOUKH B MPOCTEH-
meM cjayuae.

Teopema 1.3. Mycre [(x), S(x)=C"[a,a+9), 6>0 u
S’ (a) 5= 0. Toeda npu A — + oo

(1.12)

F (A a) ~ exp [iAS (a)] Z @)™ u ( Sf’((xx))

k=0

X=q

D70 pazioncerue MoxHo Ouddepenyuposars no h arwboe 4ucio pas.
InaBublil ujen uMeeT BuJ
ooy fla)exp [iAS (a)] ’
F; a) 7.5 (@) . (1.129
HoxkasaTeabcTBo ciaeayer u3 teopeMmbl 1.1 u omnpepesnenus
BKJIAJ4.
3. drtanoHHble HHTErpaasl. PaccMoTpum HHTerpal
O (1) = S KB=1F (x) e d. (1.13)
0
JlemMma 1.2 (nemma 3Sppetin). Hycre az=1, >0, @ysryus
f)=C™ ({0, a]) u ob6pawaerca @ Hyas ewecre cO sremu npouU3-
800NbLMU 8 Touke X ==a. Toeda

k+B

S AB1F () e gy ~ Z ar % (A4 o),  (1.14)
4] k=0
(k)
. (O) R+ B in(k+p)
ap =7 ( o )vexp [————Qa ] (1.18)

3710 pasioxcenue moxcHo duddepenyuposars no A aroboe wucio pas.
Jlemva 3phefin Wrpaer Takyio e poJb 1Js HHTerpaJoB Pypbe,
KaK JgemMmMa BatcoHa — puast uHTerpaJgoB JlanJaaca.
Hoxkasareabctso. PasoBan ¢yHKRUug S = x® HMeeT eJHH-
CTBEHHYIO KDHTHUECKYI0 TOUKY x¥ =0 Ha yuacTKe HHTErpHPOBAHHSL
Paccmorpum BHauase cayuafl, xorga f(x)==1 npy 0Ky <6, rle
0 <6< a. Toraa nopbiHTerpaiibHas GyHKUUS aHAJUTHIHA HA UHTEP-
Base (0, 8). B cekrope 0 < arg x < nfa umeem Re(ix?) < 0. o Teo-
peme Komu, unrterpan mo orpesky [0, 6/2] paBeH HWHTErpajy mo

JIoMaHo#H l——ll Ui, rge I, —orpesok [0 e Po] = [e“lpo, -—] H
Qg COS o— == »g- Torna
@p () = @ () + OF’ (1) + DF (), (1.16)

4 M, B, Penopik
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rjne (Dé”

(A) — unterpana (1.13) no orpesky I, l3=[%, a] (Hanom-
HuM, uto f(x)=1 npu x| ). HUmeenm
_;%
Coe in(B+1) 0~
f (1) = S xBeth® dy=¢ 20 S xBe=hs% dy =
0 0
inB+y _B+1

=T (EED)e 0T o) (>0 (117)

B cHJy JeMMbl BaTcona. MHTerpupys mo uactaM, moJsayvaem

o]
Of () + Of () = 122D |2

ioax®1

in

Coe 20

— (joad) ™! S exp (iAx®) (xB-+1Y dy 4 (iAxe=") "' x8f (x) exp (ihx®) lso —
A

— (2a) ™"\ (F () B9+ 1Y exp (iAx%) dx.  (1.18)

[ ¥

6/

I~

in
BHeuHTerpasbHas NOACTAHOBKA IPU X ==p¢e?* BKCIOHEHIHAJBHO
Mana, TaK Kak B 3Toi Touke exp (iAx®) = exp (— Ap{). BHemnrerpans-

Hasi NONCTaHOBKA IPU X==@ paBHA HyJIO, Tak Kak f(a)=0. Ha-
KOHel{, BHeHHTerpaJjbHble NIOACTAHOBKH B TOUKe ¥ == §/2 cokpaiatorcs
(ecomu GyHKUUA A(x) aHATUTHYHA B TOUYKE X;, TO €€ NPOU3BOAHAS
no JoGOMY HanpaBseHHio paBHa A’ (xg)). CaenoBaTesbHO, BHEHHTE-

rpadbbble nogcraHoBku B (1.18) mmeior mopsamok O {A”™%). Kpome
TOrO,

o W+ 0P W =00"") (o4 o), (1.19)
Tak kKak |exp(ilx?)|<C1 Ha orpeskax [, l, [; npu A>=0. anee,

O (A) + D (1) =
= — %ﬁ [S xB-%exp (iAx%) dx + S exp (iax?) (xB+e=1y" 7 (x) dx] -

I ls

a

— (i)™ S LT G exp (iAx®) dx + 0 (7).
8j2

IMockoasky dyukius [ (x) = CT ([0, a]) u [/(x)=0 npu 0<< x<<9,
TO MOCJEAHHH HHTErpaJ uMeeT MOpsmLoK O(?fm) B CUJY JeMMbl 1.1,
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TaK 4TO
o (1) + OF (1) = 2[00 () + FLa ()] + 0 (A™). (1.20)

[Tockoabky B cuay (1.19) OF o (A) + OLe M) =0 (7Y, To B cuay
(1.20) @F (A) + @F (A)=0(17?). IToBTOpeHuHe 3THX XKe paccyKie-
HUH TIOKa3biBAET, 4TO

of (1) + O (1) =0 (A7)

Us stoit ouenxu u (1.16), (1.17) caenyer, uto
Bt in(B+1) B+l .
@MM=HFT(—E—)BZG 2 e +007°) (W —>+ ), (1.21)

ecau f(x)==1 mpu Manbx x.
Jokaxem JseMMy B o6uieM ciayuae. ITo ¢opmyne Teitnopa

- 1P
Fo) =Y L= + iy (o).

k()

3amennm B uurerpade (1.10) f(x) ma f(x) P (x), raze b= CT([0, a]),
Y= npu 0Kx<{o6<a u obyukuus P obpaliaerca B HyJb NpPH
£==a BMeCTe€ CO BCeMH NPOHU3BOLHBIMH. Q603HAYHM [OJYYEHHBIH
uurterpan W (A). Tak kak f(x) —f(x) ¥ (x)=0 npun 0 <Cx<{9, To0,
no Jemme 1.1,
OR) =)+ 0(™).

Jasee,

N

voy=Y L0 g .
( )"' k1 (D[3+k( )+ RN(}“)y
k=0
a
Dy p(A) = S £BHEP (x) exp (iAx®) dx.
0

o nokasanHoMmy Bblile, acMMNTOTHKA uHTerpanoB Py, () maercs
dopmyJaoit (1.21), H ocraerca mokasaTb, UTO

RyMy=0(QA"") (A—+ ), (1.22)
rae lim sy = -4 oo. Mmeem

N> oo
fn () szHhN,(x)» hy = C” ([0, al),

Ry () = { o () exp (iax") d,

Py (x) = xB+tNhy (x) ¥ (x).

4%*
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HuTerpupya no uactsaM, noJyuaem
Ry (M) == (ira) ™ [py (1)) exp (iAx®) T —

— S (x1=2qy ()] exp (Ax?) dr.  (1.23)

0

OyuruHa @y (¥) obgagaerT cAelyOINHMH cBoHcTBaMHu: 1) mpu x=a
OHa ofpailaeTcd B HYJb BMECTe CO BCEMH INIPOH3BOLHBIMH; 2) NpH
x==0 oHa UMeeT HyJb nopsaika s == - N. [1loaToMy BHeHHTerpaJb-
Haa moxcradoBka B (1.23) pasma wuysio npu N Z>=0. ®yuxuua
(x'~2@y (x)) o6namaer codcTBOM 1) M cBoHcTBOM 2) npH s=f -+
-+ N —a. CraepoBaTesqbHO, MOXHO INOBTOPHTh Takoe Ke HHTerpH-
poBaHue No uacTsM, Kaxk B (1.23), [—ﬁ%—N] pas. Tlpu aTom Bce BHe-

HHTEerpaJibHble NOACTAaHOBKH OﬁpaTHTCH B HYJb, H Mbl IIOJYYHM, UYTO

(e
Ry =Cyn Le 1 { gy (x)exp (0%) d,

0

rae gy (x) — venpepniBHasg npu 0<{x<{a ¢yrKuusa. CreposaTesbHO,

Re1=0GTF]) ot

n (1.22) gokasawo.

Jlemma 1.3. ¥raepocdenus aemmor 1.2 gepuot npu |A]—> oo,
0<Largh <, pagHomepHo no argh.

HdokasateabctBo. Ecot eCh=arghK{an —e, rae 0<e<ax,
tTo uHTerpas (1.13) yaoBJaerBopsier ycaoBHsM aeMMel Barcona. Tlo-
3TOMY OCTaeTcs N0KasaTh, uTo acumnrtoTuka (1.14) cupaBensuBa
B ceKropax 0<CO<Ce, m—e<{O<Cm, rae e >0 MOXHO BHOPAThH
CKOJIb yromuo Maieim. ITycTe 0<C 0<Ce, Torna B cekTope 0 <L arg v=<g
< n/20 uMeeM

Re (irx®) = — | A || x|*sin(0 4 aarg x) << O,

Tak Kak 0<C04 aargx<Cm/2 4 e. CaenomarensHo, |exp (iAx®) <1
Ha oTpeskax I, Iy, I3, TOCTPOEHHBIX B [0KazaTeJbCTBe JjeMMbl 1.2,
H NOTOMY 3TO JOKa3aTeJbCTBO NOJHOCTBIO NMEePeHOCHTCS Ha cayual
0<CO<Ce. AHamoruuHo paccMaTpHBaercs ciaydai m— e< O m.

Sapaua 1.4. lokasats, yto npu A —> + oo
\ 1 F 1 @ T k423
e dr e T Ao 6273 — =kt b
Sexp(z?»x)dx I‘(3)e A e (7R
0 k=0
Appedn [97, 116] 1pUHARJIEKHUT APYroe NOKA3ATeNIbCTBO JIeMMEH 1.2,
Meul npuBejgeM ero, NOCKOJBKY OHO COAEPIKUT NMOJE3HBIK TeXHHYe-
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ckufi npueM. Ilyets az=1, 0 < B<C 1. TlpeacraBum Oy (A) B Buge

D, (A) = §f(x) d ( §tﬂ-lei““ dt)

1]

co

M NPOHHTETPHDPYEM IO vacTsaM. 3jech HHTerpas GepeTcs IO Jyuy
g

io= .
I t=x+4pe **, 0> 0, B KomnJaexcHoll njockocrs . Murerpupys
no vactaM N pas, noJayuaem
N—-1

@y ()= (=D [ (0)@_,_, (0, %) + Ry (1),
= (1.24)

Ry @) =(—D""" {@_, (x, 1) [¥ (v ax.
0

31eck 0603HAUEHO

_1yntl
Q_,_, (v, 2)= <__‘nly_~ S (t — )" Texp (intY) dt.  (1.25)

Ly

Cymma us (1.24) naer nepsble N useHoB pasgoxenus (1.14); oue-
HHM ocTaTounbifl uwieH. Mveem nmpu x>0, p=0

122
e ] 2 . LIRS Zain? 2
X - pest == re', f“=(«¥+PCOSW) + 07 sin” 5 =07,

o si ik
in ——
' 20,

tgop=
x—l—pcos%

, T \¢
Tax uto 0L < 7;—{, u noatomy sin(ag)=>=0, Re [i (x+ pcl 2“) ]g
< — resinag < — o%
Hanee, [¢P7'<<x*" na ayuwe I, Tak uro lo_,_, (¥, x)}g

©0

B—1 _hEL
< ﬁn—l— S o"exp(—Ap*) dp= %I‘ ( nj 1) xB=1% e CuepoBaTeJbHo,
Q
Mg _N
IRy(M) << Cyh @ Sxﬂ_‘dxzcm @, (1.26)

0
Tak kax N mpomssoasno, to (1.14) mokasaHo.
4, Bkaag or crauHoHapHo# Touku. Temepn Mb Gymem jaeiicTso-

BaThb [0 ToMy ke mjany, uro ¥ B § 1, ra. II, a uMenuo, KomGu-
HUPOBATh JeMMY Opreiin u JemMmy 2.1.2 0 3aMeHe HepeMeHHOH.
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Teopema .4 ITycre [ =[x, — 8, x, 4 8] — koneunoul orpesdor
U BLINOAHEHbL YCAOBUS:

1° foecrd), Sxec™().

2°. dynryun S(x) umeer npu x & | eOUHCTBEHRYIO CTAYUOHAPHYIO
TOYKY Xg.

3° S§”(xy) %0 (1. e. xy — HeBbLPONOEHHAS CTAYUOKAPHAA TOUKA).

Toeda npu A — 4 oo

X5+ 6

Flix)= | ()explin ()] dx ~

x—0
oo

~ exp[zxs (xo) + 2-sgnS” (xo)] ATy ahTr,(1.27)

k=0
20e Koapuyuenrol a, umeorT 8ud
ik 17 e+ 1/2
a, = exp [—[—%— sgnS (xo)]._(_r;_T)‘_/_)_ X
" —1 d ok
X (St 07 ) (WS x|

S (x, x0) = V2 (S (¥) — S (x)) sgn S (xg) (S" (x)) ™

Paszaoscenue (1.27) moocro Jdugepepenyuposars no A awboe wuc-
A0 pas.
[naBHBIH Y/ieH aCUMITOTHKH HMeeT BHJ,

F(A" xO)z/\/; |5,, X )‘ [f(x0)+ O(A‘~I)]X
% exp [ms (xo) + - sgn S” (xo)] (h—+o0). (1.27%)

HokaszaTteabcTBo. Cpnenaem 3aMeHy mepeMeHHOH X ==y (y)
TaKylo, 4to S (x) =S (xy) + %—7— , e=sgn 8" (x) (cM. nemMmy 2.1.2).
IMpu 3T0M 0 > 0 MOXKHO CUHTATb HACTOJNbKO MaJbiM, 4TOObl QyHKLHH
x=1u(y), y=1"' (x) =C™. Torna

8,

F (A xo) =exp [IAS (xy)] g exp(
-5

(1.28)

LV F () ¥ (9) dy.

4 [N

IlpuMeHsis K KaxXKAOMY H3 HHTErpaJoB S S JeMMy Dpheiu, no-
~6, ©

JgydaeM, 4To F(A; xy) pasjaraercst B acumnToTHuecku#t pan (1.27).

®opmysa (1.28) nokasbiBaeTCst TOYHO TakK Xe, Kak u ¢dopMmyaa
(2.1.26).
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HUmeer mecTo Takxe ¢opmyna, anaJjornunas (2.4.9):

F(A; xg) ~ \/—}—IS——%%T exp [MS (x0) +
+sens )] Y 4 (7)) X
k=0
ok
X (_dilx_) [F (x) exp (irh (x, xo)} I,_,,, (1.29)
h(x, %) =S (1) — S () — 5 S (x) (x — o).

JloxasaTenbcTBO GyneT npuseleHo B § 2 B MHOrOMepHOM
cayuae.

Teopewma 1.5. IIycro I = [xy, X, + 8] — roneunuiii orpesok, d > 0,
pynrgun f(x), SWeCU) u S (x+8=0, k=0, 1, 2, ...
ITycre pynryus S(x) wuneer Ha [ eOUHCTBERHYIO CTAUUOHADHYIO
TOUKY X=X, U

S ) =0, I<e<m—1, S™)=0,  (1.30)
2de m=2. Toeda npu k—> - oo
xo+0

F; x)= S [ (x)exp [irS (x)] dx ~

Xq

~ 27 exp [inS ()] ) @t ", (1.31)
=i

20e K03 PuyUenTs: ay 8biHUCAAIOTCA NO Hopmyae

B
ki k+l]

Y [ (— oS W —Sen) ™ -

. (132)

30ecs 06031HAUECHO
8 (xg) = sgn S (xo). (1.33)

Nokaszareasctso. yers S (x,) > 0 145 onpeneesHOCTH,
CrnenaeM sameHy nepeMeHHOH (cM. Jsemmy 2.1.2) x = (y) Takyio,
uto S (x) — S(x)==y™ npu Maabx X — X, U K DOJYyUeHHOMY WH-
Terpany npuMeHuM Jemmy Ipiaefi. KoadGHuneHTsl qp BIUHCISIOTCS
TOYHO TaK Xe, Kak H B Teopeme 2.1.6,
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CraBubifi unen acumnroTukd (1.31) #meer BHI

1
r (7) R “;l; . in (m)
F xg)= ———% "exp [MS (xo) + 55 SgN S (xo)] X

X [f (x)+ O (x—%)]. (1.31%)

Ipumep 1.3. Gyuruus Beccens neaoro uupekca n =0 umeer
MHTErpaJibHOe NpejaCTaBJ/eHHe

n
J,(x)=mn""! S cos (xsinp — no) dg.
0

BoluncauM acHMOTOTHKY J,(x) npu x—> -+ 00 B QUKCHPOBAHHOM A.
Hueem

n
J,(x)=n~"Re S exp (ix sin ¢ — ing) do.
0

Oyuknua S(p)=sing umeer Ha orpeske [0, n] eAUHCTBEHHYIO CTa-
LHOHADHYIO TOUKY @ =m/2, B Kortopoit S=1, §” = — 1. [Tostomy
rJaBHHE BKJAJA B aCHMIOTOTHKY jaeT 3ta Touka. M3 dopMmyant (1.277)
noJyuaem, 4To

Jn(x)=vgcos (x~—'32—n———_1_‘-) +0(xY,

TaK Kak BKJ4J OT KOHIIOB HMeeT nopsimok O (x~1).
ITpumep 1.4, Oyuruus DBeccens BelleCTBEHHOro HHAEKCa V
MMeeT HHTEerpajbpHoe MpeicTaBieHue
n
Jy (vx)=mn~! S cos [v(p — xsing)] dp —
0

— n—tsinva S exp[—nv({+xshdldt. (1.34)
4]

BbIMHC/IHM aCHMIOTOTHKY Jy (vX) npu v —> + 00, x > 1 ¢uKcupoBaH-
HoM. Bropoe caaraemoe B (1.34) umeer mopsimok O (v—!), Tak xax

HHTerpaJ He NPEBOCXOAHT BeJMUYHMHBI S e~Vidt=~-1. [lepBoe cJaa-

raeMoe B npaBo#i uactu (1.32) pasHo
n
n~'Re S exp [ivS(9)]dp, S=¢—xsing.

0
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CranuonapHas TOYKa eHHCTBEHHA H MMEET BHI Qp= arccos x, mpH-
uem S”(qg) =A/x>— I, S(g;)=arccosx — A/ XE—1. Ilo dopmy.ae
(1.27),

Jy(vy) =

= «/Wi—:l—cos(v arccos ¥ — v4/x2 — | +%) + O(v-1) (1.34")

(v—> 4+ o0, x> 1)

Brruncaum acumnrotuky Jo(v) mpu v —> -+ co. Mmeem
T
I,(v)=a="Re \ exp[ivS (o)} dp + O (v,
0
S = ¢ —sing.
CrauuoHapHod TOUYKOH dABJasercss Touka @==0, upHueMm S(0)=
=87(0)=0, S§7(0)==1. Ilpumensa ¢opmuyay (1.31’), noayuaem

r(3)

Iy (v) = o s +O0(v=?3)  (v—>-4 o).

Pacemorpum mpumep, Korjga ¢yukiba f(x) uMmeer jgorapudpmu-
9eCKYI0 OCOGEHHOCTb B CTAUHOHAPHON Touke GyHRUHM S (x).
Jdemma 1.4, Hycre [ (x)=C™(]0, a}), a0e 0<a< 1, obpa-
WaerTca 8 HYyAb NPU X ==a 8MECTE CO 8CeMU NPOoU3BoOHbIMU, U & > 0,
B > 0. Toeda npu A — 4 oo
: = k4B
F) = S F(x)xP='Inxexp (As®) dx~ Y a2~ & , (1.35)

0 k=0
)=t (FEE) [ (BEE) 4] ¢

(B -+ k)1 P (0)
Xexp[m ga ] Pt (1.36)

ede P (x)=T"(x)/T" (x).
FnaBHBI Y/leH ACUMOTOTHKH HMEEeT BHUJ
ind

F(h)=—a™e® [ @) A™"*In4[F(0) + 0 (TEIT)] (1.35")

HokaszateabcTBo. [loBTopast Te Xe paccyXAeHUs, UYTO H
B J0KAa3aTe/JbCTBE JeMMH DpAelH, moJgayuaeMm, 4TO

N )
F=Y 50 w0+ 007, (137
k=0
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rae yy— -+ oo npu N — oo,
¥/(A)= S B (x) In xexp (iAx?) dx.

0

CHOBA 3aMeHHM KOHTYp HHTerpupoBanus Ha [, U/l |J/;; TeM xke cro-
coGoM, uro H B JemMme [.2, MOXKHO moKasaTb, YTO HHTerpaJ 1O
I, U l; uMeeT mopsimok O(k"w), a WHTerpaa no [, paBeH
a
i k i
exp[ZUEER] §yptet (1ny o+ 5) v

0

PaszoGbem ator wuurerpasa ua gpa: [, -+ [y, roe [; comepxut Iny,

494
a [, comepxur S K nepBoMy u3 HUX HOpuMeHHM JeMMmy 1.2,

a Ko BTOpoMYy — JeMMy Bartcona, Torpa
Btk

I+ [,= o= (—f‘;:—")[—lnAJrap(f‘—g‘—-"-)Jr%]x’ T 4O (e—na).

TMoxcTaBass noayueHnbie Bripawxenus B (1.37), moayuaem (1.34),
(1.35).

3agaua 15 Ilycrs ycaosusi jdevmMb 1.4 BhOOJHElHB!, Y — BEUWlECTBElHOE
ynca0. Jlokasate. yto npu A -> - oo

a
S P (x) £B~ 1 (In 1)V exp (iAx®) dx =

V]
- e%?—a—z’r (—g—) [f (0) + 0 (T‘]_A)] x_'g' (Y. (1.38)

5. Boaee cA0KHAR 3aBUCHMOCTH OT mnapaMerpa. PaccMmoTpum
HHTErpaJ, CojepXaiiuii JOIOJHHTe bHbE BelileCTBeHHbIe I1apaMeTphl
a=(0, ..., Og)

b
F(A, )= S f(x, a)exp [AS (x, o)] dx, (1.39)
a

H JIOKaXKeM pe3yJbTaT, aHAJorHuHbi Teopeme 2.2.1. [Tyctb Q — 06-

JlacTb B Rg, [ ={a, b] — xoHe4HH OTpe30K. BBemeM YCJOBHSA:

A, @yuruun f, S C([I XQ)NC(I X Q), dyuruusa S(x, a)
BellecTBEHHO3HAYHA npH (x, a) =1 X Q.

A,. Tlpu kaxpoM QukcupoBanHoM a & Q pyuxruus S(x, a) umeer
eJIUHCTBEHHYI0 KPUTHUYECKYIO TOUYKY X,(a)E /. DTa TOUKa HEBH-
poxeHa,

lS;’x(xO(a), a)|=4,>0, ee&L,
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M JIeXHT CTPOro BHYTPH [, T. e. x(a)e=! " =[a/, b, a<ad <
< b’ < b, npu BCex a = Q.

A, Dif(x,a)=0 npu x=a, b; a=Q, k=0, 1, 2, ...

Teopema 1.6. [Tycrs ycaosus A — Ay sotnoanenst. Toeda 0as
¢ynxyun F (A, a) cnpasedauso acumnroruueckoe pasaoscernue (1.27)
npu A -— -+ oo pasHomepro no a & K, eGe K — npousdsoasHeili Kom-
naxr, sexcauutl shytpu Q. 3T0 pasaoscerue MOMCHO NHOYACHHO Oug-
¢epenyuposars no A u no a awboe wucao pas.

[1aBHBIH uUJeH acHUMITOTHKH HMeeT BHI

- 2 —1
P, 0= A/ T U @ 0+ 0671

X exp[iAS (x,(@), @)+ sgn S, (v, (@), @)].  (1.40)

rae 0(7\:_1) paBHOMepHO 1o o & KX,

JoKazaTedbCTBO MOYTH JOCJCBHO IOBTOPSeT MOKAa3aTelib-
¢T30 TeopeMbl 2.2.1. Kak nokasamo B 3TOH TeopeMe, LOCTATOUHO
paccMoTpeTh cayuail, korpa x{(a)=0, S(x(a), a)=0 npu a = Q.
Us ycaosua A, caenyer, uto 0(a)==sgnS; (x,(a), @) ecTb Kou-
cTanTa NMpH a € Q; nycth &(a) = -+ 1 aas onpenenenHoctd. [Tycts
6 >0 BuGpaHo Tak e, Kak U B TeopeMe 2.2.1, [s={—8, 98]
YcTpouM  pasOuenue  eTHHHIUDL: =g, X))+ 9 x)F k), x=
&(— o0, o), re Qy(x)=1 npn x &/, ¢,(x)=0 npu |x|=9, n
¢urcupyem obsacTe €, Takylo, uro [Qj) < Q. Torna npu x & e,
o = [Qy] nmeem | Sy (x, @) |==¢ > 0 ¥, HHTErpuUpyd MO YacTAM TOYHO
TaK e, Kak H B JemMme 1.1, noayuaem, uto npu Jwobom N =0

oo

| 1(x, 09, (@ exp[inS(x, @) dx=00""), j=1, 2,
paBHoMepHO To a & [Q). 3mech ¢GyHkRuma [ OpomosKeHa HyJeM
e I. Jlenaa B uHHTerpaJe, colepxalieM ¢ (x), 3aMeHy nepeMeHHOH
y=1/8(x, a), NoJyuaeM HHTerpaJ

Folt, )= exp(iry?) ¥ (y, a)dy, (1.39)
I (a)
rae QyHKIHA
b="F(x(y, a), &) @, (x (y, @) x, (9, @)
Geckoneuno nuddepennupyeMa mo (y, a) npu y < J(a), a < [Q),
u ofpaliaeTcs B HYJIb BMeCTe CO BCeMH NMPOH3BONHBIMH Ha KOHIAx

orpe3ka J(a). IToBTopsin AokasaTeapcTBO JieMMBl DpieliH JJs HH-
Terpaaa (1.39"), nosyuaeM yTBepXKJAeHHE TeOPEMHL.
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3anaua 1.6. Jloxasarb, ut0 acumurotHueckast gpopmyna (1.34") nas dymk-
uan  Beccens mpurogsa npu v—>4-o00, 1 <a<s{x< b paBuoMepHO TNO x
(uncsa a. b dukcHpoBaHs).

[Tpumep 1.5. PaccMoTpuM HHTerpadg
oo
. S —2vtk? =5
n(t, x)=?S e cos xkcost 4/gk dk.
U
3aech 1 — NpobuabL BOJH, BLI3BAHHBIX CKOHIEHTPHPOBAHHEIM B Ha-
yaje KOOPAHMHAT NOJHATHEM KHIKOCTH mJjowaid S, Ha cBoboaHOM
NOBEPXHOCTH KHUAKOCTH B KaHaje OECKOHeUHOH TJayGHuHBL [laJee,
[ — BpeMsl, X — IpOCTpAHCTBeHHAs NepeMeHHas, v — KMHeMaTuyeckad

BA3KOCTb M g — YCKOpPEHHE CHJBL TAMKECTH.
B paGore [63] ¢ momowplo paja JHHeHBbIX 3aMeH NePeMEeHHBIX N

OPUBOJHTCA K BHAY

-
=2 S ue=%" cos (xu?) cos (tu) du,
0O
rge £ NpoNOPUHOHANbHA 1), H BLIUHC/IAECTCA aCHMOTOTHKA HAa KpH-
BBIX x==c¢il", {— - 00, OpH pas3JuyHBIX @ MB MOAHDHUHPYEM 3TO
peuieHde. HeJsias 3aMeHy u——»t_mu, noJyuaem

g=1"""Re (I, + 1), (1.41)
[, = S ¢ (W exp[it"1S. (u, 0)]du,

rae oGo3Ha4yeHo
9t —
pWy=ue", a=xt"", S.=utai. (1.42)
Toukn uy (a)="F 1/(2a) fABAAIOTCA cTauHOHADHBIMH TOUYKaMH (aso-
Boi ¢yHxuuu S;. [lapamerp ¢ MoxeT OHTb H GOJbUIMM, H MaJbiM,
CranuoHapHBe TOYKH 4. JeXaT JaJeko OT Hayasna KOHTypa u==0
npr a < | u gexar 6AH3KO K 3ToH Touke mpu a > 1.
1°. a— 0. TTonoxxum ]i.=](f:)—{—](f:), rae ](J;)——HHTerpaJI Nno OT-
1
pesky [0, TE]' Torpa npu a—0
o
—out — -t — =)
119 < S ue™™ dy ~ c,a?e” 4" = 0 (7Y (C > 0).
1/4a
(8recy u nanee C, C;— NOCTosIHHbIE, HE 3aBHCsIIME OT X, t.) Un-
TEerpupys 1Y no wacram mBaxkam (Tak kak ¢(0)=0), KaK B J0Ka-
saTeqbCTBe Teopemsl 1.1, moaydaem
19=—~t[14+ 0@ ¥)]
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CaegoBaTeabHo,

=t [1+ 0]+ 70 (exp (— C£[x") (1.43)

(t—>+ o0, B5/x*—> o0),

2°. a=l, rae [ — KoHeunblil oTpe3ok, 0 & /. B srtoM cayuae

HHTerpaa [/, TNO-TPeXHEMY HMeeT NOPALOK O(t_3/2), paBHOMEpPHO
no a =/, Tak Kak | sy (¢, @) | >=C > 0 npu Becex u =0, a = [. Acumn-
TOTWKa MHTerpanaa /_, mo Teopeme 1.5, paBHa BKJaay oT CTalHO-
HAPHOH TOUKHK 4— (¢); STOT BKJAAJ HMeeT MOPsIOK, GoJblIHd ueM [,.
OxoHYaTeAbHO IOoJyuYaeM

€= ;*;jfexp(__)[ (%—%)“LO(FW)] (1.44)

>+ o0, 0<B <P <P <o)

pPaBHOMEDHO IO «.
3°. a—> -+ oc. B aTOoM ciayuae crauuoHapHble TOUKH Uy (a) — 0,

T. €. «caisTCs» Ha KOHell KOHTYypa HHTErpHpOBaHUS, TaK 4TO OC-
HOBHOH BKJajd B ACHMITOTHKY /i BHOCHT OKPECTHOCTb TOUKH u = 0,

CnesaeM B HHTerpase § 3aMeHy nepeMeHHO# u— uf/x, Torma
f\2 ~ ~
=(5) Relle + 1),
(1.45)

[p== S uexp(— 2fu’ 4 LS. (u) du,
0
rre 0603HAUEHO

A="~1x, PB=x't, Si=u=+u2

u B — maauit mapamerp. PaceMoTpum ABa ciayuas:
a) A — + co. Torma ocHoBHOH BkJax B [+ BHOCAT TOYKa U ==0

H CTauuoHapHas Touka u==1/2 coorBercTBenno. Mmeem

L=@)"[1+00(™)]
— . —A
[-= % /\/—:—e‘ﬂ/get 7 [14+00™)]

§=t2;3//?( (*‘”‘)“LO( )+ ( ] (1.46)
(7= += F—0).

X

TakK 4TO
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b) A — 0. B aToMm cayuae o6a mapamerpa A, B B uurerpase (1.45)
SBJASTIOTC MagamMu. IlpeoGpasyeM f K HHTerpany, cojepikKalleMmy
Gonbiuofl mapaMeTp, Aesas 3aMmMeHy u—>uft; Torma

£ =Re (s + 1-),

o0

7 2t~ S uexp (—— o+ Lu) exp(:l:—uQ) du.
0

Il

B nausoM cayuae x/t*~— + oo, oGe ¢daszoBbie GYHKUHH UMEIOT TOUKY
cTauuoHapHOH (asn ¥ =0, H MBl IOJyYaeM

ll+o() (- + oo). (1.47)

Ionyuennble ¢popmyanl (1.44), (1.46), (1.47) ne pemaiot nocras-
JIEHHOH 3a1auu NOJHOCTBIO, TaK KaK OCTAlOTCSl MOrpaHHyHbLIE 30HHI,
B KOTOPBIX aCHMITOTHKA, BOOOIUIe TOBOPS, BhipayKaeTcs uepes Clie-
nuanphbie ¢yHguuu (cM. ra. VI).

Jlokaxem aHaJjor Teopembl 2.2.2. PaccMoTpuM HHTerpan

b (M)
Foy={ Fx, Mexp[iS(x, M]ax, (1.48)
a(h)
rae a, b, f, S— BeulecTBeHHO3HaYHBle GYHKUUH. BBegeM ycaoBUS:
A, Oymkuua S(x, A) opr A > 1 HMeeT eIHHCTBEHHYIO CTALHO-
HAPHYIO TOUKY X ==X,(A), KOTOpad HEBBIPOXKJeHa HPH A > I,
A;. CymecrByeT ¢yukuusd p(A) >0 npu A > 1 takad, urto

P* (M) Shc (k6 (M), A)—> 400 (A—>+ o0), (1.49)
St (xo(A), A) — Sk (o (M) + A, A) =
=o[(o W) (S (o (W), A)™] (1.50)

npu A— 4 oo, | A< (R).
Teopema I.7. Hycrb ycaosus Ay, Aj svnoanenst. Toeda

xe (M+o (M)
exp [iAS (x, 1) dx ~
x5 (A)—0 () -

2n . in
mexp[zS(xo(k), A)+T] (A— 4 ). (1.51)

Hoxkasarteabctso. Ilo ¢opmyne Teitsopa HMeem [pH
xE () —p @) %4+ 0 (M)

S, A)=S8(xK), M)+ 7 F S (@ (x, ), 1) (5 — % A,
(M) — @ (x, W< p (A
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Haaee, u3 (1.49) caenyer, uro mpu A—> + oo

2 () in

i .; 2n ——
exp [— S (x (1), A) x’] dx ~ ,\/7———e . (1.52)
—~p (M) 2 ’ Sxx (xO (A')’ A’)
TTockoapky |1 — e!®|<{| 0} npu BewecTBeHHbx 6, TO
0 (A}
S exp [LQ St (9 (1), A) x| — exp [-;- S (@, A) xQ] dx
-0 (M
2 (A)

< {1 —exp[ B Sk, 1) = Stlols, 2, ]| de<

-0 ()

<

<4 0* (W] Sk (5o (), A) — Six (@, A) =
=0(|S% M), V1) (- + o).

6. ACHMNTOTHKA TJAaBHBIX 3HadeH#H WHTErpasoB. PaccMoTpuM
b

HHTerpaJl Sip—(:-c—)—dx, rae a, b > 0. TlogpiHTerpanbHas QyHKIAA

—a
uMeeT ocoBeHHOCTh B Touke ¥x==0, ecan @(0)s£0, Tak uTo 3TOT
HHTerpaJ, BooOiue rosops, pacxogurcd. I'aasHoim 3Hadenuem (V. p.)

no Komu 3rtoro HHTEerpaJia Ha3blBaeTCda Npepeda
—e a b

lim ( S -+ S)j—)ii)dx=v. p. S (P—)(Cx)—dx. (1.53)

e>+0
—-a

3ToT mpenea cyiuectsyer, ecad dyHruua ¢ (x) auddepeHuupyema.
I cHMMeTpHYHOro HHTepBaga [— a, a] umeem

v. p. Si"—if’-dx-_— Sﬂ’—‘ﬁ—:—ﬂdx. (1.53")

Tlycte ¢yuxius @(x) rojoMopdHa B HEKOTOPOH KOMIJEKCHOH

OKpecTHOCTH | x| <R Toukn x=0, U mycTs l;'——xomyp B KOM-
NJIEKCHOH NJIOCKOCTH X, COCTOSIIME H3 oTpe3koB [— a, — g], [e, 8],
H DOJYOKPYHOCTH v:|x|i==¢, Imx>=0, rne 0<e<R. Torna

b

—e
tim Sde::“m(S +S)9_(£)_dx+ lim Si(i)_dxz
e>+9 x 2> 40 x e +0 x

5 e f ve

b
=V. p. S EEc—x)—dx—m'qJ(O)
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(3Hax MuHyc Gepercst MOTOMY, YTO NMOJYOKPYXKHOCTb Y ODHEHTH-
poBaHa mo uacoBo#l ctpenke). Ho mo murerpansHofi TeopeMe Komn

HHTETpaJ/ 10 KOHTYPY I+ He 3aBucuT ot e npa 0 <e < R. Cuezo-
BaTeJabHO, NPH MaJjbx &> 0
b

v. p. S ) gy S ) gy 4 nig (0). (1.54)
+

X X

—a i

AnaJjoruuto, ecau lg — KOHTYpP, CUMMeTPUYHBIA C I¥ oTHOCHTENBHO
BellleCTBEHHOH OCH, TO HPH MaaplX & > 0
b

V. p. S 2 gy S 20 gy — nig(0). (1.54")
- -
Jlemma 1.5. Mycre f(x)=Co (R). Toeda npu A—> —+ oo

v. p. S M WL O F0R).  (159)

HoxasarteabcTBo. [IycTh AJIA ONpPeECJEHHOCTH HHTErPAJ
comepxut ¢*. Beegem dynruuo 1 (x) = C (R) Takywo, uTo 1 =1

opH | x| < 6, u npeo6pasyeM HOJABIHTEr paJnbHOE BbIpaXKeHHe B pac-
cMaTpuBaeMoM HHTerpate F(A) caeayromum o6pasom:

e*f (x) = e** [f (x) — 1 (¥) F (0)] + e™*n (x) f (0).
Torna

F(k)= Sei“ }(X)—_Z(X)f(()) dx+

00

+v. . 1) | e 2 ge=FL @) + Fy ).
Oyuruus @ (x)=x""[f(x) —n(x)f(0)] bunurHa ¥ TOXKAECTBEHHO
paBHa HY/mO OpU MaJgwelx | x|. Caemosarteanno, F,(A)=0 (k““’) pu
A— 4 oco B cuay Jemmbl 1.1. Hanee, mopbiuTerpasbHas (QyHKIus
B Fy(A) rosiomopdHa npH MaJIbIX KOMIJIEKCHBIX X, TaK 4T0 B cHay (1.54)

Fa0y=1(0) { e 18 gx 4 if 0),
+

18
ecsi e > 0 gocraTtouno MaJo. PukcupyeM e. Hurerpupya no yacram
M YudTHIBasA, uTo (YHKUMS 1 obpamiaercs B HYJb Ha KOHIEX



§ 1. OOHOMEPHDBIN CJIYVHAM 113

KOHTYpa [i BMeCTe cO BCEMH TNPOH3BOJHBLIMHE, TOJyYaeM, YTO TpH
mo6om neaoM N =0 3TOT UHTerpaJs paBeH

F)=(+)" S (=27 (L) e g,
Y
Tak kak Imx>>0 na l&, TO le”‘xl<1, H Mbl [OJyYdeM OLEHKY
1 Fo () {<CNA_N (namoMuuM, uto & puKcHpoBano). JleMMa gzokasana.
Teopema 1.8. Iycrs [(x)=Cq (R), S(x)=C”(R), dpynxyus
S (x) sewecrsennosnawna u 8 (0)=%=0. Toeda npu A —> -4 oo

V. p. S L(;x—)—exp [IAS (x)] dx =

= muif (0) exp [i*S (0)] sgn S’ (0) + O (™). (1.56)

10 pasaoserue moxcHo Jupgepenyuposars no k aroboe 4ucao pas.

HokasaTeabCTBO. B cuay npuHuuna JOKaJH3aIHH MOXKHO
cunTath, uto S’ (x)=%=0 na suppf; nyers 8’ (x) > 0 nas ompezresen-
goctH. Cuesaem 3aMeny nepeMenusix S (x)—S(0) = £; nyctb x = @ (f).
Torjga paccmaTpuBaeMbiii uurerpas F(A) npuMeT BHJ,

F(A)=e?*SO vy, p, S eiM —f‘—l@—dt,

Pl =st. =00,

byHKIHS £ (1) =CT (R). Tak Kak lim—xt— =—3;— = S§(0), To f (0) =
>0 t=0

= [(0), » (1.56) caenyer u3 (1.55). AHasornyso paccMaTphBaeTcs

cayuait 8" (x) <0.

TlokaxeM, UTO ACHMITCTHYECKHE PSR MOMXKHO HUHTErPUPOBATDH
NOUJIEHHO M B TOM cJyuae, Korjma uHrerpasj OepeTcss B CMBICJe
[JIABHOTO 3HAYEHHSI.

JeMmma 1.6, Ecau g (x) = C'[— a, a], ro cnpasediusa oyenra

a

V. p. S if;x—)—dx

-a

<2 max ¢ (x)]. (1.57)

xe[~a,al

HoxasareanctrBo. [lpy x&[—a, al umeem 1o cdopmyae
Jlarpanxka ¢ (x) — @ (0) =x9¢’ (§), E =[— @, a]. Ouenka (1.57) cae-
ayer us (1.53).
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PaccMorpuM nHTerpad

F)y=v.p. S -f—(i);ﬂeﬂ-sm dx. (1.58)
[TycTb

1° f(x, )eC” npu xR, A>1; =0 npu | x| >a.

2°. S(x)=C” npu | x| a, $'(x)%=0, S — BemwecTBenHO3HAUHAA

¢ YHRIHSA.
3°. Ilpu mwb6om nesoM N Z=0 cnpaBeiJHBO pasjolkeHHe

N
PO, 1= 2 27,00 +27" R, (s, ), (1.59)

rae [ (x) — Geckoneuno nuddepenuupyeMoie Gyukuuu, fr(x)=0
HpH | x|=>a, H AJ7 OCTATOUHOTO UJeHA CIIpaBeiIWBA OLUEHKA

|Ru(s, MI<Cr, |55 Ruls, M| <Ch

npu {x|{<<a, A=Ay > 1.
Teopema 1.9. [Tycre ycaosus 1°— 3° soinoanenst. Tozda npu
A — + o0 cnpasedauso acUMRTOTUYECKOE DPA3AONCEHUE

F () ~ exp[irS(0)] misgnS’ (0) . f»(0)2 "% (1.60)
£Z)
HdoxkasateabcTBo. Teopema 1.7 npuMeHuMa X KaXioMy u3

HHTErpaJos Sx“fk(x)ei“dx, a [AJsi OCTATOYHOrO 4JIeHAa B CHJIY
—co

JeMMBl 1.6 cnpaBensuBa OlleHKa

a

S exp [AAS (0] ¥~ Ry (x, ) dx | <A™ (ACx + Ch).

-—a

Teopewma 1.10. MMycro [(x) = Cq (R), S(x) =C™(R), pynkyus S
sewecrgennosnauna. Ilycre S'(0)==0, S”"(0)=0 u ¢asa S ne
umeer Jpyaux CTAyUOHApHbLX Todex Ha supp f.

Toeda npu b — + oo cnpasediuso acCUMATOTUYECKOE DABAOKEHUR
F(.)=v. p. S F () exp [iAS (¥)] dx ~

— 00

P

~exp[AS (1A Y ad™h (1.61)

k=0

310 passoncenue moxcHo dupdepenyposars hod arboe wucao pas.
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TnaBHBIH YJ€H ACHMITOTHKM HMEET BHJ,

F)=2""exp [ms (0) + S-sgn S~ (0)] %

X A 52t [ O = 3D 1)+ 007)]. (161

HoxasareabcTBO. B cHAY UpUHUMIA JOKAJMIAUHK MOMKHO
cupTaTh Suppf HACTOJBKO MAaJbIM, HACKOJBKO 5TO HEOBXOZHMO.
Ilycrs ans onpempenensoctn S”(0) > 0. Choenaem saMeny nepemes-
Hoit S(x) — S(0)=1#, x=¢(f), Torga paccMaTpuBaeMblii HHTerpaJ
paBeH

FO)=explnS O)]v. p. § e 0 gy,

rge o003HAYEHO

f ()_—f(r)s/(x) X=(P(f)

dyukups [ () = CT (R). B cuny (1.53) umeem

a

F(A) = exp[irS (0)] S e‘“"—ﬁ)—_—g—(ﬁdt

Pyukuma @ () = 207 [F" () —~ I (— )] € CF (R), ¢ (0) = [*¢ (0). Tpu-
MeHsist TeopeMy 1.4, moayuyaeM aCHMOTOTHUECKOe Pas/OXKeHHE HH-
terpasia F(A). [naBHbIA Y/ieH aCHMITOTHKH paBeH exp[ikS(O)—{-
+ 3| Val 9 (0).

Bruiuncaum @ (0) = df* (0)/dt. Vimeem

SW=SO+L 4+ + .., f=fo+fx+ ...

(MHOroTOuMeM O0(O03HAUeHH uJeHbl OoJiee BHICOKOIO INODPAAKa Ma-
goctu). HaJjee, npH manapix ¢ HMeeM

f*(f)= 2(fo+fix+ .. 182 —f0+(f1 L fo)x+

(+bx+ )

Tak Kagk x ~ /\/-i— t mpu t— 0, To moayuaem (1.61%),
Sameuanue 1.2. PaccMoTpuM uurterpad

o]

F(A, a)=v.Dp. S'-f%’i)—exp [iAS {x, o)) dx,

—00
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cojepKalunil BelecTBEHHbIe mapaMeTpsl ¢ == (a;, - . ., &,). I1ycts f, S
6eckoHeuHo audQepeHUHPYeMBl DO (¥, a) OpH — oo < x < oo,
e=Q, f(x,a)=0 npu |x|=a u OpH Bcex a = Q.

Torga Teopema 1.8 ocTaercst B cHse gJs uHterpana F (i, a),
ecad |Sh(x,a)|==6>0 wua suppf, rue & He 3asucuT oT (X, a).
Anajnorunudo o6crout nedo ¢ treopemoil 1.9. Teopema 1.10 ocraercs
B cusae, ecan S%(0,a)=0 upu Bcex a u |[Sii(x,a)]=0>0
Ha suppf.

§ 2. Metox crauuoHapHoi ¢a3pl B MHOTOMEPHOM cJayuvae.
BkJaajg oT BHyTpeHHeH
HEBLIPOXK JEHHOH CTALHOHAPHOH TOYKH
I. BkJaja oT HeBBIPOXKJEHHOH CTALHOHAPHOH TOYKH.
Jemma 2.1 (npununn Jgoxasusaunu). [ycre f(x) e Cq (Q),
S (x) = C=(Q), pynxyus S (x) sewecrsennosnayna u
S ()0, xe=suppf. 2.1

Tozda 0an awboezo yeaoeo N =0 cywecrsyer nocroannas Cy
rakas, 4o npu AZ=1 8bilOAHEHO Hepasencrso

l | Fwrexplias (1 dx | < Cur™ I low g (2.2)

3nech | fllgy o = max 2 D%l
XeEQ JAT<N
HokasarteascTBO. Ilycth L — puddepeHunadbHbll one-

paTop

n
— aS o
L=|Sy() 2y 58 2 (2.3)
= N
Torﬂ,a CHpaBelIJIHBO TOXAECTBO
L (ei*S () = [0S (9), (2.4)

Ecau F(A)— unrerpan (2.1), To, MHTerpupys 0O YACTSM, NOJY-
yaeM

Fly=a- i@ Leswae=2{tLieersmar, @)
Q

Q

TaK KaK BHEHHTerpa/bHast MOACTAHOBKA o6palaercs B HYJb B CHJIY
¢unatHocTd GyHKUMH f. 3mech L — ¢$hOpPMaAJIbHO  COMPSIKEHHBIH
n

Kk L omepatop: ‘Lf= Z 5?7 (] SL(x) 72 %g— f). CJle[0BaTe b HO,
i i
J=1
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[Fy<<cn™ I fllg: )- TloBTOPSisl MHTETPUPOBAHHE MO HACTAM eilie
N — 1 pas, nmoayuaem (2.2).

Takum o6GpasoM, B YCJIOBHSIX 3TOH JeMMBbI F(k):o(}f“)
(A > -+ o0).

M3 nemmbl 2.1 BrITekaeT TOT Ke HPUHUMI JOKAJH3AUUH, UTO
H B OJHOMepPHOM cJayuae (cm. § 1, m. 2).

Iycte P (R%) — npocrpancteo JI. Illsapia; ero sJieMentamu
aBagioTea GyHkuun f(x) = C™(R™), koTopsle npu | x|— oo y6LBaIOT
GeicTpee J060f cTemeHH | x| BMecTe CO BCEMH CBOHMH IPOH3BOI-
HBIMH.

[Ipennoxenue 2.1. Ecau Qyuryus f(x)Ef/(R;‘), 70 ee
npeobpasosanue dypse T ) < Z (RE).

JlokaszarteawctBo. [lo ycaosuo, aas mo6oro N u gas
Mo60ro MyJbTHHHIAEKCA ¢ cyliecTByer nocrosHHast Cy,, Takas,
yTO

D)< Cp, o (1 +1x1)7Y, x=R
Hmeem

Dif (&)= exp(i(r, &) ga(dx,
RE
g, W=x"... xrfx)sY (RM).

HMuterpupyss M pas mo 4acTM Tak Xe, Kak H B (2.5), u yuu-
TBIBASl, UTO BHEHHTerpa/bHble IIOACTAHOBKH HAa GeCKOHEUHOCTH
o0pamanTcss B HyJb B CHJIy OBICTPOro y6bBaHusa (GYHKUHH g,,

noJaydaeM
n

M
DEf @) =1gl™™" S exp (i (x, &) (Z ig —(%) go (%) dx.

n =1
Re

CrenoBatedbio, npu |£]>>1 cnpasepsmpa onenka |DEf ()] <<
< Cy. m&I™™, uTo u TpeGopamoch n0Ka3aTh. ;

Teopewma 2.1. [Tycrs Q = R"— ronewnas 06 aacrs, f (x) = Cg (Q),
Sx)=C™ Q). Hycre ¢ynxyus S(X) BewjecT8EHHOZHAYHA U UMEET
8 06aacTu Q eOUHCTBEHHYI0 U HPUTOM HEBbIPONCOEHHYIO CTAYUO-
Hapryto Touky x%. Toeda npu h—> 4 oo cnpasedauso acumnroruye-
cKoe pasiodcerue

F(h) = S f(x)expliAS (W] dx~2 " exp RS () Y ash ™% (2.6)

Q k=0

3T0 pasroscetue MOHCHO OupdeperyuposaTs no A 4060e 4ucao pas.
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BoimuiieM rJaBHBIE 4JeH aCHMITOTHKH:

F ) =(2)" exp[25 (&) + £ sgn s,

X 1det SL( T [F() + 0G0  (2.6)

3necy ucnogab3yercsi o0o03HaueHHe: ecan A — BemrecTBeHiuas
CHMMeTpPHYHAsl HEeBBIPOXKIEHHAsT MATpHIA, TO

sgn A=wv, (4) —v-(4),

rae v, (A) (v-(A)) — 4nca0 MOMOKHTENbHBIX (OTPHIATENBHBIX) COl-
CTBEHHBIX 3HaueHHH MaTpHIB A.

HokasareabctBo. Ilo JgemMme Mopca, odyukHIL S (X)
B MaJol OKDECTHOCTH TOYKH X’ MOXXHO C TIOMOUIbIO ITAJKOH 3aMeHbl
NepeMeHHBX x = ¢ (y) TIPUBECTH K CyMMe KBaJpaToB:

SoRDW=S)+5 Y ey (e==x1)
j=1

BekTop-QyHKIHA X = ¢ (y) aHdPeoMoppHO 0TOGpPAKAET HEKOTO-
pywo okpectHocTh V Toukm y=0 Ha okpectHocTb U Toukm x°.
B xauectBe V BHOepeM Ky6 BHAa |y;1<Cd, 1<{j<Cn. [anee,
B CHJY INPHHLIHNA JIOKAJH3allHH MOXHO CHHTaTh, 4TO [ (x)=0
BHe U. v

ITocsie 3aMeHBl NEepEeMEHHBIX IOJyYaeM, UTO

8 5 "
F (A) = exp [iAS (x%)] S .. S exp (%— Z a]yf)f' (y)dy + O (h"“’).
o b =
(2.7)

TpuMensis K NOJYyYEeHHOMY HHTerpaJsy TteopeMy 1.5, mocJegoBa-
TeJbHO MO MEPEeMEeHHBIM ¥y, Yo, ..., Y, (CPaBHHTE C J0OKa3aTeJb-
ctBOM TeopeMul 2.3.1!) moayuaem (2.6).

naBublfi UJeH acUMNOTOTHKH HMeeT BH]

exp [iAS (x°)] " (0) f[ §° exp( i?»;,- xf) dx, =

j=1 —o0

n

= exp [iAS (x?)] (3;1)"/2 exp (‘—f— D e,) J (x9) det @} (0).

j=1

M3 sToii ¢opmyas u JemMMbl Mopca 2.2.3 caenyer (2.6%).
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Cunepnctrsue 2.1. B ycaosusx reopemot 2.1 0an awoboeo ye-
n020 N =0 cywecrsyror nocroannsie Cy, ay Taxue, 4o npu A == 1
cnpagedausa OyeHKa

n N o
F(k)—k_Texp[ikS(xo)]kgo arF<< e Y ]Hfﬂc“N(g)- (2.8)

Koagppuyuentor a, pasaoscenus (2.5) umeror sud
ap = (M) (x),
ede Moy — aunelinbie Oughgeperyuaibroe oneparopsl nopaoka < 2k.
B Buay BaskHocTH TeopeMbl 2.1 npuBemeM OpyrHe BapHaHTH
ee J0KazaTeabCTBAa. JOCTATOYHO OrPaHHUUTBCH CJaydYaeM, KOTjaa
supp [ ectp Manasn oxpecTHocTh ToukH x0, det 87, (x) %= 0 ua supp f.
Ilpumensta popmysy (2.3.24), nosyyaem oZHOMEpPHHIH HHTErpaJ
F (&) = exp[iAS (x%)] S ety (c) dc
(aHTerpaa B CcHAY (QUHUTHOCTH (QYHKIHH [ GepeTcsi B KOHEUHHIX
npepesax). HMs npepmoxenns 2.3.3 caenpyer, uro @;(c) ~

~c2 Y guct (c—0) u uto ®;(c) =CF(RY), orkyma B cumay
E=0

JemMMbl Idpgefin caeayer (2.5). TpeTufi BapuaHT [goKasaTesJdbCTBA
OCHOBaH Ha papeHcTBe [lapceBass

{ewvwar=en" {e@b(—2a (2.9)
R" 1.
3nece @ (&) — npeobpazoBanne DPypbe QYHKUHH @ (X):
8O ="Firi 0 (= {@@exp[—i(s, Bldr.  (210)
Rn

[Tpumenas gemMy Mopca, moayuaeM (CM. [d0OKa3aTeJbCTBO Teo-
pemel 2.1)

F (1) =expiaS ()] | exp[5- (g, )] 1" (9) dy + 0 (™),

U

rae U — manasa oxpecTHocTh TOUKH y==0, A — BeniecTBeHHas He-
BLIDOXKAEHHAA CUMMeTpHUHas martpuua. [Ipumensas pasencrso [lap-
ceBaJsisl (2.9) U yuuteiBas Qopmyay (2.3.16), noayuaem

F (L) =exp[irS (x9)] (QT"‘)M2 exp [—142 sgn A] [(A),

1) =\ exp[5 (475, O] F @) 2

Rﬂ
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Tenepp 3KCHOHeHTa, CTofllasd MMOJA 3HAKOM HHTerpaJfa, COREepXKHT
Maanli mapamerp A”'. Paanoxum ee mo ¢popmy.se Teitmopa:

exp[ 5 (a7 8] =Y - (55) A7 ©F + Ry, 1.

U3 onenxn

|2|N+1
<—oore'?! (Rez<C0)

CneﬂyeT, 4qTo
Ry, M) |<SCua ™V g P VY,

Cy — TIOCTOSIHHAS, TaK 4YTO

[Rue WF @ dz| < Cp ™ IEP P @ 1ds <

R" R™

ITocnepHuit WHTErpas CXOMMTCH, Tak Kak QyHkiua [ (£) npunaz-
Jexut npoctpanctsy [lmsapua ¥ (R"). OkoHuaTe bHO MOJYHAEM

W)=Y ar ™+ 00"  (—+w)

yTO H JAOKasbiBaeT TeopeMy 2.1.
[TpuBeseM dopmyasl i KoddDdHIHEHTOB passoxenus (2.5),
aHaJsorHuHble dopmy.aaMm (2.4.9). ITosoxum

Hs (%% = S7,(x9), As(x%) =det Hs(x9) 2.11)
H BBexeM AHddepeHIHABHBIH onepaTop

L=—+(H5' (:)V,, V.). (2.12)

[Mpennoxenue 2.2. [Tycro ycaosun reopemot 2.1 8otn0.1HE L.
Tozda npu A=1 u npu amobdom k=21 cnpasedauso pas.aosxcexue

Foy=(Z)" 185 () 17 exp [ 22 sgn ()] X
X Z 2L D 0 explinS (x, O1) |,y + 4R, (),
w= +k—[5] (2.13)

3decs 0603HAUECHO
S(x, ) =8(x) — S(x") —(Hg (x%) (x — x9), x — x0), (2.14)
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u 0as ocTaroHoeo yaena cnpasedausa oyenka (npu A= 1)
| Rk (A') l < Ck “ f “(;Y(Q) (2 15)
npu Hexkotopom y =y (k) < co.

JlokasaTteabcTBO. PaccMoTpuM (GOPMaIbHBIA DAL D, A“’x, ),
0

noJgydenHsli w3 (2.13) s3amenod k£ Ha | co. Tak kKak GyHKIHA
S(v, % umeer B Touke x” Hysb mopspka >3, To ¥ (A) ecTh mo-
JAnHOM cTenenu << [2j/3]. Tlepepasnaras 3TOT pAj No CTemeHaM A,

MOJIy4aeM Zk—jxj (A)= Y. ajn~" (paBeHcTBO (opMasbHBIX CTemeH-
0 0

HbIX DPS0B) U (DOpMAJbHOE DPa3JiokKeHHe
F(A) ~expliaS ()]~ 3 aja .
0

IMokaxem, uTo a;fsa.

ITycrs n==1. Torma aas unrerpasa Jlamaaca (2.11) copasen-
JIUBBl aCHUMIITOTHUeCKHe pasJoxeHHda (2.1.24) u (2.1.28). Acumnro-
Tudeckoe pasjoxenne (1.27) nas wunTerpasa Pypbe mnoJsydaercs .
u3 (2.1.24) dopmaabHOfi 3aMeHOH

VTS 1> AIS7 () Texp[ 5 sgn 87 (+9)).

Pasgoxenne (1.29) mosayuaercas wus (2.1.25°) ¢ moMompio ToH xe
dopMasipHOH 3aMeHH. B CHJIYy €IMHCTBEHHOCTH aCHMIITOTHYECKOrO

PA3JIOXKEHHs N0 CTeNeHsM A~ MpejJioXeHHe N0KasaHo MpH n = l.
IMockoabKy pasJjoxeHue (2.5) moJsiydaeTcst B pe3yJbTaTe MOCJIE]O0-
BaTeJbHOTO INIPHMEHEHHsI MeTOJa CTAalLHMOHADHOH ¢asel K OfHOMEp-
HBIM HHTerpaJgam, u3 (2.4.9) caenyer (2.13).

CyMmMa, crosimasi B npaBoii yacTH paBeHcTBa (2.13), comep:xkur
BCe KO3GhQUIUEHTH ap npH £ < /2 + a;. OTnpasisisa B 0CTATOUHBIH

— n
4JIeH BCE cJaraemble BHga constA™ ", m > 5 + a; ¥ yuutnBas (2.8),

mosayuaeMm (2.15).
ITpumep 2.1. IlycTh p;— BelleCTBeHHble 4YHCJA, OTJIHYHBIE

or nyas, f(x)e CP(R?). Torza mpu A —> oo CIPaBeNIHBO ACHMI-
TOTHUECKOE DPas3JioKeHHe

S f(x)exp (ij“— Z u].x]?) dx ~ (%hn_)"” exp (Lf— Z sgn u,) X

Rn. j=1 j=1

/mi—_k. RN
xgo - (,;“’lax?) F (%)
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Meton crauuoHapHo#l (asbl oueBHAHBIM 06pA30OM pacmpocTpa-
HAeTCH Ha HHTerpaibl OT AuddepeHUHANbHbIX (HOPM MO MHOr006-
pasusM. HMmenno, nycts M” ecThb n-meproe C-MHOrooGpasue, o”
ectb C™-dopma pasmepHoctd n Ha M" u S: M"— R — dyukuus
Ha M" xnacca C®. PaccMoTpum HHTerpaJ

F)= 3 eMS g, (2.16)

m"

Ecau M"™ — nexoMmakTHOe MHOrooGpasue, TO mMoTpeGyeM LOMOJHH-
TeJbHO, YTOGH (opMa o 1iMesa KOMIAKTHHIH HocuTeab. Omnpene-
JIEHUST KPUTHUECKOH U HeBBIPOXKIEHHOH KPUTHYECKOH TOUKH BBOILSATCS
CTaHAApPTHEIM o6pa3oM. MMenno, nycrs Touka P'e= M, (4, ...
..., U,)=1u — JNOKAaJbHble KOOPAMHATH B OKPECTHOCTH 3TOH TOUKI,
(w0, ..., ud)—xoopaunarsl P’. Torpa S=_38(u). Touka P° Hasbl-
Baerca xpuruzeckot, ecaun S, (%) =0, u nesvipormdennol, ecan
det S}, (1) 5=0. HerpynHo mpoBepuTh, UTO 3TH ONpejeJeHHS HHBa-
PHAHTHBI OTHOCHTEJbHO BBHIGODA JIOKAJbHOH CHCTEMBI KOOPAHHAT.
Ecau Ba supp o” HeT KPHTHUECKHX Touex (GyHKUmH S, To F (A)=
=0(") (A >+ ). DT0 NOKa3HBaeTCH C NOMOLIBIO Pa3OHEeHIs
€JHMHUIBI, Tepexona K JOKAJbHbIM KOOPIHHATAM U MPHMeHEeHis
JemMMmbt 2.1. JIis BKJama OT HEBBIPOMKIEHHOH CTaUMOHAPHOH TOuKH
CTPaBeNJUBO ACHMITOTHUECKOE pasJioxetnne (2.6).

2. HomoauuTtenpHboie mapamerpsi. Kak npasuio, ¢pasosasn hynx-
IHS 3aBHCUT OT JOIOJHHTEbHLIX mapaMeTpoB. Ecau npu namene-
HHU [apaMeTPOB CTALMOHAPHAs TOYKA OCTAeTCsl HeBbiPOXKJIEHHOIT,
TO pasJoxkenne Ttuna (2.6) ocraerca B cuse. [IpuBefieM COOTBET-
CTBYIOIIHE AOCTATOYHbLIE YCJOBHS.

[lycts a={a; ..., ap), Qy, Q, — orpanHyeHHsie o6.1actu B RY,

R% cooTBeTCTBeHHO. PaccMoTpuM unterpad

FA, a)= S f(x, a)exp [iAS (x, a)] dx. (2.17)

Qx

CoopmyanpyeM zanbdepenunanpuble ycjoBus Ha ¢dyskoun f, S.

1°. f, S=C~(Q, X Q,), basza S seuecTBeHH03HaAYHA.

2°. CymecTByeT KoMmakT &, Q, Tako#, yto f(x, a)=0 npu
asQ,, r=H

ChopMyJupyeM YCJOBHsl Ha CTaUHOHaDHYW Touky ¢ashl, T. e
Ha pelieHHe YpaBHEHUsd

S% (x, a)=0. (2.18)

3°. Ilpu kaxnaoM aE€ Q, ¢dasa S(x, a) HMEET eIHHCTBEHHYIO
H IPHTOM HEBBHIPOXIEHHYIO CTAlMOHapHYI Touky x(a) Q.
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Teopema 2.2. [lycre ycaosusn 1°—3° goinoanensi. Tozda npu
mobom yeaom N =0 cnpasedauso pasiroxcerue

n N
F(h, a)=2" 2 exp[iAS (x*(a), a)]j;]r’a, (@ FRy(, ). (2.19)

Hycre K < Qy — komnakr, o= KX, A= 1. Toeaa 0an ocrarou-

HO20 4aeHa cnpaeeaﬂuea OyeHKa
n iVs
| DEDSRy (1, @) | < Cuv,o,y ()22 TP (9,90

3pech moctosiHHas C He 3aBUCHT OT @, A d f, y — JiioGble MYJib-
tunHnekchl. Kosdbounuents a;(a)=[My,; (x, a, D,) f](x(a), a), raoe
My; — nunefinble nHddepennyaabHble OnepaTophl HMopsAAKa 2.

JJokasaTeabcTBO. [JOCTATOUHO PAcCMOTPETh chayuail, Koraa
KX — wap Buma |a— a®|<Cp, Jexamuit B Q) nocsae 9TOro TeopeMa
6yner cnemoBaTh M3 Jemmsbl [eitne — Bopens. Tosoxum F = x°(X)
n BeIGepeM o6aactu V,, V,=Q, takne, uto K=V, [V, V,.
Yerpoum C™ — pasbuende equHuubl: 1=, (x) + ¢, (x), rne ¢, (x)=1,
sV, ¢,(x)=0, x&V,, ¥ cooTBeTcTBeHHO mnpeAcTaBuM F (A, a)
B Buae F, + F,. Ouenum unrerpan F,. [lpumenss ToxpmecTso (2.4),
HoJy4aeM

Fa= o S L e

Tak kKak supp @, He mepecekaercs ¢ K u S0 npu ae X,
xeX, o [VS(x,a)|>=06>0 npu x=suppg,, as XK. Ciaexosa-
teanuo, | ‘L (fg,) << const npu x = Q, a = X, Tak uto | Fo | << CA™!
npu A>1, a= XK. TloBTopsst HHTerpUpoBaHUe MO HACTAM, NOJY-
yaeM: Aasg JawGoro uejoro N =0 cymectByeT mnoctosiHHas Cy
takas, uto |Fa|<<CyA™" *=1, a=X). Tak kak nuddepen-
uuposanue Fy, 1o A, o NPHBOAUT K HMHTErpajy TOro Xe BUEA, TO
TaKhe e OLEHKH HMeIOT MeCTO HJsf BCeX HPOH3BOIHBIX HO A,
$yHKIUH Fo.

B unterpasie F, clesaeM 3aMeHy mepeMeHHBIX X==#h(y, a) (cM.

n

aemmMy 2.3.3) Takywo, uto (Soh)(y,a)= ), + y; + S (x*(a), a).
f=
Torpa wuTterpan F, mpuMer Bum
F; = exp [iAS (x° (a), a)] S exp (i?& Z =+ y?) F*(y, a)dy.
i=1

[IpuMeHsass K 3ToMY HUHTerpaJy MeToh CTAauMoHApHOH (asml
IoCcJie/0BATeNbHO MO NePeMeHHHM Yy, ..., Yy, (cM. Teopemy 1.5),
noJyyaeM yTBEPXKJeHHE TeopeMbl.
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§ 3. MpuMeHeHHST MHOTOMEPHOT O
MeToda CTalHOHAPHON (a3bl

1. BoiBoJ 3aKOHOB reoMeTpHYecKoi onTuxy. ITycte D — KoHeuHas
obsacth B RY ¢ raankofl crporo BBIMyKJAoH rpanuied I, Touka y°
JexuT BHe I'. B npubamxennn Kupxroda sazaua o nuppakLnu
0JIST TOYEUHOr0 HUCTOUHHKA, PACMOJOXKEHHOTO B Touke y, Ha uje-
aJbHO oOTpaxamouem TeJde [, orpaHHueHHOM TIOBepXHoCThio [,
NPHBOAUTCS K BBHIYMC/IEHUIO HHTerpaJa (cMm. [43], [48])

0y, )=\ [~ G 152 G 6, )+ G (5, 9) 32 G x, ] ar. 3.1)
T

3necb dI' — snement mnosepxHoctd I', J/0n, — NpoH3BOAHAS IO
BHellHed HopMasu K [ B TOuKe X, G=——4~£r—e””, r=lx—uyl,
Toukd y, y° mexar Bue I' ®u u(y, k) ecTh oTpaeHHoe moJe. Hac
HHTepecyeT KOPOTKOBOJHOBOe INPHOIMKEHHe, T. €. aCHMITOTHKA
v(y, k) mpu k— + oo. IlpuMeHHM MeTOZ CTaluoHapHOH (ashl

®aszopag dyukuus S wumeer BuA S(x)=|x— |+ {x—yl
TTosepxHocTs ypoBHs S(x)=CZ>=|y— y°] ecTh 3JJHICOHL Bpa-
menns ¢ gokycamMu B Toukax gy, y° Touka x® =T Torga u TOJBKO
Torjla SIBAsSETC CTalMOHAPHOH TOYKOHM ¢aspl HA HmomepxHocTH [,
korma saguncoun S(x)=|x%— y°|+|x’— y| kacaercs moBepxHO-
ctu T' B Touke x% Tlyete x"=x"(y, 4% —Ta u3 cTalMOHAPHBIX
Touek, HJs1 KOTopoH neauunna S (x%) mMuuuMaswua. B cuay crporoi
BRIIVKJIOCTH [' uMeeTcs ToJbkO OAHA TakKasi TOYKa. BHIUMCAHM
BKJIAJL OT 3ToH TOYKH (KCTATH, BKJIAJAB OT OCTAJbHBIX CTalMOHAPHBIX
TOUEK HE HMEIOT (PH3UYECKOrO CMBICJIA).

[TpoBegeM MJOCKOCTH & yepe3 TOukH y°, y, x% Toraa HopMmaJb
n=~n, OYAeT JeXaTb B 3TOH NJOCKOCTH. B CHJY H3BECTHOIO
cBoHcTBa 3JJuIca n oO6pasyeT paBHble YrJbl O ¢ Jyuamu, coenl-
uaomuMu x% ¢ y u ¢ y° (Jas unraress, 3HAKOMOTO C TeOMeTPH-
YecKOH ONTHKOH, 3TO YTBEepXKJeHHe 3BYUYHT TakK: yeoa nadexus
pasen yeay orpascerus.) BereM B OKPECTHOCTH TOYKH X JIOKAJb-
HYI0 IeKapTOBY CHCTEMY KOOPIHMHAT (2, 2y, 23). Hauaso xoopauuat
IIOMECTHM B TOYKY x°, 0oCbhb 2; HalpaBUM IO HOPMAaJH K 7, OChb 2
IIOMECTHM B IIJJOCKOCTH 7. YpaBHeHHe ' mpuMeT BHJ
a

23=_ 5

z?—bzle———;—zg—i- e,

rie MHOroTouneM oGO3HAUeHBl uJjeHH cTeneHu =>3. 3xecb a > 0,
¢>0, ac—b">0. Kpome Ttoro, dI'=[1--0(2%+ 23)]dz, dz,
npu Mageix |2|. Tak Kak Hac MHTepecyeT TOJbKO TJIABHEIH 4YJjeH
ACHUMIOTOTHKH, TO Mbl MOXeM OTPaHHYUTbCS KBaAPaTHUUYHHMHU IO 2,
2, usenamMp B pasnoxenud Tefsnopa dyHkuuu S. Beegem o6osna-
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yepust: ri=|y —x°|, ro=[y°— %], O — yroa MeXay ocbio Z; H
It

BekTopoM y — x° (0 <0< 7) Torna npu maabx |z, z&T,

HMeeM,

[x—yl=[r'+|2f —2rz2 sind—2rzcos0]? =

9 9
22 cos’ 0 + 23 2
| 2 3
A2 — Scos0+ .
H

W aHaJjJoruuyHass ¢opmyJaa crupaBegansa gas | x — y°|. Oxonua-
TeJbHO MOoJyuaeM

S=r1—|—r2—|——;—{zf [(711— —I——rl? cos?6 — 2acose]—|—
+ zg[(%—l——}—) — 2c cos 9] —222,b cose} +

CuepnosaTtesbHO, reccnan ¢yHkuud S B Touke x’ paBeH

:rl

(r_1+——r!— cos 8 — 2a —b
Hg (x%) =cos 8 1 ) 1 1 ’
—b (_r_+—r—-)—20cose
1 2
HaJsnee, B Touke x°
e—itl x| aG((),’rl,y) =~ =y 1{kG (x°, y) y' +0()=
zkcose

=S 4o,

1 asajoruudo aas G(x, y°). CienoBaTesbHO, TJIABHbI YJeH acHMII-
ToTHKU v (y, k) paBeH

1 /1 1 exp lik (ry + r))]
B ~—[—4+ — ) . .
v(y, k) ~ (r2 + fg) Winvo cos 0 (3.2)
3ameruM, uro sgnS”(x%)=-+42, rak kak x*— ToUKa MuHHMYMa
¢dyuknud S Ha T

[Mpumep 3.1. PaccMorpuM uHTErpaJ

FQ)= Sf(x)exp[zk(lx——ro +x—x'])] dx.
Rn

3nech x° 7= x', x' — pukcuposanuse Touky, f(r) = C5 (R"). Bouuc-
JIUM aCHUMITOTHKY F (M) mpu A — 4 oo.

MHoxecTBa ypoBHsi (a30Bo# (QYHKUUM S==¢ §BJIAIOTCA NPH
¢ >|x°— x'| sanuncounamMu BpameHus, q)oxycm KOTOPHIX pacHo-
JoxeHsl B Toukax x°, x!. 3HaueHne ¢ =[x — x'| aBasercs cranuo-
HapHBIM 3HaUeHHEeM (MI/IHHMYM) ¢azoBoll GYHKUMUH, IPH STOM MHHH-
MyM pocTHraercst Ha LeJoM oTpeske [x°, x!]. BymeM cumTaTh, 4TO
W=(—1,0,...,0), x'=(,0,...,0); >3Toro Bcerna MOXKHO
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JOGHTBbCA € MOMOLIbIO fABMKeHUA. [lepeiineM K 3/MUITHYECKHM KOOP-
IHHaTaM, roJarag

n=ltm, x=IVE-D1-1)8, 2<i<n,

n
rae 8; — yriaosble IepeMeHHbIe, Z 6;:— 1. Torpa

=2

de=1"[E2— )(1 =) @ —nDdidndQ, S=2,

-2
rie dQ — 3/eMeHT NOBEPXHOCTH ejuHHuHON chepsl S” . O6.acTb
H3MEHEHHs NepPeMeHHBIX CJIeyIoLan:

I<E< oo, —1<n<Kl, =S"2

BhiudCJIUM TJaBHBIA YJeH acuMITOoTHKH. HMMeem

Foy=1{ @ — 1" expi2nie) g @) a,
1

{

g@=c+0"" { {@—m)0—m""x

gn—2 —1

X e, IVE—=D1 —1) 8y, ..., [//E— D —1)8,)dn dQ.

Oyukuus g(E) ¢dunutHa, $asa S=2[f He uMeeT CTANHOHAPHHIX
Touek. IToaToMy OCHOBHOH BKJaj B MHTErpaJ BHOCHT Touka §=1.
ITo nemme Barcona,

F () ~ A~ exp [Qill + ﬂ_(_”_[___ 1)] PUSRIERNS
4 — 1 ) e 1}
X 1 (_'ET_)g“)Q (=12,

HaJee,
1

g(1)=2"""0,, { (1 —n?)
|

(n—1)/2

f(m, 0, ..., 0)dn,

-
rie ©,-g — IJomagb mosepxHocTu coepsi S*7°. Tak KaK @n-—p==
n—2
2m ;

—_— %
n—1

()

F (M) ~ (mfa) =0 (0402 oxp [21‘7»1 + fin—=1) (”4~ ”]X

X { @ =n""fm, 0, ..., 0)an.

-1

, TO OKOHYATEJABHO II0oJyudYaeM
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o - 2)/2
OcTaTouHblf ujieH uUMeeT MOPALOK O(L (n+2)f ) OTMeTuM, 4TO raagm-
Held uJieH 3aBHCHT TOJIBKO OT 3HaueHUH ¢yHKUUH [ HA oTpeske [x0, x'],
T. €. Ha TOM MHOXeCTBe, I'Jle JOCTHraercs min S
n
xR
2. Hnurterpaanhbie onepatopsl ¢ O-o6pa3umiMu sapamu. Pac-
CMOTPHM HHTErpaJbHblil omeparop

KHw=(=)" Viwepisc—gla. @3
Q

3necs Q < R” — orpannuensas obaacts, 0 Q, [eCf (Q),
S=C”(R") u dpasa S uMeeT eJUHCTBCHHYIO, H IIPUTOM HEBBIPOXK JEH-
Hy10, cranuonapuyw Ttouky x==0. Torma omnepatop Ki: Cp (Q)—
— C”(Q) ects omeparop ¢ O-o6pasHeiM sppom. Mwmenno, B cuay
Teopembl 2.2 uMeeM IpPH A —> -+ oo

(K () = exp [ sgn ST (0] det See (0) 1 [F (v) + 0 (1]

paBuomepHo mo x&Q. Ecmm xe xEQ, To (K,f)(x)= O(A °°)
(A —> + o0), Tak uro npu x & 9N

lim (K}j) (x) = const [ (x) %, (x), (3.4)
A>+oo
rie ¥, — XaPakTepPUCTHYEeCKAs QYHKLHUSA MHOXKeCTBA Q (T. e Y, (W)=1,
1=Q, 1, (0)=0, xEQ).

3. TMpeo6pasoBanue Pypbe u mnpeobGpa3oBanue JlexkaHpapa.
Beenem A-npeobpasosanue Pypoe, coaepxkaiee mapamerp A > 0:

(o oo ) ()= () * {expl—a e, plf(dx.  (3.5)

R

in
3nech A/ =e * . OGpaTHoe MpeoGPa3OBaHHE HMEET BHA

_ A NT : ,
(77 g (M0 = (=57 ) SeXP[ﬁ» x, plg(p) dp, (3.5)
Rn
_ _iz
rie —i=e¢ *. DBbUHCIHUM aCHMITOTHKY A-NpeoGpas3oBaHHA
®ypbe oT GBICTPO ocHUAAHPYIOeH GYHKIHMH BHAA ¢ (x) exp [iAS (x)]
¢ pewlecTBeHHOH ¢asoll S(x). OHo uMeeT BuJ

()" Jewentnsw—(x mids. (3.6)
Rn
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Touku craumronapHoii Ghasbl ompenessioTcs H3 yPaBHEHHSA
p=S%(x). (38.7)

Ecnun x=x(p) — peuieHne 3TOro ypaBHEHHs, TO 3Ha4YeHHe (a3bl
B CTallMOHApHOH TOUKe PABHO

S(p)=(Sx)(p) — (p, x (p))- (3.8)
[TpeoGpasoBanue

L: (x, S(x)~(p, S(p)), (3.9)

sagasaeMoe topmynamu (3.7), (3.8), HaseiBaerca npeohpas3osaruem
Jemandpa. TlpuBeneM oCHOBHBIe CBOHCTBa 3TOro npeoGpas’oBaHUs.

IMycrs Q — o6macts B Ry, dymkmua S(x) = C™(Q), BeuecTBeHHO-
3HauHa ¥ MHorooGpasue X,.;=3S(x), x =Q, UMeeT OTJHUHYIO OT
HYJsl TayCCOBY KDHUBH3HY, T. €.

det 87, (x) == 0, x=Q. (3.10)

Huske Mbl mpenmoJsiaraem, uTo 3TH yCJOBHS BhIIOJHeHBL. [lo Teopeme
u /7

06 o6paTHOH (yHKIHU oToGpaxenue p =S,(x) 3agaer nuddeomop-

¢bu3M  gocTaTo4yHO MaJsbix okpectHoctedi U, Vo Touek 0= Q,

p’ =S (x) coorsercrBenno, npuuem S (p) = C™(Vo). Huxke x & U,,
peU,
1°. Ilpeo6Gpasosanue Jlexauapa HHBOMIOTHBHO: 2= [.
Ie#ictButensHo, B cuay (3.7), (3.8)

dS (p) =(S,(p), dp) =(x, dp) +(p, dx)—(S\(x), dx) =(x, dp),

=7
Tak uto S,(p)==x, u dopmyasl npeobGpaszoBaHua JlexkaHapa mnpwu-
06peTaoT yAUBHUTEJbHO CUMMETDHUHLIH BUJ:

p=3S:(x), x=8,(p) SW+S(= py G.11)
2°. CnpaBelHBO TOXKAECTBO!
St (%) Spo () =1. (3.12)
JledicTBUTENBHO,
dx=d(8,(p)) =7, (p)dp, dp=S7.(x) dx.

3°. T'ayccosa kpuBmsHa MHorooGpasusa p,. =3S(p), p=V,,
OTJMYHA OT HYJA, H 3TO MHOroo0pasHe BHIIYKJO, €CJH BHIIYKJO
MHoroo6pasue x,,; =S (x), x & U,.

Cnenyer u3 2° u ycaosus (3.10).

Ecniu xe ycaoBue (3.10) He BHIOJHAETCS, TO (QYHKUMA g(p)
MOXeT He GHTb raajxol, a cooTsercTBHe (3.7) MEXAY X U p MOXKeT
He OBITh B32aUMHO OJHO3HAYHBLIM.
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FeoMeTpuueckast HHTepnperauus npeobGpasoBanus Jlexanxpa
takoBa. IlycTh ypaBHeHHe x,,,==S(X) 3agaeT CTPOro BHIIYKJOE
(a1 mpocToTh) n-MepHOe MHoroo6pasue I' kaacca C™ B R™.
DTy Ke THIePNOBePXHOCTb [ MOXKHO 3axaTh Kak oeubarouyro
ceMeHCTBA N-TIIOCKOCTe! — a WUMEHHO, KacaTeJ bHHX MIocKocTell K I
YpaBHeHHe R-TLIOCKOCTH 7, KoTopas Kacaercs I' B Touke (x0, S (x9)),

HMeeT BHJ, fmer = (x, LGN+ TS () — (&, SL (M)

IlosTomy wumcaa S, (x0)=p0, S(xo)— <x°, Sy (x0)> "_13 (po) OJLHO-
3HAYHO OOPeeJsaloT 3Ty AR-IJOCKOCTh, Tak uto (p°, S(p®)) — xoop-
JHHATHL 7T,

[lycte A — BewecTBeHHas cuMmMmeTpuuHas {n X n)-MaTpuua.
Bpenem o6osHauenue: inerdex A (undexc unepyuu ™atpuun A) —
YHC/JI0 OTPMIIATENbHBIX COGCTBeHHBIX 3HaueHuH MmaTpuusl A. Hmeer
MecTo cooTHomeHne (ecan det A = 0)

sgn A+ 2inerdex A=n. (3.13)

Hanomuum, uto x{p)— pemeHne ypasaenus (3.7).
Teopema 3.1. Ilycro soinoanenst ycaosus:

1°. Sx)ecC” (R"), p=Cq (Q), pynryua S sewyecTeeHHOBHALHA
(Q — o6.aacrs 8 RY).

2°. Orobpaxcenue x—>p==S' (x), x=Q, ecrs dud)d)eo/uopd)uam
Toeoa npu arobom yeaom N=1 u npu aoboix pER”, A>1
UmMeem

[F x5 (@ (x) exp [iAS (x)])] (p) =
= exp [iAS (p)] { exp (— —lg— inerdex S% (x)) | det S%e (x) 72

X [cp @+ Y. 27 (Rew) (x)]}
k=]

Has ocrarounoeo uaena npu A =1, [p|<<R (R > 0 — awboe)
cnpasgedausa oyeHka

[Roy(p, A< Cy g2~V (3.15)

Pasnoscenue (3.18) moocro Ouggepenyuposare no p u no A
at0608 HUCAO pa3, ¢ COXPAHeHUeM DABHOMEPHOL no p A-OueHKU
OCTATORHOEO HAeHA.

HokasaTeapcTBO. Hurerpasa, crosmuii B JeBofl uacTH
paBeHCTBa (3.14), umeet Bz (3.6),  ero CTallHOHAPHbIe TOUKH Onpese-

JsoTca U3 ypaBuenus (3.7). Ilyctob Q={p: p="Sy(x), x = supp ¢}.
Ecmu p=Q, 10 B cuy yeJaoBHH 1°, 2° cTanuoHapHasd Touka x (p)

+Roy(p M. (3.14)

x=x{(p)

b M, B, ®eaopiox
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eIVHCTBEHHA H HeBHLIPOKIEHA, W W3 Teopembl 2.2 ciaepyer cylue-
cTBOBaHue pasfoxkenus (3.14) u ouenxa (3.15). BoIYHC/IUM TJ1aBHbIHA
uyseH acuMnToTHkd. OH paBeH

()" ()" 09 det St (917" %
X exp| (S (1) = (x, p)) + F sgn St (9]

n u3 (3.13) caenyer (3.14).
3ameuanue 3.1. Ilycts TOUKA p JIEKHMT BHE CKOJb YrOAHO

MaJoH OKDEeCTHOCTH MHOXeCTBa Q= Sx(suppcp) (ompegenenne Q
NpHUBeleHO B JOKa3aTeJbCTBE TeopeMbl). Torjpa Bce cJiaraebie
B dopmyJse (3.13), xpome R_y, PaBHHE HYJIO.

CaenctBue 3.1. Ilycre ycaosus reopemer 3.1 goinoanexst u
Q, — npousgoasras ob6aacts 8 Ry, 3amvikanue KoTOpoti He nepece-
xaerca ¢ muoxectgom Q. Toeda 0aa aroboeo mysvTuundlexca o u
oas a106bix yervtx B, N umeem

| DEDR [Fa, sop (@ (x)exp (RS (O | K< Cw, 0, 2™ " (L+1p )" (3.16)

x=x (p)’

npu p&EQ, A=l
HdoxasateabcTBo. Ilyeth p=Q,, AZ>1 u ® (L, p) — unrer-
paa (3.14). IIpumensis (popMyny (2.5), moayuaem

0, M= (L) = oo, prexolin (s 0 —¢w, o) ax

3necs 00603HAUEHO

n

% =2, dii (a,9), a,=(S,, () —p)|S. () —p|™

j=1

Ipu x=supp@, |a| >0 Umeem
0<Ci(+1p)<ISix) —pl<C(1 410D,
| D3 (S5 (x) — p) | < Cs,

rie C; — nocrosiHasle. [Tosatomy

o | <C+1pD™, (OO, pI<C™ (1+Ip)"

CnoBa mnpuMenss (2.5), moayuaeM (3.16) mpu |a|==0. Hduddepen-
nupoBanue @ Mo A, p NMPHBOIHT K HHTErpajy TOTO XKe BHIA.

Takum o6pasoM, uurerpad (3.14) y6uiBaeT GhicTpee Jsio6oi cre-
neuu mpu | pl->o00, A=Ay >0 paBHOMEpHO MO A.



§ 3. MIPUMEHEHHUS METOOA CTALIMOHAPHOWM $A3bI 131

Cnapublil useH acumnToTHKH (3.14) momyckaeT craenymoulyio reo-
MeTpPHUYECKYIO HHTepnperanuio. PaccMoTpum B mpocrpanctse R} X R
MHoroo6pasue

A={(x, p): p=Si(x); xr=Q}.

Arto MHOroo6pasHe Jgarpanxeso ( [55], [57]). B ycaoBusix Teopemnr 3.1
ypaBHeHHe A” MOXHO 3amucaTh B BHJE

A"={(x, p): x=8,(p), p=q’},

rie Q' —o6pas Q npu oto6paxkenun (3.7). TMosTomy B KauecTse
JIOKaJbHBIX KOOPAHHAT Ha A” MOXHO B3sThb JAu60 x, JuGo p. Ecau
X — JioKaJbHBle KoopauHaTh Ha A", To

det p; (x) = det S}, (x),

H aHaJOTHUYHO, eCJH p — JOKaJdbHble KOOPAMHATH Ha A", TO
4 /4
detx, (p) = det S, (p).

Y4uTeiBasgs 3TH TOXKJecTBa, moJyuaeMm u3 (3.14) caeayomyio cum-
MeTPHUYHYIO (GOpMyJy JAJA TJaBHOrO 4YJjeHa AacHMITOTHKH (mpu

X & supp o):
[Fy. op @ (9| det Pl ()| exp [iAS ()] () =
= ¢ (x(p))| det x, (p) " exp [AS (p)] X
X exp (— —’25 inerdex x, (p)) +0(7).  (3.17)

4. Neiicreue ncenoaudbdepeduuasbHoro oneparopa Ha GpicTpo-
OCHHJIJIHPYIOIYI0 3KCHOHEHTY. [Icesdodugpepenyuarvroin onepa-
Topom (m. A. 0.) HasbIBAeTCs HHTErpaJbHBIN ollepaTop BHAA

(Stu) (x) = Fisea (¥, £) Fxoru(x). (3.18)

3nech mnpeoGpasosanue Pypbe ompemeseno B (2.3.13), x=R",
£ =R". Ckgansapuas ¢yHkuus a(x, £) nHasbiBaeTcs CuMBO0M Olepa-

TOpa S¢. B uacTHocTH, €CaM CHMBOJ @ €CTb IIOJUHOM OT §Z a==
m

= IZ a,(x) &, To omepartop ¢ — AuddepeHtHaIbHbLl: (Sfu) (x) ==
la]|=
m
= Zl: g (X) D%u (x).
W f=
Mycre Q < R™ — orpannuennas o6gacth. Xépmangep [90] Bpea
Kaace 8™(Q). dyukuus a(x, &) e S™(Q), ecan
D aeC®(Q X RE);

o
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2) nna moGHX MYJIbTHHHIEKCOB @, B U 1Js JIOGOro KOMIakTa
K — Q Boinosiasiercst oueHka

| DEDEa (x, B)| << Cam k(1 158 (3.19)

npu x= K, e R"™
Moxuo nokasarb, u4To ecau a<S"™(Q), To dopmyna (3.18)

3ajlaeT orpaHdAueHHblii JuHelHBIA omepatop £ Cp (Q) — C7(Q).
Teopema 3.2 ([89]). Hycre ¢(x)=Cy(Q), S(x)=C™(Q),
pynryus S BewieCT8EHHOZHAYNA, U NYCTE
S;(x)==0, xesuppe. (3.20)
Toeda npu aobom yeaom N =0
exp [— iAS (x)] S (F (x) exp [iAS (x)] ) =

1 v / o .
= Y —rofa(x, 2S5 () D (9 (9) expiRS (4, Y1) ly-s + Ry (x, A),
hal<h (3.21)
20e 0603Ha"ero
Sx, y)=S(x)—S{) —{y—x, Sk ). (3.22)
Has ocraro4noeo waena npu h =1, x = K cnpasedausa oyenxa

N
[Ry(x, M) | << Cy, K?»_“[T]'m, (3.23)

20e K < Q — gomnaxr.

drta TeopeMa HrpaeT TaKyl Xe PoJp B TeOPHH I. L. 0., Kak
n dopMmy.saa Jledbunua B Teopunm A. o. IIpuBeneHHOe HHXKe J0Ka3a-
TeJBCTBO ¢M. B [82].

JlokasarteabcTBO. MmeeM us (3.18)

(stu) (x) = @)™ { expli (x, B a(x, ©) ( [expl—iy, Blu dy) dt.
R Ry
DTOT uHTErpaJ MOHHMAeTcd KaK IOBTOPHBIN M cXoputcs abco-

MOTHO, ecau u & CP (Q), Tax xak npeotpasopanne Pypbe i (§) sto#t

GyHKUHH yObiBaeT OwsicTpee Jio6o# cremend [§| mpu |§|— oo.

OrpaHuuyuMca AJ8 IPOCTOTH cJaydaeM m < —n; TOrja aGCcoJIOTHO

CXOJIUTCS COOTBETCTBYIOWIMH ABOHHOH uHTerpas no dydg. Cayuait

ﬁ == — 1 CBOJIUTCA K CAYYalo m < — 1 HHTErPHPOBAHUEM IO 4aCTAM.
MeeM

@ (x, ) ==exp[— iAS (x)] S (@ exp (irS)) (x) =
= (%)n SS % exp (iA)) dy dE,
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rie uHterpaa oepercs mo Ry X RE u
x=a(x, M) e(y), v=&—y, B+ S —SH.
HNmeeM
v, =—E+ S, (), Y =x—y,

TakK 4To (QYHKUHs b HMEET eAMHCTBEHHYIO CTAUHOHAPHYIO TOUKY Q ()
¢ KoopaMHaTaMH y=x, §=S (x).

JlokasaTeqanCTBO TeOpeMbl MPOBeAeM B JBa 3Talla.

1°. Tlokaxem, uTo BKJaAH OT obaactedl |[E| < a, ysQUu|E|> b,

y=Q B unterpas O uMeOT NOPAIOK O(k"“’), ecan a > 0 pocra-
TOUHO MaJio, b >0 gocTaToyHo BeJHKO. Tak Kak, Mo VCJIOBHIO,
S;(y)==0 npu yesuppy, To cyuecTByor a’, 6" >0 Takue, uTo
o <|Sy(y) < b npu y = suppo. Brbepem a < a’, H nycTb HYHKUHSA
LEeCT (R, 5 =0mpu |t|>a, & =1npu|t| < a/2. Toaoxnu

®, = { {15, exp (iaw) dy az.
IMycte K < Q — komnakr. [lokaxeM, uTo aJs Mobelx a, f u m/as
moboro uesgoro N >0 cnpaBeasuBa OlleHKA
| DEDRD (x, M) < Cap,w, k2™ (3.24)
npu x= K, A > 1. Paccmotpum uHTerpaJ

Iy = S xEy exp (iAd) dy

npy te=suppif, x<= K. Ilpumensis K 3ToMy HHTerpanay dop-
myay (2.5), nmoayuaem

=7 \L o) exp () dy,
szz a/ay]a]’ (325)
=1

;= (Sy, () — &)1 Sy (y) — &I

Ilyete x= K, te=supply, y=Q. Toraa [S,(y) —¢l=C >0,
Tak 4Tto K03 dHLHeHTH @; GecKoHeuHO NHddepeHIHPYEMEl H OTpa-
HHYeHBl NMpH yKasaHHBIX Yy, E. Tak kak, mo ycaosuio, |a(y, AE) |<<
K C(l+|AE])™ u npu audPepeHUHPOBAHMM CHMBOJA 1O Y 3Ta
OlleHKa COXpaHsieTCsl, TO MHl moJjyuaeM, uto |/, |<<CA™ ' (Bce mo-
CTE)HHHbIe, He 3aBHcsamMe OT X, Yy, &, A, 0603HAYAIOTCA OXHOH H
TOH xe §yksoil C). CirenoBaTennHo,

| D (x, M |<<CA™™" mpun x= K, A>1.
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IloBTOPSAS HHTErPHPCGBAHHE [0 YaCTAM, HOJyuaeM OLeHKY (3.24)
npu ja|=p=0. QuddepenuupoBanve O, no x ¥ MO A NPHBOIHUT
K HHTerpajJy TOoro e BHAA.

Buifepem Tenepn b > b'= max IS’ ()], u nyctsr QYHKIHA

Y & supp

L eC”((RY, =0 npu |LI<D, C2—1 npu || > 2b. OGo3Has
qum D,, [, I/IHTeI‘pa.HbI noayuennsle u3 @, [/, 3amenoii &, na g,
1 jgokaxem oueHKY (3.24) pas @, B otauume ot @; obaacth
HHTerpupoBaHus B uHTerpaJse @, neorpanuuena. [Ipumenss ¢op-
myay (2.5), npemcrapum uuterpaa [, B Bupe (3.25). Tak kak
S, () —tl=0 mpu [E]=>8, 1o |Sy() —L|=C(1+]t|) npu
tesuppl,, ye=suppe. CaemopaTteasio, o¢yHKuHH a; S~ (Q).
Haunee, |a(y, AE)|<KCA™|E|™ npu Tex Xe y, §, U AUddepeHIHpo-
BaHMe 10 A He MeHsieT 3TOoH olleHkH. [ToaTomy

|LGxz) << Clg™ A

TaxK 4TO

<ot | errason
1§t =b

[ToBTOpsAsS HHTErpHUPOBAHHE IO HaCTAM, NoJaydaeM oIeHKy (3.24)
A @, mpu |al=f=0. Huddepentnpoanne ¥, no x u no A
NPUBOJUT K UHTErPaJsy TOrO K€ BHA.

2°. Tlonowum &y==1—2¢; — &y, U nycTb My — HHTerpaJ, noay-
yenHoli u3 @, 3amenodl g, Ha f3. Torma @ =@, 4 ©, 4 O;. das
uHrerpaJgoB @, , Mbl YKe moayuuam oueHky (3.24); k unrerpany @,
NpuUMeHUM Teopemy 2.2. O YHKIHA 1p HMeeT eJHHCTBEHHYIO CTAIHO-
HapHyio Touky Q(x) = (x, S%(x)), Kak 6blj0 moKa3aHo Bhiule. [esas
3aMeHy

E=SL() + L SLM Y +E, g=x+7,

npu maablx &, y’ noavuaem

P=—Sy —, O+ 0y F+IEP.

CrepoBaTesbHO, COOGCTBeHHBIE 3HAUEHHS MATPHIBL -—[] ‘Pyg
i3
1 <, j<{n, B cTanuoHapHOHW TOUKe pPaBHbl 1, TaKk 4To BCe yCJao0-
BUSf TeOpeMbI 2.2 phinoJdensl. B Touke Q (x) uMmeem
- "o n "o
p=0, detyy ==(—1)", sgnyj=

TeM caMblM CYL[ECTBOBAHHME ACHMIITOTHUECKOTO Pa3J/oKeHHA (YHK-
-1
uud O no creneHsM A~ J0Ka3aHO, M OCT4eTcs MOJYUYHTh HOpMYTy
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(3.21). Ecan u=C7 (Q), To
exp [— ix, )] o (u (x) expli(x, n)]) =
= @) {ay, Dexplite—t, M7 E—n)dg ~

~ %O%a(x, n)S(@—n)“eXP[Mx, gE—mliE—n)ds=

la =0
[» o]

1 e a
= ) < ohaly, m)Diu(x).

la =0

[Mpumenss sty dopmyay (mpu m =21S%(x), u= @e’*S) k ToxxgecTBY
e~ S oL (peiS) = e~ S Wsf, (exp [i {y, AS: ()] @ () exp (AS (x, y))),

noayuaem (3.21).
BeimuiieM nepBhle ABa uJeHa pasJjioxeHusa (3.21):

e~ S5 (eS) =g (x)a(x, AL) —i(a; (x, E), P, (x)) —

— L Sp(ag(x, 987, () |§_S, _to (A", (3.21)

PacemotpuM A-ncesdoduhheperyuarvroili oneparop:
(Stu) (x) = F;,lp—nca (x, Ap) F, 2o pld (X). (3.26)

®yukuua a(x, p) HashBaeTcs cumsosom A-m. 1. o. Takoro poma
A-I. 4. O. BO3HHMKAIOT B PasJHYHBIX 3a4ayax MaTeMAaTHYeCKoH
¢usnkn. Hanpuwmep, onepatop [esbmrosasua E°A+n'(x) ects
k-m. n. 0. ¢ cumBoJoM a==—{(p, p)+ n?(x), onepatop Hlpenunrepa

., 0 h? —1
th—F%A-—V(x) ecTb A -I. A. 0. C CHUMBOJOM a=EF +

+ —2lm—<p, py+ V (x), rne E, p— nBOHCTBeHHBIE K [, X NepeMenHsle.
Kanace T™, no onpepmeennio, knace ¢pyskunii a(x, p), yunosJe-
TBOPHIOIIHX YCJIOBHSIM:
i a(x, p)e C”(RL X RY).
2°. Jlas moGeIX MYJbTHHHAEKCOB a, B
| DEDja (x, p)| < Co (1412 )™(1+1p )™

Opu BCEX X, P.

IMpumepoM cumBoa a =T™ npu m > 0 UeaOM CAYKHT MOJHHOM
OT (x, p) CTeleHu <M.

Teopema 3.3. llycro o ecto h-n. 0. 0. ¢ CUMBOMOM a Kaqc-
ca T™, ¢ynkyus S(x)=C”(R") u sewjecrsennosnauna, Pynkyus
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p(x) e Co (R"). Toeda npu A =1 u npu awbomn yeaom N =0
exp [—iAS (x)] o (@ (x) exp [i?»S ®)])=

(M)—‘Rf(x D)@ x) + Ry (x, 1), (3.27)

uMz

3dect R; — aunetinoul dugdepenyuarprsiil oneparop nopadka < j
¢ woagpuyuenranu xaacca CT(R"), u Oan ocrarownoeo 4iena
cnpasedansa OyeHKa

|DERy (x, << CA™ e (L 12 )7, (3.28)

2de r > 0— awoboe, x =R".

JlokasaTeabcTBO 3TOH TeopeMbl aHAJOTHUHO AOKa3aTeb-
cTBY Teopemnl 3.2 (cMm. [B7]).

JlanpHeHre NpUMeHEHHsT MeTOAa CTallHOHApHO# ¢askl K 1. 1. 0.,
A-T. O. 0. U K OoJsee ofiuuM omepaTopam (WHTerpaJibHbIE OmIepa-
topet ®ypre) em. B [B5] — [57], [90], [91]. B § 4 MBI paccmoTpum
JApYrue MPHJOXKEHHS MeTOAA CTALHOHAPHOH (asbl.

§ 4. Merton cranmonapuoli assl.
Bkaajx OT TPAaHHYHBIX CTALHOHAPHBIX TOYEK

1. Fpanuunbie cranuoHapubie Touku II popma. Paccmorpum
HHTer paJ

F)= S f (x) exp [iAS (v)] dx, (4.1)

Q

rie Q — orpannuenHas o6sacTe B Ry H, Kak o6buHO, f (x), S(v) &
eC(QNC([Q]), dyurnus S(x) BemecTBeHHO3HauHa. Baenem
NOHsITHE BKJaga OT rpaHuubl 092 obaactu € B wuHTerpas (4.1).
IlycTh mJIs MPOCTOTH da3a S HMeeT KOHeUHOe UHC/IO CTALMOHAPHBIX

Touek x', ..., "= Q. Yerpoum CT-pas6uenue enuHuub B R
m N
= Z @ () + @0 () + X, (4).
- =

3nech OGYHKUMH @, ijCZ“(Q), npuyeM ¢, =1 B OKPeCTHOCTH
Toukd x', =0 B OKpecTHOCTH TOUKH x° TpH k 7 j. DYHKLHUS
@;,5 1 B HeKOTOPOH €-OKPECTHOCTH MHOXecTBa 0Q u BHe o6Jja-
ctu Q. Torpa

n

F()= Z (A, £) + F (A, 0Q) + D (), (4.2)
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rze ¢oyukuus Q(R)=0 (k—oc) opu A — 400

F (0, 5= {1 (6) 0y (4) exp [12.8 ()] i,

«

4.3)
F (1, 0Q) = | F (x) g0 (x) exp [iAS (9] dx
Q

JleAcTBHUTENBHO,

N
Z Sflb, exp ({AS) dx.

[To mocTpoeHHIO, supp \; He COLEP:KHUT CTAIHOHAPHBIX TOUeK QYHK-
uud S u He mepecekaerca ¢ 0L, B cuay memmbr 2.1 Kaxpabli

M3 uHTerpaJios, cocTasjsiomux @, HMeeT NOPALOK O(A_m) Ipu
A-—> -4 oo.

Wnterpaa F (A, 0Q) Gynem HaszbiBaTb gxaadom or epanuyst 0
B umterpan F(A). ®opmynaa (4.2) osHauaer, uro acummnrToTuka F (1)
paBHa CyYMMe BKJaIOB OT CTAl[HOHADHBIX TOYEK ¢aspl S, Jexamux
B ¢6Jactd £, U OT rpaHuusl c6gaactu JQ.

Bui6op dyHKUMH @, (r) B ONpefe/eHHH BKJafa He WrpaeT POJIH:

vHTerpaJel Buja (4.3) ¢ pasHLIMH (QYHKUHAMH @, OTJIHYAOTCA
Ha seanunny nopsiika O (A7%).

Ecap Ha 0Q dasa S He uMeeT cTaudoHapHBIX TOYEK, TO HHTe-
rpaa  F (A, 0Q) cBomuTcs K HHTerpaay mno 02 (¢ TOYHOCTBIO

no 0 (3">)).

Jdemma 4.1. Hycre Q— oepanunennas obaacrs 8 R" ¢ epa-
Huyeil kaacca C%, ¢ynkyuu f(x), S(x)=C™({Q]), ¢asa S sewe-
CTBEHHO3HA4HA U He umeer crayuonapHolx todek Ha 0. Toeda
npu rwobom yeaom N =0 cnpasediuso pasioscerue

N

F(h, 00)=Y () Sexp[im(x)] o (1) + Ry (h).  (4.4)

7=0 o9

3dece ®;(x) — Ougpepenyuarsnvie popmor crenenu n—1 u
Kaacca C* Ha 09,

IRy(M << Ccpn ! (4.5)

npu A > 1.
Kax o6bluHO, passoxenue (4.4) MOXHO Aud bepeHIUPOBATD MO A
moboe uncsao pas.
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®opMbl @; HMET BHJ
o (x) =
n

aS (x)

ox
k=1 k

=|VS(x)[? CLY ' F()dey A ... Adxg A ... Adx, (4.6)

(kpbllIKa 03HaYaeT, 4TO COOTBETCTBYIOUIHH COMHOMKHTENb OTCYT-
ctByert), rae L — onepartop (2.3). B uacTHOoCTH, @, (x)==f(x)og(x),
riue og — nuddepennuaabaas gopma Jlepe — I'eanbanga (cum. ro. 1,
§ 3), orBevaoman ¢ynkund S. BeinuineM NepBulil 4jieH pas3J/loXKeHns:

aS (x)

F (%, 0Q) = S IVS((x)) 7 exp [iAS (x]z X

k=1

Xdxi A ... Ada A ... /\dxn+o(r9). 4.7)

Y uyuteiBag, 4ToO

Y S dn A . Adie A . Ade, =20y
Py

rae do — 3JeMeHT [I0BePXHOCTH 0, J/0n, — NPOHU3BOAHASI O Hampa-
BJEHHIO BHeliHeli HOpMa/au K 99 B TOUKe X, IVIABHBIH UJI€H aCHM-
OTOTHKH MOXHO 3alucaTh B BHJE

F(x) as -2 ’
F(h, 0Q) = —.—6Sexp[u3( %)] IVS(:x)l'-’ dn(;) do+0(1™). 4.7

HokasarteapcTBo. Ilasg KPaTKOCTH 0603HAUHM @,, Yepes @.
Hurerpan (4.3) Gepercs mo HekoTopod e-oxkpectHocTH €, rpa-

Huiel 0Q. MMeem 0Q,=0QUT, ruge I’ ne nepecexaerca ¢ dQ. Ilo
noctpoenio, ¢ =1 na dQ, ¢=0 Ha I'. Ipumenssa k nurerpany (4.3)
dopmyny (2.4) H HHTErpHPYS IO YaCTAM, MOJyyaeM

Fa, 00) = @)™ {7 (0) 0 (0) L (exp[i2S (1)]) dx =

Q

=)™ {expliaS (11 (9 VS (1)1 X

aQ

XZS;k(x)dxl Ao Ndxy A oo Adx,—(M)TUF (4, Q).
k=1

Huterpaa F; moayuaerca us F 3amenofi fo— ‘L (fg) (cm. (2.5)),
rae L — omepatop (2.3). Tak kak IIOILbIHTEI‘paJIbHaH dyHKUHA

B HHTerpajte F, orpanuuena, 1o A~ Fl—O(k ) Hurerpupysa mo
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yactaMm uHTerpaa F,, noayuaem F, ==(z')«)“l]~"l ——(z')u)‘ng, rie
ﬁl — yHTerpaa mo 0Q, F, — uHTerpaJs no £, KoTOPHH HoJydaeTcs

. o tr2
us F 33MeHOH\fq2—> L tfq).
Tak kak F,=0(1), F;=0(1), 1o Mbl pokasaau (4.7). Ilpo-
LOJMKAA HHTErPHPOBaHHE MO wacTaM, nogydaeMm (4.4), (4.5).
Hokawxem (4.6). Ilpu j=1 sta ¢dopmyra xokasana. Ilycrs
j> 1, Torjga COOTBETCTBYIOLUIMH HHTErpaJa paBeH

n

S exp [i2S (x)] Z Qg (x) (’L)k'1 (J(xi@{x) a’xll/\ A [f,\vk/\ ..o Adx,,

oL k=1

rae a,(x)=S, ()|VS(x) |~

Tak Kak @{x)=1 B HekoTOPOH OKpPEeCTHOCTH TpaHuub 0L, TO
BCe ee TNPOH3BOjAHBIE paBHH HyJ a0 Ha 00, CrejoBaTesbHO, HPH
xeaQ nvmeem (L) ') o) =(CL)"""( (), u (4.6) nokasano.

[TpoananusupyeM pesdyabTarthl Teopembl 4.1. Mpbl 1nokasaJu, 4to
BKJAaj OT rpaHuibl F (A, 0Q) acHUMUTOTHUECKH paBeH CyMMe HHTe-
rpaJdgos no rpanuile. Ho xampaplli H3 3THX HHTErpaJioB €CTh HMHTe-
rpaa no MHOrooGpasuio d€2 oT OBICTPO OCUHAJIHUPYIOILed (DYHKIUH.
YTo6H IMOJYYHTh OKOHUATENbHBlE aCHMNTOTHUYeCKHe (HOPMYJLI, He-
06X0OIHMO BBIYHCJNHTD ACHUMOTOTHKY 3THX HHTErpaJjioB, 4eM MBl U
3anmMeMcHl.

Pacemorpum dyukuuio S (x) Ha MHoroo6pasuu 0Q. [To yeaosuo,
VS (x) == 0; onHako aTa GYHKUHS, KaK QyHKUUA HA 0Q, uMeer Ha O0Q
CcTAlMCHAPHBIE TCUKH (HampuMep, OHA JOCTHrAeT HAWOOJIbLIErO H
HAMMeHbIEro 3HaueHus Ha 0Q). CTaluHoHaPHBIE TOYKH QYHKUHH S (x)
Ha 0Q, xak ¢yHKUMH Ha MHOroob6pasuu 0Q (t. e. S{x) pacematpu-
BaeTcsl TOJIBKO TPH x =0Q), 6yleM HA3LIBATb CTAUYUOHAPHBIMI TOY-
kamu Il poda uau epamuynoimu cTayuoHapHoiMU TOLKAMLU.

[Tycts MHoroo6pasune 6RQ B okpecTHoCTH Touku xU 3ajaeTcs
napaMeTpHUecKH, T. e.

;=P (g, .oy Ug—1)y ooy Xp=Uu(tyy «.., Uy—1),
(g, -.., 4y, sU,
rae U — oxkpectdocts Touku (0, ..., 0). B BeKTOPHOH 3anHCH HMeeM
x=vPW), »L=4(0).

Touka x° aBasiercs crayuonapwoil roukod I poda dynknun S, eean

VS0 =0, S@=(S¥)@. (4.8)

Cranuonapuas touxa Il poma x° HasbiBaeTcs HEBbIPONOEHKOL, ecau
92 (Sep) (u)

detl———————aui o ALY (4.9)
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HerpynHo npoBepuTh, uro ofa 3TH onpefeseHHsd HHBAPHAHTHH!
OTHOCHTEJ/BHO BHIGOPA JOKaJbHBIX KOOpPAHHAT Ha dQ. Crayuoxap-
Hotl epanuqnoll Toykoil 1 poda, oueBMJHO, HasbiBaeTcs TouKa x0,
B KOTOpo# VS (x9) =

[Tycts 0Q B okpecTHOCTH TOuYKH x° 3a7aHa ypaBHEHHEM

gx)=0, Vg0, (4.10)

rge g ectb (yHxkuua kaacca C”. Torpa x° Gypmer crauuoHapHo#
rouko#i Il poma Torma W TOJBKO TOrxa,
an Korga cymectsyer a = 0 Takoe, uTo

z 6'=3(.’(.") A (JCO) = qu (xo). (4 1 ].)

TeomeTprueckn 3TO O3HAYaeT, YTO MHO-

roo6pasue yposHs S(x) =S (x% kacaer-
ca 0Q B Touke x° (puc. 2).

XoTs Obl OogHa H3 KOMIIOHEHT BeK-

Puc. 2. topa Vg(x%) oTanuHa OT HyJf, NYCTh

dg (x9/0x,, = 0 nmas  ompemeJeHHOCTH.

Torna u3 ypasweHus (4.10) MOXKHO BBIpasHTh X, 4Yepe3 OCTaJbHHE

nepeMeHHbIe:

s ’ 4 7’

xnzw(x)y X EU, X =(xl? crt xn—l): (410)

rae U — okpecTHocTh TOUKH ¥, Tak UYTO B KauecTBe JOKaJbHHIX
KOODAMHHAT Ha 0 MOXHO B3ATh X|, ..., X,—;. [IpH x = J0Q uMeem

S() =S, b () =3 ).
IMycts aas mopoctotel x?=0, S(0)==g (0)=0. Toraa
n—i
SW)= Z S+ Z Sipeky + - (4.12)
i, /=1
KoshdunyuenTs 3TOro passoKeHHd HMEOT BHJ,

§1 =S8;— S.8//8n

S=Sy+8S.(— 8, +28.8,,8" — £..8,88;°) —

- QSing,g;I + Snnglgig,;".
3xech S,=S§,1 (x9), Sl,=s;;,x1 (x% ® aHAJOTHYHO ONpeNeJAITCS
g_n gi]

U3 ycaosua dS =0 moayuaem SifSn=gi[€x, T. e. (4.11). He-
BBIDOXKIEHHOCTh CTAalHOHAPHOM TOYKM o3HayaeT, uto det St =0
B 3TO#i Touke.

Teopema 4.1. ITycrs ycaosun aemmor 4.1 8oinoanenst, U nYcTod
Ha OR umeercs posHO OOHA, L NPUTOM HEBOLDOMOCHHAR, CTAULO=

(4.13)
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napras touka Il poda x° ¢yukyuu S(x°). Toeda npu h— + oo
Cnpasedauso ACUMATOTUHECKOE DA3AONCEHUE

F (&, 0Q) ~A~ "2 exp [iAS (x0)] - apn . (4.14)
f=0

Jro pasaocicenue MoxcHo Ougpdepenyuposars no A awboe
HUCA0 pas.

BrimHmeM rJaaBHbBIH 4JeH acHMNTOTHKH. IIpH sToM npeanosaa-
raeM, uTo 9RQ 3ajgaHa ypaBHeHHeM g(x)=0 npu X, 6JIH3KHX K X°,
H uTo g;n (x% = 0. Torma

F (%, dQ)=i(2n)(n—l)/2k—(n+l)/2 exp [MS (xO)_}__ig_sgn S'éfx' (xO)]X
- -1
Xldet Stx ()7 (SEL) () + 0] @14)

3nech Sy (x%) — marpuna c saementaMu S;; (em. 4.13)).

3amewanue 4.1. Uz cpassenus o¢opmya (2.6) u (4.14)
BHIHO, UTO BHYTPEHHSSI CTallHOHapHAS HEBHIPOXKAEHHas TOYKA BHO-
cur B F (A) 60sblinfi BKJIaJ, YeM HeBBLIPOWKJEHHAasl paHHYHAA CTa-
uHoHapHas Touka Il poma: MOPSAKM HX BKJIAZOB paBHel A7
A~ oorBereTBenHO.

Hoxkasateabctso TeopeMn 4.1. Yerpoum CT-pasbuenue
equHulBl Ha 0Q: 1= (x) + @;(x), x =0Q. 3necy =1 npu x,
6M3kHEX K x0 M SuUpp @y CocpejoTOYEH B MaJIOH OKPeCTHOCTH
Toukd x°. Torja Kamupll U3 HHTErpajoR, CTOSLWIMH B NPAaBOH 4acTH
paBesctBa (4.4), paso6beTcsi Ha jBa ciaraembiXx. MuTerpaJsl, co-

lepxaniie @, UMelT HOPSJIOK O(?L_“’). B ocraJbHEIX HHTerpaJax
ocTaeTcsi MePeliTH K JOKAJbHBIM KOOpPAMHATAM Ha JQ M BOCIOJb30-
BaTbCA TeopeMoit 2.1.

OueBHAHO, YTO ecjau Ha O uMeeTcs KOHEYHOE YHCJIO HEBBIPO-
WKJEHHBIX CTalMOHapHHX Touek Il poma, TO acUMOTOTHKA BKJana
or rpanuupl F (A, 0Q) paBua cymMe BKJaanoB Buua (4.14) or atux
TOYEK.

Bkaag oT rpaHunel B mHTerpasa F(A) MoxeT uMeThb GOJbUIKHK
nopsizox, uem O (A~"%). Pacemorpum

[Tpumep 4.1. Ilycts ycaoBus JaemMmbl 4.1 BHIOJHEHB H
S (x) == Sy=const Ha Q. Torpa npu A — + oo B cuay (4.4), (4.7)

R 1 S - - iy —
F 2, 0@)~exp(zk80)—m—[g 56,‘:" |VS() |2 do+ ) ax (iA) k],
a9 k=1
(4.15)
dc — 3JIeMeHT TOBePXHOCTH OF), TaK YTO IJaBHBIH uieH acHMOTO-
THKH HMeeT NMOPSIAOK A~', HE3aBHCHMO OT pasMepHoctu 0R. Takas
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CHTYalusi ¥MeeT MeCTO, HANpHMEp, B H3BECTHOM oOmbite Aparo
(cm. [39]) npu nudpakuMp Ha KPYIJOM [AHCKe [OJS TOYEYHOrO
HCTOUHHKA CBETa, JeXallero Ha NPAMoii, MePned UKy AIPHOH K THCKY
M Ipoxopasuled uyepe3 ero UEHTP.

SaMeuanue 4.2. Jlemma 4.1 u Teopema 4.1 6e3 BCIKHX H3Me-
HEHHH TepPeHOCATCA Ha HHTErPasbl, COoJepKalle AONOJHHUTE/bHBIE
napaMeTph

F(h, )= S exp [iAS (x, o)} f (x, a) dx,

Q(a)

€CJIM BCe YCJOBHS BHIIOJHSAIOTCS DABHOMEPHO MO @.

2. Bxaajx oT rpanuuHod cranmonHapHoi Touku I poga. Tlycts
Q — orpanuueHHas o6uactb B R"™ ¢ rpamummeir 0Q kJaacca C°,
byuxkund f(x), S(x)=CT([Q]) u d¢yskuus S(x) BellecTBeHHO-
spauyga. I[Iycete x° =02, VS (x%) =0. Haszosem x° wesotposcdennorl
epanuuroll crayuonaprot Touxodl, ecan marpuua B (x%) == S (x%) |
HeBBIpOXKAeHA, rie E= (&, ..., E,—;) — KOOPAHHATH B OPTOHOPMH-
pOBaHHOM 0asuce, PacnoJIOXKEHHOM B KacCaTeJabHOH MAOCKGCTH T 0y
K 0Q B Touke x°.

Teopema 4.2. [Tycre x°= 0Q — nesvipomdennas epanuunas
crayuonapras touka Gyurkyuu S (x) u [(x)=0 sre Hexkoropol
docrarouno maaol oxpectnoctu Touku x°. Toeda npu h— -+ oo
CAPasedAUBO ACUMRTOTUHECKOE PABAOHEHUE

F)~a""exp[irS(x")] 3 an ™2 (4.16)
k=0

OTo passokeHHe MoXHO AuddepeHIUPOBATh MO A JI060E YHCIO
pas. I'1aBHBIfi uJleH acHMOTOTHKHM paBeH mpaBoil uyacTu (2.6%), mo-
MHOXKeHHOH Ha /2, T. e. NMONpPOCTYy paBeH NOJOBHHE BK.JIajga OT
BHYTPeHHell CTauHoHApHOH TOUYKH.

HJokxasarteabcTBo. Mbl mpeamoJsaraeM, uTo suppf He co-
nepxHuT cranuoHapunix Touek (I u Il poma), otauunmx or x0 Tlyers
x0=0, S(x% =0 gas npocroThl. BBegeM B OKPECTHOCTH TOUKH x°
JIOKaJbHEIE KOODAHHATH 4 == (4, ..., U,), x==1p (&) Tak, YTOOH
0Q wuMmena BHI u4,==0 u d4Tro6el Touke x=0 oTBeuana TOYKA
u=0. Torna

F @)= o) exp A8 (9] du,
1%
rae o6o3HauyeHO

SW=ESowW, @@ =/(foy)(wdety (v

u V — noayokpecTHocts ToUkKM u4=0. Tlycte 4, >0 npu uesV
IS oNpeseie HHOCTH.
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TTpumenum k uHrerpany F(A) meron cTralHoHapHOH ¢asbl no
nepeMeHHBM Uy, ..., U,~;. T€M caMBIM MBI CBeJIe€M HHTErpaJ K OJHO-
mepHoMy. He orpanuuuBasi O6IIHOCTH, MOXHO CHYHTATh, 4To V' ecTh
Ky6: V = IXV, rael — untepBas 0 <u, <9, V— Ky6 — o <u; <9,
1<<j<<n—1, 1 >0 HaCTOJBKO MAaJO, HACKOJBKO 3TO Heo6-
XOMHMO. ITO YyTBepiKieHHUe CJeAyeT H3 NPHHIHUNA JOKAJIH3AUMHH.
Torzaa

F@)=\Fi(4, u,)du,
0
Filh, )= { b (@) exp[i2S ()]
v
rae ' =(uy, ..., uy,~). CTaluOHapHble TOUKH (GYHKIHH S, KaK

GYHKIHH oT u’, onpenensiotTes H3 ypaBHeHus Sy (u)=0. Hmeem
npY MaJjbx u

§(u)=b

R ul 4w, (b, u’)—}——;-(Bu’, Y+ ..,

rie b ecTb n-BekTOp, B — cUMMeTpHuUHAd MATPHUUA INOPAKKa .
CaenoBaTesbHO, ypaBHeHue Sy =0 HMeeT BHI

ub+Bu 4+ ... =0.
Tak xak, mo ycJaoBHi, det B % 0, 10
W ()= —u,B~ b+ ...,
H 3Ta CTayUoOHApHAs TOUKAa HEBHIPOXKAEeHA NPU MaJbX 0, Tak Kak

§(u’, 0)=%(Bu’, wy 4+ ...

[Tpumensis Teopemy 2.2 K wuHTerpany F;, mojayyaeM acHMNTOTH-
yecKoe pasJoXeHHe

Fy(hy 1) ~ PR exp [ikg (' (u,), un)] I_Z:O a; (u,),

rae a;(u,) & C7 ([0, 6]). Tlpu satom ¢yHKUUH a; O6pamaOTCs B HYJIb
npd u, =0 BMecTe co BCEeMH TPOHU3BOAHBIMU. [lajee,

S (), tts) = (b — (b, B™'B)) b+ ...

Kospduunent npu u; pasen det Sy, (0)(detB)™' u noatomy oranuen
or uyJas. Ilpumensia Teopemy 1.5, mosyyaem paasoxenue (4.16).
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3. AcumntoTHKa mnpeoGpasosaHus Pypbe XapakTepHCTHUECKOMH
¢$yHKUME BBHIOYKJAOr0O MHOMXKECTBA, W aHAJOrHuHbie 3anavyd. Pac-
CMOTPHM aCHMITOTHKY IpH |E|—> o0 HHTerpaia

FE) = Fexp[—itx, e dx, (4.17)

Q

rae Q — orpanuueHHas o6Jaacte B R™ ¢ rpanuueit 0Q = C%, ¢ = R",
dyHkndsa f(x)= C*([Q]). Ecau f(x)=1, 1o F() ecrs upeotpa-
sopanue Oypue xapaxrepucrudeckoll Gyuxyuu muoocecrsa Q (37a
¢dyHKUHa paBHa | npu x=Q u pasHa 0 BHe Q). Ilyctes aas
HNPOCTOTEl HAyaJ0 KOOPJHHAT JIEXKHT BHYTpPH Q.

dazonasi pyHKuuA S=={(x, &) He HMeeT CTaUHOHAPHLIX TOUEK
npu g % 0, tak xak S,==E. Ho oHa uMeer Ha O cTalnHOHapHLIE
rpannunsie ToukH Il poma. MmenHo, 3T0 Te ToukH x (£), B KOTOPBIX
TUTeprIoBepXHOCTL (X, ) == const Kacaetcs 0Q.

Jlemma 4.2. Crayuonapuaa rouxa Il poda x(§) = 0Q Hesbipo-
acdena To20a U TOABKO Toeda, Koeda eqayccosa KPUsUSHA MHO20-
obpasus 0Q 8 3roll Touke OTAUYHA OT HYAS.

HokasarenbcTBo. He orpannunsas o6uiHOCTH, MOXKHO CUH-
Tate, uto £=(0, 0, ..., 0, &,), &, 0. Ilyctb x°(¢) —onHa H3
IPaHHYHBIX CTAlHOHADHBIX TOYEK, TOrjJa HOPMAaJb fiye K 0Q B 3TOH
TOYKe MapaJjijesibHa HJM aHTHNApaJulesbHa BekTopy E. B oxpect-
HocTH ToukH x°(§) BbIGEpeM JIOKasibHble AEKAPTOBB KOODJHHATH Y
TaK, 4ToObl ocs Oy Oblja HampaBJeHa IO BHeUIHeH HOPMaJaH K 0Q
1 uytober toukn (y', 0), ¥y ={y; ..., Y,—;) JA€XKas# B KacaTe pHOH
nJ0cKocTh T dQ K 0Q. 31ech y==0 «> x ==x"(§). Torpa ypaBHeHne
0f2 IpH MasbelX y TPHMET BHJ

1 ’
Yo =5 By, ¥+ ..., (4.18)

rie B —cAMMeTpHUHAs KBajpaTHasd MaTpuuma nopagka a—1, u
S(x, 8)=(x"(), &) + Ynkn- (4.19)

HMa stux dopMya u (4.13) cienyer, 4TO HEBRIPOXKAEHHOCTh TOUKH
x°(8) 9xB¥BasieHTHa HeBLIPOXAeHHOCTH MaTpuum B. Ho us (4.18)
BbITeKaeT, yro detB paBeH rayccoBod KPHBH3He THIIEPIIOBEPXHOCTH
0Q B Touke x°(§). Jlemma foKa3aHa.

[Myers K — KoHyc

K={=R" 0<|E|<oo, ElE|=U},

U — obaactp Ha equHHuHOH coepe |E|=1.

Teopema 4.3. Ilycro K — 00nocea3ublll KoHYC, 1 NYCT6 APU
aobom E=(X], £ 5% 0, eayccosa kpususna epauuybt AQ orautHa
?‘T gy/m 80 scex crayuonapuerx Toukax Il poda ¢yuruu S ={x, t).

oeda:
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1°. dynkyus S npu scex £ <[ K), £ =0, umneer oduo u TO MHe
yucao m=m(X) crayuonapuoix touex Il poda xV ), ... xtm(E),
u 8ce OHU HegvLpoNIeHyl.

2°. Acumnroruxa F(§) npu E=|X), |E]—> o0, pasna cymme
8K1a008 0T 3TUX To4YeK

FO~ 3 FE ), (1.20)

BoinumeM gopMyay aas BKJjajga OT TOUKH X (§):

F (& x(®) ~ieexp[i(x ), &]@0)" " 1e 7" sy oy T X

n—1

X exp [—’ff— > sgn(ex»] [(f °x) @+ ) ar(@)E 1"‘], o=E/|%|
kel

j=1

(4.21)
31ech %y, ..., %y—; — IJaBHHIE KPHBH3HB dQ B TOuke x (E),
—e=sgn, nxy), (4.22)

TIe Nz — BHENIHAS HopMaab K 0RQ B Touke x ().

JlokasaTeabcTBO. HeBHPOXKAESHHOCTh CTALMOHAPHBIX TOUYSK
BeiTekaeT u3 JemMul 4.2. Ilycte o’=f%|&’| = U; torga numeercs
KOHEUHOE YHCJI0o cralnnoHapHbx Touek II poma x(a%), 1</ m.
HleficTBUTEIBHO, eca OBl HX 6bl10 GECKOHEUHO MHOro, TO, B CHJIY
KOMIAKTHOCTH 0L, OoHH wuMeJH OB NpelesJbHYIO TOUKY, KoTOpas
Takwxe dABJsAjgach Obl cTaupoHapHo# Toukoii. Ho HeBmpoxgeHHBIE
CTaLHOHAPHBIE TOYKH H30aupoBanbl. [lo TeopeMe o HesiBHOH (YyHK-
UK NPy BCEX meS”_l, ZI0CTATOUHO GJAHM3KHX K 0, UMeeTCst TaKKe
poBHO m cTauuoHapHex Touek X (w), mpuueM xU (w)— x) (0%
npH o —> @ I[Ipumenss jnemmy [eiine — BopeJsis, mosdyuaeM, 4TO
4HCJO CTALMOHAPHBIX TOYEK OAHO M TO Ke MpH Bcex e [X],
E 5= 0. TloatroMy acumnroruka F(f) paBHa cyMMe BKJIafOB OT TO-
ek x)(§).

[Tycts x(§) — ogHa U3 3THX ToueK. B 0603HaueHHAX JeMMH 4.2
{cM. (4.18), (4.19) nmas raasHoro ujeHa BkJaaga F (g, x (E)) moay-
vyaeM u3 (4.7") popmyay

F (& x(®) ~ie @m)" 15 7 exp[i (x ¢), &)} | det BI™'* X
X exp[-sen (€B)](F ) @),

rae € ykasano B (4.22). Orciopma caenyer (4.21). Teopema gokasana.
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MHoroo6pasune pasmeproctn n— 1 B R" HaskBaercss crpoeo
BbINYKAbLIM, €CJH BCe ero TJaBHble KPHBM3HH B JIOGOH TouKe Io-
JOXHUTENbHBl. Ecau Q — orpanuueHsas o6aacte B R™ co crporo
BHIYKJIOH Tpamuiedi, To npH Jobom E =0 ¢yurkuusa S={(x,E)
UMeeT poBHO 2 crauuonaphsele Touku Il poma x* (). Hopmanbs kK 0Q
B Toure x* (E) (coorBeTcTBeHHO X~ (§)) mapaJJesibHa (aHtTHnapad-
Neabna) BeKTopy & OGo3Haunm k™ (£) rayccoBbl KDHBH3HBI OQ B TOU-
Kax x*(t). M3 Teopemnl 4.3 BhITeKaeT

CrnepmctrBue 4.1. [Tycre @ — oepanutennas 064acTs €O CTPOSO
goinyxaotl epanuyeli kracca C%. Tozda npu |&|— oo

Fe)~—i@n)" e exp( (¢ @), )67 @1} X

e T [(f > xH)(8) - i; af (0)|g |—j] -

—exp (i (e @, N e @ e [(f 0x7)©) + X af (o)1 r"'].
(4.23)

Koappuyuenror af (o) & C*(S"™Y), ede §"7' — cgpepa &= 1.

Cnencteue 4.2. Ilycre obracTe Q — HeoepaHuueHHARA, YCa0-
sus Teopemol 4.3 B8blnOAHEHbL U npu scex £ = K 8bInOAHEHO B0l
creo 1° reopemur 4.3. Toeda, ecau f(x)— Quuurnan pynxyus, ro
3axarouenue 2° Teopemnl 4.3 ocraerca 8 cuze.

4, ACHMMNTOTHKA TJABHBIX 3HAYEHHH HHTerpaJos. [Tycts P(x) —
BelecTBeHHO3HauHass ¢yHkuus kJaacca CT(R"), uMeomas Belle-

crBernsle nyau, u | (x) = C7(R?). Toraa unrerpan [ = },((';)) dx,
Rn

BooOIie roBops, pacxoauTcs. [IpuBemeMm omuH H3 CrocoOOB pery-

JSIpU3allul 3TOro HHTerpaJa.

[Tycts mHoxecTBo Hyse# {x: P(x)=0} ¢yuxrunu P comepXuT
OTPaHHUYeHHYI0 KoMroHeHTy My, u nycth VP (x) 55 0 na M,. Torma M,
apaserca C7-MHoroo6pasueM pasMmepuocTd #— 1. KpoMe Toro, Muo-
KecTBO {x: P(x)==¢} OpH Bcex ROCTATOUHO MaJbIX € COHLEPHHT
KOMIMOHEHTY M, ¢ TeMH e cBoHcTBamH, uto U My, u M, — M, npn
e > 0. ITycrs pynkuns f(x)=C:(R") u cocpenoTouena B mocra-
TOUYHO MaJiofl OKPeCTHOCTH MHOroo6pasus M.

I aagHeiM 3HA4erHuem wHTerpada I, mo onpeneseHHUIO, HA3LIBAETCH
npeged

V. p. S ————fp((?) dx = lim ;,((';
R" T P> e

- dx. (4.24)
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IMycte op — AU Gepennuanbiag  $opma Jlepe — Tesbdanga,
oreuarouas P: dP A wp=dx (cm. ra. 11, § 3). Toraa
d d
V. p. Sp—(x-)—dx=hm S (Df(c)~c—c—=v. p- S(Df(c)—cc—,

g>+0
R + lel>e -

o= | 7o),

P(x)y=c

(4.24)

OTKyAa HeMeJJeHHO BhITeKaeT CyllecTBoBaHHe npenena (4.24).
PaccmoTpuM uHTerpal

F()=v. p. S IQ‘( - exp[i2.S (¥)] dx. (4.25)

R"

[MepeuncauM ycioBus Ha Gyskuuu [, S, P.
1°. q)yHKuuﬂ P(x) = C”(R") 4 BeluecTBeHHO3HAYHA, MHOXKECTBO
{x=R"™ P(x)=0} ee BelleCTBeHHLIX HYy/el COALPHKUT KOMIAKTHOE

C™-MHorooGpaane My~ pasmeproctun— 1, VP (x) 5= 0 npu xe M{ ™

2°. dynxnua [ (x)= Cy (R") H COCpefoTOYeHa B MaJoH OKpecT-
HOCTH MHOKecTBa M|~ '. Oyukuus S (x) = C” B HeroTOpOH 06aacTH,
cojepKalieid supp/, U BelleCTBEHHO3HAUHA.

. -1
3°. VS (x) 5= 0 nipn x =supp/, u Ha MHOrOOOpasun M, QyHK-
nusa S (x) uMeeT KOHeUHoe qucno, M DPHUTOM HEBBIPOXKJEHHBIX, CTa-

uuonapueix touek II poma x!, ..., x™.
Bbl9uC/IUM  aCHMNTOTHKY meer‘pana F(A) 1mpu 3THX YCJOBHSX.
PaccmoTpuM BHauase HHTErpaJ .

OO, 1= | f()explirS(®)]wp(), (4.26)
P(x)=0

raie op — nuddepennuanpuas opma Jlepe — lenbdanga. Acum-
NTOTHKA 3TOrO HHTerpaJa paBHa cyMme BkJaafoB @;(0, A) oT cra-
LHOHAPHBIX TOYEK

@0, 2) ~ X @;(0, A). 4.27)
Teopema 4.4 Hycre ycaosun 1°—3° gunoanenst. Tozda npu
A —> 00 Gaa unreepasa (4.25) cnpasedauso acuMRTOTUHECKOE PA3-
AQKCEHUE
m
F () ~mni ), @;(0, ) sgn [(VS (xF), VP (x'))]. (4.28)
i=!

Ir0 pasioxnenue moxcHo Ouddepenyuposars no A awboe 4uc-
40 pas.
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®opmysnl pas BkjaAagoB O;(0, 1) 6yAyT NPHBENEHH HHXKeE.
HJokasaTteabcTso. [Tonoxum

O, )= | explnSW]If (v op(x),
ror 1 P(x)=¢

o0

F(t)=v. p. S 2 4

-— 0

[Tpu maneix ¢ > 0 muoxectBo M,={x: P(x)=c})supp [ aBaserca
C™-muoroo6pasueM pasMepHocTH n— I, a pyHkuna S umeer Ha M,
POBHO m, ¥ INPUTOM HEeBBIPOXKJEHHBIX, CTALHOHAPHBIX ToueK II poma
x1(c), ..., x™(c). TIpu atom x'(c)=C” npu maamx ¢, x' (0)= .
Acumnroruka @ (c, A) npu A — -+ oo paBHa cymme BKaajgoB D, (c, A)

oT Touex x'(c) paBHOMepHO 0O ¢ & [— ¢q, ¢y], ecan ¢y > 0 gocra-
TOYHO MaJo. KaXkmplii M3 3THX BKJAJ0B UMeeT BHJ

@;(c, M) ~A~ """ exp[in (S0 1) (c)] ki a ()27, (4.29)

rae dynkuuu ap; & C™ npu Magsix | c|. ITokaxeM, uTo
d :
sgn g~ (So ) (e)|_ = *1

B 3aBUCHMOCTH OT TOro, SIBJAAIOTCS JU BekTopel VS, VP B Touke x
i

napaJiieJbHBIMA HJHM aHTHNapaJggedpHeiMH. Taxk Kak x' — crauuo-
mapras Touka II poga, To VS =aVP, a5~0, B atoil Touke. Judde-
d
PEHIUPYs TOXAeCTBO P (x) = ¢, noaydaeM npu x=x: <VP ——;‘— =1,
dsS
OTKYyJa CJefyeT, UTo W=<VS, 7o >—alVP 2= 0. Ilpumensas

S(D(ck

TeopeMy 1.8 K uHTerpasam V. p. dc, noayuaem (4.27).

BoinumeM dopMmyay Aaas raaBHoro ujieHa BkJaaga @ (0, A).
ITycte 0P (x)jox, 5= 0, x" = (x1, ..., Xn—1),

S)=S(x), x=M".
Torna aunaJgoruuto (4.14") umeeM
@, (0, &) = 2u)* A== exp [AS (&) +

2 sgn 8l ()] det 82w () [ [ 25D [ () + 0 (7)1,
(4.29")



§ 4. BKJIAQ OT T’PAHHUYHDBIX CTAUHOHAPHBIX TOUEK 149

CrneagctBue 4.3. [lycre a=(a}, ..., 0,)=Q, ede 0Q—
obaacts 8 Rk,

F(h a)=7v. p. S L% o) exp ([jgs E)) (4.30)

Rn

Toeda sce 3axawuenus teopemwvl 4.4 ocranorca 8 cuie 04a UHTE-
epasa (4.30) pasnomeprno no o= K, ecau [, S=C” no (x, a),
ycaosun 2°, 3° gonoanensr pagromepHo no o < Q. 3dece K — npo-
U380AbHIL KOMRAKT, Aexcauyutl 8 obaactu Q.

5. ACHMNTOTHKA (YHIAMEHTAJbHBIX pelIeHHHA HEKOTOPBIX KJac-
coB AuddepeHHaNbHBIX YPABHEHHH C MOCTOSIHHBIMH KO3 U HeH~
TAMH H YCJOBHAMH H3JyueHHsl. PaccMoTpuM ypaBHeHHe

P(D)& (x) =0 (x). (4.31)
3necb x=R", D=(D,, ..., D,), D;= —id[dx; u P (§) — noauHom
oT E==(E, ..., &) C MOCTOSIHHBIME KO3 ulineHTamu. Perienne & (x)

ypasuenus: (4.31) HasbiBaeTcss pyHOamenTasbHbIM (UK DJeMeHTap-
HBIM) pelieHHeMm omnepartopa P (D).

bBymem npeanogaraTe, YTO BBITOJIHEHB YCJOBHS:

1°. P (&) — runoanauntuueckufi mosuHoM, P(E)=T (E)Q(E), rae
T (¢) — noJIHHOM C BellleCTBEHHBIMH K03 dUIIHEHTaMH, noauHoM Q (§)
He HMeeT BeIeCTBEHHBIX HyJlefl.

2°. BewiecTBeHHble HYJH noJuHoMa T (§) obpasyior m =1 raan-
KHX 3aMKHYTHIX, CTPOro BBUIYKJBIX MHoroo6pasuft K, ..., K, pas-
MepHOCTH n— 1. OTH MHoroo6pasus He nepecekatores, u VI (§) == 0
npu fE K;, 1<<js<im.

Hac uutepecyeT acuMIITOTHKA (YHIaMeHTAJbHOrO peneHust & (x)
npu | x|— oo,

ITpocTeHllInM NPUMePOM CJAYKHUT onepaTtop [eabMmrogbiia A -+ &2,
k > 0. PaccmaTprBaeMelil KJ1ace ypaBHeHuit 6bla1 BBenet B [18] u [19].

[Tosyunm wuHTerpanbHoe npejctasienne Aas & (x). [pumenss
npeo6pasoBanne Pypne B (4.31), noanyuaem P ()& =1, oTkyna

~

& = 1/P(E), u, npumenss obpatHoe npeobpasosanue Pypne, moay-
vaem & (x)=(2n)"" Sexp (i{x, £)) d&/P (¢). OnHako 3TOT HHTErpal

pacxonuTcsl, TaK Kak P HMeeT BellleCTBeHHble HYJH, H ero Heobxo-
JIHMO PeryJsipu3oBarTh.

I[lycts n=1 u g, ..., £, — BelllecTBeHHble HYJH P; Bce OHHU
npoctele. Torga ¢yHKIHA

& ! S % 4 2

(x)-—‘ggv 7o % (4.32)

ABJseTCSl (yHIaMeHTaJ bHHM pellleHHeM. 3e/Cb Y — KOHTYP B KOM-
NJIEKCHOH TJIOCKOCTH E, KOTOPHIH COBMajaeT ¢ BElIECTBEHHOH OCBIO
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BCIOAY, KPOMe MaJbX OKPEeCTHOCTEell Touek £, B 3THX okpecTHO-
CTSIX Y UJAET MO NOAYOKPYXKHOCTH, KOTOpPass OGXOMUT TOUKY E; CHU3Y
Hau cBepxy. PopMyay aasa & MOKHO 3aMHCATh TaKXKe CJeLYIOLHM
o6pasoM:
: it n ixE,j
O AN ixt _ 5 € p ’
& (x) 5. V- - S e P(g —i—zZs, e (4.32%)
— 00 i=1
3nech g;= 4 1(—1), ecanu y 0OXOAUT TOUKYy {; CBepXy (CHH3)).
®yuknus & (x) sBasercs peuleHueMm ypasHeHus (4.31) B c.e-
ayiomeM cMbicae. Ona siBJsieTcss (QYHKIHOHAJOM HajJ NPOCTpaH-
crBoM K ¢yukunit, npunanaexamux Co (— oo, o). Ee mpeo6pazo-
Banne Pypo2 & (§) ynosaerBopsier ypasHeHuio P(E)& (E)=1, T.¢
aast mofoi Gyukuuu P (E) & Z (370 mpocTpaHcTBo GyHKUHHA, KOTO-
pble sIBJAOTCS NpeoGpasopaHuamu Dypbe ¢dyuknuid us K) cnpa-
BEJJUBO TOXKIECTBO

00

POEE, v@)= | ved (4.3)
Beakas ¢yuKUunA P & Z, OYEBHAHO, aHAJUTHYECKH IPOJOJIKAETC:
Ha BCIO KOMIUICKCHYIO IJIOCKOCTb £ WU yOwIBaeT ObIcTpee JOOOH C1i-
HNEHHW NPH BENECTBEHHBIX & —> oo. Ilo ompenesenuio,

& @, b= & a
CJegoBaTelbHO, Y

PEOFE. v@)={vE%E= | vEd,
' — 00
TaK Kak P — nejasg ¢GyHkousa, u (4.33) mokasano.

3ameruMm, uto GopMyaa (4.32) samaer 2™ (QyHAaMEeHTaIbHBIX
pelieHHH (KaXAbH HyJAb §; MOXHO 00XOAHTh JauHOO0 CHH3Y, .1HGO

CBEPXY).
[Ipu n>1 aas & (x) umeer Mmecto GopMysa, aHaJoruuHas

(4.32'). TlpusemeM ce. Ilycrs ¢ynkuus AE) =CF(RY) u k=1
B HEKOTOPOH OKPEeCTHOCTH BceX MHoroo6pasuil K;. Toraa

& (=@ " V. p. S R el B g
R
+ @)Y epmi | explide, Bl €+
=1 Kj

+ P (o) =810+ & () + & (0. (4.34)
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Yucna e; paBuel 1, 3HAaK 3aBUCHT OT opuentanuu K;. HMmeHHo,
g;=+ 1, ecan K; opHeHTHpOBaHA TaK, UYTO B KauecTBE MOJOMKH-
TeJIbHOTO HampaBJeHHA HopMaadn K K; B KaxJofi Touke X BbIOH-

paercs HanpaBJeHue BekTopa V7T (§) u €;= — | B NPOTHBHOM CJy-
yae. Huxke Mpl cunTaeM, uTo opueHTauHd K; (QUKCHPOBaHbI, Tak
uyto Ha6Gop (e, ..., &,) (UKCHPOBAH.

Mpb moxaxeM, uto &4(x) yOeiBaer OblcTpee JIOG0OH CTeNeHH NPH
[x|— o0, a acumnToTHKy & o(x) BBIUHCAHUM ¢ NOMOIILID TEOPEM

4.3 u 4.4.
Jlemva 4.3. Jaa woboeo N =20 u 049 1106020 myssTuurdexca o

cyuecreyer nocroannas Cy ., Takas, 4ro
|Di& ()< Chu (L +1xD)7Y, xR (4.35)
HdoxkasaTteabcTBo. [Ipu giwoboMm uesom M =0 umeem

3 [ -2 ] 1—~ﬁ £
& () = (— il x )M P (A 2R,

rie A — onepatop Jlannaca. Tax xak moauHoM P runo3aJHNTHYEH,
TO CYILIECTBYIOT nocTosiHHele ¢, C > 0 Takue, uyto npu Jwobom P

B
i<+, rern
1—A

CienoBare.1bHo, eciaud M >0 10CTaTOYHO BEJHKO, TO l AM (T) ‘ <
<C (1+1e)", Tak uro mpu |x |21
] gg (X) ’ < C’ l X I_QM(QJT)—n S (1 -+ I g ])“"”_'v‘ dg < C//| % I_QM-

n

R

Tem camuim (4.35) mokasano npu |al==0; cayuaii |a|>0 uccae-
IyeTcs aHaJOrHuHO.

daszoBasi QyHKUHS S==(r, E) HMeeT Ha KaKJO0H [1OBePXHOCTH K

poBHo 2 cralHoHapubie Touku Il poma Ef (x) B cuay semmbr 4.2.

ITycts g,* (x) (COOTBeTCTBeHHO g/ (x)) —-Ta U3 3THX TOUEK, B KOTO-
pofl NMOJIOKHUTENbHOE HampamJeHue HopMann K K, coBmajaer ¢ X

(cooTBeTCTBEHHO € — X). BBegeM o6Go3nauenusi: k;(x) —rayccoBa
KPUBH3HA MHOrooGpasus K; B Touke Ej (x), n; — HanmpasJ/ieHue BHeIl-
Helt Hopmaan K K; B Touke Ef (x), o =x/|x|.

Teopema 4.5. [Tycre ycaosun 1°—3° gvinoanenst. Toeda npu

| x|— o0
m

)\ !
# =9 x 7 Y (VET ZEE))
i=1 !
Xexp[i (x, & (x)>+i4“—(n—-3)ej](1 + Za,j(w)ur’), (4.36)
=1
ede pyukyun a; = C% npu jo|=1.
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310 pasaoocerue moocro oupgepenyuposars no x arboe wuc-
20 pas.

JdoxasaTenbcTBo. JLocTaToOuHO paccMoTpeTh cayuvat m==1.
ITycts K — MHOXeCTBO BELIECTBEHHBIX HyJsel mojuHoMa P. Tak kak
K — xoMnakTHOe cTporo BhIYKJ/JI0e MHoroofipasue, To, o JeMMe 4.2,
byakumst S =(x, &) umeer Ha K DOBHO 2 cTauHOHAPHBIE TOUKII

I poma E*(x), u obe oHH HeBHIpOXKzeHb. I[lyers EY (v) — Takas
TOYKA, UTO BEKTOP X ImapaJJesed BHeHeH HopMmaau K K B sTo#

tTouke. Torzma mpu | x|— co acumnToTHka &, (x) paBHA CyMMe BK.la-
10B OT Touek ™ (x). AHaJjornuno, no teopeme 4.3, acHMIOTOTHKA
& (x) paBHa cyMMe Tex Ke BKJ/IAN0OB, YMHOXKEHHBIX Ha i sgn (g, VT),
TaK YTO NPH CYMMHDPOBAHHHM Mbl IIOJIyYyaeM V/BOEHHBIH BKJ4j OT
Toukn &7 (x).

6. JHonoaxenus. [naBHbI useH pasnoxenusa (4.14) MoxkHo
samucatb B Gosee uHBapuanTHoM Bujae ([20]). Ilyers yc.10BHS
Teopembl 4.1 BuinosHEHH. BBegeM ¢yHkuuio Jlarpamxka L (x, p)=
=8 (x) + pg (x). Ecam x* — cranmonapuas rpannunas Toyka asel S
Il poma, To (£°, pg) — crammonapHasi Toyka (GYHKUMM JlarpaHxa,
apu py TakoM, u4to VS (x% + uVg (x%) =0. IlokaxeMm, 4To raaBHBHH
4/leH aCHMITOTHKH BBIpA)KaeTcsi yepe3 3HaueHusd Vg H MaTPHUBL

— OL{x, p)
Qx, p) =det—r5—=

N (Vg) “ (4.37)
Vg '

B Touke («,uy). Ilyers =0, g(x%) =0, ag(x) 5= 0; mepeiinem

K KOOPIHHATAM Y Y| == X|, « v oy Yn—1=Xp—1, yn g(x) 1 0603HAYNM
yepes S, g* ¢yukuuu S, g, 3anHcaHHbe B mepeMeHHbIX y. JlaJee,
TOJIOXKHM

~ ~ 9:8*
y == (yl) ce ey yn—l): Q(y) ; ag‘(y) (438)
TOI‘lIa CHpaBeILHPIBbI TOXJeCTBa
detQ=—(2£)" detd, sgnQ=sgnQ (4.39)

apu x =% p=np, JelCTBHTEILHO,
" tr O T 0

0 E

rae Marpuua Q" crpomrtca mo S, g' Taxk Ke, Kak H MaTpHUa Q,
T=0y(0)/ox, 0 u E—HyneBas W eguHuuHasa (n X n)-MaTPHLH.
Umeem

detQ=det Q" (detT)’,, sgnQ=sgnQ"

Tak Kak g =y, detQ" = — det Q, To detQ= — g2 detQ, u mep-
Boe u3 ToxjuectB (4.39) mokasano. [aJsee, MaTpuua Q* npusoauTcs
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AuHEeAHbIM IpeoO6pa3OBaHHEM K BHAY

Q0 o0
o1 of,
00 —I

oTKyAa ciegyeT BTopoe u3 ToxpecTB (4.39). ITostomMy kKo3dpdu-
IHEHT @y B pa3J10>Kerm (4.14) paBen

= (@) T Vg/vsmeth”zexp[ T (sgnQ+2)],  (4.40)

rie x=2ux" p=py U OpHEHTALIMS TPaHHUIBH O TAKOBA, YTO BEK-
Top — Vg(x°) manpap/eH no BHeUIHeH HOpMaJH K O0Q.
PaccMmorpum eute ofuH BaKHBI IpUMep: HHTerpaJ

00 (e

@ (k)=S dy S dxexp(— iAxy) ¢ (x, y). (4.41)

— 00

B nmamsoM cJayuae YCJIOBHUSI TeopeMmbl 4.2 He BBITOJIHEHH HMEHHO,
BCE TOUKH TPaHuUbl — ocu y =0 — ABJIAIOTCS IPAHHYHBLIMH CTalHO-
HapubiMn ToukaMH ¢assl I, I poma. Kpome toro, Touxka (0, 0)
ABJSIeTCS CcTaluoHapHoll Toukoil ¢asw [ ponaa.

lMpennoxenue 4.1. Hycre ¢yuxyus ¢=C* npu y=0 u
¢unuria. Tozda npu A— -4 00 cnpasediuso acuMnTOTUYECKOE
pasaoscene

oo

@ () ~ ; ah """, (4.42)

KO3(IPUYUEHT L KOTOPO2O UMEHT 8UO

o0

. —n— d \*
a,=i""'v. p. S x ‘(‘a‘y—) @ (x, 0)dx +

- + 2 (2Y(2) 00, 0. (4.49)

HdoxasareabcTso. [IpeacraBuM unrerpaJt (4.41) B Bume

o0 o0

D) =2" S rdt, I= S e~ (x, €)dx,

0 —00

rze e=1"". Tlo (opmyne TeHjopa, uMeeM
N

@ (x, )= (ay) @ (x, 0+ Ry,

n=0

Ry= % S (e — )V (—;;)NH @ (x, ©)dm,
0
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TaK 4TO

o]

@ (M) = ZO a A" @y (),

n=
rae kos¢p@uuueHTH a, HMEIT BUJI
1 % .
an=71TS y"dy S (—07) Qx, 0)e~*¥ dx, (4.44)
) —o0

a OCTAaTOYHBIA UJieH pPaBeH

oy W) =2 1,at,
0

o] oo

Iy= S e~ xRy dx ———%S (S—T)N( S e~ (x, T) dx) dr.
0

—00 -0

3nech § = (3/07)" "' @ (x, 7). UHTerpassl MOXHO NepPecTaBAATh B CHAY

¢uHnTHOCTH OYHKUHMH @. Tak Kak @ — riaaxkas dbuHHTHAS QyHKuMsA,
TO npu Jo6oM k2 > 0 cnpaBeAJHBa OlleHKa

L Cu(l 417"

o0
S e~H¥p(x, 1) dx
—00
paBHoMepHo no T € [0, oo]. CuenoBaTe bHoO,

4

<S40 [ =0V ar=chla £ 07,

0

Dy | < Cia~ 2 S A )P ar< e,

0

B TeM caMbiM dopmyaa (4.42) mokasaHa. Hagee, umeem ([26])

00

S e gt = " T 4 8™ (),

0

rje PaBeHCTBO I[IOHHMaeTca B cMbicje 0600lIeHHbIX (GYHKIHH, U H3
(4-44) caemyer (4.43).
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HanomuuM, uto (cm. [26])

v §empmar=§ o+ o0 -
- ' x2 ka—?
—2(P O+ v O+ .+ g v 0) ] dx,

o0

v. p. iox—?k—lxp(x) dx={ s [0 — (-0 —

0

, x3 ka—l
—2( O+ 39 O+ ..+t ()] e

T'yiaBHBIH u/ieH aCHMIITOTHKH HMeeT BHJ,

D) =2"" [ncp(O, 0) 4+ S 2t D009 dx]+o(x‘2).

— 00

§ 5. BoipoxkaeHHbie CTallHOHAPHbIE TOYKH

1. CyuecTBORaHME AaCHMNTOTHYECKOro pasjoxkeHdd. [Tycts
baza S(x) =C™ B okpecTHOCTH CTalHOHADPHOH TOoukH x’, W mycThb
BBHIIOJHEHO ONHO H3 YCJOBHH:

1°. ®ypknusa S(x) aHaJUTHUECKH MPOAOJKAETCH B KOMIJIEKCHYIO
OKpecTHOCTL TOoukH X0, M Touka x° sIBJIsieTCA M30JHPOBAHHOH KpPH-
THYeCKOH Toukod ¢ynkuuu S(2), z = C"

2°, JlokaJsibHOe KOJIbIO OTOGpaxKeHusi x — VS (x) KoHeUHOMEDPHO.

Jlokaasroe Koavyo orobpaxcenus x-—VS(x) ects ¢arrop-npo-

as as
cTpancTBo F [[x — x9] ]/(a—x‘, ce W)’ riae F[[x — x%] — kosbuo
¢opMa/bHLIX CTENeHHbIX PS0B OT MEPEMeHHbX X, — X%, ..., X, — XxJ

as as
(G e
dyuruui 0S/0x;.

Torza (cm. ra. II, § 3) cyuectByer nuddeomopdusm x =@ (y),
¢(0) =x% rako#f, uro (Soq@)(y) ectb mnoauHoM. TakuM o6pasom,
B cayuasx 1° 2° BeluHC/eHHe BKJaja OT BBIPOXKJACHHOK CTallHOHAP-
HOH TOYKH NPHBOAMTCA K CJay4Yalo, Korjga ¢a3a ecrb IMOJHHOM.

Teopema 5.1 (Atbea [98]). Hycre x°— sewjecreennan crayuo-
Hapuas Touka daser S, pynryus | (x) < Cy (R™), supp f e codepacur
CTAYUOHAPHELX TOYeK, OTAU4HBIX OT X0 1 86INOAHCHO O0OHO u3 Ycao-
suti 1°, 2°. Toada npu A-—>- co cnpasedauso acumnroruvecxoe

) — HpeaJ, HATAHYTHIE Ha psabl Tedsopa B Touke A”
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pasaoscenue
N

F(n)= S f (x) exp [iAS (x)] dx ~ Z (Z Qb (mx)’—‘). (5.1)
R [=0

30ecs r, — payuonaasrele uucaa, nf2<Lro<r < ... < r,—>

(m— 00) u N — nexoropoe d)ufccupoeafmoe yeaoe 4ucAo.

JTa TeopeMa cJenyeT H3 TeopeMn 2.3.3 B JeMMbl 2preiin
(cp. moxasareabcTBO TeopeMul 2.4.3).

Uncna r,, N ABAAIOTCA HHBADHAHTAMH CTALHOHADHOH TOYKH.
HmenHo, npH raaixkoi 3aMeHe x = @ (y) OHY He MEHSIOTCS, TaK Kax
He MeHseTcs 3HaueHHe HHTerpaJga F(A), a acHMITOTHUECKOe pas-
goxenue Buaa (5.1) equHcTBeHHO. HaunGoJsee BayKHHIM HHBAPHAHTOM
ABJSAETCH ry. BbluHc/AeHHe r, OCHOBaHO Ha TeopeMe XwupoHaka [92]
0 pedyxyuu 0cobeHHocTuU, T. €, O IPHBEJEHHH NOJHHOMA S K Heko-
TOpOH KaHOHMYecKOH ¢oOpMe C TOMOIILIO 3aMEHH IepeMeHHHIX.
OpHako 3¢ $eKTHBHO OCYIIECTBHTDL TAaKYI0 PeLYKIHIO BeCbMa 3aTPY -
HHTeJbHO. B m. 2 MBI MpHBeneM TOJIbKO HEKOTOPhLie H3 Pe3yJbTaTOB
O peAVKIWH, npuHagiaexamue ApHoabny ([1] —13]).

2. HekoTopnie mpuMephl.

Teopema 5.2. [Tycre S(x)— norowcuressrio onpedeienreoiil

00HOPOOHSLEL noaunom cteneru 2m, f(x) < Cy (R"). Toeda npu A — + oo
cnpasedaugo ACUMHTOTUYECKOE PAa3AoXeHue

n imn ™ I3
F(R)~ 2 Tmeam 3 g o (5.2)
k=0
EE_
ap == e M S Z xBoBf (0) wg. (5.3)
S=1 {Bi=1

3decy og— Juppepenyuarvran gopma Jepe — Ieasvghanda.

JlokaszaTtenbCcTBO CJenyeT U3 npepsoxenus 2.3.4 U JeMMH
Ipnefiu.

Jdemma b5.1. [ycre x°— kpuruseckan rtouka aser S u
rank St (x%) =r. Toeda ¢ nomowpro Oupgeomoppusma x=q(y)
(£ = (0)) moxno 8 masot okpecrtHocTu Touku x° npusectu gasy S
K 8udy

(S o @) (y) = const + Z 4+ S Yy - ) (5.4)

IIpu arom sce wuacTHole NPOU3BOOHbIE NEps8oeo U 8TOPO2O MOPAOKa
¢azet S, pasHel Hyaw npu y==7~0.

HoxasatenbctBo. Ilyeth r221 u x°=0, S(x%)=0. He
orpaHuyuBasl OOIMHOCTH, MOXHO CUHMTaTh, YTO BTOPoH AU depeH-
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r
uuas GYHKIuM S B Touke x==0 eCTb CyMMa KBAjpaToB ), = XJ;
"
9TOro MOXKHO ﬂO6HTbCﬂ C NMOMOIILI HEBLIPOXAEHHOI'O JHHeHHOT O

npeo6pasosanus. Ilomoxum x" = (x,, ..., %), X" =(X41, ..., X,),

Torja
Sx) =80, ")+ S, (+/, x”).

dyuknus S (07, x”) uMeer Hysab nopsiaka =3 B Touke x” =0
Hauee,

S, (¥, x) =) + 224 S, (, x7).
i=1

PaceMoTpuM S, KaK QYHKIHIO OT MePeMeHHLIX X° U 0T mapaMeTpoB x”
npu Mauabix |x”]. Tak kak, mo nocrpoennto, ¢ynruusa S,(x’, 07)
HMeeT HYJb TOpsiKa >3 B Touke x' =0, To, NO TeopeMe 0O
S,
ax’
H MPUTOM €JMHCTBEHHOE, PellleHHe %" =P (x”). Tlpu stoM | p (x”) |=
=0(]|x"]). B cuny aemmn 2.3.3 ¢ moMousio raanxoi (mo y’ u mo
napaMmerpam x”) saMenn nepementolt x = x"(y’, ), v’ =, ..., y,)
r

obpaTHOH (YHKLHUH, ypaBHeHHe =0 npu MaJgelix | x”| uMeer,

MOXHO NPHBeCTH Qywkuuio S, Kk Buay S,= D = yj, # YTO J0Ka-
2= &

3biBaeT (5.4).

Canencteue 5.1. [ycre rank St (x)=n—1. Tozda ¢ no-
Mmougero eaadkoll samenst nepemennslx X =@ (y) ¢paza S 8 oxpecr-
HocTu Touku x* npusodurca x eudy

n—1

1

Se@) () =SE)+5 Y wyikaytt?, a>0.  (55)
j=1

30ecy p; — Henyaesvie cobereennsble 3nadenus marpuyst Sy (x0),

k=1 — yeaoe uucao. lpu srom deto’ (0)=1.

JokaszaTeabCcTBO caefyeT U3 TeopeMu 5.2 u jJeMmmu 2.3.1.
Tem cambiM 3apaua 0 peflyKIMH OCOBEHHOCTH NOJHOCTBIO PeliaeTcs
B cayyae rankSy.(x')=n—1. AcumnrotHra wunTterpasa F(A)
¢ dasoBoii dyukuueh Buga (5.5) Jerko BuIUMCHAsETCs (C NMOMOIIBIO
Teopembl 2.1 W Teopembl 1.5), H TJIABHHI{l UYJeH ACHMIITOTHKH HMeeT
BU]

fe~ (%‘l)n—;_%r (317)(:*: ak)n%e"p [%Z sgn p; + 21_2] X

XM - e TP exp[iAS ()] (£9).  (5.6)
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PasHocTb n—r, r==rank det S, (x°) HasbiBaeTca xopaueom crTa-
uuoHapHOH ToukM x° (ocobennoctu). OcoBeHHocTH KopaHros 0, 1
yXKe HCCJIelloBaHBI, PacCMOTPHM 0COOeHHOCTb KopaHra 2.

Teopema 5.3. Odnopodueiii sewecreennoti mroeoxsen (& 0)
Tpersell cTenenu OT 08YX MNEPEeMEHHbIX MOMCHO ¢ HOMOWLIO Hedbi-
PONCOCHHOL  AUHELHOLU 3aMeHbl NEePeMEeHHbIX NPUBecTl K OOHOMY U3
caedyrowux deroipex 8udos:

B4 3, Fy—t, 1Py, K (5.7)

HDokaszateabcTso. Mmeem Py (x, y)=ax®+ bx*y + cxy?+ dy®
IyCTb 4715 onpenedentocTd a %= 0. Ky6uueckoe ypaBuende P, (A, 1)=0
UMeeT IO Kpafinell Mepe OJHH BellleCTBEHHBIH KOPeHb A;, ¥ dopMa Py
JeauTcsl Ha JHHeHHBIi MHOXETeab x — Ay. [losmaras x — Ay =y,
y=x", noayuaeM Py=y'P,(x’, y’), rne P, — BewecTBeHHas KBaf-
patuunas ¢opma. [IpuBois ee K CyMMe KBajpaToB, MNoJyyaeM
P,=y [+ (AY 4+ By’ + Cy’*). dopma P, npusoautcs K BALY y”
ecain A=C=0, k¥ BHLY y”x”g, eciy C=0, A==0, u ¥ BULY
y” (7 =y, ecain AC 5= 0. ITyerb Py=y (x*+ y?). lenas 3ameny
y=u-+v, x= A/3(u — v), npusogEM P, K Buny 4(u®+ 0vd).

Teopema 5.4 (ApHoanp [2]). [Tycre S (x) umeer sud

@S=3+¢y+ ...; BS=y?—y*+ ...,

2de mHozoTouuem obosHauensl waenst creneu =4. Toeda 8 Hexoro-
poii oxpecrrocru Touku (0, 0) ¢ nomowsro 24a0K0U 3aMeHbL nepemet-
HoiX S npugooutcs K sudy

(@) S=x"+y" B S=yx"—y"

COOTBETCTEEHHO.
3ameuanue 5.1. Ecoau dyuxkuus S rosoMopdHa B KOMIJIEKC-
HOH okpecTHOCTH TouKH (0, 0), TO C MOMOIUBIO TOJOMOPGIHOH 3aMeHb!
3 3
nepeMeHHbIX (QYHKUHS S mpuBomutTes K Buay x° —+ 4.
B cayuae (a) uHTerpasa F(A) mpUBOLUTCH K BHAY

F )= explin (¢ + 5 0 (x, y) dxdy ~

~en ™ [f 0, 0)+ }:r”’sak].
k=1

st nokasaTesJbCTBa JOCTAaTOYHO MOCJAEAOBaTeJbHO TPHMEHHTH
OJHOMEpPHBIH MeTOJL CTalHOHAPHOHM (aspl MO MepeMeHHHM X, y (cM.
TeopeMy 1.5).

3aMeTHM, 4YTO HOCTOSIHHAsE ¢ eCTb HHBAPHAHT, KOTODHI{ BhIpas
waeTcsl uepe3 NPOH3BOJHBIE TpeThbero nopsaka ¢assl S B cranuos
HapHOH TOuKe.
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TMTpumep 5.1. BeluucaIUM aCHMITOTHKY NPH A — + oo HHTErpaJa

Foy= {7 pexplin g —y)dray,
R2

\ oo
rre [ CT(RY). Unrerpan S ®, rie o— audoepeHnHaIbHAS
s
¢opma Jlepe — l'eabdanna, oTevaromas ¢pase S=yx’— y’, cxo-
JHTCHA, ¥ B CHJY IpuMepa 2.3.2 uMeeM

o.h= { to~cr10,0 {0 0.
S=c S=1

CaenoBaTesIbio, [0 JdeMMe IpaelH TCJaBHBI WieH ACHMITOTHKH
HMeeT BHJA

- 1
FOI=110, 0)+oma™ " LU | o (5.8)
$=1
Beruucnnm S @. Kpuras S=1 wumeer Bun xzi/\/]—g—y—{

s=1
I COCTOUT H3 Tpex ReTBeft. OjfHA H3 HHX JeXHT B MOJYNJIOCKOCTH
y < — 1, CHMMETPHUYHA OTHOCHTEJbHO OCH § M HMeeT aCHMNTOTAMH
npsmeie y = =+ x. JIBe Apyrue BeTBH JeXaT B MOJYIJIOCKOCTH y > 0,
CHMMETPHUHBI OTHOCHTEJBLHO OCH Y, W OJHA H3 HHMX HMeeT aCHMI-
ToTaMu ayuu y==0, x > 0; y=x > 0. Hmeem

~1 co

dy S dy S dy
S s Vy T+ %) Vy (T+77)

8=1 s=1 7¥ ~ b
B ETER FRTER e

ycts P, (x;, ..., X,) — ONHOPONHEI!l MOJUHOM CTeNeHH rm = 2
OT n > 2 nepeMeHHbx. ¥ (n, R) — rpynna HeBBIPOKIEHHBIX MaTPHL
nopagka n X n. Ipynna @& (n, R) ecTb MHOTO0O3pa3ne BELIECTBEH-
HOH PasMepHOCTH n’ (= uyucay 37eMeHTOB (n X n)-MaTpuus). [loau-

n—1

HoM P,, umeer Chi._, koadoduuuenros. Hepasenctso n’ > Chino
BHIIOJHAETCS TOJBKO NP m=2, n>=2 WIX IPU m=3, n=2.
B nportuBHOM cJayuae JuHeHHasi TPynma COAePKHT MeHblle mapa-
METPOB, YeM MHOMKECTBO NOJHHOMOB {P,, (x)}, Tak 4TO € HOMOLIbIO
JMHHEHHOH 3aMeHBl NepPeMeHHBIX X==7y HeJab3ss NPHBeCTH JIOGOH
NOJIMHOM CTeMeHH # K OJHOMY M3 KOHeUHoro (MJaH jawxe IHCKPer-
HOrO) UHCJA KAHOHHUYECKHX THIOB NpH m=3, n>3 U OPH m > 3,
n>==2. CeMelcTBO KaHOHHYECKHX (GOPM B 3ITHX CJydasaXx 3aBUCUT
OT HelpepLBHBIX INapaMeTPoB. IJTO HMeeT MecTO yXe Jd
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OJHOPOJAHBIX MHOrousieHoB P,(x, y) ueTBepTOH CcTeNmeHH OT ABYX
NiepeMeHHBbIX.
Paccmorpum ¢yHKUHH

Sk, P=xy(*—y’), Sy, P=xlc+ty) (¥ —y )+ ...,

rje MHoroTounem o0O3HAaYeHbl uJjeHbl CTeNeHH =5 u t = 0 pmocTa-
TOYHO MaJjo. [lokaxeM, cJeays [2], 4To He cyIIeCTByeT rJuajkoi
3aMeHbl TmepeMmenHBIX (v, y)=¢ (v, ¥'), ©(0, 0)=(0, 0), nepe-
Bogasied S; B S, (B Masoi okpecrnoctu Toukd (0, 0)). ITosoxum
S, (', y)=3S8,(x, y); Torna pasnoxenne S; mo dopmyse Tefopa
HAUHHAeTCs C uJeHOB cTemneHd 4, KO3)QHUHEHTH NPH KOTOPHX
OTIPeLeNsloTC TOJBKO JIHHEHHOH uacThio MpeoOpasoBaHus ¢ B HYyJIe.
HMuBapuaHTOM JHHEHHOro npeoOGpasoBaHUs ABJASETCS ABOHHOe OTHO-
UieHHe UYeThipeX INpsMHIX. VIMeHHO, NMYCTh NPAMBE My, Ny, M, My
BHIXOAAT H3 OAHOH Toukd O, npaAMas m IepeceKaeT NpsaAMble

B Toukax M; JIBOHHBIM OTHOLIEHHEeM HAa3bIBAETCA YHCJIO
_ MM, . MM,

MM, MM,

KOTOPOE He 3aBHCHT OT BoIGopa npsmod m. IlycTs m; -— npsMole
x+y=0, x+1y=0, x=0, x=y; torgpa d=21{(t+ 1) nas
dyukuun Sy, d=2 nas S,.

TakuMm oOpa3zoM, IPH KJAaCCHOHKAIHH BBIPOXKJIEHHBIX KPHTH-
YECKHX TOYEK BO3HUKAIT MOOyau (ceMeHCTBAa HEIKBHBAJEHTHBIX
OTHOCHUTEJIbHO IJaJKOH 3aMeHbl POCTKOB, 3aBHUCALIHME OT HeNpPepbiB-
HHIX [apaMeTpoB), M 3ajauya O KJaacCHHKAlUHH BHIPOXKAEHHBIX
KPHUTHUECKHX TOYE€K B HacTosllce BpeMd He ABJAETCH MNOJHOCTHIO
pelleHHOH.

d

JluTepaTypHble YKa3aHHA H JNOMOJHEHHUSA

Pesyabratel § 1 B OCHOBHOM fBJSIOTCH KJaaccHuecKumu H BocxoasaT kK CTokcy,
Keabsuny u Barcony. Crporoe ofocHoBaHHe MeTOla CTalHOHapHOH dhaswl AJs
OJHOMEDHBIX HHTerpajoB npunagiexur Ban mep Kopoyry [111], [112] u A. Dp-
nenu [97], [116].

B onzomepHOM c/iydae MeTOI CTaljHoHApPHOH ()asbl CBOAHTCA K METOAy mepe-
BaJjia, €CJH [ONMHTerpaJbHast (YHKLMsS aHAJIHTHUHA, HO AJs HeaHAaJHTHYECKHX
¢yuknul sto He Tak. Ilo stomy nosoay Bam Kawmnen [108] mucana: «S§l mosaraio,
YTO HEBEPHO PaccMaTPHBATH METOI, CTAL[HOHaPHOH (a3bl KaK HE3aKOHHODPOXKAEHHOE
JIUTA METOAa mnepepaJa».

Jlemma 1.4 pokasana A. Dpgeiin [117], teopema 1.6 —JI. Beprom [10B],
Teopema 1.9 — B. P. Baiin6eprom [20], Teopema 1.10 — aBTOpOM.

Teopema 2.1 npunagaexur asropy [78], [83]. Ilpn n =2 sTa TeopeMa joKa-
sana panee H. @oke [121] aas amanurnueckux ¢yHkum# [, S; /s HeaHaNuTH-
ueckux f, S sTa TeopeMa ORlNa H3BecTHa paHee B cJydyae, Korja craliHOHapHasg
TouKa (asbl ecTh TOUKA MHUHAMyMa HaM Touka MakcuMyMma [123]. ®opmyna (2.18)
moJydena ¢ MOMOILBIO [pHeMa, npHHaliexamero JI. Xépmannepy [91]. Hpyro#t
NOJX0/ X OBOCHOBAHHIO MHOIOMEDHOIO MeToAa CTalMOHADHOH (asb MpelJOXKeH
B B. Kyuepenko [46], Jle By Anp [52].



§ 5. BBIPOXKIEHHDBGIE CTAUMOHAPHBIE TOUKU 161

Teopemt 4.1 u 4.2 npuuannexar astopy [82] [83] (upu n = Y ananoruy-
Hele peayJbsraThl ObuH nonyuenn panee M. @oke [121], M. 1 Konrtoposnuem
u [0 K. Mypabbenbim [43] ), Teopemur 4.4 4.5 npunannexar B P BaituGepry [19]
[20] Teopema 5.1 — M. Atest [98].

AcumnToTHKa XapakTepHCTHUeCKOH (YHKIHH BHIIYKJIOTO MHOXeCTBa Obija
ucenenonana B paGorax [122] [123]. [133]). HauGosee noJiHble pe3y.abraTh
nonyuensr Y. Cgenccorom [133]; cdopmysnpyem nx Ilyers C — Bumykioe orpa-

nnyerHoe Muoxecrso B RZHL

7o (® = {u ) = P
C
n+2

1@ =supr |7, 08)]  [E|=]

Touka x° & @C HasbIBaeTCHd TOYKOH YILIOLIGHHS MOPAAKAa <] ecJH PacCTOsiHHe
OT TOukH x & 6C [0 KacaTenbHON IVIOCKOCTH B TOYKE X HMeeT HYJb NOPSAKa
<j+2 IMyems K (x) — rayccosa KpHBH3HA rpaHullel 0C B Touke X

Teopema ([133]). Hycre u=CH (R™) 20 W — HauMmeHbuwee ueaoe

qucao, Goabuee L 5 Mycre 0C = C'F' 1 0C ne umeer Touex ynaouenus
2—p
nopadxa esiwe, yem j=p u \ (K(x)) 2 ds< oo Toeda ii e LP(S™).
ac

Bce ycaoBus 9TOH TeopeMnl BhIMosHeHH, ecaH dC & C™ u dC He uMeer
TOueK YIJolleHHs GecKOHeyHoro nopsAka BoJsee Toulbie pe3y.ibTaThl NOJYYEHH!
OpH n = 2,

B paGorax B. IL Macaosa [55] B JI. HyGuosa [33] B. II Macsosa
M B ®enopioka [57] meron cramuonapHoli ¢assl pasBHT IJIS HHTErPajioB BHAA

S @ (x)exp [iAS (x)] dx
R"
rie A — MpOH3BOILAILHA ONEPATOP CHJIBHO HEMPEPHIBHON CPYINH ONepaTopos,
IeficTylomeli B $aHaXx0BOM MpPOCTPaHcTBe. ACHMITOTHYEeCKHe DA3/IOMEHHs Hpe-
o6pasopanuii Pypoe oO600lleHHbX GYHKUUMA LA pAfAa KJACCOB HCCAeLOBAHBI
B paforax IO A. BpuiukoBa [I1] [I2], IO M IIInpokosa u IO A. Bpuukosa [13].
IoGaBneHHe NPH KOPPEKTYpe. AcHUMOTOTHKA HHTerpasos Pypbe

C aHaJHTHYecKoH (a30fi H BHIPOXKIECHHHIMH KPHTHUECKHMH TOUKAMH HCCJIeLOBaHA
B. A. Bapuenko (PyHklL. aHanuz 10, Ne 3, 1976).

6 M. B. ®enoprwoxk



TJTABA IV
METOJ NEPEBAJIA

§ 1. Merton nepesana naa wHTerpaaos Jlanaaca

1. 3spuctuyeckue coobpaxkenus. Hac uurepecyeT acHMITOTHKA
npu A — -+ oo HHTerpajoB Jlanjaca

Fh)= S f(2) e @ de, a1.1)
kY

31ech y— KpHBass B KOMIUJIEKCHOH mJOCKOCTH 2, (yHkuuu f(2),
S (2) ronoMopdHL B OKPECTHOCTH KPHBOH Y.

Ananutnunocts GyHkuu#l f, S mosBosseT nedopMHpPOBATb KOH-
TYP Y, YTO H2BOAUT HAa MBICIb NPOAeDOPMHPOBATHL KOHTYD ¥
B KOHTYp, HaubGoJee yHLOGHBIH AJsT MOJYYeHHsS ACHMITOTHUECKHX
OIIEHOK.

PaccmorpuMm BHauwase 6oJlee TIPOCTYIO 3a7auy 06 OIEHKe CBEPXY
dyuruuy | F(A) | [yers f(2)=1, S(z) — noausomM, y == yg — KOHeu-
Haf KpWBas AJsl OPOCTOTH. Torpa

| F(1)1< { exp [ Re S (2)] | d2 |< Iy, max exp [A Re S (2)],
Yo €Y
roe [ly,— AJuMHA KOHTYpa Y. Ho, mo reopeme Koumm, uurerpan

Sexp [AS(2)ldz paBen wunTerpany mno Jio60MY KOHTYDPY, KOHIIb

Yo
KOTOPOI'O COBIAMAI0T C KOHIAMH Y, NOyCTh [ — MHOXKecTBO BCex
TaKuXx KOHTypos y. Torma ouenka Buga (1.2) cnpasemnuBa 174

Bcex y & T, u moayvaem, urto
| F ()<< inf (I, max exp [A Re S (2)]). (1.2)
vyl zey

Tax Kak Hac MHTepecyIOoT GOJbIlIHe 3HAUEHHS A, TO MO¥HO OXHIATD,
YTO JJIWHA [, HECYUIeCTBEHHO BJMfeT Ha TOUHOCTh ollenku (1.2),
TaK 4TO
[F(A)|<!inf maxexp[AReS(2)], (1.29
yel' zey .

rae [/ — mocTosiuHad, He 3aBucAmast oT A. Hakonel, fomyctuM, uTo
cyuiecTsyeT KoHTYp y* &I Tako#i, Ha KOTOPOM [AOCTHraeTcs

min max Re S (2). (1.3)
vyl zey
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Torpa us (1.2) cienyer oleHka
| F(A) | << Iy exp [A max Re S (2)].
FX=V

Iponedopmupyem B (1.1) y B ¥* (HonycTHM, UTO 9TO BO3MOXKHO),
TOrza
F() = (@) exp (1S ()] d2. (1.4)
.Y‘k
[TokameM, YTO ACHMITOTHKY 3TOr'O HHTEr paja MOXKHO BBIUHCJIHTH

¢ nmomomblo MerToma Jlanaaca. Ilycts asg mpoctoTsl max Re S (2)
zeEy*

JOCTHraeTCsi TOMBKO B OAHOH Touke 2y& y'. Hmewres nse Bos-
MOIKHOCTH:

1. 2,— OANH H3 KOHLOB KOHTYD4 Y.

[TycTb zg — HaAvaJIo y u S’ (z) # 0 nas POCTOTH. Torna MOYKHO
3aMeHHTb MHTerpas Mo y' HHTErpajioM Io MajoH jayre y; ¢ HadaaoMm
B TOUKe Z,, Ha KoTopo#l S’ (2y) == 0; oT6pollIeHHbl HHTErpaJ uMeer
nopsanok O (exp (A (S (2))—¢)]), ¢ > 0. Tak xak Re(§(2) — S(2)) <0
npu zeE Yy, 272, TO, MHTeTPHPYA MO 4YaCTAM TOYHO TaK Ke,
KakK U B JOKa3aTesabcTBe TeopeMbt 2.1.1, nojyyaeM aCHMITOTHUECKYIO
$opmyay

F (b =SS GO [ ) 4 0 (1] (1.5)

2. 2, — BHYTpeHHAA TodYKa Y.
M3 MHHHMAaKCHOrO CBOMCTBA KOHTypa vy cjaenyer, 4To 2,
ABJIseTCA cenioBo Toukofi dyHkund Re S (). [Tonoxum z=x + iy.

o [¢]
Tak Kak celL10Bas TOUKA ABJAETCHA CTAUHOHAPHOM, TO = Re S (z)) =

0 .
=-d—y-ReS(zo)=O, u u3 ycjosuii Komrnm — Pumana caenyer, 4to

Sl (Zo) =0,
Onpenenenue l.1. Touka 2, HA3bIBAGTCHA TO4KOIU nepesaiq
dyukiun S(2), ecan S'(2)=0. [Topadox TOUKW mepeBaa paBeH

n>=1, ecau
S (z)= ... =S"(2) =0, S""V(z)#0. (1.6)
Touyka mepesana g2, HasbiBaeTcss npoctol, ecan S”(2;) %= 0. Be-

anuuna Re S (2)) Ha3biBaeTcs 8bicOTOL TOYKH NepeBaJia.
3amenuM y* 40CTATOYHO MaJOH JIyroH v;, cojepxailed TOUKy 2,
H nyctb S”(2,) =0 nas mpocrornl. Torpa Ha y; HMeeM
. S§” (20)
2 0 2
£=5(2) — S(z0) @~ (z — 20)",

IMycrs {==u~+ iv, Torpa Re? = u® — v*, u auduu yposusi Ret2 =10
JesarT MmJIOCKOCTB § Ha 4 PaBHHIX ceKTopa. B AByX U3 3THX CEKTOPOB

6*
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Re{? >0, B ocrampubix Rel* < 0. Toudo Tak e JHHUH yPOBHSA
Re[S(2) — S(2))] =0 penar OKPeCTHOCTL TOUKH 2; Ha 4 CeKTopa;
B IBYX H3 HuX (ckaxeM, S; u S,) dyukuua Re[S (2) — S (2y)] otpu-
JaTenbHa, B ocTaabheix (S;, S,) — nosoxurenvHa (cM. puc. 3).
IToBepxHocTh w==u® — v? B npocTpaHcTBe (w, u, v) eCTb rumep-
Gosnuueckuit mapaGosioup (puc. 4). KouTyp y, HPOXOAMT uepes
cekropnt S; n S,. [leficTBuTeNbHO, ecad Ob OH JeXasJ B OXHOM

Zy

7

Puc. 3. Puc. 4.

U3 HUX, cKaxkeM, B S, To, mo Teopeme Komu, M0XHO OblIO OBl
3aMeHHTDb Y, KOHTYPOM y’, jleXamuM BHYTPH S; H He COAeprKalluM
TOUKH 2. Torma max ReS(z) < ReS(zO)—max Re S (x), urto mpo-
zey’

THBOPEUHT MHHHMAKCHOMY CBOHCTBY KOHTypa v

Jlunus ypoBus Im [S (2) — S (2y)) =0 npm manplx z-—2; pac-
najaeTcss Ha [Be JHHUU [ ¥ [, OlHA U3 KOTOPHIX NPOXOIHUT yepes
cekToprt S; u S,, Bropasi uepe3 S; u S, JleficTBUTeNLHO, B f10-
CKOCTH { 3Ta JHHHS HMeeT BHj uv =0, T. e. COCTOUT U3 NPSIMBIX
u=0, v=0. Tak KaK KOHTYp Yy, NPOXOIHT uepes S; u S,, 10
MOKHO 3aMeHHThb Yy, Ayroil /| sunuu /. Ilepexoass x mepeMmeHHO# L,

noJiyuaemMm, 4TO

S [ (@) exp[AS (2)] dz = S F(2)exp[AS (2)] dz =

v g .
= exp [AS (20)] S exp (—Av?) [ (2 (Z))-Z%dé,
_Gl
= v
dt lz=o - 87 (z9)

[MpuMensa meron Jlamnaaca, nojyuaem, 4TO Impu A —> - 0o

FO =/ — 55y e bS@IIT ) +0 G (1)
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AKKypaTHBle pacCyxkJAeHHA OYAYT HPOBeIeHH B MOCJAEAYIOLIHX
pasgenax.

MeTon mepeBafja COCTOHT H3 ABYX dYacTef.

1. Tonoaceuweckan wacre. JedopMauus KOHTypa y B HauboJee
yanOOGHBI! 1JI51 MOJYUYEHUs] aCHMIITOTHYECKHX OLIEHOK KOHTYD V.

1. Anaauruseckaa wacre. Brlunc/ieHue acHMITOTHKHM HHTErpaJa
O KOHTYpY V™.

AHasutuueckas 4acTb COAEPIKHT TPYAHOCTH TOrO Ke NODPAJKa,
uTo ¥ B MeTode Jlamnaca. Bo MHOrux cayyasx MOMXKHO BOCHOJIb-
30BaThCSl [OTOBHIMH (OPMYJaMH, MOJYYEHHHMH MeToAoM JlanJjaca

Tonosoruueckass yacTb DOYTH BO BCeX NPHMEHEHHAX MeToOJa
nepeBaJsia BbI3bIBAeT 3HAUUTEJbHBIE TPYIHOCTH, UTO HEYIUBHUTEJBHO,
TaK KaK 3Ta 3ajaua -—rjobagapHasi. Bbllle MBI HCKaJH KOHTYD,
Ha KoropoM pocruraercss muuumaxc (1.3). Takoll KOHTYp MOXKerT
MONPOCTY He CYLIECTBOBAThH JaXKe B TOM cJayuae, xorjaa S (2) — ueJas
byukuus. Janee, cTporo rosops, c/AelyeT HCKATb KOHTYpP, Ha KO-
TOPOM JOCTHTaeTcs

min max| f (2) exp [AS (2)] ] (1.8)

yeTl zevy

(' — MHOKeCTBO KOHTYPOB, IO KOTOPbIM uHTerpaJu (1.1) pasus),
uTO elule GOJbIIE OCJOXKHSIET 3ajauy.

Taxum o6pasom, ecan murumaxcroui xkonTyp (B cMuicae (1.3)
unu (1.8)) MoxkHO HalTH, TO acuMnToTHKa uuterpasia (1.1) BeIUu-
cnsgercs. Ho, X comaJgeHuio, He cyllecTByeT (M He MOKeT cylie-
CTBOBATBb) MPOCTOrO AJrOPHTMA, MO3BOJSIONIEr0 HANTH TAKOH KOHTYP.
HekoToprie npuembl, MO3BOJSAIONINE 3TO CHEJaTh, a TAKXKE TEOPEMBI
CYILIECTBOBAHHS TAKHX KOHTYPOB, GYAYT NPUBeJEHb B OCIEYIONINX
naparpadax. HecMorps HA 3TH TPYAHOCTH, METOAOM INepeBaJa
noayueH psg GJAeCTAINMX pPe3yJLTATOB, W OH fIBJSETcs, N0 CYylie-
CTBY, €JIHHCTBEHHBIM METOJOM HOJIyYEHHS ACHMITOTHUYECKUX OIEHOK
IJs yHTerpasioB Jlamsaca. DTOT MeTOn Obl1 BIepBble NpenJokKeH
H TIpUMeHeH K PAAy 3a7aY U3BECTHbHIM aHPJIHHCKHM (H3UKOM
[Turepom eGaem.

MeTosa mepeBasa HOCHT TaKXKe HA3BAHWUA <METOJ HAMCKOPeli-
Iero cmycka», <«Meroj ceatoBoft toukw» (method of the steepest
descent, method of the saddle point, method of the cool).

2, JlokasgbHast CTPYKTypa JHHHH YypPOBHS TapMOHHYECKHX
G yHK i,

Jlemma 1.1. ITycrs ¢yuxyun S(2) eoromoppra 8 Touke 2,
u S’ (2p) %= 0. Tozda cessnas komnowenta aunuu yposus ReS (2)=
=ReS(2)), xoropas codepamur TOUKYy 2y U AeHUT 8 JOCTATOUHO
MO OKPeCTHOCTU TOHKU 2o, ABAAETCS AHAMTUHLECKOL KPUBOL.
To gce camoe eepro u Aaa aunuu Im S (2) =1Im S (2). Iru aunuu
YposHsa oprocoHaabHbL 8 TOUKE 2.
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HokasarenbcrBo. Tak kak S'(2))=0, 10 hyHKUUS ©==
=S (2) — S (2) B3auMHO OJHO3HAYHO 4 KOH(OPMHO oToOpaxkKaer
HEKOTOPYI OKpecTHOCTh U TOUKH 2y, Ha OKPECTHOCTh V TOUKH
w=0. B xauecrBe V MOXHO B3ATb KBajipaT Buma |Rew|<3),
[Imw| <9, mas storo jocratouno usMmenuthr U. Torpa apyra |
auHpu ypoBHa Re S(2)==Re S (), Jnexamas suyrpu U, oTobpa-
3uTcsa Ha otpe3ok [: Rew =0, |Imw|<d mMHHMOH ocH, KOTODHIH
sBJIsseTCsl aHanuTHuecko# kKpuBoH. Tak xak o6paTHas ¢yHKuHA

2= (w) rosomoppua B V, 10 [ =1~ (I) — aHa/IMTHUECKAS KPHBASL.
AHa/JOrHYHO 70Ka3biBAETCH AHAJHTHYHOCTb JYIH JIHHHH YPOBHSA
Im S (2) =1ImS (2y).

Jle Mmma 1.2, Hlycro zy— To4Ka nepesasa nopAdka n Qyuk-
uuu S (2). B masoii oxpecrroctu U Touxu 2y aunus yposrs Re S (2)=
=Re S(zy)) cocrour us (n-+ 1) anaauruseckux Kpugolx, KOTOpPOLE
nepecekaroTcs 8 Touke 2y u pasdusaror U wa 2n-+ 2 cexropos
¢ yeaamu wf(n-+ 1) npu sepuwune. B cocednux cexropax 3Haxu
pyukyuu Re|S (2) — S(2y)] pasauuno:.

HoxasareabcTo. Bcuay jgemmer 2.1.4 cyuiecTBYOT OKpecT-
HocTh U ToukM 2z, @yHKUuA P(w) H p >0 Takue, 4TO:

) S (w))=S(20) + v B kpyre V: |w|<p;

2) ¢yskuua P (w) ronomopdHa B obyacté V B B3aUMHO OjHO-
3Hauno oroBpaxkaer V Ha U, P(0)=2;, ¢ (0)==0;

3) dyHKIUHA w==7""(2) rosomopdra B obaactu U.

B muockoctn w ypaBrenue ReS(z)=Re S(z;) npumer Bug
Rew?*'=0, u ero peuenne B V coctout #3 (n -+ 1)-ro uurep-

Bada g w=re, —p<<r<p, cka(ng' k”)/(nJrl), k=

=0, [, ..., n, KOTOpble HABJAIOTCA aHAJUTHYECKHUMH KDPHUBBIMH,
peaar V Ha 2n - 2 paBHBIX cekTopa, H 3Haku Rew"t! B cocepgunx
ceKTopax pasauuHb. [Ipoo6passi HHTepBaJos [, obJsajanT mepe-

YHC.IEHHBIMH CBOCTBAMH, TaK KaK QYHKUHS w =1 (2) rosomopdua
B U/ u orobpaxkenue P: V — U xoudopmHo.

[IpocTyio kKpUBYIO ¢ HayaJ/JOM B TOUKE 2y GyjJeM Ha3blBaTh AUHUEL
raubsictpeliueeo cnycka ¢dyHkuuu Re S(2), ecsqin Ha 3To# KpuBoOM:

1) Im S (2) = const;

2) ReS(2) <ReS(z)), 2+ 2.

EcJli BBIOJIHEHB! YCJA0BHA 1) H

2’) ReS(2) > Re S(z), 2552, To Takads KpHBAas Ha3bIBAeTcCH
aunueti Haubeicrpetiuieco nodsema dyukuun Re 8 (2).

JJemma 1.3. Ecau 2, He ssagercs TouKoll nepesasa, TO u3
TOYKU Zy 8bIXO0UT POBHO 00HQ AuHUA HaubbsicTpetduweeo cnycka. H3
TOYKU nepesasa 2y nopacka n svixoour n-+ 1 aunus rauSoicrpeli-
weeo cnycka. B Maaoli oKpecTHOCTU TOYKU 2z, 8 KAMHOOM U3 CekTo-
pos, 8 koropom ReS(2) < ReS(zy), aemur posHo odna aunus nau-
Goicrpetiweeo cnycka.
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JlokasaTeabcTBo. JlocTaTouHO paccMOTpeTs Caydall z,==0,
S(z)=c+ 2"*!, rae ¢ — nocTosiHHAast, TaK KakK obuuil cayuail cBo-
UTCS K 9TOMY 3aMeHoil nepeMeHHO# (CM. ZOKa3aTe bCTBO JeMMHl 1.2).
JIMHUAMH HaWOLICTpellllero cCnycka B JaHHOM CJyuae sBJASIOTCH
ayun argz= 2k -+ )njf(n+ 1), k=0, 1, ..., n

[ToscHuM TepMHH «Touka mepeBasa». [lycts S(2)==u(x, y) +
+ iv(x, y) —rosomopduas B ob6macty D ¢GYHKUHS, OTJHUYHASA OT
TOXKAECTBEHHOM nocTOsTHHOHA. PaceMOTpuM moBepxHOCTh S:u = u(x, y)
B TpPexMepHOM mpocTpaHctee (¥, y, u). Tak kak u(x, y)=Re S (2) —
rapMoHuueckas GYHKIIHs, TO OHAa He HMeeT HH TOYeK MaKCHMyMa,
HH TOUeK MHHHMYMa B obnactu D. CiefoBaTebHO, MOBEPXHOCTH S
He HMeeT HH BepPILIMH, HM BIAAMH, a TOYKH, B KoTOphx S’ (2)=0,
OyuyT cedaogoimu Toukamy. [lycTb 2, — nmpocrasi Touka NepesaJa.
B cuay JeMMBl 1.3 OKPeCTHOCTb 3TOH TOUKH COCTOHT H3 ABYX «I0-
JauH», B KoTopuix ReS(2) < ReS(2), m aByx «xpe6GToB», B KOTO-
pix ReS(2) > ReS(zy), T. e. ycrpoeHa Tak ixe, Kak OKPECTHOCTh
TOUKH mepeBaJsa B ropax. Ha puc. 3 Hu3o6pa)ieHa OKPeCTHOCTH
npocroii TouxkH mNepeBasa. Jloaunsl Re S (2) < ReS(2y) zawmrpu-
XOBaHbL.

B npocreiilueM cayuae S==2° noBepxHocTb S e€CcTb rHnep-
doanueckuii mapaGoaony  (cenno)  wu=x?—y’. T[loBepxHOCTDL
u=x3 — 3xy?’=Re 2’ HasbBaeTca «0BGE3bIHbUM CEIJIOMY.

[lycts F(A) — unterpaa (1.1). Koutyp v’ HaszoBeM sxgusaient-
HbiM KOHTYPY Y, €CJH uurerpaJgel Buma (1.l) mo 3THUM KOHTypam
paBHB!

{f@es@az=j@es@de
v v/
npu Bcex A > 0.

Jdemma 1.4, [Tycte y— xoneunoul routyp, Gyuxyuu [(2) u

S(2) eosomopgusr Ha y. Ilycre cpedu Touex, 8 KoTopwuix JdocTu-

2aerca max Re S (2), ner nu rtouex nepesaaa, HU KOHYO8 KOHTYPAQ Y.
zeE Yy
Toeda cyujecT8yer KOHTYpP V', IKGUBAACHTHbIL KOHTYPY Yy U

Takoit, 410
max Re S (z) < maxRe S (2). (1.9)

zey zey

INokaszarteascTro. Ilycts maxReS(z) =M, “pocruraercs
FA=Y

B Touke 25 Taxk Kak S'(z)) 0, TO CYuIeCTBYeT TaKas OKPECT-
#octs U(zy), KoTopasi B3auMHO OJHO3HAUHO OTOGDaxaercss (YHK-
nueii w=3S(2)— S(z) na xpyr V:|w|<p. TMoaoxuMm vy(z)=
=y U (zy), Toraa o6pas y (2,) 3Tofl KPUBOHl JEXHT B IOAYKPyre
Rew <0, |w|<{p. Ecin Rew < 0 Ha xouuax y"(z;), TO 3aMeHHM
v (20) OTPE3KOM Y, (20), COeNIUHSIOMUM KOHIB Y™ (Z,); ecan ke
Re w =0 Ha o6oux KoHIax y" (z,), To 3aMeHHM Y* (2,) KpHBOH ' ()
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Jexalulel B yka3aHHOM IOJYKpyre u takoii, uro Rew < 0 Bcroxy
Ha 3Toli KPHBOH, kpoMe KoHUOB. Ilocse 3Toro 3aMeHHM KOHTYP ¥y
KOHTYPOM, B KOTOpoM AYyra vy (2) 3aMeHeHa mnpoo6pas’oM . Y, (2g)
nyrH vy (2,). Ilo semme Define — Bopesist, MOXHO PasOuTb AYTY vy
Ha KOHeuHoe umcso AYT ¥;(2), 1<{/<Ck, K Kaxmold H3 KOTOPBIX

MOKHO NPHUMEHHTb NpPOBeAeHHYIO Bhlle Aedopmaumio. Torma y 3a-
MEHUTCS] SKBHBAJIEHTHBIM KOHTYpPOM ¥, Ha KoTOopoMm M, focTHraercs
B KOHEYHOM uHcje Touek Z;. [IpuMeHHM ONHCaHHYIO Bbille Aedop-
MalHI0 K MaJbiM AYraM y;, BHYTPH KOTOPBIX JiexXaT TOUKH Z;; Mbl

TIOJIYUHM AYTH \:g,-, Ha KOTOPBIX, 1o nocTpoenuio, Re S (z) < M,,. Takum

o6pasoM, AJs TMOJYYEeHHOro KOHTypa y’ ycuosue (1.9) BhnoJHEHO.

Ecan max Re S(z) pocruraercss Ha KOHIE 2, KOHTypa y, TO Ha
zey

HeM jocturaerca MuunMmaxc (1.3). JLeHCTBHTEJBHO, €CJH KOHTYD Yy’
HMEeT TE€ K€ KOHIB, YTO H Yy, TO
max ReS(2)=ReS(z)=M

, v
zey

[TokaxkewM, uro ecau max Re S (2) mocTuraercda B Touke mepeBasa 2,

zey
JexameHd BHYTPH Yy, To, BooOlle TOBOPS, HeNb3sl 3aMEHUThL Y 3KBH-
BaJIeHTHBIM KOHTYpoM y’, Ha Kotopom M, < M,. Ilyets S = — 2%,

y — orpe3ok [—1, 1]. Ecan KouTyp y’ HMeeT Te Xe KOHIbl, UTO H ¥,
T0 M, 2= ReS(0)=0. OngHako ecsH B3ATb B 3TOM NpUMepe KOH-
TYpP, BHYTPH KOTODOro JeXHT TouRa Z2==0, a ocTaJbHbE TOUKH
KOHTYpa JexaT B cekrope |argz| < m/4, TO Takoil KOHTYD He 6yzeT
MHHHMAKCHBIM: €ro MOXHO 3aMEHHTb KOHTYDPOM, LIEJHKOM JIeXauluM
B obaactu Re(— 2% < 0.

Teopema 1.1. ITycre T — mHOMecT8O 8CEX KOHTYPOB, 3K8uUBA-
AGHTHBLX Y, U nycTd cyuecrsyer Kouryp y T, Ha xoropom do-
cruzaerca munumarce (1.3). Toeda cpedu Touwek, 8 kKoropsix doctu-
eaercs Jmax Re S (2), umerorca aiubo KoHubt KOHTYpA, AUBO TOHKL

zey
nepesaia z;, yoosiersopawougue ycrosuro Ay B oxpecrrocTu rouru
KOHTYD Y Npoxoour 4epe3 08a pASAUHLHbIX CEKTOPA, 8 KOTOPbLX
Re S (2) < ReS(z)).
HJokasarteabcTBo. B cuny saemmbl 1.4 cpeau ToueK, B KO-

TOpbIX mocTHraerca max Re S (2) == M,», 0653aHbl GbITb UM KOHIBL
’ ze9g*

KOHTYDa, HJH TOUKH mepeBasa. JlomycTHM, YTO CPeAH 3THX TOYEK
HeT KOHI[OB KOHTYPa H 4YTO TOYKH MNepeBaja, B KOTOPHIX AOCTH-
raerca M, He YIOBJETBOPsIOT YycjaoBHIO A, JlocTaTouHO pac-
CMOTPETb CJyual, KOTfa HMEEeTCd TOJIbKO OJHA Takas TOUKa Iepe-
BaJa 2;. Tak Kak y* B OKDPECTHOCTH 2, JIEXKHT B OJHOM H3 CEKTOPOB,
B KoTopnlx Re S(2) <ReS(2), TO MOXHO 3aMEHUTB MaJyio AYTY Y,
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KPHBOI1 V", coepKamyio 2, Ayrof y’f, KOTOpas JICKHT B YKa3aHHOM

CEKTODPe H He COMEPIKHT TOUKH 2y K IOJYYeHHOMY KOHTYPY MOMKHO
IpUMEHHThL JeMMy |.4, Torpa mosayunM KOHTYD ', SKBHBaJEHTHBIH

KOHTYPY Y~ H Takof, uTo max Re S (z) <max ReS(x). 3to nporu-
ey 2=y

BOPEYHT MHHHMAKCHOMY CBOHCTBY KOHTYDa vy .

3ameuanue l.1. Ilyers Munumakc (1.3) mocturaercss ma y*
TOJBbKO JJIsI TEX KOHTYPOB Y, KOTODbIE MOJYUYeHbl U3 y* LOCTaTOYHO
maJao# necpopmanueil. Torna Bce yTBepxKIeHHUs TeopeMsl 1.1 ocTaloTest
B cuJe.

3. AHaauTHyeckas yacTb Meroga mnepesaJga. Ha mnpoTsikenunu
Bcell riasbl GyjeM OpeanoJaraTh, YTO BHINOJHEHB! YCJOBUSI:

A,. y— KycouHO-TJajKasl KpuBasi (KOHeuHasl HJH GeCKOHeuHast).

A,. ®yukunun f(2), S(z) rosomopdHE B KaxigoH Touke y (3a
UCKJIIOUEHHEM, BO3MOXKHO, KOHLOB V).

Ag. HpH A:>0

[11@11exp(S @) 11d21 < oo,
Y

Kpome Toro, GyneM npeamoJaraTh, 4YTO Y — NpocTasl KPHUBad.
DT0 ympoulaeT paccy:KIeHus, HHUYTh HE YMaJsisl HX OGIIHOCTH.
Jlemma 1.5. Ecau maxReS(2)<C, 10

ze vy
FA)=0(@E» A=1). (1.10)

,U, 0Kas3aTeJbCTBO O0CJOBHO MOBTOPAET JH0Ka3aTeJbCTBO

Jemmbl 2.1.1.
Teopema 1.2. [Tycrse max ReS (2) docruezaercs roasko 8 Ha-

zevw
yaae 2y kouTYpa v, Qynkyun (2), S(2) eosomopprer & rouke 2, u
S’ (20) # 0.
Toeda npu A — -} oo

FQ) = S f(2)expAS (2)]dz ~ exp [AS (20)] Z ah F7, (L11)

v k=0
b,
w=(-vm) ()

Paznroxcenue (1.11) mooxcno Ougppepenyuposars aboe 4ucio pas.
[1aBHBIH 4/leH aCHMOTOTHKH HMeeT BHI

F(¢»)=——f—(z—°)£%—o()f—l—)—exp S (20)]- (1.11)

HoxazaTenbcTBO. 3aMEHUM y AYTO# Y, KOTOpas COAEPXKHT
TOYKY 2, ¥ Ha KoTopoit 8’ (2) = 0. Torma uurTerpaJ mo y \ y, HMeer

(1.12)

.
Z=2
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nopsanok O (exp[A(S(z) —&)]), 6 >0, B cuny semmsl 1.5. HHTe-
rpUpysl O 4YacTAM HHTerpas mo Yy, TEM XK€ CIoco60oM, 4YTO H
B HoKasaTeapcTBe TeopeMbl 2.1.1, moayuaem (1.11), (1.12).

Teopewma 1.3. [Tycres max Re S (2) docruzaerca roasx0 8 Totke 2,
zevy

KOTOPQs ABARETCA BHYTPEHHell TOYKOI KOHTYpPA Yy, npocToll TO4KOLU
nepesasa ¢pynxyuy S(2) u ydosaergopsaer ycaosuro A, Toeda npu
A — -} oo

F(A)= S f(2) exp [AS (2)] dz ~ exp [AS (2))] Z akk‘k—”z. (1.13)

v k=0

310 pasioscenue MoxcHo Jupeperyuposars a0doe 4UCA0 pas.
['/1aBHBIA uJleH ACHMITOTHKH HMeEeT BH/

F(k)=/\/ 5,,(2,) [F () + O (A7) expAS (20)], (1.13")

BeiGop BetBu 4/ — S7(z,) GyneT yKaszaH Huue.

HdokxaszateabcTBO. B cuay JaeMmbl 2.3.2 CyLIeCcTByeT OK-
pectHocTs U Touku 2p, ¢yHkuusd P(w) u p >0 Takue, uTo IpH
lw|<p

o

S @) = S(2)) — 5, (1.14)

dbyukuus z=9(w) rosoMopbHa B Kpyre V:|w|<p u B3auMHO
0JHO3HAYHO oToOpakaeT 3TOT Kpyr Ha U. Ilpn 3ToM

YO0)=0, ¥ (0)=[—S5"()] " (1.15)

rjie BeTBb KOpPHA OyAeT yKasaHa HuXke. [Jomoxkum yo==1yU; uu-
TerpaJ MO OCTaBUIEHCS YaCTH y SKCIIOHEHUHAJbHO MAaJ IO cpaBHe-
Huwo ¢ |expAS(zp)]|. Ilocse 3amenn mnepeMeHHOM Y, uepefijer
B KDHBYIO Yy, KOTOpasi TPOXOAHT duepe3 TOUKy w==0 u uepes
cektopsl S |argw —n|<m/4 u Sy [argw|<m/4, B KOTOpBIX
Rew?®> 0. Ilyctb w, & S, j=1, 2 — koHuw! v,. [Tocze 3amensi (I.14)
uaTerpana Fy(A) mo y, 6yneT UMeTb BHJ,

Foh) = exp [AS (zo)] | exp (— Z25) 1 (b () 0" () dio

Yo

[To Teopeme Kown, uHTerpaJ mo y, paBeH HHTerpaJjy Mo KOH-

TYpy ¥, COCTOSILIEMY H3 OTpe3Ka [,=[—p, p] n gyr Yi, Vs OKPYX-
*

HOCTH |w|=p; 3Mecb Y/SS M Y, COeNUHFET TOUKH — 0, W,

a y,—TouKkH o, @, Tak Kak Rew?>c¢ >0 Ha y,, =1, 2, 1o

UHTErpasibl 0 3TUM AYraM 3KCIOHEHLUHAaJbHO MAaJbl MO CPaBHEHHIO
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¢ exp[AS(2p)], Tak uTo GyHKUMA F (L) C TOYHOCTBIO A0 IKCIOHEH-
[MaJbHO MAaJOrO CJAAaraeMoro paBHa HHTErpaJy
0
£ exp RS ()] { e=2F (1) v (1) at,

~-0

rle 3HAK 3aBUCUT OT opueHTauuu Y. Ilpumenss snemmy BaTcona
K mocJegHeMy uHTerpaay, noaydaem (1.12), (1.13). FaaBubiii ujien
ACHMIOTOTHKY HMeeT BHJ

i AfZ exp S @I (0O 0+ 0 ()]

u B cuay (1.15) copmagaer c (1.13").

Boibop sersu kopua 6 (1.137) cienyomuii: argq/ S”(2,) pasen
YLy Mexay MOJOKHTEIbHbIM HamlpaB/JeHHeM KacaTelpHOH K y
B TOUKe 2, U TOJOXKHTEJbHBIM HaNpPaBJCHHEM BEIIECTBEHHOH OCH.

Sameuyanue 1.2. Tlpu pgokasaTenncTBe Teopemul 1.3 MBI 3a-
MEHH/JH KOHTYP Yy B OKPECTHOCTH TOUKH IepeBasa 2, KOHTYPOM,
WIVIIHM MO JMHMUM HauckKopeHiiero cnycka. OAHAKO HeT Heo6Xo-
AMMOCTH KaXKAbIH Pa3 3aHOBO NMPOJEIHBATH 3Ty MPOLERYPY.

KosdduuuenTsl a, pasaoxenus (1.13) onpegenstoTest caenyio-
wuM obpasom. ITycTs W (w) — QyHKUMA, Onpeje/eHHAss COOTHOIIe-
usvu (1.14), (1.18) u

b @) w)—Zbkw (1.16)
Torna
ak——F(k+—)b iif‘m——%ik—bgk- (1.17)

Teopema 1.4 [ycrs maxRe S (2) docrueaercs roarsko 8 na-
FE=ZY

4aAbHOLL TOHKE 25 KOHTYPA Y, KOTOpPAs A8.afeTCA TOYKOL nepesaia
nopsadka n, u Gynxkyus f(2) eoromoppra & Touke 2.
Toeda npt h—> -+ oo

b k+1
F()= S F2)exp[AS ()] dz ~ exp WS (2] Y axh * . (1.18)

Y k=1

Bro pasaoxnenue moxHo nousenno dudpdepenyuposars aoboe uuc-
410 pas.

HJokaszaTeabCTBO NPOBOAUTCA 1O TOH Xe CXeMe, YTO W
B NpeABIAYIEM CJaydae: [eJiaeTCs 3aMeHa NepeMeHHOH 2= (w),

S (P (w)) = S (20) — w", {1.19)

H K MOJIYUEHHOMY WHTerpa/ly HPUMEHSETCHA METOJ Jlannaca.
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['naBHBEIH YJjeH ACHMITOTHKH HMeEeT BHJ

POy = A/ = T 29+ 0 G exp 1S (ol
(1.18")

Kosdpdunuenrnt a, B (1.18) uMeoT BHT,

ak=—i-r(kj‘)bk, (1.20)

riae b, onpemessiloTcs M3 PasJoXKeHHUsd
f (b (@) ¥ (w) = k;o brw®. (1.21)

Oyukuust P(w) ynosaeTBopsieT ypaBHenuwo (1.19) u nopMupoBana
YCJIOBHAMH

YO=2 ¥ O=A/— (1.22)

B atoii ¢opmyae u B (1.18") arg\/— S(")(zo) paBeH YrJy Mexuy
IOJIOXKHTEbHBIM HallpaBJICHHEM KacaTesbHOH K y B TOUKE 2, W IO~
JIOXKHUTEJIbHBM HalpaBJeHUEM BEIECTBEHHOH OCH.

3ameuanue 1.3. Cayua#f, koraa ¢yHknus f(2) uMmeer cre-
IEHHYIO HJH Jorapu(MHUUECKYI0 OCOGEHHOCTb B TOUKE Zg, B KOTOPOH
nocruraerca max ReS(2) u KoTopasi siBaseTcss TOYKO# IlepeBaJia

zey
HJIM KOHIOM Yy, TaKXe IPHUBOAMTCA K JeMMe BaTcoHa WJM K Teo-
peme 2.1.7.
Jo cux mop Mb paccmarpuBasau chayua#, korma max ReS (2)

2y

JIOCTHT AeTCsL TOJHKO B OJHON TOUKe KOHTypa Yy.
Teopema 1.5. ITycre y — Koneunoul kowrTyp, ynxyuu f(2) u
S (2) eoromoppuer 8 oxpectHocru Kourypa y. Ilycre cpedu rouex,

8 koropeix Oocruezaerca maxRe S (2), umerworca touxku 2z, ..., 2,
zey

KOTOpble ABAAIOTCA KOHLAMU KOHTYPA WAL TOYKAMU nepesaia, yoo-

gaergopanouumy ycaogurwo Ay Toeda npu A — + oo uureepas (1.1)

QACUMATOTUYECKI PABCH CYMME 8KAQAO08 OT TOUEK Zi, ..., 2.
Tlonsatue gkaada OypmeT BBeNEeHO B Ipollecce NOKa3aTe/bCTBA,
HoxasarteabcTBo. ITokaxem, UYTO CYIIECTBYeT KOHTYP Y,

SKBUBAaJIEHTHBIH KOHTYPY Yy H TaKOI';I, yToO max RES(Z)=M AOCTH-
z ey

raercs TOJbKO B TOUKaxX 2y, ..., 2 lorpa, mo JeMMe 1.5,
R
FRy=Y {f()exp S (2)]dz + O (exp [1 (M — O)]),

f=1‘Vl
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rae ¢ >0, a y;— MaJble AyrH KOHTYpa y*, COAEPKALIHE TOUKH 2.
HHTerpaJs no ayre y; 4 Ha30BEM 8KAA0OM OT TOHYKU Z; B aCHMITO-

THKY HHTerpaJga F(A). DTu BKJaJbl BHUHC/ISIOTCS C NOMOUIBIO Teo-
pem 1.2—1.4.

[TycTb S\ — oxHH U3 CEKTOPOB ¢ BEPIUHHON B TOUKE Zj, B KO-
topoM ReS(2)<{ M u uepes gotopnslli mpoxoauT koHTyp v. [Iycts
y;.”—ILOCTaTO‘IHO Majasi 1yra KOHTYpa y C Haya/loM B Touke 2,

Jexamas B S{V. 3ameHnm y}” SKBHBAJEHTHOH el Nyroft vj, mHa

koTopoit Re S (2) < M Bciony, 3a HCKJIOUEHHEM, OBITH MOXKET, KOHIIOB.

[TonyueHHyo TakuM 06pa3oM KDHBYIO MOXKHO PasBGuTL HA KO-
HEUHOe UYHCJIO JYT ¥,, Kaxjgasd H3 KOTODPBIX JHOO CONEpKHUT ORHY
K3 TOUeK z;, JU6O He COOEepKHT Touek 2;,, U ReS(z) < M Ha KOH-
nax Ayru #%,. [IpuMensis K KaXxIod H©3 JOYT ¥y, BTOPOTO THIA je-
GhopMalHio, ONUCAHHYIO B JemMe .4, MOJYyHM HCKOMBI KOHTYD vy

KOHTYD Yy, VAOBJETBOPSIOLINA yc/JI0BHAM TeopeMbl 1.5, Gyuem
HA3LIBATb NEPeBAAbHbBIM KOHTYPOM. ACHUMNOTOTHKA HHTErpaJsa mo
NepeBaJbHOMY KOHTYPY JIETKO BBLIUHCJ/SETCA ¢ MOMOIbLI0 GOpMyT,
NOJYUYeHHBIX B Teopemax 1.2 — 1.4

Oco6o cJaenyeT BbIIEJHUTh TaKOH cJayuyail:

ITpennoxenue 1.1. IlIycre ImS(2)=const na v, @Pyux-
yuu f(2) u S(2) ecoaomopprot 8 rasmdoii Touke Kowtypa (3a uckato-
yenuem, OGoiTe MowceT, e20 KOHYyo8). IlycTs Ha y aAexur KoHeuroe
4UCAO TO4EK nepesaiq.

Toeda npu |A|—>o0, |argh|<<n/2 — 8 < nf2, acumnroTuka uu-
reepara (1.1) pasHa cymme 8K1a008 OT TOHEK nepedasa, ACHCAUIUX
HQ Y, U KOHUO08 KOHTYpAQ.

JJokaszaTeabCcTBO CJaelyeT U3 TOTO, UTO

exp [AS(2)] =exp ({Ac)exp[A ReS(2)], ze=v,

rge ¢ — koHcraHTa. [loatomy uHTerpas (l.1) ¢ TouHOCTBIO 1O MHO-
wurenst exp (iAc) cosmapaer ¢ uHTerpasom suga (2.1.1).

4, JlonoJHHTeJbHbIE napaMeTpnl. PaccMorpuM uHrerpasn Jla-
nJjaca, 3aBHCHNIAE OT JOTOJHHTENBHOTO TapaMerpa o.

Ft, o) =\ (e, ) exp[AS(z, o) dz. (1.23)
Y
ByneM mpenmosarats, uTO:
1°. ®dynkuun f(z, a), S(z, a) roromopdus no (2, a) = Q, X Q,,
rae Q, Q,— 06/acTH B KOMIVIEKCHBIX IJIOCKOCTSIX 2, G COOTBET-
CTBEHHO.
2°, y — KOHeYHHIH KOHTYp, Yy < £,.
Teopewma 1.6. [ycre ycaosus 1°, 2° geinoanenst, oy < Q.

ITycre max Re S(z, ay) 0ocTueaeTca ToAbKO 8 KOHYE 2y KORTYPA Y U
zey

Sz (20, @) = 0.
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Toeda cyuwjecrsyer 6 > 0 rakoe, uTo npu A — -+ 00 pagHomepHO
no a, |la—ay| <90, cnpasediuso acumnToTu4ecKoe pas3ioxcerue

F (&, a) ~ exp [AS (2, @)] goak (@)r~% (1.24)

Bro pasaoncenue MONCHO Oupdepenyuposars no A u no a arboe
4UCA0 pas.

Koagpuyuenror ay(a) onpedeasrorcs no gopmyae (1.12) u eo.0-
MOPQHLL npU maabLx | o — gl

JlokasareabcTBo. He orpanuumpas oOIHOCTH, MOXHO
CUHTATD, UTO 25==0, 0g=0, S (2, 0)=— 2+ O (2 npu Ma’bx |z |
[MpogedopMHpyeM KOHTYP Yy B OKD@CTHOCTH TOUKH 2=0 B KOH-
Typ Y’ Tak, uto6b Yy’ coBnajgaJ ¢ uuteppajsoM [ =10, &], ¢ > 0.
HUmeem npu 21 u mMaabnx |a

ReS(z, 0)=[— 140 @]z + 0 (29, (1.25)

Tak uto ReS(z, @) nmpu Maawlx |o| mocTHraeT MakcuMyma Ha [
TOJbKO B TOuKe z==0. CrnegoBaTesbHO, NpH MajblX |a| 3ra dyux-
L[UA JOCTHraeT MakCHMyMa Ha Yy  Toabko B Touke z==0. [laxee
oCTaercss MOBTOPHThL J0Ka3aTesNbCTBO TeopPeMbl 1.2,

ITycts yeaopus 1°, 2° BhiMOJIHEHB M BHIIOJHEHO YCJ0BHE

3°. Oyukupa S(z, ay), a;=Q,, HMeeT TPOCTYI0 TOUKY mepe-
Baja 2z, Q,, 2z; fBJsSercd BHYTPEeHHeH TOUKON KOHTypa y H

max Re S (z, q;) mocTuraetcss TOJbKO B TOYKE 2.
zey
Torga npu MaablXx |o— ay| dysriusa S (2, a) HMeeT POBHO ORHY

TOYKY TNepeBasa zy(a) Takyw, 4TO lezO(a)———-zO, ¥ TOUKa Tepe-
a->ag

BaJa 2(a) HEBBIPOXKIEHA MPH MANBIX |a — ag .

Teopema L.7. [lyers ycrosun 1°—3° sanoaneno. Toeda cyuye-
creyer 6> 0 raxoe, 4ro npu h— 4 oo, |a —ay| <0 acumnroruka
uxreapasa F (A, a) pasna exaady or Touku nepesaia zy(a):

F (A, a) ~expAS (2 (@), 0)] kio a (@) A~ F A (1.26)

Taasubill uien acumntoruky Hmeer Bug (1.137), rae 2 caegyer
BaMEeHUTh Ha 2Z;(w).

HokasateanbcTBO. He orpaHnuuBas OOGIIHOCTH, MOKHO
CUMTATh, 4TO ap==0, 2Z3=0, S%,(0, 0)=~— 1. [lasee, KOHTYp vy
MOXHO nNpoAedOPMHPOBATH TAK, YTOOBl OH COBMANAJ C OTPE3KOM
Yo == [— &, €] B okpectHocTH Touku 2= 0. Torxa

Sz, a)nbo(a)—}—bl(a)z—l— 24
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npu Maselx | 2, [al, rae dynxuun b; (a) ronoMopdHs npu MabX | o,
i bg(0)=0>0,(0)=0, by(0)=— 1. MMeeM npu Manbx |a]|

20(@=0,@[+0@] Sl a=0(),
S(z, @) — S (29(0), ) =5 (2 — 20 ()’ (2, @),

rie byuruua A(z, @) rosoMopdHa O COBOKYINHOCTH MEPEMEHHbIX

B Touke (0, 0), £(0, 0)=— 1. Cnenaem 3aMeHy NepeMecHHOH
(= —2@)V—h@a), (1.27)
rjae V/im——“ 1, Torma
Sz a)— Sz (@, a)=— .

dyuguua {={(z, a) rojoMoppHa MO COBOKYNHOCTH I€PeMEHHbIX
B touke (0,0), £ (0, 0)==1. Tlo TeopemMe 0O HesIBHOH (PYHKIIUH
ypasuene (1.27) oTHOCHTe/IbHO HEH3BECTHOH 2 HMeeT peIlleHHe
2=19(g, a), rosomoppHoe B Touke (0, 0) u Takoe, uro Y (0, 0) =0,
wg(O, 0)==1. Ilyctb ¢, 6, >0 mpocraToyHo MaJel; TOrla GyHKLu:
z==¢(, a) 1pn KaxkaoM (UKCHPOBAHHOM @ OJHOJHCTHO oToGpa-
®)aer Kpyr |Z|<e ma okpecTHocThb V, ToukuM 2==0, npuuem V,
COIEP)KUT Kpyr |z|<Ce, npu Bcex a, |a|<{d,. MOXKHO CUHTATD,
uTO €, == gy. IIpencraBum HHTerpas (1.22) B Buge Fy(A, a) + F, (A, @),
rge Fy— HHTErpas Mo OTPe3Ky y,. [1o HenpepoiBHOCTH, Re S (2, a) <<
L —c<0OpuzeEvy \ vy, a0, ecau § > 0 gocraTouno MaJlo,
tak ut0 Fo(A, a)=0 (exp(— cA)) (A— -+ 0); MOXKHO CUHTATb,
uto 8, =46,. [locse 3aMeHbl mnepeMmeHHo#l 2 =1 ({, @) uHterpaa F,
OPHMET BHI,

Fo(h, o) = exp[1.S (o (@), o) § exp (= 282) 1 ¢, @), a0 (@, o)z,

la

(1.28)

rae [, —o06pa3 oTpes3ka Yy [lo mocTpoenuro, [, JeXHT B Kpyre
[{1<Ce; H 3anaerca ypaBreHHeM [=p 4 O(a), — e <, p <&,
[Tyets &, (@), & (@) — KoHlbl Ly 1 lfll), 1R — IYrH OKPYKHOCTH | { | = ¢,
COeNMHSAIONINE TOUKH — €, {,(a) H &, {3 (a) cooTBercTBenno. Toraa

uurerpas (1.28) pasen cymMe HHTerpasios no oTpesky [yj=[—e, ¢]

H 1o gyram 19, 2. Ha srux nyrax Re (— §2/2)= —e/24+0(al),
Tak, 4TO HHTerpaJbl Buaa (1.26) mo 3TuM gyraM HMeOT NOPANOK
O(exp(—cA)), ¢>0, ecan [a|<<d u 6>0 g0CcTAaTOUHO MAJIO.
[Tpumensis X wuHTerpaay mo oTpe3ky [y Teopemy 2.2.1, mosyuaem
YTBepXXA€HHE MAHHOH TeOpeMBl.
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§ 2. TeopeMsl cyuecTBOBaHHA

1. TnobanbHan CTPYKTYpa AUHUA YPOBHA rapMOHHYeCKUX (yHx-
uuit. Ilycts ¢yukuus S(2) rosomopdHa B 06.aactu D U OTJAMYHA
OT ToXjecTBeHHO# mocrostHHOH. UYepe3 {ReS=c¢} o0603naunm
MHoxecTso yposwa ReS(2)=c,ze< D. Auajoruuno BBOASATCS
ob6osnauenna {ImS==c}, {ReS < ¢} u 1. 1. Muoxecrso {Im S == ¢}
(coorBercrBento {Re S =1¢}) cOCTOMT H3 KOHEUHOrO0 HJH CYETHOTO
Y{Csa CBSI3HBIX KOMIIOHEHT, KOTOphle HA30BEM AuUMUAMU YyPOBHA
dyuxunn Im S (2) (coorBercrBenno Re S (2)).

Jlemma 2.1. [Iycre I, — aunua yposna {Re S =c}, ne codep-
acawan Touex nepesaia. Toeda:

1°. ®Pynryus w=_S(2) 83aumHo 00Ho3HAYHO oTOGpascaer I, Ha
20PUBOHTAABHBLL UHTEPBAA 8UOQ

w=c¢ -+ iv, —ooLa<yv<b{+ oo,

2°. I, — npocras aHdasurueckas Kpusas, ougpgpeomoppHal uu-
Tepsany.

IloxasateabctBo. [TokaxeMm, uro dhyuxkunsa Im S (2) crporo
MOHOTOHHA BROAb [, [lyets dyHxuusa ImS(2) uMeer skcTpeMyM
B Touke 2, </, B cuay aemmnl 1.1 ayra [, npoxomgsiuiasi uepes z,
ABJISETCS] aHAJIUTHYECKON KpuBOM; mycth 2=¢ (1), — <1< 6, —
ee ypaBHeHHe, rae t-— nauHa nyrd, ¢(0)=z, Ilo ycJosuiw,

—;T— Re S(p(t))=0, | t|<4. [To npeandi0oxKeHHUIO, ';T ImS(¢(r))=0

npu t=0. CirenoBaresabHo, S’ (2) =1, T. e. g, — TOUKa NepeBaJa,
yTOo NpOTHBOpPeuduT ycJoBuio. Ka monotonuHoctd Im S caenyer 1°
a us 1° caepyet 2°

Jlupuio yposus {ReS=c¢} (u1m {ImS==c}), comepxamyio
TOYKY TNlepeBaJia, OyJeM Ha3bIBATb KPUTUHECKOU AuKuell YpoeHs.

CaepncrBue 2.1. Kpuruweckan aunus ypoena {ReS =c}
COCTOUT U3 KOMEHHO20 WAL CHeTHO020 HucAa Aunwl, obaadaroujux
ceoifcreanu 1°, 2°

Hanee O6ymeM paccMaTpuBaTh MHoecTBa ypoBHA {Re S =c},
{In S ==c¢} mepomopdHO# PyHKuHMH S(2). CTPYKTypa JHHUH ypPOBHS
{Re S == ¢} B OKpecTHOCTH TOUKH MepeBaJjia UcC/Iel0BaHa B JeMMe 1.3.
PaccMOTPHM OKPECTHOCTb IOJIIOCA.

IIpuMep2.1. S=a2", n =1 uenoe, ay=pe™, po=1a,| > 0.
[Mosarast 2 == rei®, noayuaem ypabHeHre MHOoKecTBa M, = {Im S = ¢}:

r"sin (n@ + o) = ¢/po.
MHoxecTBO M, cocTOHT H3 21 ayueid argz=@g==(kn — Py)/n,

k=0, 1, ..., 2n— 1, KoTophie pa3BGuBAIOT IJIOCKOCTh Ha 2n CeK-
TOPOB Sp: ¢ < arg 2 < Qa4 (So, = S). Tlpu ¢ = 0 mHOXKecTBO M,
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COCTOHT u3 2n JHHMA [, p, KOTODble SIBJSIOTCH KPHUBBIMH THIMA
runepoossl: [, , JeXHT BHYTPH S, M HUMeeT CBOMMH acHUMITOTAMHU
Jy4H, orpaHuumsammue Sp.

®ynkuna @ =S (2) KoHPOPMHO OTOOpaXkKaeT KaXIblii cexrop S,
Ha noaymJaockoers BHIAa Imw >0 uwanm Imw <0, a kaxayio
JUHHIO [, OpH ¢5=0 — HAa TOPU3OHTAJBLHHIH JYY

Imw=c, — oo < Rew < o0,

MMpumep 2.2. S=qez~", n>=1— uenoe, qy=pee¥. ¥YpasHenune
M, ={Im S = c}:
r="sin (g — ng) = ¢/p;.

MnoxectBo M, coctroutr u3 2n Jaydell argz=q,=(Pp,+ kn)/n,

k=0, 1, ..., 2n— 1, RoTOpBle Pa30HBAIOT MJOCKOCTb Ha 2n CeK-
TopoB Sp. Ilpu ¢=0 MHOKECTBO
M, cocTouT H3 2n KPHBHX [, 4, YA

KOTODpbIC HUMEIOT BHJ  JICICCTKOB

(cm. puc. 5, S=iz"!) ¢ mBep-
uHHO# B Touke 2 ==0. Kaxani Jse-
NEeCTOK [, , JIEXKHT BHYTPH CEKTO- >
pa Sy u Kacaerca B Touke 2=0 W
Jayue#l, OTPAHHUMBAIOIINX CEKTOP.
Oyuruusi @ =3S8(2) KoHPOPMHO '
orobpaxaer Sy, [, , HA Te Xe MHO- Puc. 5.
J)KecTBa, 4YTO W B npumepe 2.1.

Jlemma 2.2, [Tycre Touka z, asaaerca noatocon ¢pyunxyuu S (2)
nopadka n. Tozada:

1°. Ecau zy5%=c0, 10 cywecrsytor oxpecrrocru U,V rovex z = z,,
w=0 u pynryus p(w), esoromoppras npu w €V, Taxue, 4ro

1) S(9(w)) = aw™", ede ay= lim (z — 2,)" S(z)

K

_)
2) orobpascenue $: V —U o@uonucmo, P (0) =
2°. Ecau z = o0, 10 cywjecraytor oxpectrocTu U, V Touexk 2 = oo,
w=o00 u d)yimquﬂ W(w) Takue, 4To
1) S (@) = aw", 20e ay= lim 27"S(2);
Z—» oo
2) ¢: V = U, orobpaxenue o0HOAUCTHO;
3) ¢ (w) =wo (w), pyukyua ¢ (W) 20a0MOPPHA 8 TOUKE W == o0
u@(o)=1
HoxasaTeabncTso. Beayuae 1°umeeM (S(2))! = a;1(2 — 2,)" X
X h(2), dbyukuusa h(2) ronoMop¢Ha B TOUKE 2 H h(2g) =1
Ua nemme1 2.3.2 ciienyer cyluiecTBoBaHHe HCKOMOR (QyHKIuH 1 (w).
Cayuaft 2° cBopuTCs K 3TOMY 3aMeHo#l z=1/g.
Takum o6pasoMm, ecin 2z, — noJioc ¢yHkuua S(2), T0 B 10-
CTATOYHO MAJIOH OKPECTHOCTH 2, JUHHUH ypoBHA Im S =c¢ ycTpoeHn

TaK e, KaK M JHHHMH YPOBHSI 3TaJOHHOH (QYHKUHMH (2 — 2p)
2y #= 00, HIH ", z == oo,
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3anava 21, Iokaszats, uro ecan S (2) =a2"+ ... +a 710 acuvn-

o a; g
ToTaMu JIMHRA [, saBagored JYYH 2= — v +re 7, I0r<{ > ¢, =
0

= (km — arg ao)/n.

Myers S(z) — MepoMopduas  yukuusa, C(z) — paciuupenHas
KOMILJIEKCHAsl NJOCKOCTh (puMaHoBa codepa), Cg(z) — puMaHoBa
cdhepa, U3 KOTOPOH yghaJeHn! ocoOble TOUYKH (PyHKUME S(2). MHo-

xectBa yposus ¢yHKuui ReS(2), ImS(2) paccmarpusaioTcs
B obsactu Cg(2); konuamu Jjunuil yposHs {ReS=c}, {ImS =}
MOTYT ObITh TOJALKO ocobble TOUKH GyHKuuu S(2). [lyers [, — JHHHA
ypoBusi {ReS=1c}, z;— oauH u3 ee xouuos. B cuay Jaemmb 2.1
CYILECTBYEeT mpeje

lim ImS(z)=a. (2.1)

z—)zo.zelc

Ecau zg— moawoe, TO @== == 0o B CHAY JeMMbl 2.2. AHaJOTrHUHO,
gasa gunud yposHA [f: {Im S = ¢} cymecTByer npeaed

lim ReS(2)=0, (2.1

222 12

npuyeM b == 4= oo, ecau 2, — noJioc. CienoBaTeNbHO, €CJH a7~ o0
(M b5=00), TO Zy== 00 H ABJAETCH CYUIECTBEHHO 0COGOH TOUKGH
dyHuud S(2). Uucsao ¢+ ia (cooTBeTcTBeHHO b - ic) siBaAseTCs
acumnrorudeckum 3naveruem Gyuxuuu S (2).

[Ipumep 2.3. Ilyers S=¢% [, — BeumecrBenHasa ocb. Torga
ImS(z)=0 na {,, lim Re(e”) =0.

x> —o0

Ecan npepen (2.1) uau (2.1°) KoHeueH, TO eCTeCTBEHHO Has-
BaTh TOUKY 2==00 0cob0oi To4xkoil nepesara dyHkuuu S(2). 3a-
MeTHM, 4T0 ecyiu S (2) — TpaHcueH eHTHass MepoMopdHast PyHKUHSA,
He HMeOIIas aCHMITOTHUYECKHX 3HaueHHH, TO TouKa 2 == 00 He
ABJISETCS TOYKOH mepepaJa.

Onpepeaenue 2.1. Jluaua yposua [,: {ReS=c} (coorBet-
crBenHo /i {Im S==c}) Ha3biBaeTCsA KpuUTU4ECKOL, €CJIH OHa COAep-
JKHT TOUYKY UepeBasa 2;F= 00 MJH €CJAH OJHHM U3 ee KOHIOB
ABJSETCS TOYKa 2z==oo, U npemes (2.1) (coorserctsenno (2.1%))
KOHeueH.

M3 onpenesnenus 2.1 ¥ npoBeieHHBIX BHIE pacCyXKAeHUH
BBITEKAET

Jemma 2.3. Hycrs o, [ — Hekpuruseckue AUHUL YPOBHA
{ReS=rc}, {InS=1c} coorsercreenro. Tozda ¢pynkyus w==3S(2)
83QUMHO 00HO3HA4HO oTobpascaer I, (cooTseTcTBenrO I2) HA NPAMYIO
Rew == ¢ (coorsercrsenno Imw = c).

2. Crpykrypa MHoxecTs a < ReS <b naas MepoMOP(hHLIX
dynxuui S (2).

Teopema 2.1. Iycre M, , — makcumarornas C8A3HAA KOM-
nonenra mnoxcecrea yposus {a < ReS < b}, He codepamaujasn Kpus
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TUdECKUX AURLIL YpOBHA {ReS=1c}, a<c<b. Mycrs xora 6L
00HO u3 4ucea a, b KowewHo.

Tozda pynxyus w =S (2) 83auUMHO 0OHOBHALHO 0TOGPaNCaeT M, ,
na noaocy a < ReS < b. '

3ameuanne 2.1. Ecau a=—o00, b < 400 (Ma1 a> — oo,
p = -4 00), To 06pa3 MuoxkecTBa My, €CTb NMOJTYIJIOCKOCTb.

NokaszaTeabCTBO. MHOXeCTBO My, BMECTE ¢ Kaxkaol
TOYKOH 2 COMEPXKHT BCIO JHHHIO YPOBHS [(2): {ReS=ReS(z)},
IPOXOASILYIO uepe3 TOUKY 2. [To aemMme 2.3, dyHruHg @ =S (2)
B3aUMHO OJHO3HAUHO OTOOpaxKaeT JHHHIO [(Z) HA BEPTHKAJIbHYIO
npsimylo Rew = ReS(z). TakuMm 06pa3somM, MHOXKECTBO M,, » pac-
cjanBaeTcss Ha JHHHA ypoBHA [(2), a ero ofpas—Ha BEPTHU-
KaJapHbie npamble Rew=¢, a <¢ < b.

3amauva 2.2. IMyers S(2) — pawionadbnas dynkuns, ¢; =minRe S (zj)

e MUHHMYM GepeTcst o BCeM Toukam uepesana ¢yuxumn S (2). [oxasate, uto
NpH ¢ < Cop MHOMKECTBO yPOBHA {Re S < ¢} cocTouT 113 KOHEYHOTO 'MHCJIA CBS3HBIX
KOMUOHEHT, Kaxjas 43 KOTOPBIX B3aHMHO OJIHO3HAYHO oOToGpaxaercss QyHk-
nneit S (z) Ha noaymrockocts Rew <e¢.

Teopema 2.2. [ycre S (2) — mepomoppran pyHKkyua, He
asagrowanca aurelinoll pynxyuel. Toeda kpurudeckue AURUL YpOBHA
pyHKyuL Re S (2) pasdusaroT KOMNACKCHYIO NAOCKOCTS HA 004acTU,
KaicOaf U3 KOTOPSIX B3AUMHO OOHOBHAHHO OTOOPANAETCR  (PYHK-
yuett S(2) na obaacts suda a < ReS < b. v

Mpu stom 00HO {u TOABKO 00HO) u3 4ucea a, b moxcer GoiTo
OecKOHEUHbIM.

JNokasaTeabcTBO. PYHKIHA @ = S (z) otobpaxaer 061aCTh
C;(2) Ha HEKOTOPYIO PHMaHOBY MOBEPXHOCTh M, nexamyo Hap
puMaHOBOi Ccdepor C(w). dro oro6pakeHHe S ONHOJHCTHO BO
pcex Toukax 2 Cg(2), kpome Touek nepepaJa. [lycte @ — MHO-
JKECTBO BCEX KPHTHUYECKHX JHHHMH YPOBHS (YHKIHH ReS(2), W=
=S(@), 1 W =M\ V. Ecan wy = M’, To Bcsg BepTHKAAbHAA
npsMas {Rew=Rew,} =W’ [leficTBuTeIbHO, NYCTH wo =S (2),
rie 2, & @; TOorjAa JMHHS YPOBHSA {Re S =Re S ()}, mpoxoasamas
yepe3 TOUKY 2, ABJAETCA nHekpuTuueckoil. IlosToMy 3Ta JaMHHA
aexur B Cg(2)\ @ H, no JemMe 2.3, B3aHMHO OJHO3HAYHO 0TO0 G-
paxkaeTcs Ha IPSIMYIO Rew = Rew,. CJenoBaTesbHo, BCAKas
MaKcuMaJbHAs CBsisHas KoMionenta D’ muoxectBa IR’ oaHOKpaTHO
nokpeisaeT moJocy sua a < Rew < b.

JlomycTHM, 4TO @ == — 00, b= 0o 11 HeKoTOopo# obJacTH
D' =M. Torpa ¢yHKUUA z=_S""(w) B3aNMHO OJHO3HAUHO OTO-
6paxaeT KOMIIGKCHYIO NJOCKOCTb W Ha HeKkoTopywo obaacte D.
Orcioga caepyer, uto S (w)— JuHedHas QYHKUMA, TaK 49TO
S (2) — nuHeiHas QYHKIHSL.
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Bynewm HaspiBath 06sacth D < Cg(2), KoTopasi orpaHHYeHa KpH-
THUeCKUMH JHHHsiME YpoBHA oyukuuun ReS(z2), obaacrero rtuna
noaocel (noaynaockocru), ecan GyHkuus w==S(2) B3aHMHO OAHO-
3HauyHo orofpamaer D Ha modaocy Buga a < Rew < b (Ha moay-
JI0CKOCTh BHAAa Rew > a uan Rew < a).

W3 Teopembl 2.2 cJenyeT, 4TO KPHTHUECKHE JIHHHH YPOBHSA
dbyukiun Re S(2) pa3buBaloT KOMIJIEKCHYIO IJOCKOCTbh Ha 00J1acTH
THIA [OJIOCHI M THOA MOJYIJOCKOCTH.

Samensia S(z) ma iS(2), noayuaesm, uro TeopeMmnl 2.1, 2.2 oc-
TaloTCa B cuJe, ecad BMecto JuHHE {ReS =¢} B3aTh JuHHH

{ImS=1c}.
Pacemorpum npumepnl. Ilyers S(z)=aq2"+ ... +a,, a3~ 0,
n>=1 — nosannoMm. Ecan [, — Hekpurnueckas Juuusi {ReS=c}, 1o

OHAa HMeeT [IBe Da3JIHYHble ACHUMITOTH. FEtau [, — KpHTHUecKas
JHHHS, ¢ HAyaJoM B TOUKE IlepeBaJjga U KOHIOM B OeCKOHEUHOCTH,
TO OH4a HMEeeT AacCHMITOTY, MNapa/JesbHYI0 ONHOMY H3 Jydedl
Re (qp2")=0. Tpanuna o6sacty THnA TOAYIJIOCKOCTH (mosoch)
COCTOHUT M3 OJHOH (IBYX) CBSI3HBIX KOMIIOHEHT. AHAJIOrHUHO YCTPOEHH!
muband {ImS = ¢} u 06;1acTH, crpaHHUeHHbE KPHTHUECKHMY JHHHSIMH.

I[Mpumep 2.4. S(z)=1i(2%/3 + 2). Touku mepesasa z, = +i—
o6e mpocThle, S (2, 4) = F 2/3, Tak uro ImS (2, ,)=0. ¥YpaBuenue
auaud Im S(z)=0 umeer Bux x(x*— 3y*-+ 3)==0, Tak uTo 3ra
JIUHHSL COCTOMT H3 ocu Oy H runepbosel. KpuTuueckue JUHUM pas-
6uBarOT mJaockocThb Ha 6 ofJsacTed Tuma NOJYNJOCKOCTH.

Jlunnua HaubbicTpeliiero cnycka, IpOXoasiiasi depe3 TOUKY
nmepeBasa Z==1[, eCTb BeTBb rumep6oan xZ— 3y?-+3=0, y > 0.

[Tyets S (2) — mepoMopduas oyHRIHA, 2, = 00 — HOJIOC MO-
panka n, S(2)=ay(z—20) "+ ... Ecan 2, — ofMH H3 KOHLOB [,
To [, KacaeTcs B TOUKEe 2, OJHOro u3 Jyued Re [ao(z——zo)_"]::O.

Ecan 06a koHOa [, cOBNAmamT ¢ 2, TO [, B TOUKEe 2, Kacaercs
JBYX PAa3JUUHBIX Jyuel, YKA3aHHBIX BblILIeE.

[Tpumep 2.5. S(e)= —;— (z — —;—) Touxu nepeBana 2y, y=zi—

o6e mpoctele, S(d=i)= 41, Tak utro ReS(£i}=0, ImS (& i)=
= = 1. YpaBuenue qunun Re S (2) = 0 umeer Bup x (x? + y?—1) =0,
TaK 4TO OHa COCTOUT W3 ocH Oy M elHHHUHON OKPYKHOCTH |2Z|==1.

IToctpoum suHuio Im S (2) =1, nmpoxoxsimyo uepe3 TOUKY Ie-
peBasa 2, =I{. B OKpeCTHOCTM HPOCTOH TOUKH IepeBasa 3Ta JHHHA
COCTOHT M3 YETHPEeX KPHBBIX, JB€ H3 KOTOPBEIX HIAYT BHYTPb OKPY¥K-
HOCTH |2|=1, nBe — Hapyxy. JIMHMHM, HampaBJieHHble BHYTPb, He
MOTyT BHHATH M3 Kpyra |2]<1, Tak kak ReS(2)==0 Ba oxpyx-
HocT |2|=1 u ReS(2)— crporo MmoHOTOHHafA GYHKIHA BROJb
3Tux KpuBHX. CienoBaTe/bHO, 06e 3TH JHHHH OKAHUHBAIOTCS B IIO-
moce 2=0 u KacawoTca ayueét Iml/z=0, T. e. KacawTcs Belle.
CTBEHHOH OCH. AHANOIMYHO JIHHHH, BLIXOAAWIHe H3 Kpyra |2 <1,
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HeJHKOM JIeKaT BHE KPyra H OKAQHUHMBAIOTCS B TOUKE 2Z==00; HX
ACHMITOTAMH SIBJASAOTCH mogayocH (— oo, 0), (0, + co). Tak kax
S(2)=S(2), To snuuun ypoeHst Im S (2)= 21 cuMMeTpUuHB OTHO-
CHTE/JBHO BEIIECTBEHHOH OCH. ITH JHHHUH pa30HBAIOT IJOCKOCTL
Ha 4 06JacTH THODA MOJYNJOCKOCTH H 2 OGJacTH THIA MOJOCHL.
MMpumep 2.6. S(2)=¢°. DTa GYHKLUHA He HMEET KOHEYHBIX
rouyek TepesaJta. JIuHus Im S(2) = ¢ umeer ypaBHeHne e*siny = c.
IMpu ¢==0 mnoayuaeM JUHHH [;,: y=~kn, —oo < x< oo, rie
=0, =1, 42, ... DT JIHHHH — KPUTHYECKHE, TaK Kak Ree®=
=e*cosy—0npu 2 < Iy, ;,, Rez—> — oco. CiienoBaTenbHo, 2= 0o —
TOUKA I[IepeBaJsa; €CTeCTBEHHO CUHMTATh, UYTO KPATHOCTH €€ DaBHA
OeCKOHEYHOCTH, TaK Kak uepe3 Hee IIPOXOIUT OeCKOHEYHO MHOrO
KPUTHUECKHUX JUHHH. JIuHnu l; , pa3ObUBAIOT IJIOCKOCTH Ha 0BJacTH
THIA TOJIYIJIOCKOCTH.
Pan npuMepoB 6yaeT paccMOTpPeH B CJAeAYIOIIHMX Maparpadax.
3. Teopemn! cyuiecTBOBaHNSA., PacCMOTPUM HHTerpads

F(A) = S exp[AS (2)] dz, (2.2)

Y

rae S(2) == const — MepoMopdHas yHKUUA, y — NPOCTast KYCOUHO-
raaakasi kpusasd, GyHKHUA S(2) roroMopdHa BO BCeX BHYTPEHHHX
TouKaX KpHUBOH y. DyneM mpeamoJsaraTb, UTO

(lespps@illdzi< o, >0, (2.3)
Y

M UTO €CJH KOHell KDHUBOH y fBJfeTc NOJMIOCOM OYHKIuH S (2),
TO B AOCTATOYHO MAaJo# OKPECTHOCTH 3TOro moJioca (Ha pHMaHo-
BO#i cdepe) y SABISETCS HHTEPBAJIOM HJIH JYYOM.

Teopema 2.3. ITycre S(2) — payuonarvrnan ¢pynryusa. To2da
Aubo cyuecTeyer nepesaashsill KoHTyp Y’ Taxoll, 4TO

F(\) = S exp [AS (2)] dz, (2.4)

v

ambo F(A)y=0 npu A > 0.

HanmoMuuM, 4TO nepesaisHbim KOHTYpPOM HA3BIBAETCS KOHTYP,
YIOBJIETBOPSIOMNA YCJOBHAM TeopeMbl 1.4, W YTO ACHMIITOTHKA
HHTErpaJa Mo NepeBaJbHOMY KOHTYPY Jierko Bhiuncasiercs. Cuaemo-
BaTeNbHO, HMEET MECTO )

Cnencrteue 2.2. B ycaosuax reopemer 2.2 aubo F(A)==0
npu A >0, aubo acumnroruka F(A) npu A — - oo pagHa cymme
8K1a008 OT TOuex nepesaiq, Aexcawjux Ha Y, u KOHYo8 KoHTYpa Y',
8 Koropux docrueaercs max Re S (2).

zey’
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TakuMm o6pasoM, acuMnToTHKY wuHTerpana (2.2), rae S(2)—
pauHoHa/bHAST (QYHKIHS, BCErJa MOMKHO BHUHC/IHTH C HOMOIIbIO
MeToja MepeBaJa.

Pacemorpum uuterpan (1.1), rae S(z) — panuonasnbHas ¢yHK-
uusi, u yeaosue As u3 § | Bemmosneno. Torza JuGo F(A)==0 npu
A > 0, qubo

F(3)= Sf(z)exp[}»S(z]dz—i—QmZ res ((2) exp RS (2)]), (2.5)

v

roe cyuMma OGepeTcs IO BceM BhiuetaM (YHKUHH [(2), KOTopbIe
JexarT B 00JacTH, OrpaHHueHHOH KoHTypamu y u y'. Tak kaxk
ACHMIITOTHKA HHTerpasa mno y’ Buuuc/asercs (cM. Teopemy 1.4),
To acumnToTHka wuHTerpaJqa (l.1) B cayuae, korma f, S — pauuo-
HaJbHble (DYHKUMH, TaKKe BCerja BHIUHCJASETCS METOAOM NepeBaJa.

JokasaTeabcTBO Teopemnl 2.3. PaccMoTpuM BHauaJge ¢ay-
yait, korga ¢yHKIuA S(2) roJomopdHa Ha KoHuUAX y. Bsenem
o6o3HaueHus: 2, ..., &, — BCe TOYKH NepeBada ¢yHKuuu S(2),
c;=ReS(z}), 1 mycTh ¢; << ... K¢y w (M) — 06pas MHOKe-
ctBa M < Cg(2) (310 pumanoBa cdepa ¢ BEKOJOTBIMH I0JIOCAMH
¢yuxuun S(2)) mpn orobpaxenun w=S(z), @w~' (M) — npoobpas
mHoxectBa M < C(w), " =maxReS (z), ¢ = minReS(2). Hedpop-

zey zey

Mauus y B Y TPOBOJAHTCS B HeCKoJbKo 3rtanos. [lyete M, ,
0JlHa U3 MAKCHUMAaJIbHBIX CBSI3HBIX KOMIIOHEHT MHOXECTBA {a < ReS<
< b}, He cojepxawasg Toyek Nepesasta. Torga, no Teopeme 2.1,
¢yukuus @ = S(2) B3anMHO OJHO3HauHO oToGpaxaer M, , Ha no-
Jocy (uau moJymiockocTs) a < Rew < b. [Tostomy Bce negopma-
UM yAoOGHee NPOBOJHUTb B NJOCKOCTH w@.

1° Tlyers (y\0y) = Mg, p, # nyeTh ¢* < b. Tak kak @ (Mg, 5)—
MoJI0Ca WJH IOJYIJIOCKOCTb, TO KPHBYIO @ (y) MOXKHO nponedop-
MHPOBATb BHYTPH w(Ma 5) B 0Tpe30K Y, COEJHHSAIOMINIA KOHUBI
sToil kpuBo#l. KouTyp y =w~'(}y) sKBHBa/EHTEH KOHTYPy Yy H
ABJISIETCS MepeBaJbHBIM.

2°. Ilyerb (y \ 0y) = M, 5, 1 nycth ReS (") =05, Re S (2") < b,
rae 2°, 2" — konusl y. Toraa kpuByio @ (y) MoxHO BHYTPH w (Mg, 5)
HpOJle(bOpMI/IpOBaTb B JIOMaHYIO y, cocmmuy}o H3 IBYX 3BEHBCB.
Wmenno, nposegeM H3 Touek w*=S(2"), *=S(2") upsamne
Rew=Re @", Imw=Imw»"; oun nepeceKyTCH B Touke wP°. gocm-
BUM y H3 OTpe3koB [w®, wo] H [0™, @*], opHeHTalUA KOTOPHIX CO-
rjacoBana ¢ opuedrauuefi @ (y). Kouryp vy ==w~!(§) skBUBaJeH-
TeH KOHTYPY Y H SIBJISETCSH IePEBaJbHLIM.

[IycTh nas ompejeJieHHOCTH BBICOTH TOUEK IepeBaJfa 6y, ..., (,
pasJyHuHEL ¢ < ¢y < ... < C,; oOmHUHA cayuad HecsaeayeTcsl TOUHO
Tak X(e [Tonoxum ¢y== — 00, ¢,y =+ 00 aaa ypobcrBa. [Iycthb

;<" <epy (1<) Hoxa)KeM uTO TOrAA KOHTYP Y MOXHO mpo-
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nedOpMHPOBaTh au6o B mepeBaJbHBIH KOHTYD y;., Ju6o B TakoH

KOHTYp Y', uro max ReS(2)==¢;. ITlocse 3TOro m0Ka3aTeJbCTBO
zey*

gapepllaeTcss HHIyKLHeH NO .

MuoxkectBo {c; <ReS < ¢;;1} He comep:KuT TOueK HepeBaJia
H B CHJOy TeopeMbl 2.1 COCTOMT M3 KOHEUHOro YHCJA CBsi3HBIX
KOMIOHeHT D; ,, KaxKaasd H3 KOTOPbIX B3aHMHO OJHO3HAUHO OTO-

Gpaxaercss QyHkuUHell @ =S(z) Ha noJocy ¢; <Rew < ¢;4y (nan
Ha TMOJYIJIOCKOCTb, ecsH [=0 uau j=n). [Tosoxum v; , =7y
n{D; ,UaD; ,}. He orpannunBafs OOGUIHOCTH, MOXHO CUMTATb,
4TO V;, , COCTOHT H3 KOHEUHOTO YHC/JIa KPHBBIX V; , .. [IpHMEHHM
K KaXKJ0H M3 3THX KPHBHX AedopManuio 1° nau 2°; nycrb y; o

. ’ _— 14 * o
moJIyueHHble KPHBbIE, V; = UY,—, 5 ¢ H V" — KOHTYD, MOJIyYeHHbIH

H3 Y saMeHOfl y,  Ha y; , ECJIH KOHTYpHI y; o Y ,, TIpH HEKO-
TOPBIX p; = Py MPOXOJAT yepe3 TOUKY mepeBaJia 2,4, (OHA fABJsAETCA
KOHIIOM /51 0G0HX KOHTYPOB) H HX OPHeHTALHH NPOTHUBOIOJONKHEI,
TO KOHTYp V; , UV , 3aMeHHM S5KBHBAJCHTHHIM KOHTYPOM, yixKe
+ 1 ’ 2
He COAEePXKAIIHM TOYKH 2;4). K HoJyueHHOMY KOHTYDY NPHMEHHM
pedopmaniio 1°. Bynev cuHTaTh, YTO OPH MOCTPOSHHUH Yy* TaKkHe
fAedopyalul yxe npodesansl. MMeloTesa cieayomne BO3MOKHOCTH!
A. max Re §(2) > ¢;.
zeEy*

Toraa y* — mepeBabHbl KOHTYP. JleHCTBHTEJBLHO, MO MOCTpOE-
Hao gedopmanuit 1°, 2° ykasauHBE MakKcHMyM o6s3aTelbHO [10-
crdraercs JHOO Ha OLHOM H3 KOHI[OB KOHTypa y*, JHOG0 B TOouke,
nepesaJa 2;4;; B MOCJAeLHEM CJydyae BBIIOJHEHO YCJIOBHE A, Teo-
pembl [.1.

B. max Re S (2) = ¢;.

zey*

Tem camblM TeopeMma joKasaHa B cjyudae, Korjga ¢yHkuus S (z)
rojoMopdHa Ha KOHUAX KoHTypa Y. IlycTb OfHH H3 KOHIOB KOH-
Typa y— noJioc GyHruuH S(2). ITosoxxkum

vi==vN{ReS <min(c,, ¢)—e}, e>0.

Torga KOHTYpP Yy, MO¥KHO NPOAePOPMHPOBATH B MepEeBaJbHBIH KoH-
TYP Vi, KoHTYp Y ==(y\y,)Uvy| sBaserca nepeBanbupiM. IlycTs
06a KOHIla KOHTyDa y sIBJAIOTCA mnoJiocaMH ¢yHkiuuu S(2). Flos-
TOPAST Ty K€ KOHCTPYKIHIO, 4TO H BBIIE, MOJY4YaeM KOHTYp ¥’
3KBUBAJIEHTHBIA y, KOTOPBIA JIHOO sIBJsieTCST lepeBaJbHBIM, JHOO

max Re S(2) < ¢; —&. Taxk kak MHokecTtBo {Re S < ¢, — ¢} cocrour
ze=vy’

M3 KOHEYHOI0 YHCJA CBfI3HBIX KOMIIOHEHT, TO Yy JIEKHT B OfHOH
H3 Hux, ckaxeM, Di. Torpa dD,—3T10 quuns ypoBHs {Re S ==c,—e},
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C HAUaJOM H KOHUOM B HEKOTOPOM moJitoce 2y, dbyHRuuu S(2), u
D, — onHocBsizHas o6aactb. IIyeTh AMs DpocToThl 29 = oo. Torna
M3 YCJOBHH Ha KOHTYD Yy, HAJIOXKEHHHIX B TeopeMe, CJeiyeT, 4TO
uHTerpaa mo y’ paBeH Hyao. TeopeMma moKasaHa.

TouHo Tak e AOKasblBaeTCs CJEAYIOIIAs

Teopewma 2.4. ITycrs S (2) — mepomopdpras pynkyus, ydos.ie-
TBOPAIOUAS YCA0BUAM:

1°. S(2) He umeer acumMnTOTUHECKUX BHAYCHUI.

2°. Ha kaxodom KOHeHHOM OTpeske a<LcC<qb umeercs koweunse
yucao gpurudeckux 3uadenut dyuxyuu Re S (2).

Tozda, ecau ¢pynkyus S(2) 2oaomoppHa 8 OKPECTHOCTU KOHeu-
HOUl Kpusoli vy, TO cyujecTsyer nepesasHulli KOHTYp v, JKeusa-
ACHTHBLLL .

§ 3. dyuxknua Jiipu

1. OnpeneneHue M npocTedurde cBoiicTBa. B cBOHX HcclenoBa-
HuAX 0o onTHke B 1838 r. Diipu BBes PYHKUHIO

e~

Ai (2) =-Jl? S cos (% + tz) dt 3.1
0

{z BelllecTBeHHO), KOTOpasd HasbIBaeTCA Telepb pyuxkyueli 3ipu.
Ona Boipaxaercs yepe3 ¢yHkuuu Deccesss nopsiaka 1/3:

Al (2)= —jt— ”\/%Kl/a(%zm) .

dyHKUHuA DUPH YaCTO BCTpeyaeTcs B 3ajavax AUGDPaKUHH BOJH,
KBAHTOBOH MeXaHHKH, AaCHMITOTHYECKOH TeopuH nuddepesynann-
HbIX YypaBHeHuit H Muorux napyrux. Ms (3.1) cuaeayer, uro mnpu
BRILECTBEHHBIX 2

e~

Ai (,z)z-;;s exp [i(f;—+zt)]dt. (3.2)

oo

®yuruus Ai(2) aHaJUTHYECKHU [POLOMKAETCS HA BCIO KOMIIJIEKCHYIO
MJOCKOCTh KaK netasfd GyHKUus 2. JleHCTBHTENbHO, NYCTh [y — KOH-
TYP, COCTOSIIIKA u3 ayueft (00!’ 0] u [0, c0e#®), Tlo jemMe
JKopnaHna, HMeeM IpH BeILIECTBEHHBIX 2

i) = S exp (i (4 +2t))ar. (3.3)

Iy

Hnrerpas, crosmuii B IIpaBo# uacTH, CXOAHTCS IPH BCeX 2 H
TIOTOMY SIBJSIETCST Lol (yHKIHEH.
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Hs (3.2") caenyer, uro Ai(2) ynosJerBopser nH¢pdeperHallb-
HOMY YpaBHEHHIO
w” —zw=0. (3.4)

dro ypaBHenne uMeer pewenus Ai(2), Ai(0z), Ai(0’2), rie o=
== 23 — gopeHb KyOHueckKuil U3 enuHuibl. B cuay (3.3) umeem

Al (2) + 0Ai(02) + 0?4 (6"2)=0. (3.5)

B KauecTBe BTOPOrO JIHHEHHO He3aBHCHMOIO PellleHHs] ypaBHeHHs (3.4)
HCIOMb3yeTesl & YHKIHSA

Bi (2) = ia?Ai (0%2) — i0 Al (02).

®yuxiuuu Ai(z), Bi(z) BelllecTBeHHB TIpPH BellECTBEHHHIX 2.
2. Acumnroruka ¢yHkuun Iiipn.
IMpennoxeunue 3.1. Hycre 0 <e < n Toeda:
1° [Tpu [2]|—> o0, |argz|<n—¢

3/2 ( = ) —3k[2 3.6
exp( =2 )Z 32k Y z . (3.6

Ai(2) ~

3decs O0an »\/_z—, '\‘/; 6epyrca eaasHole BeTBU.
2°. IIpu |z2|—> o0, |argz —n|<e

o (—pkp (L]
2:;1/2_ [exp( 23/2) kzo 32k (2k)l ) T+

o ( 3k 4 1 )
+ iexp (% 23/2) Z ———2—2“3"’/2]. (3.6")
k=0

Ai(z) ~

32k (2k)!

3dece evibop serseil caedyroujuli:

VE =gz, AE—iWET

npu z & (— oo, 0).

ITU acuUMRTOTUHECKUE PA3AONHCEeHUSs MONHO Oupdepenyuposare
A0boe wucao pas.

HoxkasateabcTBo. [Tyers |arg 2 |<Cnu—e. Oyukiua g (f, 2) =
=i (/3 + f2) npu GHUKCHPOBAHHOM 2 UMEET POBHO ABE TOUKH Nepe-

Bana f#,,(2)=4i+/z, rae a1 +/z Bb6paHa IJaBHAas BETBb.

YCTb 2 BewecTBeHHo, z>0, torma B (3.3) maxReg(t, 2)=0
Ha KOHType HHTerpHpOBaHHSL. Tak kKak g(f(2), 2)=(2/3)2%2> 0,
TO Touka nepeBaJia fy(2) He MOXET BHOCHTb BKJaJf B aCUMOTOTHKY
Hurerpana (4.3).
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B 3ToM HpuMepe MOKHO He HCCAEAOBATh CTPYKTYPY KPHTHUECKHX
JuHul  ypoBusa. ITo Jgemme JKoppaHna, MoxHo B (3.2) samenuTh
KOHTYD HHTETDUPOBAHHA NapadjesJbHOH HPAMOH i=l1/z + T,
— o0 < 1 < 0o, NPOXOAsIeHd uepe3 TOUKY mepeBaJa f;(2), Tak uTo
npd 2 (0, 4+ oo0)

Ai(z)=—l—ex (—323/2) Sex (— 2z - Y iy =
o XP\T 3 Pl—Tvz+ 3) =

-— 00
0

= niexp (— %z”) g exp (—#4/2 ) cos 7;—Qdf. (3.7)
0

IMocneauuit muTerpan B (3.7) cxofuTcss aBCOJIOTHO MNpH Beex
2 &(— o0, 0), Tak uTo sTa hopMyaa cupaBesuBa NP 2 & (— 0, 0).
Ilpumensas aeMmy BaTcoHa K mocienHeMy uurerpady B (3.7), mouay-
gaem (3.6).

Iycers |argz—n|<{e. Mmeem us (3.5)

Al (2) = — 0 A (02) — 0*4i (0%2),

rae @=¢>5 Ecau e >0 p0cTaToUHO MaJ0, TO TOYKH ®2, ©%2
JAexaT B cekrope |argz|scm— 6 <, u K dyuknuam Ai (o), Ai (w°2)
MOXHO npuMeHHTH Gopmyay (3.6). Orcwopa caenyer (3.6%).

M3 mpensoxenus 3.1 ciaenyer, uro dymkiua Diipu

1) sKcnoHeHLHa/ bHO yObIBAeT B CceKTope |arg z| < m/3;

2) 3KCIOHEHLHAJbHO BO3pacTaeT B cekropax mn/3 < argz < m,
—an<argz< —n/3;

3) ocun/JIMpyerT Ha Jyuax argz = -+ n/3, m.

Ha BemecTBeHHOH OCH HMeeM

Ai (x)~ 2—\1/5 x~exp (——%xm) (x > + o), (3.8)

Ai(x) = Vl?(— )7 [eos (% (— 0% + ) + Q=) (3.8")

{(x = — o0).

Takum ofpasoM, GyHkKuHs OHPH IKCIOHEHLHAJbHO 3aTyxaeT
npH X— -+ 00 ‘M OCHHJITMPYeT W 3aTyXaeT CTeleHHBIM 06pasoM mpH
x—>—o00, T. & ee NOBeIEHHE CYIIECTBEHHO Da3HYHO NpPH TNOJO-
JKUTEJBHBIX H OoTpHuaTeabHbix x. Ha mnosnyocu (— oo, 0) dyHknus
Diipn nMeeT GeCKOHEUHO MHOro HyJel; MOXHO NMoKasaTb [23], uro
Bce HYJH GYHRKOHH DAPH BelleCTBEHHDL

AcumnrotHka GyHRUMH Bi(2) serko HAaXOAMTCA M3 COOTHOLIE-
Huna (3.6) u npengoxenus 3.1.
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§ 4. ®yuxuuu Becceas

1. AcumnrorHka QyHkunu J,(2) npu n ueaom, z— oo, Ecan
n — ueJioe quCcJIo, TO l'IpH BCEX 2 CHpaBelIJIHBO I/IHTeI‘paJIbHOE Hpe,ll'

cTaBIcHHE
L@ = (5 () e 4
@)= T T e, (4.1)
i1l=1
—1 t-—-n——l
Ator uHTerpas umeer Bup (1.1), rae S*——(t—t ), f=——
dyukuus S (f) uMeeT TOUKM mepeBana ! == =4=1{; o6e OHM NPOCTBIE U
JeXKAT Ha KOHTYPE HHTETPUPOBAHHs. BHIUMCIUM aCUMIOTOTHKY J, (2)
npu GHUKCHPOBAHHOM HMHIEKCE n W npu 2 — oo, [losmaras f==e',
z=|z]:0 S, 0)=¢e"S(f), nonyuaem

ReS(¢, 0) =-—sinOsing, e®S(di)= * ie®. 4.2)

[TosTomy m'ax Re S (¢, 8) = M, npu mobeix 0 gocturaercs B 0JHOH
lfl=1

H3 TOUeK MepeBasa, W TOJbKO B HuX. Mck/IiOuenue cocTaBisieT cJay-
yal, Korja 2 BELIECTBEHHO; HO KOI'JZA KOHTYP HHTErPHPOBAHHSA
MOXHO mnpoaedopMHpoBaTh Tak, UToOb Mg [OCTHTA/ICA TOJBKO
B TOuKax f==i. [IpuMensiss Teopemy 1.4, nonyuaeM, 4TO aCHMITO-
THKa J,(z) paBHa cymMMe BK/aaj0B OT TOUEK NepeBaJa MpH |Z|— oo
U OpH Bcex argz

I (2) ~ &% («/z “+Zbk(ﬂz m)+

+ o +Zak<zz> /) (4.3)

2mniz

3nech BeTBH Aiz, A/ —iz BHOpaHH B NJOCKOCTH C Paspe3amu
no Jyuam [0, 4 {oo), [0, — ico) cooTBeTCTBEHHO TaK, YTO KOPHH 11010~
JKHTEJbHBI NPH [OJOXKHTEJbHHX 3HAUeHHAX (2 (COOTBETCTBEHHO
—i2). Tlpu 3TOM HeojHO3HAUHOCTb BhIGOpa BeTBeH NPH OTPHIla-
TCJIbHBIX 3HAUEHHSAX [Z (COOTBETCTBEHHO — (2) HeCYylecTBeHHa, Tak
KaK TNpH TaKHX 2 COOTBETCTBYIOIAs 3KCHOHEHTa ¢'% (e~ ') SKCIOHeH-
UMAJBpHO MaJia 1O CPaBHEHHIO C APYro# skcmoHeHToH B (6.3).

[Mosichum BumiGop BeTBedt. [lycTh 2 =(y, y >0, Toraa @ -—= /2,
MaKkcHMyM Mg NOCTHraeTcst TOJbKO B TOUKe { == —f, 8", (— i, n/2) =

= — |. [losToMy KacaTejgbHAfl B TOUKe f{==-—] K JHHHH HaHOBI-

CIpeiilllero crycka rOpH3oHTAa/IbHa, TAK Y4TO argV—S”,, (—i, n/2)=0.
Jasee apryMeHT npoposxaercd 0o HenpephBHOCTH.
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[naBHBIA ujleH acHMINTOTHKH mpu [2|— oo, fargz (K —e<n
HMeeT BHJ

n(z)—v—[cos( —Ir —3)+ 0@ (4.4)

AcumnToTrueckoe passoxkeHnHe (4.3) MOXKHO AU DepPEHIIUPOBATD
Jqoboe uuCJaO pas.

HenocpencTBeHHOE BHIUHC/AEHHe KODPHIHEHTOB Ay, by, IO METOLY
mepeBaJsa, Kak OOBIUHO, BecbMa 3aTPYAHHTeJbHO. Bocmosn3yemcsi
TeM, uTo GVHKIMS y ==2~Y2]J, (2) yzoBJierBopsieT g1uddepeHinalb-
HOMY ypaBHeHulo Becceas

v (1= 221y o,

Tlonaras y = e"*w, noayvaem

n?—1/4
——

w” + 2iw’ w=0.

Lk
TlopcTaBasis clofa pasJoKeHHe w~2bk(zz) U NpHpaBHHUBAS
k=0

HYJI0 KO3 (UIHEHTH NP CTENMeHsX 27 %, mosiyuaeM pekyppeHTHble
COOTHOIIIEHHS
(2k 4 1)2 — n2

bk+1= 8+ 1) bk-

Tak kax b, usBectHo u3 (6.3), To oTcooma HaxoauMm by OxoHua-
TesbHble (opmyanl cM. B [23], [45], [75].

2. dynkuus Beccensi Heulenoro aprymeHTa npu z — . Boc-
MOJb3yeMCsl HHTerpaJbHBIM IIpejicTaBjeHHeM 3oMMepdenbaa aus
¢dyukunu Xankenas nopsaka v 1 pona:

co+4-71i
Z) = !
T

— o0

N ezsht=vt gy (4.5)

KOTOpoe mpurojHo npu Rez > 0 u moGom komnaekcHoM v. Kouryp
HHTErPUPOBAHHUST COCTOUT H3 Jayuelt (— oo, 0], [mi, i + o) u ot-
peska [0, m{]. HafizeM acuMNTOTHKY 3ToH (DYHKUMH TPH Z2—> 00 H
npu GUKCHPOBaHHOM v. B nauroMm cayuyae S=sht, f=-e V. Touxkn

i .
nepeBasa HMeIOT BHI tk—-—-2—+km, k=0, &1, ... u BCce ouu

npocthle. IlokakeMm, uTO KOHTYD HHTErPHPOBAHHS MOXHO TpoOie-
$opMHUpOBaTL B JHHHIO HauGeicTpeidintero cnycka [@ Imsht=
=Imsh# =1, nmpoxoasamylo uepes TOUKY mepeBaa f. PYHKuuSA
w=-sh{ 83auMHO 0JHO3HaUHO oToGpakaeT noJaymnoJocy 0 < Ret <

g
< 00, > <Imf¢< m, Ha JeBYI0O NOJYIIOCKOCTh Rew < 0, u mpo-
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o6pasoM moayocH (— oo, () siBJAseTCs NOJOBHHA [t nvuuu L Junus |
CHMMeTDHUYHA OTHOCHTEJbHO MHUMOH OCH, T4K UTO [ JIeXKHT B IO-
goce 0 <Im#{<m W UMeeT CBOMMHU ACHUMOTOTAMH JYyuH (— oo, 0),
(in, i + oo). TIo3TOMY KOHTYP HHTErPHPOBAHHA MOXKHO Npoxedop-
MHPOBAaTbh B 5Ty JIHHHIO, U M3 TeopeMbl 1.2 cuaenyer, uTto

‘J’(z)~exp[i (2= — 4)]\/12 [1 —}—Zakz‘k] (4.6)

npu |z|—oo, largz|<<n/2 —e< /2, Toe muas w/z BHIGHpaeTcs
rJIaBHa2d BeTBb. Ha caMoMm feJsie 3TOT pe3yJabTaT CIPaBedJHB NIPH
—n< —n+esCarge<i{2n—e < 2mn. Jloka3aTeabcTBO 3TOrO yTBEP-
WAeHHS HeCKOJBKO YTOMHTE/NbHO; OHO MOXKeT OBITh INPOBELEHO
TeM e cnoco6oM, uto H B § 3. AHAJOrHYHO BBIUHC/SETCS acHMI-

totuka Xankeas Il poga HY (2) m dyskumn Becceas J,(2)=
=5 [HY @ + 1Y )]
3. Acumnroruka J{(x) npu x — + co. Ilpu Rex >0 umeem

oo+ i
I, (x)= S exp [x (sh ¢ — #)] dt.

0o ~—it

31eck HHTerpaa GepeTcss MO KOHTYDPY, COCTOfIieMY H3 OTpe3Ka
[— i, ni] n ayuehr [mi, mi+ o), (+ o0 — mi, —in]. Touka t==0
ABJISIETCST ABYKPATHOH TouKo# nepepaJsa dynkuuu S=sh{—¢. Jiunuga
yposHsa Im S (f) == 0, npoxoasmas yepe3 ToUKy IepeBaJsa { =0, 3a-
naetrcs ypaBHeHHeM chosint=71, {==0-+ iT, U COHepPHKUT Belle-
ctBennyo ock. Taxk Kak f=0— Toyka nepeBaJsa BTOPOro HOpsjKa,
TO ocTaJibHble BeTBH [ 06pa3yioT yrJael =+ w/3, 4+ 2r/3 ¢ BewecT-
BeHHO# ochlo. B cusy cuMMeTpuu /[ OTHOCHTEJNbHO OCefl 10CTaTOUYHO
paccMoTpeTh ypaBHenue cho==t/sint npu o >0, v > 0. d1o naer
HaM JIMHHIO HaHOGBICTpeliiero cnycka /;, KOTOpas BHIXOJUT H3 TOUKH
t=0 nox yrJaoM /3 K BellecTBeHHOH OCH H HMeeT ACHMITOTY
T=g. JInHusa [, CAHMMeTpUuHasA ¢ [, OTHOCHTEJbHO BEIeCTBEHHOMH
OCH, TakKKe SIBJSETCS JHHHeH HAHOBICTpelInero CrHycKa.

[IpomedopMUpyeM KOHTYP HHTETPHPOBAHHS B KOHTYP, COCTOS-
WHA U3 Jgaunuit [, . Tax kak S(f) BemecTBeHHa NPH BelUeCTBEH-
HBIX f, TO 3HAUYEHHS MHTErpaJioB Mo I/} [, KOMIJEKCHO CONPSIXKEHBI.
Caenopatenho,

J.(x)=2Re S exp (xS (1)) dt.

L

Hanee, S(0)=0, S”/(0)==1, yron Mexnay I/, u oceto Ox B TOYKe
=0 pasen =/3. Tlpumenss teopemy 1.4, mosyuaeM, 4YTO MpPH
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X —> 4 oo

I.(x) ~ 1476 sin %F (%) X~ [l + Z apx k3
k=1

MoOXHO Takwe MOKa3aTb, 4TO BCe dy, = 0.

TIpusegentsie B §§ 3, 4 npumMepnl HOCAT HJMIOCTPATUBHBIA Xa-
pakTep; KPoMe TOTO, MBI, KaK NPaBHJO, OFPAHHYHUBAJIUCH TJIABHBIM
YJIeHOM acHUMITOTHKH. MeTtoj nepeBasa MHOTOKPATHO NMPHMEHSJCH
K BBIUHCJEHHIO ACHMITOTHKH CHELUaJbHBIX (GYHKUMH NPH pa3juy-
HbIX COOTHOIIEHHSIX MeXAY apryMeHToM H HHAEKCAMH, a HUMEHHO,
K QyHKuMsM Deccenss, X ¢(yHKUMAM IapaboJHUYecKOro HHJIHHADPA
(BeGepa), x HVHKUHUAM H MOJHHOMAM JlexdHApPa M KO BCEM JPYTHM
OPTOrOHAABHBIM TNOJHHOMAaM, K ¢GyHKUHAM YUTTeKepa, THOEepreo-
MeTpuueckoll ¢yHKUIHW H T. A. Mbl He CTaBUM CBOEH leJbl0 HallH-
CaTh CIHPABCYHMK MO ACHMITOTHKE ClelHaJpHBIX (YHKOHIA H OTCH-
JNaeM MHTEPECYIOINerocs 3THMH BONPOCAMH uyHraTeas k padoram
[23], [45], [68], [75].

§ 5. Acumnroruxa kKoa®buuuenron Teiiaopa
v Jlopana aHaJMTHYeCKHX (yHKLHH.
HexoTopple 3a1ayH TEOPHH BepOsITHOCTEH,
CTATHCTHYECKOH (DH3NKH H TeopuH yuced

1. Kaacc unrerpanos. BuGop nepesanpnoro kourypa. Ilyers psg
f(2) = Zu a,2" (5.1)

cxopurcs npHu {2 < R<{ oo, Tpebyercs HaliTU aCUMIOTOTHKY KO3(]-
¢unuento Te#tnopa a, npu n-—> oo,
[To dopmyne Komn, umeem

!
P, —-n—1
ay = 5 S f(2z2 ds. (8.2)
jzl=r
B sToft dopmysie B KadecTBe r MOXKHO B3siTh JI060e UYHGJAO TaKoe,
uro 0 < r < R. PaccmorpuM cemefictBo oOKpyxHoctell {|z|=r}.
Tlycts 7 GHKCHPOBAHO, 7, TaKOBO, 4TO

min max (| fz)1121™) (5.8)
<F<R

0 legl\=r

JOCTHIAeTCsl Ha OKPYIXKHOCTH |2 |==r,, H OyCTb 2, — OJHA H3 TOYeK
B KOTOpPOH AOCTHraeTcss 3TOT MuHuMakc. Torza, Boobuie rosops,

TOUKA 2, SBJSETCSl CEANOBON TOYKOH OYHKUMM g,(2)=f(2)z™"",
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Tak KaK B HeH HMOCTHraercs
min max }g,(re’®)|. (5.3)

0<r<R 0<o<{2n
Bo BCAKOM cJyyae Mbl HEMeIJeHHO NOJydaeM CJeIYyIOMY ONeHKY:
lan <" max |[(2)] (5.4)

fzi=r,

Ilycte Bce kKosdduuuerTts TeHsaopa @, HeOTpUUATEJbHBI:
>0, a,=20 n=1,2,...). (5.5)

ITokaxkem, uyTo MHHHMaKc (5.3) pocThraercss B TOUKe Z==r,, KOTO-
pas fABJfeTCA TOUKOH nepeBana GyHKUHH g, ().
Jlemma 5.1. Ecau ycaosue (5.5) ssvinoanero, 10

max 7@ |=](r). (5.6)

Ecau ator Maxcumym Oocrueaercs Takice 8 HeKOTOPOIl Touke
2 F=r, TO cyujecTsyer yeaoe 4ucao p Z=2 TaKoe, 4TO

CEpE 5.7)

Hokasarteabcrso. Ilyets 0L < 2n, Toraa

(=) o
! f(z) | = Z anrneinw‘ < Z aﬂrn’
n=ij

n=u
Tak Kak @a,>>0. [lycThb paBeHCTBO HMEET MeCTO NPH HEKOTOPOM
¢ =0, 1 OyCTb Qu, Qny ..., TAE 1 Ky <ny < ... — BCE HeHYJe-
BHE Koa(puumuenTsl psaga (5.1). Toraa e™#” =1 npu k=1,2, ...,

TaK UTO Qry = 27my, T1e my — Leqasle ydcaa. CaenoBaTenbHo, n;=
n
=——m—°m =rm;, TAe r — pandoHaapHoe uHcjo, U 0<r <1, Tak

Kak 0 < ¢ < 2n. Ilycts r=p/q, rae p =1, g =2 — B3aUMHO npo-
CThle lLieJble YHCJa, TOrjaa n,_—pm,/q, TaK 4To m; JenuTcs Ha
g: my==qS;, ny==pS,, u f(z) umeer Bux (5.6).

Takum oGpasoMm, muunmaxkc (5.3) pocTuraercs B TOUKe, B KO-
Topoii gocruraercs min (f(r)r~"7).
O<r<R

Jdemma 5.2. Mycre ycaosue (5.5) svinoanero, [(2) ne umeer
suda az*. Tozda

dar (r;((r) ) >0 (5.8)

npu 0 <r<R.
Hokasareascrro. IMycrs M(r)=max | f (2)|. Toraa M(r)=
lzl=r

=f(r) B cuny memmwr 5.1. [To Teopeme Ajxamapa O Tpex Kpyrax
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dyskuusa In M (r) asasercs CTPOTrO BHIIYKJAOH KHH3Y (YHKHHeH OT

Inr, ecan Toapko [(2) He HMeeT BHAA a,2". Clef0BATENBHO,

d (0
o<(———dmr)mM(r)..rF =)

[IpuBenem sJeMeHTApHOE JOKA3aTeNbCTBO 3TOH JeMMEH. JleBad
yacTth (5.8) paBHa

r E O () + i () — o ()] =
=r7'(f(r)? [k;u apr® - k;() kayrk — (k;o kakrk) ] <0

npuy r %= 0 B cHJy HepaBeHCTBa Koiln — ByHAKOBCKOr0; PaBEHCTBO
BO3MOXHO TOJIbKO TOT/la, KOria ar=pk’q,r¥, rge p He 3aBHCHT
or k, mpu Beex k=0,1,..., n Tak Kak gy, >0, To npu r==0
HMeeT MEeCTO CTPOroe HepaBeHCTBO.

Jlemma 5.3. Mycre ycaosue (5.5) svinoameno, dynryus f(z)
He ssaferca Qyuxyued euda az”. Tozd0a npu awbom p < (0, po),
o == lin}e xf" (0)ff (x) cywecrsyer, u npurom eduHcT8eHHASR, TOUKA

x>

xo(w), 8 xoropoti doctuzaerca min f(r)r~*. 3ra Touka fsiserca
0<r<R

HesbIPONCOEHHOL TOUKOL nepesaira PyHKyuu
S, p=Inf@@—plnz. (5.9)

HNokasaTtenbcTBo. ®yHkuua ¢(r)={(r)r~* crporo no.o-
skuteabHa npu 0 <r <R, 9(0)=+ oo, H MOTOMY HOCTHraeT MH-
muMyMma Ha untepBase (0, R]. Touka MuHHMyma onpeje/sieTcss us
YpaBHEHHUS

i’ (r) __
T B (5.10)
B B cHay JeMMH 5.2 enuHcTBeHHA. Ilpn 2= x,(n) nmeem
a d M
2 S W= S W=7—2%=0,

2 (5.11)
d? az f” f’ 1 f,
7S W=7z S, H)=,~——‘72—+;‘;—=—;(-r7-)>0
B CHJY JeMMH 5.2.

CnenctBue 5.1. DQynkyun

e(w)= min (Inf(r)—plnr)
0<r<R

RBAAETCA CTPO2O BbINYKAOUL Keepxy pyuxyueti .

3anaua 5.1 [ycrs ! (2) — nosuHom cretesin n 2> 1 ¢ HEOTPHUATEABHBLIMA
kosddunnentamy [ (0) > 0. IlokasaTe, 4T0 BCe yTBepXIenHs JeMMH 5.3 cnpa-
BeAJHBH ecyH ' < U < A.
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demma 5.4, Mycrs

oo

f&)=Y a2", a>0, a,>0, n==1, £2,...; (5.12)

—o0

u obaacreto cxodumoctu pada Jlopana ssasercs xoasyo 0 < Ry <
<|z{< Ry. Iycre cpedu kospduyuentos a, umeerci OECKOHEHHO
MHO20 OTAUMHBLX OT HYAS KO3POUUUEHTO8 ¢ NOAONUTEAbHOLMUY 1L OT-
puyareistoimy Homepamu. Toeda ece saxarouenus semmol 5.3 cnpa-
8edausel npu AO60M BELYCCTBEHHOM L.

3amaua 52. [lyers [ (2) — panmoHasbHasn ¢yHkHa, [(2) = Z akzk‘
n=-—N,
rae a =0 npu Bcex k 1 a_y > 0, ay, > 0, @y > 0. Nj > 0. lokasaTs, 4T0 BCE

yTBepxenus aeMME 5.3 crmpaBeluusel, ecan — Ny, < p < N,.
Samaua 53 Ilycrs /(2) nveer sun (5.12). Hokasats, uto ausa (2} cnpa-
BC,LJIHBBl Bce YTBEpKAEHHsS JeMMbl 5.1,

B ycioosusix Jemm 5.3, 5.4 KOHTYp HHTerpupoBauns |z|=r,
SIBJISI€TCS IlepeBaJIbHEIM KOHTYPOM, Ha KOTOPOM JIEXKHT TOJIbKO OJHA
TOYKA TlepeBasa 2==r,.

2. ACHMNTOTHKA MHTErpaJioB BHJA

1

F(N, n)= ST S if &)Y z—n—1dz (6.13)

12| =0

npu N —» oo, N/n—> const.

MBl PaccMOTPHUM 3Ty 3afauy TOpPH CJASAYIONIMX YCJAOBHAX Ha
Gyngnuwo f(2).

1°. ®yukuua f(2) rosomopoua B Kousble K: Ry <|z2|<R,, rae
F =0, Ry<<oo.

B (5.12), ouesunno, R; < p <R, Oyuxuus f(2) passaraercs
B paa Jlopana

fe)=Tas ek

2 a,>0, ¢, =0 n==1, £2,...). Ecau {n,} — HOoMepa Bcex
HEHYJIEBLIX KOI(pOHUHEHTOB @,, #; 7= 0, TO uHcIa #; HE HMEIOT
OBlero AeJHTeJd, OTJAHUHOIO OT €BHHULE.

Teopewma 5.1. lycre ycaosua 1°, 2° senoanenst, lim f(x) = oo,
x->»R
1

j=1, 2 u p>0— ¢urcuposannoe 4ucio.
Toada npu N-—»oo, |n|/N—>Wn cnpasediuso acumnroruxeckoe
pas.aoxceHue

—_ ,1 _ N —-n—1 .
FWN, n)=-pmmes IV 07" oy (5.14)

T M. B, Pegopiox
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ede xy (nfN) — eduncrsennoe pewenue ypasuenun (5.10) (npu u = n/N),

N ["(x) n 1
hx) = 5 +(1—W)—,_,. (5.15)

X

Pasaoacenue (5.14) pasnomepro no nfN [— u, ul.

HdoxasarteancTBo. 3ameHuM B (5.12) KOHTYp HHTerpHpo-
BAHUS OKPYXKHOCTBIO | 2 | = x;(n/N). B cua1y JemMbt 5.4 OKpPYRKHOCTD
SIBJSIETCS TEpeBaJbHBIM KOHTYpOM, I[pHYeM B CHJY 3agauyd 5.3
| [ (2)] mocTuraer MaxCHMAaJbHOIO 3HAYEHHS TOJIBKO HPH 2 == X4 (n/N).
IDTa TOUKa $BJsIETCS HeBBIPOXKAEHHOH TOYKOH NepeBaJia NOJbIHTe-
rpagapHoilt ¢yHkHH. IlpuMensas teopemy 1.1 u yuuteBas (5.11),
noayuaem (5.14), (5.15).

Caencreue 5.2. [Iycre ycaosus rteopemv: 5.1 8bnOAHEHBL.
Toeda npu N — oo, n/N —u, ede p — ar060e sewjecT8ennoe 4uc.1o,

Jim F(N, n)=In ] (x, (W) — o (). (5.16)
IIpasas wacre arod gopmyavt a8a8eTCA 8bINYKAOU KBepXY (PYHK-

yueld .

HOas nokasarenasctBa (5.16) 1o0CTATOYHO 3aMETHTB, UTO Xy (n/N)=
=x,(W)+ O(|n/N —u]). Buimykaocts npaso#t dacTu (5.16) BhiTe-
KaeT H3 cJeiacTBHA 5.l.

Ananoruyno teopeMe 5.1 goxasniBaeTcs

TeopeMa 5.2. Mycro [(2) = ), a,2", pad cxodurca npu |z | <R,

ycaosusa 1°, 2° guinoanersl u umeercs CECKOHELHO MHO20 HEHYAeBHIX
Koaghghuyuenros a,. IHycre 0 << p, <y Toeda npu N-—>o0, pu; <
< nfN < w,, pasnomepro no n|/N, cnpasediuso acumnroruseckoe
pas.aoocerue (5.14).

CaenctBue 5.2 Takxe ocTaeTcsi B cHJe, ecau pu > 0.

N,
Cnencrteue 5.3. [Tycre [(2)= ). a,2", ede 0<N; <+ oo,
=N,

u ycaosus 1°, 2° goinoanensi. Toeda ace yrgepacoenus reopemnt 5.1
u caedcrsue 5.1 ocrarorcsa e cuae npu Ny <<n/N<N,.

3angaua 54. Ilycte ycaosue 1° Boimodsero, ap =20, m =2 — naudoasmui
O6ULIH JeiHTeIb HEHYJIEBHMX KO3GMQUUHEHTOB an ¢ # 7%= 0. Beiyucantb acrmirto-
THRY F (N, n) npu N —> oo, nfN > p.

Yxasanne B srom cayuae max |f(z)| zocrhraercs To.bKo B Toukax
lzl=r,

Zk == o)kr, rae (Dk — PasJyiHuHbpl€ 3HAYEHUSA ’\/T
3. AcumnroTuka kosdduunentos Teitaopa u Jlopana. [lycth
f (2) — uenas TpaHcueHgeHTHAs QYHKIHS C HEOTPHUATEJbHBIMH KO3-

¢nnuentaMu Tefiiopa, T. e. ycjaosue (5.5) BuinosHeHo. Toraa us
(5.4) u seMMbl 5.3 ciaenyeT olieHKa

a, <fx)xn|
TAe Xy (n) — emuHCTBEHHOE pelneHne ypaBueHHs (5.10).

(5.17)

x=xo(n)?
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Touka 2 = x, (n) ABJsIETCS €AUHCTBEHHON TOUKOH Nepepana Mobld-
TerpaJ/ibHoii GyHKIHHU U3 (5.2) Ha OKPYKHOCTH | 2 | = x, (1), K Tomy e
HeBLIPOKIeHHOH (ecau ycuorus 1° 2° Teopemsl 5.1 BhiNOJAEHH).
[To3TOMY €CTeCTBEHHO 0XKHMIATh, YTO ACHMITOTHKA @, PaBHA BKJAmy
OT 3TOH TOYKH INepeRaJfa, T. € UTO CIPaBeAJHBA ACHMITOTHUECKAS

dbopmya
“"ZN/M?—M f()x=n (I4o(1)), (5.18)

x=x,{(n)

rie ofosHadueHo
__ i (x) n—n?
h=2 (x) +

B

x2

Jloka3zaTenbCcTBO 3T0H HoOpMYJb TpebyeT JONOJHHUTENbHBIX Npej-
HOJIOJKEHHA OTHOCHTeNbHO (GYHKIuH f(2). TMoaosxum

S{(r, @) =In [ (re’®) (5.19)

H BBejeM ClefVIoUIHe YCJIOBHA:
3°. CyniectByeT (YHKIHSA o (r) —> 00 TPH r —> 4 oo Takas, 4TO

S:I,)‘P(r! q'))N g’@(r) 0)

npn r—>o0, [9I< @ (r)=0(r)[h (%), n)]™"". Kpome Ttoro,

@y (4 00) = 0.
4°, TIpu GOJbIIHX (UKCHPOBaHHBIX r ¢dyukuus ReS(r, ¢) Mono-
TOHHO yOmIBaeT Ha uuTepBanax (0, =), (0, — m).

Teopema 5.3. Ecau setnoanenst ycaosun 1° —4°, 1o cnpased-
ausa acumnrorudeckan gopmyara (5.18).

HoxasaTteancTBo. l[losokuM r=x,(n) B uHTerpate (5.2)
H TIOJOKHM a,==ap + &y, The a, — uurerpaa (5.2) no ayre |@|<C
<L @o(r). Torma

" 1 —n-
lan| <577 ‘SeXp[ReS(r, 9)] do,

rie uprerpan Oepercs no ayre ¢ofr)<{|¢|<<a. Hanomuum, uro
r=1xy(n)—> o npu n-—>oco. [loBTopsa Te XKe PacCYXACHHA, 4TO
H B I0Ka3aTeJabCTRe TeopeMsl 2.2.2, noayuum, uto a,=0(V,)(n —> co),
roe V,— npaBas uactb dopmyan (5.18). OcraeTcs MokKasaTb, uTO
an, ~V, B cuay ycaosus 3° umeem

@ (1)
ap = —;;r"" S exp [S (r, @) — ing] do ~
—@, (1)
w (r
~n

4 S exp[—q;i(l—!-o(l))]dq).

2 4/S5 0 _J

IMocsepun#t wurerpan cTpeMurcs K q/ 2n Opua r— oo

7e
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AHaNOrduHL pe3yJbTAT HMeeT MeCTO HJs1 Ko3hPHIHEHTOB
JlopaHa, ecau f(2) umeer Bua (5.12).

4. Metox Japsuva — Payjepa B CTATHCTHYECKOH MeXaHHKe.
Hamwe wusnoxenne caepyer patoram [95], [96]. Awcamb.aem Hasb-
Baetcss HaGop M3 M pasIUuHbIX (U3HUYECKUX cHCTeM Ay, ..., Ay
(moacncTembl ancam0.1s1). Kaxnas U3 MOJCHCTEM TMOJHOCThIO XapaKTe-
pH3YyeTCs 3ajaHHeM CBoell 3Hepruu. Tpebyercss HafiTH HaubGoJee
BEPOSITHCE pachpejesieHHe PHePrui mo MoACHCTEMAaM, ecai 3atausl M
1 3Heprus E Bcero ancam@as. BBoasaTcs cieaVioHe OIPenoJ0KeHH s

1°. DHeprusi KaxJof HNOACHCTEMBl MOXeT NPHHUMATb Ji000e H3

3aJaHHbIX 3Hauenust E,, k=0, 1, 2, ... UYucaa E,— ueJjble,
O0<E,<E <..., u He umelor ofulero paeaureJs, OTJIUYHCTO OT
€ IMHHILbI.

DTO o3HauaeT CJeAYyIOllee: eIHHHUA SHePrHH BbIGHpAETCS Ha-
CTOJIBKO MaJIOd, YTO BCE YPOBHH 3HEPrud Ejp MOACHCTEM H TOJHYIO
Hepruio £ aHcaM0./g MOXKHO C J0060H CTENeHbI0 TOYHOCTH CUHUTATh
nesbiMH. MMeioTes, KOHeuHo, ¢ayuaH, KOTAA 3TO NPeANOJNOXKeHHe
He BBIIOJIHSIETC: — HANPUMep, 3JeKTDOHHbIC YPOBHH aToMa BOROPO.a,
KOTOpble CryuiaioTcss K Hyaw. Takie cJaydaH HCKJIOUAOTCs; OHH
BooOlle HeJOCTYNIHbl CTAaTHCTHUECKOMY HCCJefOBaHHIO 6e3 chelu-
aJbHBIX NPEeAOCTOPOKHOCTEH.

2°. Omeprusi E aHcam0Jis paBHa CyMMe 3HEPTHHM MOJCHCTEM.
Hucano U= E/M (cpenussi sneprusi ancamf.as) — LeJoe.

ITycTb B cocTOSIHMU ¢ 3Heprued E; HaXoAATCA My DOJCHCTEM.
Torga JOJXKHB BBIIOJMHATHCH COOTHOIIEHHS

k;g my =M, (5.20)
k;)mkEk=E=MU. (5.21)

QueBHJHO, u4TO 00€e CYMMBI COJLEp:KaT KOHEUHOE UHCJIO HEeHYJEBHIX
cJiar aeMblx.

HaGop uesbix uucen {m}={rmy, m,, my, ...} 6yieM Ha3bBaThb
donycrumeis, ecau BbinosHenbl yeaosHsa (5.20), (5.21). 3apaunomy
ponycTuMomy nabopy {m} oTBeuaer umc/I0

W ({m) = e

molmtm-! ...

(5.22)

pasJuuHbIX aHcambuel, TaK KaK [EPeCTAHOBKA JIIOOHX NBYX IIOA-
cucTeM (OHHM Hepa3/JHYMMBI) oOCTaBJAseT HaGop {m} HeHU3MeHHBIM.
B (5.22) uMeeTcsi KOHeYHOE YHCJIO COMHOXKHTeJeH myl, OTJIHYHBIX
oT |; ocranabHeie paBHbl |. BBoguTcsi nmpeanoJsio:KeHHe

3°. Bce momycrumble HaGopwl {m} (T. e. pacupeneJ/ieHHS] SHEPTHH
1o MOACHCTEMaM, YIoBJAeTBOpsole yeaosuaM (5.20), (8.21)) pasuo-
BEPUSITHBIL.
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Kak y:Ke roopuJ/och Bblme, TpebyeTcss HAATH HauGoJee BEPOSIT-
HOoe pacupefie/leHHe IO 3SHepPrusM, WIH, B CHAY MpeaioJoxeHus 3°
HaliTH Takol monmycTuMeifi HaGop {rm}, uro

n(la}x W (m) =W (/7). (5.23)

Mpl OyaeMm pewrath 3TY 3ajauy IOpH ycJoBHH, uTo M > 1.
BBeneM cpednee 3nauenue (MaTeMaTHUeCKOe OXHAAUHE) KOMIO-
HEHTH 1!
Z m, W (m)

(M) W (5.24)

{m}
rge CyMMbl GepyTcs IO BceM gomycTuMblM HaGopam (M, U ¢ukci-
poBasel). Caenyer 0XHAaTh, UTO
i == {im (my)y, (5.25)

M>oo

T. €. yro Opu M > | moutH Bce BO3MOXKHBIEe HaGopwl {m} coBnamaioT
¢ HauboJee BeposiTHHM HaGopoM {m}. Ecau cpednexsadparuunas
Ppaykryayus (Oucnepcus) CTpeMHUTC K HyJio Ipu M -— oo, T. e.

(My)y — (M3 =0, M-—>oo, (5.26)

To oTciofa caenyer (5.25).
BLIUHCINM aCHMITOTHKY (M), UpH M — co. BBemeMm Bcrmomora-

TeJibHble NepeMeHHbEe g, £, 82, - - -, NOJOKHUM g =1(go, £i, L2, .- .) H
Mighog™ ...
W ({m}, g) = molmyl .. (5.27)

rie Bce g, HusMeHsiorcd B uHTepBase (1 —6, 1+9), 0<o< 1,
6 — ¢uxcupoBannoe uucao. M3 ycaosuii (5.20), (5.21) caenyer, uto
Bce coMHOXKHTeAH B (5.27) pasubl 1, HauuHasf C HEKOTOpOro K.
OGosnauum 1==(1, 1, 1,...). Torga

W ({m}, 1)=W (m). (5.28)

BBeneM BcooMoOraTesbHYI0O (GYHKIIHIO
M, U, 9= (mZ} W ({m}, o), (5.29)

Tjle, Kak oObuHO, CyMMa OepeTcsl MO BCeM MOIYCTHMBIM HaGopam.
B mpasoii wactu (5.29) CTOMT KOHeuHas CymMMa, TaK Kak UHCJIO
donycTuMelx Ha6opos {m} KoneuHo. MmeeMm

, (5.30)

d
=gy=—InT
<mk> 4 agk P
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IIOCKOJIBKY
mk—l

J . mkg\;lh\ gk
—a—g;‘F(U, M’ g):M!Z mo!...m'

o AR

Awnanoruuno NoKa3sbiBaeTcCsd, 4UTO CpPEeAHCKBaIpaTHUYHAS »t)'l\‘”‘
auuda mg paBHa

Y P
<m,;>—<mk>2—gka—gk(gkﬁam r) L=1' (5.31)

Tak kak Hac uHTepecyer (/1) OPH GUKCHPCBAHHOM £, TO JIOCTATOUHO

cudTaTh, 4TO Bce g;==1 OpU =k, W TOJBKO g; H3MEHFALTCH

B mpegenax (1 —o6, 1 49). Takum o6pa30M BCE HHTEpeCYyIoliye

HAC BeJMUHHB! BbIpaykaioTcs 4depes I', Tak 4TO OCTaeTCA BHIUHCIHUTD I'.
Beegem npoussodaujyro ¢pynxyuro G:

G M; 9="( g), [k o= ,;ngzEk- (5.32)

Tak Kak gr=(1 —96, 1-+9), To paguyc CXOAHMOCTH CTEINEHHOIO
pana (5.32) R=1, uro cirenyer u3 dopmyan Kourn — Anamapa. M3
noJHHOMHAJbHOH ¢opMyanl HbioToHa caenyer, 4TO

s myEy i E)

grght ...
G M; g)=Zalz az——Zw. (5.33)

=0

rje CyMMHpOBaHHe B (oOpMYyJe [Jsi @; NPOU3BOAUTCHA MO TAKHM
HaGopaM {m}, uTo

kazM, kaEk=l.

CpasuuBass (5.29) u (5.33), moayuaem, uro I'(M, U, g)=ayy,
1. e. I' — KoapPuuuent npu 2MYV B passnoxkenuu Tefiopa ¢yHkuuu G.
Orciona no ¢opmyae Kol HaxoAuM, 4YTO

I'(M, U; g)—-—Sf @ gz " dz, (5.34)

2mi

rie C — npocTod KOHTYP, OXBATHIBAKIIMH HAualo KOODAUHAT H Je-
)Kanuid B Kpyre | 2| < 1. ACHMIOTOTHKA 9TOI'0 HHTerpaJsa npu M — oo,
E/M-— U BpluncasieTcss ¢ MOMOUIbIO TeopeMbl 5.1.

Ucenenyem cBoiicTBa HauboJgee BeposiTHOro pacnpejeseHnus. [lo-
JOoxKHM B (5.22) Bce g;==1 npu j %% k, 1 0603HAUUM X, (Zk) — ¢ P (2)
€MHCTBEHHBIH KOpeHb ypaBHeHHS

4 .
fa(xig) U

) 0, (5.35)
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aexamuit Ha uareprate (0, 1). Uepes xy=e P oGosuaunm x,(1). U
(5.14) Haxommm, dro mpu M-— oo

5 InT (M, Us ) =
= Inf(x; g)+BU— 5= In@aMg” (x) + 0 (M™Y. (5.36)

DTo pasjoiKkeHHe MoxHO AHdPepeHUHPOBATH MO g J00Oe 4YHCI0
pas. Ilpu sToM gocratoyno auddepeHUHPOBATh TOJBKO HepBblE
ABa chaaraeMblX. [l kpatkoctu OyjleM THCATh gp=g, E,=E.
Y yuTHBas, uTO

EE_: — -l dxg a7 (x, g)

dg voodg og
v uTo cooTHolleHne (5.35) BRIMOJHSAETCA TOMIECTBEHHO MO g, EC/H
x=xy(g) B (5.35), Haxonum u3 (5.36), uro

= xE,

dInT (g) x5 deg [ (2 &0 U In M
dg - }‘(xOy g) dg [ f(xOr g) -__x—i)—] O( M )—
E
. Xy nM
=TT @ "FO( i ) (5.37)

Hanee, yuuteiBas (5.35), mojayyaem

S @inl (g) =

——ng LE—U) ‘i‘(j (F (%0 €)' =825 ( (0 &) *+ *E(f (%, 8))".

Huddepennnupysa Toxpgectso (5.35) no g, mosayuaem
d "
T [ =)+ x,fr]= U — E) £,
rie Bce nponaso,rmbxe Gepytcst B Touke (%o, £). YuurthiBas (5.35)

u (5.14), moayuaem, UTO

dginT(g)
dg o

xE £V g(E—UyxE? InM
= ——= — = 5 + 0 . (5.38)
(%, &) i (x0, &) 8. (X)) (¢ 8) M
Tenepp nosoxum gp=1, T. e
Fy=142" %4 .,

M OVCTh Xo==e P —kgopeinr ypasuenus (5.35). M3 (5.37), (5.11)
HaxoauM, 4TO npu M — oo

~BE,
<mk> . e InM
A — Sy +o( - ) (5.39)
e
£E=0
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Hanee, yuutniBasi (5.35), mosayuaem, 4to
o0 o0 -1
B (x)) =™ Y (B} — U?) e PEs (Z e‘BE!) =®(F*— U% >o.
0 0

Hs srolt popmyart u (5.31), (5.38) monyuaem, uto npu M- oo
<m;> — <mk>2 _
M2 -

—p [ ) B o (2], o)

TakuM o6pasoM, cpefiHeKBagpaTHuHAss GAYKTyalHs CTPEMHTCH K
HyJao npu M-— oo.

5. CumMmerpuyHoe cJaydaliHoe OayxpgaHue Ha npsimoi. [lycTs
yacTHlla COBepmIaeT cJyuyaiiHoe OJyXKjAaHue O UeJOUYHCIeHHBIM
TOYKAM BELIECTBEHHOH OCH. 3a eJHHHIY BPeMeHH YacTHlA COBep-
nraeT CKauyoK W3 JAHHOH TOYKH B COCEAHIOW, CJeBa MJH CNpaBa,
C BEpOSITHOCTSIMH, PaBHBIMH 1/2 (cuMMmeTpHuHOe 6JyXKpaHHe). Bui-
YKHCJHM BePOSATHOCTh Py (M) HaxoxaeHHs YacTHIB B JAHHOH Touke M
nocse L ucmbitaHu#. McmbiTaHue — 3TO cepHsi H3 7 CKAYKOB; HCIIbI-
TAHHA CYHTAIOTCH He3aBHCHMBIMH. B HauaJpHbIH MOMEHT BpeMeHH
yacTHLa HaxoauTcs B Touke O.

[TycTs p,, — BEPOSITHOCTb TOMAajaHUs B TOUKY /M B pe3yJbTaTe
OJHOrO HCHLITAHHSA (m=—n —n—+1, ..., n). Beegem npowus-

BOAAILYIO GYHRIHIO [ (2) = Z pm2™, TOrna P (M) — kosdpuuneHr

m=-—n

npu zM B pasjoxkeHuu
nlL

F@=p_z"+ ... +p)* = ZnL P, (M) 2",

CJiepoBaTeJbHO,

PLM) =\ (FR)24-1dz, (5.41)

12|=p

rje OKPYKHOCTb |2]==p OpHEHTHPOBAHA NOJOKHTEJBLHO.

Paccmorpum 3agady 06 acHMIOTOTHYECKOM IOBeaeHHu P, (M)
npu L — oo (4nc/I0 HCOBITAHUHA HEOTPAHHYEHHO BO3pacTaer) B Npe-
noJoxeHuu, uro M/L—>p (—n<{pu<{n). dra 3ajgaua pemaercs
¢ TmOMOUibiO CJeacTBHSI 5.3 W3 TeopeMmbl 5.2, U oTBeT maetrcs ¢Gop-
MyJsiof (5.14) (rne caeayer samenuts (M, n) Ha (L, M).

6. 3apmaua Xapau — PamanyjgxkaHa. IlycTb n — HarypaJbHOe
YHCJIO, P () — YALVIO HEOTPHUUATENbHBIX LeJOUHCJIEHHBIX pelleHul
(%1, X3, ...) AHO(paNTOBa ypPaBHeHHA

n=1-x+2 x4+ ... +r-x,+ ..
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HHeiMu csoBaMH, HaTypasibHOE YHCJIO BCEBO3MOMXKHBIMH CIOCOOAM
pa3bHBaeTcsl Ha HaTypaJbHBle cJjaraemble, rie yucjao | Berpeua-
eTcsl Xx; pas, UHCJo 2 BcTpeyaeTcs X, pa3 M T. A. BBegem mpous-
BOAAIYIO0 ¢YHKUHIO

F(z) = ﬁ ey (5.42)
m=1
Hmeem
F@Q=(104+z2z4+224 .00 +224+224 . )X ...
X (M4 L)X L =l+r§lp(n)zn.
®yuxuusa F(2) roromoppHa B Kpyre |z| <1, Tak 4TO
pi=5- | FRz1az (5.43)
21=0

rie 0<p<<l., Mul nonyuuiau wuHTerpaJa Buga (5.2), u B cuay
JeMMbl 5.3 HopaplHTerpaJibHas (GYHKUHS Ha OKPYMKHOCTH |2Z|==r,
UMeeT eIMHCTBEHHYIO, H NPUTOM HEBBIPOKJEHHYIO, TOUKY IepeBaJa

z2=r,, B KOTOpPoH pnocTHraercs max |F(2)|. 3pecy r, — equHCT-
lzl=r,

BEHHOEC IIOJION(HTEJIbHOE€ PpelIeHHE YPaBHEHHSA

d
ro-InF (r)=n. (5.44)

Hac unTepecyeT acumnrtoTdka p (n) npu n—> co. UToGH BbIUHC-
JUTb ee, 3aMeHHM KOHTYp HHTerpupoBaHusa B (5.43) OKPYKHOCTBHIO
|2|=r, u npuUMeHHNM MeTOA mepeBasa. llosoxum r=e~P, TOrma
Touka p,=—lInr, 6yneT KopHeM ypaBHEHHS

o0

ZeomL_]Zn'

m=1

Orciopa caenyert, uto p, — 0 npu n— oco. IlpeacraBuM 3T0 ypas-
HeHHe B BHJIe

=3 St

R

St g
wre
2
e
2

TaK 4YToO P, ~ anBGJIGHHI:Ie pPacCyKAeHUda SABJJAIOTCA He-

19
A6
CTPOrHMH.
B naxHOil 3ajaye OCHOBHYI TPYAHOCTb IPeACTABJSET He HpPH-
MeHeHHe MeTOoja IepeBaJa, a HCCJEJOBaHHE NOBeleHusl GYHKIMH
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F(z) nmpn maamx |2z|. IoJaoxum x=e-*% y=v- {w, Torga
n
p) = (fo+imererodo, f—F .
-7
B [62] noxkazano, 4TO

Wy

p(n)= % S f(v + iw)er®+i®) d 4 O (11—5““ exp (n /\/—é_ n)),

—w,

rae &> 0— CKOMb YTrOAHO Manoe GUKCHPOBAHHOE UHCIO, W;==
= p-¥+e3 4 yro

nAn . n 4/6mn
Inf(v+ iw)== 1/ — fwn — —Y—- 1/ w? 4 — Inm—{—O(n“’“e)
npu |w|<<w, [locjae 3TOro acHMNTOTHKA HHTerpaja IIO OTpPe3Ky
[—wy, @] Jerko BHUHCJAETCSH, U OKOHUATeJALHO AJsA p(n) Hoay-
yaeTcss aCMMIOTOTHYecKas dopMmyJaa

na/l,
p(n)zr{/larne \/3 [1 4 O (n-1i*e).

§ 6. Acumnroruka npeoGpasosanus Jlanjaca

B aTom naparpa(pe HCCJaeayeTCcda aCUMITOTHKA HHTerpaJioB BHAA

[.5)

F() = S exp [— S (x) 4 Ax] dx (6.1)
0

OPH KOMIIJIEKCHbIX A — co. PaccMoTpeHbl npuMepbl: S (x) — moJHHOM,
CTeneHHAass (GYHKUHA, CyMMa CTCIEHHBIX (YHKUME ¥ HeKoTOphie
npyrue. lleHTpasbHBIM MeCTOM B METOJe IepeBasa SIBJAETCS BHOOP
nepeBaJLHOrO KOHTypa. B paccMOTpeHHHIX mpHMepax IepeBaJbHBIM
KOHTYpOM sBJseTcss JuOO cama noayoch [0, o0), aubo Jayd, Jd460
JOMaHasi M3 JBYX 3BeHbeB, a acuMnToTHka F(A) Bcerma paBHa
CYMMe BKJA[0B OT KOHIIA KOHTypa X=0 H OT HEKOTODOH TOUYKH
nepeBaJsia NOJbIHTErpaJbHOH (QYHKIHH.

1. Cayua#t, korga S — creneHHas ¢yHkuus. PaccMoTpuM uH-
Terpad

F(A, a)= OSO exp(——— -—i—a- -+ Ax) dx, 6.2)

<

rie o> 1, x*>0 npu x>0. Oyskuus F(A, ) sABIsgeTCs, Ode-
BHAHO, Lesoll ¢yukumed A. Hccaenyem acumnroTuky F (A, a) npu
KOMIIJIEKCHBIX A — 00,
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JTemma 6.1. [ycrs a> 1. Toeda acumnroruxa F (A, a) npu
}A]— oo pasHomepro no argh pasHa:

1°. Braady or rouxu nepesasa zy(r) =Ar"""" npu

m(a—1)

largd | < ——— —¢,

Ha—1 ~
20e dan pynxyuu AV 8bI0PAHA 2AABHAS 8ET8b.
2°. Br.aady or Hawaaa KoHTYpa npu

larg (— M) <5+ 5= —

3°. Cymme exaados or Touku nepegaia z,(A) u or Havara KoH-
TYypa npu
n{a—1) T
—ag — Teslarghs<o —e

3necy € >0 MoxeT ObITb BBIGPAHO CKOJb YIrOJHO MaJbM, HO
(QUKCHPOBAHHLIM.
ITpuBeneM siBublEe QOPMYJB:

(—DET (ka + 1 ko
F(h, a) &~ }: ak(m” (DTG + D) py-ke-t (6.3)
larg (~ D I<E+ 4 —e

F, a) ~exp[(1 —a™ DA ] \/27 X
a—2 12 s ka
X[(a— 1)&71?] (1 + Z akx‘ﬁ). (6.4)

w{a—1)

larg A | << =5

— 6’
u acumntornka F (A, @) paBHa cymMe Bupaxenui (6.3) u (6.4)
B ocTaBiueMcs cektope. Pasnoxenus (6.3), (6.4) moxso nuddepen-
LHpoBaTh N0 A Jyo6oe uHcao pa3. Kosddunuents a; onpeaedsiores
no cdopmy.e
— 1
a= | ewp(— 25 ) e ) ay, (6.5)

— 0o

rne ¢g(y) — KO3 (GHUIMEHTE Pa3JOKEHHs MO CTeneHsM A/l HYHKIHH

explpe (y/+/n)],
cy=exp(—LEL 4y Lpesle) )



204 I'J1. IV. METO/], [IEPEBAJIA

BpinunieM rJjaBHble 4J€HBl aCHMHOTOTHKH:
a—2

F, a)~«\/2_:ru[(a—~ 1) xﬁ]_wexp [(1 - l) 2T ]

—1
jargr < 20D g

FO,a)~—27", Jarg(—a)1<eX D o 68

(6.7)

v acumnrtotHka F (A, a) paBHa cymme Boipaxenuin (6.7), (6.8)
B octasiieMcs cekrtope. Takum ofpasom, byHKuus F (A, a) 3KcIo-
HEHIIHAJbHO BO3PACTaeT B MGOM CEKTOpe, JeXKallleM CTPOTO BHYTPH

n(a 1)

cektopa Sy jargh << , 3KBUBajeHTHA — l/A B m0GOM cek-

TOpe, JEXKalleM CTPOro BHyTpH JIOTIOJIHATEJBHOTO K S, CeKTopa,
¥ aCHMNTOTHYECKH PaBHA cyMme Bhipaxenu# (6.7) u (6.8) B ocras-
LIHXCSI CeKTopax.
HdoxasateancTBo. IlonoxuM A=|A|e™, ¢==argh. Hexaas
3aMeHy [epeMeHHOH x —|A =y noJyyaem
F( o)=[2""""F (1, o),

Fi(h, @)= S exp[— 12 M7V S (x, )] dx, (6.9)
0
S (x, Py = x%a — xe'V,

Wurerpan F, (M) umeer sua (1.1), H ecTeCTBEHHO OXKHIATb, UTO
€ro ACHMITOTHKA TIPH |A|—oco H TNPH KaXKJA0M (QHUKCHPOBAHHOM VP
paBHa CyMMe BKJaj0B OT HEKOTODPBLIX TOuex NepeBasa (QyHKuuu S
UM OT KOoHHAa X =0 KOHTypa HHTErpupoBanusa. 3alimeMcsi OTbICKA-
HHeM nepeBaJIbHOTO KOHTYypa.

. Ecan cosyp <0, To minRe S (x, y) Ha nmoayocu x =0 pocru-
raeTc;{ TOJNBKO B TouKe X =0, MOCKOJbKY

dldxRe S = x®=1—cosp >0, x>0.

CreoBaTeNbHO, ACHMITOTHKA HHTerpada F(A) mpu (A |— oo,
| arg (— A) | <{m/2 paBHa BkJany oT Toukd x==0. Pasjaras skcmo-
HeHTY exp(— x%a) B psif 1O CTeNeHsM X, TOJydaeM

oo k 0o
F(, a) ~ Z =7 S etxokdyx,
0

akk!
k=0

oTKyga cJaenyeT (6.3); cTporoe oGocHOBaHHe 3TOH (HOPMYJIBI BhiTe-
KaeT H3 JeMmMbl BatcoHa.

2°. TlompinTerpagpHasi ¢yHKuust B F; (A, a) 3KCIOHEHLHAJbHO
y6biBaeT B cekTope |argz|<m/2a. Touka mnepesana z,(¢)==
=exp (iY/(a — 1)) JexkuT B 3aMblKaHHH 3TOIO CeKTopa, eCJH
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[P < n(a— 1)/(20). TTo neMme )KopraHa, KOHTYD MHTerpHPOBAHHUS
B (6.9) MOXHO 3aMeHHTb AyuoM [y(h): 2==p2,(}), 0 <Lp < oo, mpo-
XOAAIUM Uepe3 TOUKy nepeBana z,(p). Ha 3tom Jayue umeem

a
ReS(z, §)=h(p)eos =24, h=L o

Tak kak ¢yHKuua fA(p) uMeeT Ha noJayocd p =0 eIHHCTBEHHYIO
TOUKY MUHHMYyMa p= 1 H T4K KaK cOs — _wl =0, To Ha KoHTYpe I (1)
¢yakunsg Re S(z, ) nocTuraeT MHHHUMYMA TOJbKO B TOUKe Iepe-

Bana zy(P), ecam |§|< ﬂ(am:])

, 1 ReS=0 na xourype, ecui

¢=i%ﬂ. [Toaromy xoHTYp [, () nepeBanbubiii npu || <

—1 —1
gﬂ%—l, u acuMnToTuka Fy (A, a) npu|A |— oo, | P |<£%d——) —e
paBHa BKJajay OT TOUKH IlepeBana 2,(p), a npn —e< |[p|—

(e —1
- 2a
KoHIla x = (0 KOHTypa HHTerpupoBaHus. Belunciasas BkJajx oOT

Toukl Zo(p), noaygaem (6.7).

’go—cmee BKJIAJOB OT 3TOH TOUKH TlepeBasia U OT

3°. OctaeTcs uccaeaoBaTh ciaydan ﬂl___ <|Pp|< —. Tak kaxk
- e —1
F(A, a)=F (A, a), TO I0CTAaTOYHO PAaCCMOTpeThH CJyuaH ﬂ;.a__) <

7 o
< <3 [IycTb Q — cekTOp, OrpaHUYeHHBH JyuyaMu [, H

Zpit 5
0.1 0 % ‘51/1"*']
N Z
* S
A
Puc. 6.
Li(p): 2=pz-, (), 0<Cp < o0, rrie 2— () -'eXp[ -——l—mp]—Tqua

nepesaja. QYHKIUA S(z, ¢) xoudopmHo orobpaxkaer Q Ha 06-
J1acTh Q, orpaHUueHHYI0 JoMaHbIMHU Loy, L—;. Jlomanas L;(j =0, —1)
cocrour u3 orpeska Ly =1[0, S}, S; = (— — l)e”"z, (Pp) v ayua Ly
¢ BepmHHO# B TOuke S;i yroa Mexay Ly u L, B Touke S
paBen 3m/2 (puc. 6). IToayock [0, oo] oToGpaxaercs Ha JHHHIO [,
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C acCHMITOTHYeCKUM HanpasJenueM arg S=0. [Tycts L — JoManas,
. I ,
cocrosiiasi u3 orpeska [0, id], A= (E — 1), v ayua S=iA+p,

0<{o <oo. Ee nmpoo6pas L aexuT B cexktope |argz|< n/2a, n
uHterpaa F,(A, @) paBed uHTerpanay no suauu L. Tak xak minReS
Ha L pocturaetrcs ToJbKO Ha oTpe3dke [0, id], ¥ B YacTHoCTH,
B Haua/jbHOH TOuKke KOHTYypa S =0, To L — ncpeBasbHbI/l KOHTYP;
T€M CaMBIM JIeMMa MOJIHOCTB!O JOKa3aHa.

Ocraercq BuBecTH (opmyJsl (6.7). Orpannunmcs ciaydaem 4 > 0,
TaK Kak a, He 3aBucaT ot A. Torma

oo

F (A, a)=ATLTS exp[— k“_f‘S (x, 0)] dx

0

AcuMITOTHKA HHTerpaJa pPaBHAa BKJALYy OT TOUKH mepemaja x = I,
Jexaled Ha KOHTYpe HHTEI‘pHpOBaHIdH [Tpr x = | nmeem x =1+ y,

y~0 n S 0)=S8(,0 ———1y*+ c(y), rme c(y) umeer

a/{a— 1)

Buja (6.6). TMosoxum p =2 , TOrAa mpu A — 4 oo

§
e —1
27 F 0 o~ § exp[— S5 gt e ()] dy —
=8
6 i

“ g | on(= 5t ()]

-5 40

Pasgarass NOCJENHIOI 3KCHOHeHTY B pan Tefiopa No cTemeHsM y
W 3aMeHsii TIpedeJbl HHTerpHPOBAHUA Ha o oo, noayuyaem (6.7).
O60cHOBaHHE 3THX BbHIKJAAOK ObI0 mpoeegenc B . 11, § 2. »

Teopema 6.1. Iycre a, a— puxkcuposanrsie tHucra, o> 1,
Rea>=0, u

F(, a, a)= S exp (— ax® 4+ Ax) dx. (6.10)
0

Toeda acumnroruxka F (A, a, @) npu |A|— oo pasrHomepHo no argh
pasHa:
1°. Bxksaady or rouxku nepesasa 2y(A) = (A/aa)’/(a—” npu
- n(e—1)
jargh —a ‘argal<————2a——a;
2°. Bkaady oT Hawara ioHrypa npu |arg(—A)da~largal<

I 3
<Ft+i-e
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3° Cymme 8xaa0o8 or rouku nepesasa z,(L) u or Haraiq Kou-
TYpPa 8 OCTABUUXCA CEKTOPAx.

3necy jargal<<n/2, 0 Aas GyHKUUH 25(A) Bh6paHa r/apHas
BETBb.

HoxkasarteabcTBo. Beipasum F (A, a, a) yepes unrerpaa (6.2).
TloppiaTerpanpian QyHxkuus B wuHTerpase (6.10) sxcnoHeHuHasbHO
y6biBaeT B cekTope |aargz -+ argal < m/2, H, no Jemme YKopnawa,
F MOKHO 3aMEeHHTb HHTErpaJoM M0 JIo60MY Jyuy ¢ BepIIUHOH
B Touke z=0, jexamemy B 3ToM cekrope. CiefoBaTesbHO, HYHK-

nusa F (A, a, a) paBHa HHTErpaJay Mo Jyuy 2 == r exp (— —arg a) T. €.

F(&, a,a)= exp(-— %arg a) S exp(—lalrt+ hre-iargale) dr
0

— 1/
Henasn sameny r=x(alal|)” ', noayuaem

F(h o, a)=(alal) ™" exp (— arga) F (u, a),

. (6.11)
p=A>Alal)”" exp(——;—arga).

U3 storo cooTHomeHnus M jgeMMel 6.1 craegyeT Teopema.
Brimuulem acuMOToTH4ecKHe pasJoxkeHuda. [Ipu ycaosusax m. 2°
teopemnl 6.1 HMeeM

N (— )k
Fh, a a)~ Y {Z@lLERED (gy=eko (619

k=0

rge nJa GYHKUE#A (—A)" BHIOpaHa BeTBb, MOJOXKHTENbHAS NPH
A& (— oo, 0). Popmyna (6.12) gokaspiBaeTCs TOUHO Tak e, Kak
u dopmyaa (6.3). Ilpu ycnosusix n. 1° TeopeMmbl

-2

F()~Cp 2= >exp(c2w 1)(1+i a,zx‘TET)‘ (6.13)

112

_ 1{a—1)
= /2a(e — D)™ (6.14)
c2=(1 —a~!) (aa) 77,
2, Cayua#t, korga S(x)— MOJAHHOM HJAA CYMMa CTeMeHHBIX

dyHKuuii. IToT cayyall npuBOAUTCH K TeopeMe 6.1. 1eACTBUTEABHO,
paccmorpum unterpan (6.1), roe S(2) — moaunoMm:

S@) =ap"+ a2+ ... +a, (6.15)
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H @50, n>=2 Tlycte uurerpan (6.1) cxopurcs aGcolioTHO.
Jenaa sameny x—»{kl”‘”"”x, nojyuaem

o0

F)=121""""{ expl— 217"V S (x, v, &) dx,
(1}
rae o603HayeHo

p=argh, e=|Ar|""",
S(x, P, &) =—apx" — qex"~' — ... —qa,e" -+ xe'¥

Ilpy e =0 umeeM S=—qu"+e¥x, T. e. 3Ta GYHKEHA HMeeT
Bun (6.9). Tlostomy mnpu |A|>> 1 noaunoM S (2) MoKHO paccma-
TPUBATb KAaK MaJoe BO3MYIleHHe CTeNeHHOH (GYHKUHH a,2”, H Bce
yTBepK ieHusi TeopeMul 6.1 ocramwTcs B cHJe AJs HHTerpaJja (6.1).

Ham mnoHagoGuTCcsi TOJBKO JeMMa, YCTAaHABJAUBAOLIAS CBA3Db
MeXJy TOYKaMH IepeBasja mnoauHomMa — S(2)-4 Az H ¢QyHKUHH
— aqg2" -+ Az npu A — - oo,

Jemma 6.2. Hycre 2(;’) M), 1<<jis<n—1, —sce Touku nepe-
saaq pynrkyuu — az” -+ Az (A = 0). Toeda cywecrsyer ro > 0 Takoe,
yro npu |A|>rq 8ce Touxku nepesara nomunoma S(z) — Az umeror
aud

2; (M) = 2" (A) (1 + g ck,ﬂ“”—”), (6.16)

20e sce padst cxodarca npu |A|>rg.

JokasareabcTBoO. [esnas 3aMmeHy 2=A4A
S’ (2) = A, mosydyaeM ypaBHeHHE

Hr=De 5 ypaBHenHu

n—l

naog”“—1+k§ kage" =0, e=A""""", (6.17)

Tlpu [e| < | Hysaum sToro ypaBHeHHs Jexar BOJH3H HyJeH ¢yYHK-

w2 () =nal"” — 1. Tak Kak Bce HyJaH 3Toil GYHKLHH IPOCTbLE,
TO IPH MaJbIX |e| Bce KODHH ypaBHeHHs (6.16) mpoctsle u moToMy
SIBJISIIOTCS TOJIOMOPDGHBIMH (YHKUHSIMY € IPH MaJbix |el.

Oyers 20 (M) = (M(nay) ™™ u 2, (L) — cooTBercTayOUIAS
(cM. (6.16)) Touka nepesaJia noauHoMa — S (2) + Az. M3 Teopemm 6.1
H TNPOBE/EHHHIX BHILIE PACCMOTPEHHUI BHITEKAeT

Teopema 6.2. ITycre S(2) —noaunon (6.15), unreepar (6.1)
cxoourca. Toeda npu |A|—> oo pasHomepro no argh aCUMATOTUKA
unrezpasa (6.1) pasHa:

1°. Bxaady or touku nepesaaa 2,(A) npu

argk—%argau < 5—('125—11—3.
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2°. Braady or xonya xonrypa x=0 npu
1
I arg (—7»—}— —;argao)’Q%- —}—%—e.

3°. Cymme exiados or 7To4ku nepesara 2y(A) u or xouya xou-
TYpa 8 OCTABUIUXCA CEKTOPAX.
B cayuae 1° umeeMm

n—2

F () ~expl a7 (€ + o 0] CA TR T (1 4, )], (6.18)

rune o6o3HaueHo
1 L
C=(1—5)na) ™,

1 ik
szﬂ/%[(ﬂ" 1) (nay) ﬁ] ,
k (6.19)

fi(d) = k; dyh T,

o0 TN kn
Fa (%) =kZ=:] dkz(k_—”_"l_) A AT

1
3necy fi(A), die (7» n=l ) — CXOnfIHecss PSAABl IPH | A [ =1, 1o > 0
JIOCTATOUYHO GOJBIIOM, H [o(A) — acHMOTOTHUECKHH psf. [ J1aBHBIf
YJeH aCHMITOTHKH mnoJgyuaeTcs u3 dopmydsl (6.18) BoiuepkusanueM

pyuruun fy(4).
B cayuae 2° nmeem

F(A) ~a" e %n (1 + kil ckﬁ). (6.20)

AHaJjortuto ucciaenyercs cayuai
S(R)=a™ + a;2" 4+ ... + a,2",

rie op>a;> ... >a o> 1, Reag>=0, u pia oysxunit 2%/
BuIGpanbl rJaBHble BerBH. AcuMmnrorHra F (A) TakKe onpegessercs
BKJAJOM OT TOYKW TepeBasia Takoi, uTo 2z3(A) ~(}u/aa0)”(a””
(A ]—> o0), uau or Touxku z==0.

8. Cayuali, korpa S == —axlInx. PaccMoTpuM uHTerpaus

O, a)= S exp (—axinx 4+ Ax) dx, (6.21)
0
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rie Reaz20, a+=0. ®yuxkuus P (4, a) siBaserca neaol Pyuk-
" IMeH A NIPH KaKAoM GHUKCHPOBAHHOM a, H

(1, a)=-71—<1)(—l7:—+1r1a, 1). (6.22)

rae aas Ina suiGpana rnaBHag BeTBb. Ilyerb a=|ale'®, |a| < 7/2.
Hnrerpan @ (A, 1) MOXKXHO 3aMeHMTb HHTErpajioM 1o Jyuy 2= af,
0 <t < oo, TaK uro

DO, N=aD((ha—alna, a). (6.22%)

Tem cambim (6.22) nokaszano npu Rea > 0. Ilyets Rea=0, a = 0,
Torjpa pHTCrpas (6.21) a6CcoMOTHO CXOIHTCS H ABJSAETCS TOJOMOpd-
HOHl ¢Qyukied A B moaymiockocTH RelA < 0. Toxpgecrso (6.227)
npi Rei < 0 Buimosusiercsi. Tak Kak JeBast 4aCTb 2TOrO TOXKAECTBA —
nenas ¢yHkuHsa A, 1o dyHrnus @(A, a) upu Rea=0 nonyckaer
aHAJUTHYECKOE TNPOJOJIKEeHHe HAa BCIO KOMILIEKCHYIO NJIOCKOCTH A,
Kak lejas QYHKIHSA, H 3TO NPOJOJKeHHe naeTcs gopMmysoi (6.227).

Taxum o6pa3om, 4TOGbl HCCJEeIOBaTb ACHMOTOTHKY (YHKIHH
® (A, a) npu | Al — oo, IOCTATOUHO HCCJIE0BATb ACHMITOTHKY QYHK-
uan D (A, 1). HOJIbIHTeraJIbHaH byurnus u3 (6.21) npu a=1
MMeeT eIMHCTBEHHYIO TOUKY mNepesasa 2,(A)=e*~!

Teopema 6.3. Acumnroruka ®(k, 1) pasna:

1°. Bkaady or Touku nepesara 2y(h)=-e*"! npu [Imi| < n/2,
Rei — -+ co.

2°. Bkaady or kouya kourypa x =0 npu Rekh — -+ oo, |ImA|>
> nf2 uau npu Re b — — oo, pasromepro no ImA npu | Im A | << const.

AcuMnToTHUECKHE Pa3/oXKeHHS B cayyaax 1°, 2° coOTBeTCTBEHHO
UMEIOT BHU]L

D1, 1) ~ /20 e (1 + X ake—“ﬁ), (6.23)
k=]

DR, 1)~ —x"(1 + ,2 bk(mx)“k). (6.24)

HokasaTenabcTBo. KoOHTYp HHTerpHpPOBaHHsS B HHTei paje
@ (A, 1) MOXKHO 3aMeHHTh Jy4oM argz=¢@, ecan | @ | << n/2. [lvcTs
[ ImA | < n/2, Torma Ree* > 0. 3aMensis KOUTYP HHTErPHPOBaHHA
ayuom z=eM, 0<{f{< oo, NMPOXOAAIIMM uepe3 TOuKy mepesasa
v (A), moayuaem

D2, 1)=eﬂg exp (— M In 9 dt. (6.25)
0
Oynkuus S= —¢Int Ha monyocu (>0 mOCTHraeT HAWGOJbIIENO

3HAUYEHHST TOJIBKO B TOUKe f=¢~! KOTOpas sBJSAETCA HEBHIPOXKJeEH-
HOW TOuKoll mepeeana. TeM caMmbiM yTBepXpaeHHe [° moKa3aHO, TaK
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KaKk KOHTYD HHTerpuposanus B (6.25) saABasieTcss mepeBaJbHBIM
(cm. Teopemy 1.4). Beiuneass Bkaaz, nosaydaem (6.23).

Ecan Reld <0, dyHkuHs |e**| ZOCTHraeT MaKCHMyMa B TOUKe
x=0, Tak uTo moayoch x>0 sBasercs nepeBaJBHEIM KOHTYPOM,
{1 OCHOBHOH BKJan B acumMnToTuky @D (A, 1) BHOCHT TOuka x ==0.
IpencrasuM @D (A, 1) B BHAE CyMMbl HHTErpaJioB MO HHTEPBaJam
[0, 1/2}, [1/2, o0); nmociexsuii  HHTerpas HMeeT MOPAIOK
O(exp(—c|IReal)), ¢>0. B muepsoM HHTErpaje pasjoXuM
exp(— xInx) B psan Te#aopa, toraa

N 1/2
(_‘l)k A k
D (A, 1)=Z TS et (xinx) dx 4
k=) 0
172
+ | emhopy (0 e e,

4]

rAe AJS OCTaTOUHOrO Y/eHa BHIIOJHSETCA OLEHKa
N4l
oy () I<Cpixnx ", 0<x<<12,

C/efi0BaTeNbHO, MOAYJ/b HHTErpasa, COAep:Kaullero Yy, He NPeBo-
CXOJUT BeJHUHHBI
/2
N+1
CNS exp(— x|Rer )| xInx " dr <
0

1/2
< CN, 8 S exp (— x[Re;M l)xN+1—6 dx =0 (K-N_H'G),
0

rae & > 0 MoxeT GbITh BLIGPAHO CKOJbL YITONHO MaJbM, |arg (—A)| <
< /2 —e. Janee, npr 3THX 3HAUEHHAX A

12 0o
S e (xlnx)dx =2"""Ina Z cpr (InA)™"

0 n=0

(em. ra. II, § 1). Tem cambiv yreepikgeune 2° noxaszaHo. Ackmi-
TOTHUECKOe pasJioxenue (6.24) npurogso Takwe npH ReA > — oo,
paBHoMepuo no |Imz}<C{C npu modom C.

Ocraercsa uccnefosath cayuait {ImA| > n/2, ReA — + co. llo-
JOKHUM A= 0~} {T U 3aMCHHM KOHTYP HHTerpHpOBAHUS KOHTyDOM
I=1Ul, rpe [ —orpesok [0, —1], lLhb—ayu z=—1+ iy,
0<{y < oo, u coorserctBenno mnoJgoxkum DR, )= (A, 1)+
+ @y (A, 1). Ouenum nocneguuit uuterpad. Ilpn z [, uMeem

Re(—zlnz+kz)=—o+~;~ln(y"+ 1)+ ylarg (iy — 1) — 1}
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Tak kak yET arg(ly — 1)=m(2, 10 uuterpar ®, cxomurcs pH

T> a2, u
| Dy (2, 1)1<e“’8 exp[y(arg(iy— —1)+
0

Sl + D]dy <Cec. (6.26)

Hauee,

1
O @R, )= S e~ exp [xInx 4+ i (w — 1) x] dx,
0

¥ ACHMNTOTHKA 3TOr0 HMHTErpaja paBHa BKJaly OT TOUKH X ==0,
Passiaras skcnowenty B pax Tefnopa, moaydaem

t

@, (A, 1)——-2 (_kpk Se‘”[xlnx—i—ix(n—-t)]kdx.

k=0 ¢

ACHMITOTIIKA TAKUX HHTErpajsoB Obli1a Beluucaena B ri. II, § 1.
OTH Ke PacCyKAEHHUSA COPaBEIJHBBE NPH T < — n/2, ¢ — + oo,

Tak Kak © (A, ) =@ (A, 1).

3apgaua 6.1 ([40] ). dokasats, 4TO IpPU ¥ > -+ oo

n"IReS exp[— itx—t(l—%lnt)]dt:
0

7 ——— exp (— x— —nx/?) [t + 0 (e=™1)],

§ 7. AcuMmnrorHka npeoGpasoranus Pypbe

B sTom naparpa(pe HCCAeNYETCa aCUMNTOTHKA HHTErpaJioB BUAA

F() = g exp [S (x) + iAx] dx (7.1)

NPH KOMIJIEKCHBIX A — oo. PaccMoTpeHs mpuMepsl: S (x) — MOJHHOM,
paluHoHaJbHAS (YHKUHs, SKCIOHEHTa M HEKOTOpbIe ADYTHe.
1. Cayuvaii, kKorga S — crenenHas ¢yHkuua., PaccMoTpum 3Ta-

JIOHHBIH HHTerpaj

[

® G, 2m) = { exp(— 274 .i%x) dx, (7.2)
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rae m==2—1uesnoe 4ucao (npy m==1 wuHTerpaa Gepercs). Touku
nepeBata oynkunM S(z, A)= ~— 22"/2m + [Az umeioT Buj 2 (M) =
= (W)Y o< k<L 2m — 2.

JJemma 7.1. Acumnroruka unreepasa ® (i, 2m) npu |A|— oo
asHa.

1°. Bxaady or Touxku nepesaaq

20() =21/ Dexp [LEEHD] -y —arga,

npu —n-+esLargh K —

2°. Bxaady or Touku nepesaaa

(2 — { — /2
2 (1) = — | 170" exp [LL=T2 ]

npu e argA < m—e.

3°. CyMMe 8Kaa008 oT Towerk mnepesaia 2zy(A), 2,—(A) npu
larg (£ A) [<e.

3nech € > 0 MoxeT GbITh BHIOPAHO CKOJIb YIOJAHO MaJbiM, HO He
3aBHCHIIAM OT A.

Kak 06bluHo, TMOJyueHHble ACHMITOTHUecKHe GOPMYJBl MOXKHO
nnddepeHIHPOBATL 1O A JI00OE UHCJO pas.

Tpexae ueM OOKa3blBaTh JeMMY, NpPOaHaAU3UPyeM ACHMNTOTHKY
¢yuxkuun @ (A, 2m). Braaan @y, @, _; ToYeK 2y, Z,—{ PaBHbI

@©; ~exp [A]’(l — 12m)| & |=m+! ]’\/ QmQi r X

m—1 i 2mk
XAl =T B, [1 + Z aph 2 ] (7.3)
k=1

3xech
Ag=-exp [———————ﬂm;’;fj ;[/2) ]
e T
npuueM Pp=argd, —n<{Pp=<<0. [lanee,
Ap—y = exp [——————mm;:;: iﬂg) ]
e

H B aTuX ¢opMyaax Pp=argh, 0<Cp=<Cm.
Tako#t pa3HoGoil B ¢opMysax BH3BAH TeM, UTO TJaBHHE UYJieH
—1 .
BKIafa MmeeT Buz const(22m2)" 2 exp (— 22m/2m 4 irz). Tlostomy
HaM TNPHXOJAUTCA BLIGHPAThb BETBH JABYX pAa3JHYHBIX MHOTO3HaYHLIX
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dysruui oT A:r z,(A), ,\/zg’"—Q(x) aas BkJaana @, M aHaAJOTHYHO
s @,y
B uyacTHOCTH, DU BEIIECTBEHHBIX A — -+ co IMeeM

DA, 2m) =
2m
ST e\(p[ (1 )sm—————@mn_ 5 7»2'"“]><
2m _ 2m
X[cos((l———W)k?m—‘cosm——)—i—O(?» Qm—l)]. (7.6)

Oyukuns O (A, 2m) aBJafeTCA, TaKMM 00pa3oM, Lol (BYHK-
uuel A mopsajka pocra 2mf(2m — 1) u koHeuHoro tuma. Ee wundu-

)= lim [In| @ (re®¥, 2m)|r=2m/@m~D] papHa
~» 00

h=(1 =gy )oos ZREFERL 0w
h— ) = h ().

Canenosatenbho, ¢yHruuss @D(A, 2m) SKCNOHEHLHAJbHO pacTeT
BHe CceKTOpoB |arg(xA)|<{m/4m u SKCIOHEHUHAJLHO YyOBIBaer
B 9Tux cekTopax. OHa uMeeT GECKOHEUHO MHOIO BEIECTBEHHHBIX
HyJed H He GoJee KOHEUHOTO UYHCJ/4 HeBelleCTBEHHLIX HYJeH.

JokaszarenbcTBO. @yHrUHA eXp(— 2*"/2m) 3KcnoHeH-
IHaJbHO yOblBaeT B cekTopax Si: |arg(=4=2)| < n/4m. Touxa nepe-
Basa 24(A) mpu — n + a/dm Y<K — wfdm, = arg A, JEXKHT BHYTPH
HJIY Ha TpaHWlle CEKTOPOB, H NO JemMe JKopraHa KOHTYp HH-
TerpHpoBaHusa B (7.2) MOXKHO 3aMeHUTh npsmofi [,(A): z=
= p exp [—————-’ (;Pm—k_nl/?)], — 00 < p < ©o0, KOTOPasi IPOXOUT Yepe3 TOUKY
nepesagaa z;(%). Ha I, (A) umeem

ReS( 1) =(121p— %

m 2m /2

)cos (b + n/2)

2m — 1
IMocnienHUl KOCHHYC OTPHUATEJNEH, ecadu 2y(A) JexuT BHYyTPH S,
¥ paBeH HYJIO, eC/JM 3Ta TOUKA JEXKHT Ha rpanuue S,, a (pyHKLmﬂ
P4

[A]p— p"™/2m nMmeer €IMHCTBEHHYIO CTAHOHAPHYIO TOUKY p = | A |/ram,
KOTOpasi ABJsieTcs Touko# Makcumyma. CiejoBatespHo, npsivast [ (k)
SIBJIIETCST TlePeBaJbHHIM KOHTYPOM INPH YKA3aHHBIX BbILE argk, "
acumnrotuka @ (A, 2m) paBHa BKJQAy OT TOYKH TepeBasa 2g(A).
Tak kak

DR, 2m)=D(— 1, 2m), DR, 2m)= D (— 4, 2m), (7.8)

TO TeM CaMBIM acHMNTOTHKA WHTerpana (7.2) HafiieHa BHE CEKTOPOB
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D.: larg(EA)| <af4m. Ecau A = Dy, To B cekTopax Si HeT To-
uek nepesana ¢yakuuH S(z, A). Ho B cuay coobpaxenuii Hempe-
PHLIBHOCTH ©CTECTBEHHO OMKHIATh, UYTO €C/H 3HaueHHe argh GJH3KO
K = n/4m, TO aCHMITOTHKA NO-NIpPeXHEeMY JAaeTcs BKJAJOM OT TOUKH
nepeBaga 2, ().

ITycts A > 0. 3aMeHHM KOHTYD HHTerpHposanus B (7.2) npsamoii
[(2): Imz==1Imzy(A), npoxonsumeli uyepes TOUKy nepepaJa 2,(A), u
nokaxem, uTo max ReS(z, A) 10oCTHraeTcss TOJIbKO B TOUKAX me-

21N
in o
pesana 2 (A), 2,—1 (M) = —25(A)exp (m) JeXalHux Ha 3TOH

npamoi. Tem campiv OyZeT AOKa3aHO, 4TO NpHW A —> 4 oo acumm-
TOTHKa uHTerpaja (7.2) paBHa cyMMe BKJAJ0OB OT TOUeK HepeBaJa
20(A), zu—1(A). Kpurnuecknmn toukamu ¢yukuun ReS(z, L) Ha
npaMoii [(A) ABAAIOTCA TOUKH, B KOTOPHIX Rez?"~!=0. Henocpen-
CTBEHHbIM BBIUHCJEHHEM IPOBEPSAETCH, UTO HCKOMBIH MAKCHMYM M0-
CTHraeTcd TOJbKO B TOUKaX 24(A), 2,—;(R).

Pukcupyem P, 0 <¢ < x/dm, u nyctb [(A) — JoMaHasi, cOCTOA-
was u3 ayuefi 2 ==2,,(A)+ x, — oo <x<LRez,,_(A); 2=2, (L) +x,
Rezy(h)Kx < oo, u orpesxa [j(A), COeTHHSONEr0 TOUKH 2, (A),
2o(%), Torma unterpan (7.2) paBeH MHTerpasay mno JomaHo# [ (A). Ma
J0Ka3aTeJbCTBa JeMMbl 6.1 ciaeayer, 4TO Ha KaxKJ0M H3 yKasaH-
HLIX Jydelt HauGosbluee 3HaueHue QyHKIUHA ReS pocTuraer ToJbKO
Ha KoHIle, T. €. B TOYKaxX mepeBaJa Z,_;(A), 2,(A) cooTBeTcTBeHHO.
IToka:xxkeM, 4TO OTPe30K [;(A) MOXHO mpoaedhOPMHUPOBATL B KOHTYD
[,(») takoii, uto max ReS(z, A) gocTHraercs TOALKO B TOUKAX

ze (W)
Zn-1(A), 2y(). Torma xouryp [ (%), noayuenumii us /(1) 3ame-
ol [y (A) Ha [,(A), 6yaer nepeBanbHbiM, W acumntoTHka O (A, 2m)
npu 0 <Y <m/4dm Oyger paBHa cyMMe BK.JIaJOB OT TOUeK mepe-
Bana 2 (}")7 o1 (}")

AHaJOrHYHO BBIYHCISIETCS aCHMITOTHKA Npu — mf4m <9 <0 u
npu | — x| < m/4m B cUay CBOHCTB cummerpHu (7.8).

Oyuguna S(z, A) omHoaHCTHO OTOGparkaeT ceKTop argz,(A) <
<argz < argzp.,(A) na obiacts Dg, rpausila KOTODPOH COCTOUT
u3 otpe3koB [0, S, [0, Sg4il, rre S; =S (2,(2), A), u ayueii ¢ Bep-
IIHHAMH B TOUYKaX Sg, Sp4+;; YIael NpH 3THX BeplUnHAaxX PaBHB 3m/2
(puc. 6). TToaTomy cekTOp

arg 2 (1) < arg 2 < arg 2 (A)

ortoGpaxkaercsa (QyHxuued S(z, A) (namoMHuM, uTO Y =argA buKCH-
poBano) Ha 06GaacTb B IJIOCKOCTH S, KOTOpasi COJEPXKHT TOUKH S,
S~ H OTpe3oK, coeiMasomuil 3TH Toukd. Ha 3toM orpeske ReS
JocTuraeT MakKCHMyMa TOJIbKO Ha OJHOM H3 KOHIOB. BribepeM B Ka-

yectse [,(A) mpooGpas sToro orTpeska. Jlemma jpoKasaHa.
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PaccMOTpHM 3TaJIOHHBIA HHTerpaJ

D, 2m 4 1) = Sexp( ;j‘n"fr;) +ire)dy,  (1.9)

rie m>=2 —1uejsoe YHCJO0, A BellecTBeHHo. [Ipu m =1 3ToT HH-
TerpaJ BHIparKaercs vepe3 (YHKIHIO DHpPH.
JJemma 7.2, dyuxyus O (L, 2m -+ 1) anaauruvecku npodoarxcaerca
HQ 8CI0 KOMNACKCHYK NAOCKOCTS A, KaK yeias ¢ynxyus. Acumnro-
Tuka @A, 2m 4 1) npu | A |— oo pasha:
1°. Cymme sxaados o Touex nepesasa zy(A)=1A["" e,
2ma

2m (M) =—2o(A) npu [P T Y=argh
2°, Cymme Bﬁﬂaio; ) or rouex nepesara 24(A), 2,— (A)==
i an i1
= — | """ exp (——~——¢2m‘ ) npu —a <Y< — -+ 5o
B ocraBiieMcsi ceKTope ACHMNTOTHKA BBIUHC/ISAETCS C NOMOIIBIO
cooTHoweHus (7.16).
[Tpoanamusupyem acuMnToTHKy Gyukunu O (A, 2m +- 1). Bkaags O,

oT Touek Z;(A) paBHbI
2m+1
(D,(A)~exp[iAj(l 2m+])l7vi o ]X

> _emtnk
/\/—mm QB,.,[1+Zak,-A o ] (7.10)
k=1
31ech
. 1
A0=exp [l'llJ (1 +-W)]' Am'—_——Ao,

A 1=——A0exp( m),

. . 1 (7.11)
Bo,m=exp[$%+%(l — 5 ],
By =B, exp (%) (7.12)

Ha BeltecTBeHHOl ocH A 3Ta (GyHKUHA NO-PA3HOMY BejeT cels
IpH A —> £ 00! IKCHOHEHUHAJbHO yOHBAaeT HOpPU A — — oo, yOH-
BaeT CTeNneHHHM o06pasOM H CHJBHO OCUHJIHPYeT npH A — - oo.
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Metito,

! | -
@ (A, 2m + 1).__-2;y47—?/\/_n_><
X[COS((I - 2ml+1 a —"_)—!—O(A QT;[)] (7.13)

(.= + co),
(.D(}u,2m—|—1)=2[7\,(4_i”—~%/\/——-n——exp[ (1— 2m+1)lk12%mi]><
x[cos((l—gml—;l—)lxlzgf: ——W)Jro(x E )] 7.14)

(A - — ).

®ynruus O (A, 2m+ 1) ssasiercss uesofi GyHKUMeH mopsigka
1+ 1/2m. Ee unguxaTpuca paBHa

1 . 1

A =— (1= ggr)sin (¢ (1 + 7)) .15
— a0 A(—P)=h{), $=argh. -19)
Taxum o6pasom, dyHkuus @ (A, 2m -+ 1) 3KCIOHEHUHAJIBHO YOBI-
BaeT B ceKtope |arg(—A)l < m/2mi, 9SKCIOHEHLHAJbHO pacTer
B ceKktopax O < argh <a—mnf2m, —a-+ a2m<argh<0 u oc-

UUJAJAPYET Ha ayuax A ==pe’¥ npu =20, -t (n— a/2m).
HokasartenbcTBo. [logeiHTerpannHasi ¢yHKLHsI yObBaeT

B CEKTOpax
Syt —n/@Cm+ 1)<,

—n<p<na—n/@Cm+1), ¢=argz,

NPHUJEraloluX K BellecTBeHHOH ocH. I1pH BelnecTBEHHBIX A HHTErpaJ
O, 2m+ 1) B cuay aemmul JKoppgaHa MOXKHO 3aMEHUTh WHTErpa-
JIOM IO JOMaHOH, cocrostilefl H3 GuccekTpHc cekTopoB S.. [loay-
YeHHBI HHTerpaJ CcXOAHTCs abCOJIIOTHO IPH BCeX A H IO3TOMY
fgBaserTcs LeJod ¢ynkuued A. TeMm camMbpiM MBI aHaAJHUTHYeCKH MpO-

noJKUJA UHTerpaJg (7.9).
1

Touka mepesasa zy(A)=|A [>™+! ™2™ npu — 2mn/2m + 1) <
<P {0 JMexuT BHYTPH HJM Ha rpaHUUe cekTopa S,;. 3aMeHHM
uhrerpas (7.9) wuHTerpasom mno Jomauo# [=/[ [, rae I, — noay-
0cp (— oo, 0], I} — ayu @ ==1/2m, npoxojsUIHii yepe3 TOUKY Iepe-
Bajsa z,(A). Tlokaxem, uTO ma>l< Re S (z, I) mocturaercsi B TOUKe

A=

2y(A); TeM caMbIM 6yjeT J0Ka3aHo, 4TO [ — Ie€PeBaJbHEIR KOHTYP.
a Jgyue l; uMeeM z==x <0, Tak uto ReS(x, )= —xImA 0.
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Ha ayue [ wMeem z=e¥-mp, 0< p < 00, TaK 4YTO

Re Sz, ) =— h(p, Msiny (1 +5),

m+i
h=p{hl— 2m+1
DyHKIHA h ¥MeeT eAMHCTBEHHYIO TOUKY MaKcuMyma p=|A[ 1a
o 2inz
noayocd p=0, u B 3Toil Touke ReS > 0 npu —Ef—n—'f:—] < ¢ < 0.

[Tostomy npu 3THX 3HaueHHax Y dyuxkuus ReS mocturaer nau-
GoJbmiero 3HaueHHsl Ha KOHType [ TOJBKO B TOYKe mepeBaJa z,(A).
I1pu \bz——_———gflmfl dynkuns ReS=0 na ayue /|, ogHaxo Ha [;
HMeeTcsl TOJBKO OJHA TOYKA mepeBaJta, Tak 4To [ fABJaseTcs mepe-
BaJbHHIM KoHTYpoM. CuenoBaresblo, acumnrotuka @D (%, 2m 4+ 1)

2myn
T om 1
YrojHO MaJibiM, PaBHA BKJAaAYy OT TOUKH 2Z,(A). I1pu & = 0 KOHTYD I
No-TpeXHeMy §BJsSeTCS INePeBaJbHbIM, HO HAa HEM HMEIOTCHA jBe
Toukn mepesana zp(A)=A""" 2z, (k)= — z,(A) (BeTBb apudMeTH-
yeckasi), TaK 4TO acuMntoTHka @ npu|A|-—> oo, -— s P < 0 paBHa
CYMMe BKJaJ0B OT 3THUX TOYEK.

Gyukuuss @ BepecTBeHHa NPH BeUECTBEHHBIX A, TaK Kak
Im @ — unTerpas or HeueTHol ¢yHKUMH. C.le10BaTe NbHO,

@ (A, 2m) = D (A, 2m) (7.16)

npu |A|— oo, LY —e¢, rae € > 0 MoKeT ObITb CKOJb

NpH BCeX A, H Mbl BRIUHCJ/HJH acUMNTOTHKY @ B cekTope |arg A |[<C

2my
gm OcraeTtcss BBIYMCJAHTE acuMiToTHKy @ B cexTope
2mmn
—~n<Largh < T [TpeaBapuTeJbHO BEIYHCJIHM acHMIOTOTHKY (D

HpH BeLIECTBEHHHIX A — — co. [IpoBeseM uepe3 TOUKY INepesaJa
—ifn/2m 1/2m 7 o

2, (A)=e A npaMylo [, napaJaiebHyI0 BelleCTBEHHOH ocit.

Ha sTo#i mpaMo#i uMeeTcs emle OJHA TOuKa NepeBasda 2z, (A)=

== -— 2 (A). TTokaxkem, uTO HaubOAblllee 3HaveHue (PpyHKuHH ReS

Ha OpsIMOR [ jocTuraercst TOJABKO B TOUKaX 24(A), Zm+i(X); Tewm
camblM OygeT nokal3aHo, yTo acumaToTuka @ npuy A — — oo paBHa
CyMMe BKJaJOB OT 3THX TodeK. MOXKHO CUMTaTh, UTO A= —1; nj4

[/2m
3TOro JAOCTATOUHO cre/]aTb 3aMeHy X —|A | x B unTerpase (7.9).
Ha npamoii [ umeem Re (iAz) ==const, Tak 4To B TOUYKax, B KOTO-

s a
poix ReS pocruraer makcumyma Ha [, uMeeM FZ—Re( izt = 0.

Crie10BaTe/IbHO, B 3THX TOUKaX 2¥"==4p, rje p > 0. Cucrema

2’ =9, Imz=y= —sinn/2m uMeer peumenus 2, == yetum
—_ . -9

K(sin kw/m)~™', k<0, m, TaK 4T0 Re(——~122m+])—— M (sin kajm) 2",
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i i@Qk+iin
CucreMa 2¥" = —p, Imz=y uMeeT peweHus 2,==ye ™ X

. {2k+1 =i L3 . 2k41  \-2m
><(sm( 2/‘: w)) , Tak uto Re (—zzim'“)z——ym’”(bmwﬂ) .

Otrciofa BUAHO, 4TO max Re S pocruraercss TOJAILKO B TOYKAX 2, 2,
zel

T. e. B TOUKax 24(A), 2,4,(A), u [ — mepeBasbHBI{l KOHTYP.

2m=a
— g rT <V < —m. Torza TOYKH mnepeBada z,(1),

21 (M) JexaT B HHKHeH NMONYIJIOCKOCTH, 3aMEHHM KOHTYD HHTe-
rpuposans B (7.9) KOHTYpPOM, COCTOSWIHM H3 Jayded [ z=
=Zp (M) —p, I z=2zR)+p, 0<<p<oo, n orpeska L=
= [2m41 (A), 20(A)], n mOKakkeM, HYTO ITOT KOHTYP MOXKHO MpOje-

[Tyctb

GhOpPMHDOBATL B KOHTYpP [, Ha KoTopoM max Re S (2, A) nocruraercs
2=l

TOJLKO B TOuKax mnepesBa’ta 2y(A), 2,4+:(A). Tem cambim OGymer

LOKa3aio, 4yro acuMnToTuka @ TpU yKkas3aHHBIX BhlUe Y paBHa

cYMMe BKJAJ0B OT 3THX TOUeK MepeBasa. Y uuTeBas (7.16), Mm

noxydaeM acuMntoTuky @ mpu Bcex arg .

[Tokaxem, uto max ReS pgocTHraercs TOJMBKO B TOUYKe 2Z(A).
zel

HMeem 2=|2z|e’® npu ‘z =1, rae $/2m <L < 0. CrenoBatenpHo,
(72 ReS(z, M) =—(2m-+ )|z ' sin@@m— 1) <0,

Tak Kak — n (2m—1)/2m < (2m—1)p < 0. ITostomy ¢pyuknus Re S
BLIIYKJA KBepxV Ha I;, u Tak Kak d/dzReS =10 B Touke 2z;(A),
To Re S mocruraer Haubogbliero 3HauyeHHs HA [; TOJBKO B TOUKe

2,(A). AHanoruuHo 1o0KasbiBaeTcs, uTo maxReS npocruraercs
zels

TOJBKO B TOYKEe 2,1 (A).

[TponedpopMupyeM OTpe3ok [, B KOHTYD [i, KOTODHI HMeeT
Te K€ KOHIBI H Ha KOTOpoM Haubo.bluee 3naudenne ReS moctu-
raercsl TOJbKO Ha KoOHLAX. TeM caMbiM N0Ka3aTe/bCTBO TeOPeMbl
OyaeT 3aBeplLICHO.

[ycts Dy (M) — cekrop argzp—;(A) < argz < arg 2, (X). dyuruus
S{z, A) B3aHMHO OJHO3HAYHO OTOOpPAaXKaeT ITOT CEKTOP Ha 06/acTh

D (A), rpannua KoTopoH cocTouT u3 otpeskoB [0, Sp—], [0, Sel,

S;=358(z;(A), A) m aydeft, KOTOpble BBIXOAAT H3 TOYeK S;, j=

=k —1, k, 1 o6pasyoT yrJn 3m/2 ¢ COOTBETCTBYIOUIUMH OTpe3-
—m+i

KamMu. O6pas3 oGaactu D= U D, (A) comep:KHT KPYyroBoH CceK-
E=0

Top D, rpaHHlla KOTOPOro COCTOUT U3 0TpeskoB [0, Si], k=0, m —1
H [IyIrH OKPYXHOCTH C IIEHTPOM B TOYKe 2 = (), COeJHHAIOLIEH KOHIbI
oTpe3koB. [Ipu sToM ReS < 0 Ha KOHIAX 3THX OTpe3KoB. [IycTh
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I —otpesok [S_,.41, S¢l, Torma [ sexur B D u max ReS noctu-
N=FE

raetca TOAbKO Ha KoHuax /. O6osHauum npooGpas [ uepes [4 u
npogedopMupyeMm oTpe3ok Il; B KOHTYD [i. JleMMa nokasaxa.
HakoHel, paccMOTPHUM HHTerpaJ

(<)

@ (A, 2m; ap) = S exp (— apx?™ 4 ihx) dx, (7.17)

00

rae Reay=0. Dror uHrerpaJs BbolpaxKaerca uepe3d @ (A, 2m).
Jlemma 7.3. Ecau Reay=0, 10

@, 2m; ag) = 2mag)” """ D (hay '™, 2m), (7.18)

ede |argal™™| < n/2m.

Jas 10Kas3aTebCTBA JOCTATOYHO MOBEPHYTH KOHTYD HHTErPH-
poBaHus Ha yroa — Po/2m, rae Po=arga,, | ol < m/2.

2. Cayuyait, korga S —nonunoM. PaceMmorpum unrerpad (7.1), rae

S@E)=—ap2"— ... —a,, (7.19)

a, = 0, n>=2. BrluncaeHde aCUMIOTOTHKH HHTerpaJga F (i) ceomures
K BHIUHCJEHHIO ACHUMOTOTHKH HHTerpaJjos Buja (7.2), (7.9). Ilpea-
BapHTeJBHO Hcc/efyeM TOUKH mepepata dyukuuu S(z, A) = S(2) +
+ irz.

Jlemuma 7.4 Cywecrsyer Ry> 0 raxoe, «ro npu | A= R, sce
Touku nepesaia Gynxyuu S(z, M) HesvipodeHsl U UMEIOT 8UO

o — i i

2 (M) = ( n‘:o‘ )"“‘ (1 + 3 aph ) 0<hk<<n—2. (7.20)
i=1

Sru pader cxodarcs npu | A | = R,.

JokasareabcTBO cJaeayeT u3 JeMMbl 6.2.

Nenas B unrerpane (7.1) sameny x—+|7»|”("_”x, noJaydyaem

o]

FOy=121""" {exp[2 """ S (v, v, 8)]d,

rie o6osHaveno ¢ = argh, 6=_4a [/,
I
S(x, ¥, 8)=[— apx" + ixe™] — ) a,8*x".
k=1

Mpu 6=0 d¢yskuua S coBHagaeT ¢ 3TajJoHHON dYHKiHeH
— agx” -+ ie?%x, u acumuTOoTHKA uHTerpana F(A) BhuHCaAfieTCa ¢ NO-
mompio Jgemm 7.1—7.3. Kpome Ttoro, mpu 8|8 <1 u npu
121> 1 dysxuus S(z, P, 8) aBasgercs MaJbM BO3MYILEHHEM (YHK-
und S{z, ¥, 0), Tak Kak HX pPasHOCTb €CTb HOJHMHOM CTelleHH
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menblle #. IlosTomMy B KauecTBe HepPeBABHBIX KOHTYPOB MOKHO
KaX/BIH pa3 BRIOHpATh Te Ke KOHTYPBI, UTO H B JeMmax 7.1, 7.2,
cJerka npoaedopMHPOBAB HX B OKPECTHOCTAX TOYeK NepesaJa, H
acuMnTotuka F(A) Gymer paBHa cCyMMe BKJ2J0B OT TeX Ke TOUeK
nepeBaJsa. TakuMm o6pasoM, MBl MoJyuaeM cJeAYIOLHA Pe3yabTar.

Teopema 7.1. 1° Hycro n=2 uerno, |y [<<m/2, Yo=arg a,.
Toeda acumnrToTuka uuTeepain

F() = S exp(— ayx" — a;x*~! — ... —a,+ikx)dx (7.21)

npu | A|—> o0 pasua
a) exk1aldy OT TOUKU nepesad
20(h) ~ a7 210 exp [ L= bo/n + 1/2) ]

n-—1

npu —n—e< P — P/nsl—e, ede p=argk;
b) exaady or Touku nepesaia

- — - ] — —_— 2
Zaipr (A) ~ — | & [18D | g 71D exp[ i($ — po/n — 71/ )]

n—1

npu &< p — Po/n<m— g

c) cymme 8xkaa008 OT Towex nepesasa 2o(A), 2,021 (A) 8 ocras-
WUXCS CeKTopax.

2°. Iycte nz23 newerno, Reay=0, Ima; >0 «u

Rea;= ... =Reas5-1=0, Reay,,>0. (7.22)

Toeda acumnroruxa unreepasa (7.21) npu |\ |— oo pasHa
a) cymme 8K1a008 OT TOHEK nepesaia

2o(A) ~ | ag| 7TV A TN D e () ~ — 25 ()

n—1

npu bl <22
b) cymme skaados or Touex nepesaia

zy(A),  Znpp-a(h) ~ — ef2mi—Dzy (A)

I

npu — < p<Ln— m/n;
C) cymme 8k4a008 OT TOHEK NeEPesad

Zap-1(A),  2a—1 (A)

npu o — ajn < b <. _
Yeaosne (7.22) weob6xonuMo fJA CXOXHMOCTH HHTerpaJja (npH
=0 ycJoBHe Ha @, H3aHIIHe). OKOHuaTe/JbHBIE (HOPMYJIBI, BBHAY
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HX TPCOMO3AKOCTH, MBI He CTaHeM NPHBOJIHThH. OrMeTuM TOJbKO, UTO

BKJAAN OT ToUKH mepesana z(A) pasen
. 5 O ke
V(z (1) = »\/— T exp[S (2 W) (1 + ) " “).
*Sz: 2=z (A) k=1
(7.23)

(2, &)

CnenaeM HECKOJBKO 3aveuanuil.

Bameuvanne 7.1. Ilycto S{(z2) — momunom (7.19), n > 2 uetHo,
Rea, > 0, f(z) — uenas dbyHguua nopsaka pocra < n/n— 1. Torga
aCHMITOTHKa OpH [ A [—> oo uuTerpana

(=)

F() = S 7 (x) exp [S () + iry] dx

— 00

paBHA CyMMe BKJIaJOB OT TexX 3Ke TOUeK IepeBaJa, 4TO M HHTe-
rpana (7.21).

3ameuanne 7.2. Ilycts S(2)=~P (€%, rme P — nosausom.
Tesas 3aMeHy e¥ =/, moayugaem

[e]

S exp (S (x) 4 irx) dx = Sepmtm_; at,

0

T. €. 3TOT HHTerpaJ ecTb mnpeobpasoBande Meanusa $YHKUHH
exp (P (f)). AcuMnTOTHKA TaKHX HHTerpaJjoB Oy/AeT BbldMC/eHa B cJe-
nywoiieM naparpade.

3. Mpunoxenns k AuddepeHuuaabHbiM ypasHeHnsimM. Paccmo-
TPUM YpaBHeHHe C MOCTOSHHBLIMH KO3(hdHIINEeHTaMH

ou

W p(L Yy @0, xeR) 720

i Ox

rane P (&) — noanuoMm. Dyndamenrarsneim peuwsenuem (G. p.) 3Toro
ypaBHeHHsl HasbiBaeTcs QyHRUMS (G (¢, x), yIOBJAETBOpSAOOLLAs ypaB-
HeHH10 W jaHHeM Korn

Gl,_y=10(x), (7.25)

rge 8(x) ects pesabra-¢pynkuna Jupaka. ¥pasuenue (7.24) Hasbl-
paetcs KoppexTHoim no Ilerposckomy, ecad Re P (E) < const npu
— o0 < £ < o0; MBI OyieM paccMaTpHBATh TOJLKO TaKHe ypaBHEHHS.

[TonryunM HHTerpaJbHOe npejcrasJenne miasd (. [IpHMeHss npe-
o6pasoBannie Pypbe OO NMepeMeHHOH ¥, MoJyuaeM

_=P(§)é: é'¢=0=11
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OTKY A @=exp(tP(§)). [lpumensaa ob6paTHOe mnpeoGpasoBaHHe
dypbe, noJyuaeM

oo

G(t, )= o= S exp [tP (£) -+ ixe] dt. (7.26)

Iycts P(E)=apt" + at" '+ ... 4a, lpun=1,2 HHTerpa.l
(7.26) Jerko Bblumc/seTcs; paccMOTPHM cayudad n>= 3. Cpenaem
sameny mepemennsix £— ([x /)" Vg, Torna

Gt 0= ()" L explis e, 720

—_0

rae o6o3HaueHo

5 o Lxpeeoy a—( f N1
- A=) |x,) ’

n - " (7.28)
SE, e)=atf +eas¢ 4+ ... +ea,+ i&Esgnx.

Hac untepecyer acumnroTtura G (¢, x) npu ¢t — 4+ 0, x dpurcupo-
BAHHOM, HJIH NDH | x|—>o00, { > 0 GHUKCUPOBAHHOM. ACHMITOTHKY G
MOYHO BBIYUC/JINTH METOLOM IepeBasa NpH

Lx|* !
— 00,
[x]

< 9, (7.29)

raie & > 0 moctaTouHo MaJso, TakK Kak npH &==0 noJyuyaeMm sia-
JqoHHB HHTerpasd tuna (7.17) uau (7.9), 1 3Ta aCHMOTOTHKA PasHa
CyMMe BKJaJOB OT TOUeK mepeBaJsa, YKa3aHHBIX B Teopeme 7.1
Mebl  orpadnuuMcsi KauecTBEHHOH XapaKTePUCTHKGI! [OBeJeHHsn
G (ty, x) mpu |x|—> o0, rue >0 (GUKCHPOBAHO; ACHMOTOTHUECKHE
bopmysel em. B [80].

1°. VpaeHenue (7.24) — napaboauyeckoe no llerpogcrcuy, 1. e,
n derdo, Rea, < 0. B s1oM cayuae . p. 3KCIOHEHNIHAJIBHO YOHI-
BaeT NPH | X|— 00 W, B YaCTHOCTH,

1G (1, 1)< Crexp(— Colx 7" 1) (7.30)

IpH BellecTBeHHHX X, rae C;, Cy > 0.
2°, Vpasuenre (7.24) — napaboauueckoe no Hlusosy, T. e.

Reag,= ... =Reaqa, 5,1 =0, Rea, <U,
rae p> 1. B arom cayuae
[G (1, x) << Cqexp —C,,lxl"*'), (7.31)

T. €. CKOpPOCTb yObIBaHHA Meublle, ueM B ciayuae [°,
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3°. ¥Ypasnenue (7.24) — cobcrsenno koppexrroe no Ilerposckosy,
T. e. Reaq; =0, 1<j<{n. 3mecr npuxogurcs pasaudaTbh 1Ba
cayuvas.

A. n uerno. Torma G(l, x) CHJIBHO OCHHAJUPYET IpPH Belle-
CTBEHHHIX X H yOhiBaeT KaK CTeNeHb X:

n—2
G(1, 1)= Csl x| 20T [cos (Gl x M7+ C7) +
+o(lxi—-=7)] @3

B. n Heuerno. Ilyers Imay, >0 nas onpegeneunocru. Torxaa
acumnTothka G (1, x) umeer Buz (7.32) npu x— -+ oo u (7.30) npu
x—>-—o00, T. e. ( y6pIBaeT 3KCIOHeHIHAJbHO NPH X — - 00 U CTe-
NneHHHM o6pa3oM mpu X — — oo. ITOT cayuall HauboJiee HHTepe-
CceH B TOM OTHOLIEHHH, HTO (QYHIAMEHTAaJbHOE pelleHHe o6Hapy-
JKUBAET PE3KO HeCMMMETPHUHOe MOBeJeHHe Ha OECKOHEUHOCTH Ipu
BeUIeCTBEHHBIX X.

TIpocTediiuM nNpUMEPOM TaKOro poja sBJAETCA YpaBueHue
du __ dPu
ot~ 9x3 "

Caenyiouiee npusaoxKeHHe OTHOCHTCA K AuddepeHUHATbHOMY
VpaBHEHHIO

y" —xy =0. (7.33)
ITo ypaBHEeHHe pellaeTcst fBHO ¢ noMoublo seroda Janaaca. By-
J€M HCKaTb pellleHHe B Bujie

y@=\ew@a
c
rae 2, { — KoMmuJjekcHele nepeMesnbie, C — KOHTYp B KOMIJIEKCHOH
IJIOCKOCTH {, U — HeusBecTHas ¢$yHKuuA. HMwmeem

y™ @) =\ etero () dg,
C
2y (2) = v Q) I — | e’ Q) dt.
c

Bribepem B KauyecTBe ¥ pellleHHE ypPaBHEHHSA
n r _ €n+l
f"o+0v' =0, T. e v(;)—exp(“?-_—f_—1 ,

u BuiGepeM KouTyp C Tak, 4ToOB BHeMHTerpaJbHas MNOACTaHOBKA
et%u ()¢ obpartujach B HyJb. Toraga ¢yHKuus

Yy 0)= SeXP (éz - %1—1) 8

C
OyzeT pelieHueM ypasnenusa (7.33).
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n+1
n—+1
UHaJbpHO yObIBaeT B cekTopax Sg: —-g+2kn<(n+1)arg§<

YkaxeM BbIOOD KoHTypa C. DyHKUHS exp (— ) SKCITOHEeH-

< i;- +2nk, k=0,1,... IlycTb Yy,— KOHTYp, COCTOSILIHH H3
2

ayuedt ly==1[0, 4+ o) u ll———(—}—ooe—"? O]. Torpa dyHkuus

Yo(2) = Sexp (Qz — n':_rll)dg (7.34)

Ya

6yzser pemeHueMm ypasHenus (7.33) u aBnserTca Uesol byHKUHeH 2,
VpaBHeHue (7.33) MHBapHAHTHO OTHOCHTE/bLHO NpeoOpazoBaHus
e+l

x—>iz, rae t= q/T, Tak 4yTO (YHKLHH
i2km i2km
ye(2)=e "y, (ze ntl ) (7.35)

ABJISIIOTCH PEIIEHUSIMH 3TOro ypaBHeHusa (B — nesoe umuciao). Mmeer
MECTO TOMKAECTBO

Y@+ @+ ... +y.(2)=0. (7.36)

JeHcTBUTENBHO, Yy (2) €CThb uHTerpaJs BUxa (7.34) mo KOHTYPY Vg,
IOJYUYeHHOMY H3 KOHTYpa Yy, NOBOPOTOM Ha yroa — 2kmf(n—+ 1).
Koutyp y=voUviU ... Uy, cocrour us ayueii Img**t!'=0,
Re¢”ti > (), npuueM KaxXXjab# Jy4Y BXOIHT B y JNBa)KAbl H C NPOTH-
BONOJIOXKHOH opueHTauuel. CyMMma, crosiwiasd B JIeBOH 4yacTH pa-
BeHcTBa (7.36), ecTe HHTerpa’l NO KOHTYPY Yy H [O3TOMY paBHa
HyMo. OTMeTHM eule CJAeAYIOWYI0 CHMMETPHIO PelleHHS Y

- — 2
yo(2etr)y = —e~ 0 y(2), a= 71% . (7.37)

BHIUHC/AHM aCHMITOTHKY pEIleHHs Yy ACHMITOTHKY OCTA/IbHBIX
peuiennit onpeneaum u3 (7.35). Touku nepeBana QyHKuuH

n+!
S 2)=te— =

onpenensioTcs U3 ypaBHenus §"=z. Ilosoxum argz="1p,
bt
Lo@)=|2z[Tewin, r(z)=|z["e * . (7.38)

Teopema 7.2. Acumnroruxa pewenus y,(2) pasna:
1°. Bxaady or Touku nepesasa %y(2) npu
3nn

7
—71-_—*_—1—+e<¢<2—(m——s, e>0.

8 M. B. ®enopwok
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2°. Bkaady or rouku nepesaia §,(2) npu
n 3n

n
Ty 2(11+1)+8 ll)g_-n—i—l -

3°. Cymse skaados or rouex [o(2), {;(2) 8 ocrassHelx ceKkTo-
pax.

3decy € >0 moomer Obvire 8bI6PAHO CKOAb Y20OHO MQAbIM, HO
He sasucawyum or 2. Jlobwie n pewenuii u3 Habopa {y,(2),

oy Ya (2)} aunedino He3asucumbL.

dopmyabl /4 BKJIAAOB V; OT TOYEK {; HMEIOT BHJ,

P (n+ 1

VO(Z)NeXp[Il+IIZIn/(n+1> p(llli( + ))]X

n

i—n had kn
X ;—j‘ z (1 +Za0kz'n—+l), (7.39)

k=1

xAf 2z =3 (1 —|-—Za1kz nkfl) (7.39)

Huas z ?* BoiOpana noJourtesapHas npu z & (0, 4+ o) BeTBb
KOpHA. DTH pasioxKeHHS MOXHO nuddepeHIHpPOBaThL JaI000e 4HC-
J0 pas.

Taknm o6pasoM, (QYHKLUHA yo(2) IKCMOHEHHANbHO paCTeT Ha

, nma 2
JtoOOM Jyde M3 ceKTopa _2(n+ TS <argz < _—Q(n-i- 0 H
SKCMIOHEeHIHAJNbHO YyObiBaeT Ha J00OM Jyde U3 AONOJHHTEJbHOrO
(orxpHroro) cekropa. Ona I/IMeeT 6ecxouetmo MHOTO HyJel B CKpe-

HIt 21
n+1) —n—i—l' 2¢n+1) nf1
KOHEUHOE YHCJAO HyJe#d B ocTaJjbHOH yacTu njaockoctd z. Muju-
gatpuca A (), p=argz QYHKUUH yo(2) HMeeT BHJ

n . 1 .
V1(2)~—e2<p[,li1 [z ]+ eXP(il—"ﬂ’ni—)Jr—‘—Q—"—)]x

" THOCTH ﬂyqen argz— H

1 3
h(lb):n_’:_]cosnj; b, —ﬂ%<¢<ﬁ—nl—.
1
h () = s-cos (XL 22
nn 2 n
_2(n+1)”n+1<‘l’<_n+1'

Yo (2) — nenast ¢pyHKuHA mopsuka pocra 1+ l/n.
HdoxasaTteuancTBo. B cuny semMn 6.1 acMMNTOTHKa HHTe-
rpaga supna (7.34) no ayuy l;=1[0, + oo) paBHa BKJaay OT TOUKH

nepesasa {3(2) B cektope Dy [¢| < 3(,:—_7_17 NIPHYEM 3TOT BKJaf
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eCTb pacTymiast npH |z|— oo 3KcrnoHeHta. B .odoM cektope D
IIOCKOCTH 2, KOTOPbIH He mNepecekaercs ¢ D, (kpome Touku z = 0),

acI'MIITOTHKA 3TOr'o HHTerpasna umeeT nopstmok O(z~!), a B cekro-

nn
pax, coJlepXKalux JIyuH ¢ = = S(n 1) ACHMITOTHKA paBHa CyMMe

BKJIAJ0B OT TOYKH [3(2) ¥ OT HauaJa KOHTYPA; MOCJAEJHHH HMeeT
nopaaok O (z7!). TOUHO TaKHe Ke YTBEPKJEHHS CIPABeIJIUBBI IS
uuTerpasa sujga (7.34) no ayuy — [, ¢ Toﬁ JHUUIb pamnueﬁ, qTO

(& Do) = (&, Di), 7ae Dy — cektop | + | < 5ot . Tew
CaMbIM acCHMITOTHKA Y, BbIUKCJIeHa npu 2z € Dy D).

R
[Toka:keM, uTO ecJaH 2 JeXKHUT B cekrtope D: m<¢<
3nn o
gm, JOMOMHHTeIbHOM K Do U D, TO JuHHA HaHObICTpeH-

micro crnycka L, mpoxoasuiad depe3 TOUKY IepesaJta [;(z), umeer
CBOWMHU ACHMINTOTAMH JayuH [, [;. CjepoBaresanHo, uHTerpaa (7.34)
paBeH HHTerpaJjy mo L, a acCHMINTOTHKA MOCJeIHEro paBHa BKJaLy
OT TOUKM NepeBaJga {;(2).

Ilycts D_, — cexkTop B INJOCKOCTH {, OrpaHWYeHHBIH Jydamu
l(’), l’_i, NPOXOAAIIMMH 4Yepe3 TOUKH IepeBanaa §,, {.;, H copep:Ka-

it moayock [0, + o). Tlpu § & [ umeem

—pe¥n, 0<p < oo,
s=exp[iv (1+5)]4 60, 121),

n—H

1

Gyukima h npu  pHKcHpoBaHHOM |z |~ (0 MOHOTOHHO BO3pacTaet
Ha unrepsage (0, [z|") H MOHOTOHHO VOBIBaeT Ha HOJYOCH p >
>[z|”'l no — oo, CiaenoBarenbHo, GyHKIHNs S oTo6paxkaeT Jayu [
Ha JoMmaHyo L) B IJOCKOCTH S, cOCTOSIyIO0 H3 oTpeska [ =

==[0, S(¢(2), 2)] ¥ Ayua, KOTOPBI HAayHHAETCS B KOHIle OTpe3ka [
U HjeT B o0paTHOM HalpaBJeHUH (Tak 4To [ MPOXOAUTCH ABAXKIBI).
Auagoruyno yerpoeH o6pas LZ; ayua - Cextop D_, oTofpa-
KaeTest pywkuHel S Ha 06/acTh, OrpaHHYyeHHYO JHHEAMH L, L7 .
AT1o oTobpaxkedne HEONHOJHMCTHO, a UMEHHO, KaxXKHasi TOUKA U3 CeK-
TOpa C OCTPLIM VTJIOM Npu BepluiHHe S =0, OrpaHHUYEeHHOro 3THMH
JUHUAMH, uMeetr 2 npoobpaza. Taxk kak cos(l 4+ 1/n) $<<0, To
o6paz S, Toukd §,(2) sexur B Jesoli noaymaockoctH ReS <C0;
cJefoBarespHo, Jyu S =~{;(2)—p, 0 <L p < oo, cojepxkuTCca B 06pase
cektopa D. IlIpoo6pasoM 3TOro Jyua siBasieTcsi <«noJoBHHa» LT
JHHHH HaMcKopeiimero cmycka L, Tak uto LY cojepxurcs B cek-
Tope D. HeTpyaso Bugers, uTo acuMmnrotoit L* ssusercs ayu

h:p'zl_
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ly=[0, 4 o). AHaJOrMYHO AOKA3LIBAETCH, YTO BTOPAS <IOJOBHHA»

L™ nvuuu L jgexHT B ceKTOpe, OrpaHMueHHoM Jyuamu I, [{ (no-
cJeAHHH NPOXOAWT Yepe3 TOUKY mepeBaJda §,(2)) W HMeeT acuMmIl-
TOTOH Jayu [).

JluHeliHas He3aBHCHMOCTb pelleHHH y;(2), 0<CiCn—1, cae-
IyeT M3 TOro, YTo OHH HMeElOT DasHYI0 AacHMITOTHKY, HampHMep,
NpPH BEINECTBEHHBIX Z —> - oco.

4, dyHkuna ¢ ocobeHHocTAMH. PaccmoTpum $yHKUHIO

_ ) x>0 g ) =0, x<C0, (7.40)

Pa

rae a > 0. dra ¢yHkuus OeckoHeuHo auddepeHuHpyeMa Ha Bceil
ocu. Ee npeo6padosanrve Pypbe

)

§a®) = | @a () e~ dx (7.41)
0

PACXOAHUTCS NIPH BEIIECTBEHHBIX £, HO 3TOT HHTErpasj Jerko per. -
asipusyercsa npu £ 5= 0. MMenno, 6yaeM noHHMaTh NOJ @y (§) npu
£ > 0 uurerpan Bunpa (7.41), B3ATHIA No JIyuy argx==—e B KOM-
MJEeKCHOH MJIOCKOCTH X¥. 3aMeTHM, YTO QYHKUHA Qg (2) = exp(—=2%/a)
HMeeT 0cCOGeHHOCTh B TOouke 2=0; HNpPH [eJOM a 3Ta TOUKA SIB-
JisleTcsl CyliecTBeHHO ocoGoHd. QueBHaHO, uTO §,(E) yObiBaeT Obi-
crpee 060 cTenmeHH § npu |E|— oo, Tak KaK Bce NPOH3BOJHbIE
dynkuun @, (x) ob6pamaioTcs B HyJb Ha KOHUe ¥ = 0 KOHTYpa HHTe-
rpupoBanus. MBI NoKaxeM, 4TO () SKCIOHEHIHaJbHO YOBIBaeT
npu |E|— oo, HO MenseHHee, yeM exp(—c|E]).

Jlemma 7.5. lIpu £ — + oo cnpasedaugo acumMnToTUHEeCKOE DA3-
A0%CeHUe

in (a+2) a+2

q)a(g),\,,\/ 2_:_‘1 e tlatD g2 o+l
a

Xexp[ (1+ ‘) a+l>ga+l ](1 +iakg"§r) (7.42)

k=1

IT0 pasaoscenue moxcHo Jupepenyuposars no t aroboe wuc-
A0 pas.

Tak Kaxk @, () = ¢4 (— &), TO acHMOTOTHKA {4 (E) npu £-—> — oo
JIETKO BBIUHCJISIETCH.

JloxasateabcTBo. B KOMNJeKCHON nnocxocm Z ¢ paspesoM
no ayuy (— oo, 0) paccMoTpuM QYHKUHIO @4 (2)==exp (— 2~%a),
rae x~*>0 npu x > 0.

Sta QYHKUMS 3SKCIOHEHLUHAasabHO YObIBaeT NmpH 22— B cekTope
|arg 2| < /20, Gynxkuus exp (— ixE) SKCIOHEeHUMAJbHO yOHBaeT Ha
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JofoM Jyde ¢ HavaJoM B Touke 2==0, KOTOpBIH JEXHT B HHXK-
Hell nmo.jymjaockoerd. IJo3ToMy MOKHO 3aMeHHTb KOHTYpP HHTErpH-
—1 [
poBanus B uHTerpase (7.41) mydoM I: 2= ph oty exp (—— ﬁ)
0<Cp < o0, KOTOpHIH IPOXOJUT 4Yepe3 TOUKY IllepeBasa z;(E)=
_e—l{at+1) in . %
=g exp(-— m_*_—])-) NOJBIHTEr paJabHOl (YHKIHMH S (2, E) =

== —2"%fgq —i2t. Ha ayue [ umeeM

S=i§—a/’(u+l)exp( 2(a+]))h(p)

—-a

p

h=—p—

Oyukuus A(p) npun 0<<p < 0o HMeeT eIHHCTBEHHYIO TOUKY MaxcH-
MyMa p==1; caefoBaTesbHo, max Re S mocTuraercst TOJIbKO B TOUKe
ze]

nepesanta 2,(E). Boluncass BKJIag oT 3ToH TOUYKH, NosyuaeM (7.42).
PaccMoTrpum npeoGpasoBanne Pypoe
(o]

Ga. 8 €)= S Pa. p (%) e~ dx

— 00

¢uHATHOHR GyHKUHU

A
¢a,5(x)—exp[m], a<x<b
(7.43)

Gup(0)=0, x&E(a, b)

3gecs A, a, >0, BeTBu apudMeTHiecKue, — oo <a<b < oo,
®unuTHHe (YHKUUH Takoro Ttuia OyaeM Ha3blBaTb <«aHaauTHYe-
CKHMH», TaK Kak 3KCIOHEeHTAa M3 npaBoii dacTH (7.43) monmyckaer
aHAJNTHYECKOE MPOJOJ/IKEHHe C HHTepBasia (a, b) BellecTBeHHOH ocH
Ha BCIO KOMILIEKCHYIO IJIOCKOCTH 2 ¢ Pa3pe3damu Io Jjydam (—oo, a),
(b, +o0). B cuny aemmsr 3.1.1 uMeeM g, B(g)—0(|§|‘°°) npu
[E]—> co. BLIUHCIAUM acHMITOTHKY 3TOH (PYHKIHH.

Teopema 7.3. [Tpu £— -+ oo cnpasedauso acuMATOTUHECKOE
pas.ioocenie

905 @) ~ 70 expl— g7 (14 0 (7)) x
B2

Xialk(ﬁ a:—l)g a+l +§z(ﬂ+1) )¢
k=0

scexpl— 4577 (1 4+ 0 (775))] ;} a (5P 7B (749
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3%ecv Ay o — nocroaunsie, ReA; >0, a(e)— eoromopgproie
Gynkyuu & npu maavix | el

Tak Kak @g, g(E) = Qg g(—E), TO TeMm caMbiM HCKOMas acuMi-
TOTHKA HaljeHa W NpH §-—> — oo,

JloxasateabcTBo. Ilogburerpanaptas GyHKIHSA HMeeT BHJ

exp[S(z, ®)]. e S=—A—a) *(b— 2)7% —izt. 3pech BeTBb
dyukuun (2 —a)® Bbi6pana B IJIOCKOCTH C PaspesoM MO Jyuy
(~—~ o0, —a] ¥ HOJOXKHTeAbHA IPH BeUIeCTBEHHHIX X > @, BeTBb

8 ;
(b —z)” — B NNOCKOCTH C pa3pe3oM No ayuy [b, 4+ o0) ¥ nos0KH-
TespHa NPU BellecTBeHHBIX ¥ < b. Ilpn 2= a umeem S~ S§,=

= — A" (z—a)" " —izt, rae A" — nocrosunas. ACHMOTOTHKA HHTe-
(o]
rpana F, Se a dx BplUuCJeHa B JeMMe 7.5. AHajnoruuno, S~ 8§, =
a
b
=B*(b—2)""“— ik, W acuMmnTOTHKa HuHTerpana F,= S eSvdy

—=
TaKk#e BBLIUHC/ASETCST C MOMOIIbID JeMMbl 7.5. MBI mokazKem, uTo,
rpy6o roBops, acCHMNTOTHKA (g, (E) paBHa F,+ F.
OyuKUHA S 3KCHOHEHIHAJbHO YObIBaeT NPH Z->a B CeKTope
— 11/20 <arg(z—a) < 0. B aToM cekTope (QYyHKUHS S NpH Belle-
CTBEHHBIX £ 3> | HMeeT TOYKY mepeBaJa
it

2a(§)=a+e'm§—al+‘ ﬁ’———[l +0 ( ‘—lr)]

Touno Tak xe, Kak # B JeMMe 7.5, MOXKHO MMOKa34Th, 4TO eCJaH 6 > 0
AOCTATOYHO MAaJo, To Ha oTpesKe [, 0|z —a|<§, arg(z—a)=
=arg (2, (§) —a) ¢yukuus ReS jocTHraer MakCHMyMa TOJbKO
B8 TOUKe Z,(f). Anasoruuno, GyHKUHA S 3KCOOHEHUHA b0 YObIBAeT
B cekTope — m/2B8 < arg(b —2) <0, mpH BewecTBeHHBIX E» |
nMeeT B 3TOM CEKTOpe TOUKY IepeBaJia

= TR e [ ()]

u Ha oTpeske [ arg(z —b)==arg(2, (&) —b), 0|z —b|< 6 npu
b > 0 pocTtarouno masom Re S pocTuraer MmakcuMmyma TOJBKO B TOUKe
nepeBana z,(g). Mmeem

Fup @& = [ exp[S (2, B)] d2

{

roe [=1,UlUl,, [ —o0Tpe3ok, coeqUHSIOIUHA KOHUB OTPE3KOB
la, 1, ACHMDTOTHKA HRTErpaJoB Mo OTpe3KaM l;, [, paBHa cymme
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BKJAJ0B OT TOYeK mepeBana z,(E), 2, () cooTeercTBenHo, a

Sexdez <Cexp(—C%), C,C' >0

I

paCCMOTpI’IM c.ne:ly}oumﬁ KJsacC HHTEerpaJion:

F()= S f (2)expR (2) + % 2] dz. (7.45)

f2—24] =0

3necs dyHKIHA R (2) MMeeT MOJIOC B TOUKE 2y, QyHKUus [(2) ro.o-
MoOp(HA B TOUKE 23 H p > 0 J0CTATOYHO MaJo, TaK 4TO HA KOHTYpe
MHTETPHPOBAHHA H BHYTPH Hero ¢yHKUHA R (2) rosomopdua. HMuTte-
rpan (7.45) paseH

2mi X (BbIYeT MOABLIHTErpaJbHOH (QYHKUHH B TOUKE Zg).

EcJiH BHIYHCAATH 3TOT BHIUET HEMOCPEACTBEHHO, TO Mbi NOJYUYHM €ro
B BHAE PAJda IO CTEeMeHsIM A, UTO He MO3BOJIIET BHIUHCAATH ACHM-
mretiky F(A) nopu A — 4 co. 3amerum, 4to F(A) — uenass GyHK-
nus A.

DTaJOHHBIM HHTETPajIoM CJAYKHT HHTErpaj BHAA

D (A, m)= S f(2)exp (_1771— + kz) dz, (7.46)

me
lz[=0
rie m_>=>1—ueJjoe uucjo. Touku nepeeana 2, (A) MOABIHTErpPaJib-
Holt (PyHKUHH

1
S(Z, A‘):W—}—}\,Z

onpeneasorest B3 ypasheHus 2" =A7' u snexar Ha OKpPYIKHOCTH
lzl==|4|7""*Y  Auganoruudle uHTErpaibl HecaexoBaHbl B [17].
Jlemma 7.6. Acumnroruxa unreepara (7.46) npu |h|— 4 oo
pasHa cymme 6K4a008 OT Tex TO4exk nepesaira z2i(L), 8 KOTOpbIX
eeauuuna Re S (2 (A), M) maxcumarvua.
DopMmyabl A8 BKJAAL0B OyLYT NPHBEICHB HHUXKeE.
JokasateabcTso. Puxcupyem argi=1. Toraa Ttouku
nepeBaJsa MMEIOT BHJ

2 (7\1) — | A l—l/(m-H) ei(Dk (7\)’

1
Qe (1) = — b+ 2k), k=0, I, ..., m.

[lycte [, (A) —JIy4 B ILIOCKOCTH 2 C HauyaloM B Touke z:==0,
npoxoasAmMEi uepe3 TOUKY 2,(A); €ro ypaBHeHHe HMeEET BHIL 2=
=p| 47" Vexp (ip (M), 0<Lp < o0, Tlpn z < I, (L) umeem

S(z, A) =1z, A} A (p), =p 4 mp~".
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Pyuruna A(p) otobpaxaer noayoch [0, o) HA moayoch [l, oo),
NPOXOAHMYI0 JABaXIbl, TaK 4TO ¢dyHKuusa S otobpaxaer [, (A) na
ayu Lg(A): S=2azp(A)7, 1<{v < oo, npoxoaumulii asaxabl. Cuae-
noBaTebHO, ceKTop Dyt Pp(A) < argz < ¢y4;(A) B3auMHO OfHO-
3Hauno ortobpaxkaercss ¢yHkUHell S HA NJIOCKOCTL S ¢ paspesaMu
no ayuam Ly (R), Lpsi(A). OTMetuM, uTo npu m=1 dyukuusa S
ABJIAETCS CyNepnosHuMed JHHeHHOH GyuxkouHM H ¢yHrunu JKyKoB-
CKOTO.

Kounryp wnrerpupoBannus B (7.46) npu [A | > | MOXKHO 3aMeHHTb
OKPYXKHOCTBIO |2 |=]|A |~”<m+”, Ha KOTODOH JiexXaT BCe TOUKH nepe-
BaJa. BosbMeM B IJOCKOCTH S 0Tpe3ok [, (A), coenHHsAIOMME KOHIBI
ayuet Lp(A), Ly (A), u nycTb i, (A) — npoobGpas sTcro orpeska
B IJockocTH 2. DPyuxkuus ReS(z, A) npuHuMaer HauGoJbluee 3Ha-
yeHne Ha jayre i,(A) TOJAbKO Ha OJHOM H3 €€ KOHIOB, Ju(BO0 NO-

CTOSIHHA BHAOJb Iz (A), Tak kak o6pasoM i,(A) sABAseTCS OTPE3OK.

- 1
3aMeHUM MEHbUIYIO IYIYy OKPYKHOCTH |2 |=]|A] HmtD - coepunsio-

myio TOUKH 2 (A), 2gei (M), xpuBo# iy (X), M cmenaeM 3To HpH
Bcex k (k Geperca mo moapyJawo m 4 1). Torga noJyueHHBIH KOHTYD
ABJAsieTCsT nepeBadbubM (cM. § 1), 4To ¥ goKasbIBaeT JeMMYy.

[TpuBenem acumnToTHdeckue GopMyJanl AJs UHTerpaJsa (7.46).
HMmeem

om0, 1) = (14 ) AP e (2288

Ecau ¢$=0, to maxReS, gocruraercs npu k=0. Tak kax
k

TOYKH S, pacnoJsoxKeHbl Ha OKPYXKHOCTH M YroJ MeXIy OTpes3KaMmu
[0, S¢], [0, Sp+] paBen 2xn/(m—+ 1), TO 3TOT MAaKCUMyM JOCTH-
raetrcs npu £ =20, ecan — ajm < P < w/m. [Tpu = n/m MakCUMyM
nocturaercs npu k=0, —1, ¥ aCUMOTOTHKA paBHA CyMMe BKJAaJ0OB
OT 3THX ToueK. BunumeMm GopMyay AJas BKJaza Vi, OT TOUKH 24 (A):

e+ 1) T %
m+?2 iy (m+2)

X | A 2tm+1) o m+l [f (0) + Z aokk_k/(mH)], (7-47)
k=1

[ << at/m.

Urak, acumnrotruka @ (A, m) paBHa Bkaany (7.47) or ToukH
2o(A) npu |$|<<nfm— e ¥ cymMMe BKJIamoB OT ToueK Z(A), z-;(A)
npu | —m/m|<{e. Ilpu ocTajbHbIX 3HaYeHHSIX A ACHMITOTHKY
JIEFKO BBIIIMCATb, HCIOJb3Yys TOXAECTBO

@ (A, m) = ei2mF (pei2®m  my), (7.48)
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cnpaBefausoe npu f(2)==1. Hyan uenoit dbyuxuuu @ (A, m) co-
CTOAT M3 M CepPHH, PACMNOJNOXKEHHbIX aCHMNTOTHUECKH BOJM3H Jydeil

argx=-7—{—i”72ki.

Caenpywomuit WHTerpas Jerko Bhepaxaercsi ueped (OYHKUHIO
@ (A, m) (npu f()=1):

exp(az—™ 4 Az)dz =1t® (At, m), 1" =ma. (7.49)

lzl=1

Bepuemes x unrerpasy (7.45). ®ymkuua R (2)=(z — 2)) " g (2),
g(20) = 0, oyHkuus g(z) rojoMopdHa B TOUKe Z,. TOUKH mepe-
Basa ¢yHKRuuH R(2) upu |A|> | umeor Buj

2, (M) =2,+2, W) [1 + 0 (™" )],
@)™ = —mg@)r,

T. €. ACHMITOTHUECKH PAaCHOJOXKEHB HAa OKPYXKHOCTH.

W3 mokaszarcabcrBa JeMMbl 7.6 BhITEKaeT

Teopema 7.4. Acumnroruka uureepasa (7.45) npu [A]— oo
pasHa cymme 8x1ados Tex ToueK nepesasa z,(A), 8 KOTopulx 3Ha-
senue Re S, (zg ), A) MAKCUMANBHO.

3dect Sg= (2 — 29) " g(20) + A (2 — 2g).
B 3ak/oueHue MokKaxKeM, 4TO (YHKIHs

F()= S exp( i (2’ +22) de, (7.50)

1zl=1

rie P, Q — nosuHOMBL, sIBJAsleTCA pelleHHeM aHdhepeHIHa bHOrO
ypaBHEeHHsA

[e(z)] er+[e () P (i) — 7 (&) e(ag)]F =0
(7.51)
STO BHTEKaeT H3 TOXAeCTBa

S exp(Giay + &) ( Zii’) +¢)de=0.

1z]=1

5. Murerpaanl tHna 3ommepdeabga. PaccmoTpum usHTterpas
F (k) = S exp ik cos (6 — 8y)] f (8) 6. (7.52)

- e
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n . n
KOHTYp HHTErpHPOBAHHS COCTOHT M3 Jyda (—74—100, ——é—].

k19 13 k19 k19 . o
oTpe3Ka [— 5 ?] H Jyda [—2—, 5 100). Hanee, k& — Goapuro#
NOJOXKHUTEIbHB nMapaMerp, 0, BelecTBeHHO, |0,] < 7/2, dyHKUHSA
f(8) rosomoppua B mnogoce |ReB|<{nm u ymoBseTBOpsieT OleHKe
| F(0)] << Cexplee!®), e < 1.

Takoro poga HHTerpaJssl BOSHHKAOT B TEOPHH AH(PPAKLUHH BOJH,
B YACTHOCTH, B 3a/ayaX, KOTOpble VAAeTCd PEHIHTh ¢ NOMOLIbIO
HHTerpaJjpHoro npeobpasosaHus 3ommepdenbaa.

Teopewma 7.5. [Ipu clerannsix soitile npednoiONeHUIX ACUMN-
rotuxa uuvreepaaa (7.52) pasua sxaiady or To4xku hepesaaa O == 0.

HdoxasarteabctBo. Oyukuus S =icos(6 —8;) B3auMHO
OMHO3HAYHO H KOHQOPMHO oTo6paxaeT noaynoaocy — m -4 0 <
< Reb <8, ImB >0 na noaynaockocts Re S < 0. IIpoobpasom
noJayocu {— oo, () sBIfeTCS BETBb [¥ aunum [ HauOBICTpeHIero
cnycka, mpoxojsuieil uepes Touky 0y; ee acHMNTOTOH fIBJAAETCH JayU

0 = ———% + 6, -+ io, 0<Cp < oo. Bropasi BerBb [ JHHHUH [ JeKHUT

o v 1 .
B HH/KHEl MOJYTN/IOCKOCTH H HMEET aCHMOTOTOH JayY 6 = 5 + 6, + ip,

0<{p < oo. Kouryp wunterpupoBanus B (7.52) MOXKHO 3aMeHHTb
KOHTYPOM [/, mOJe dYero ocTaeTcs IIPUMeHHTb Teopemy 1.4.
['1aBHBIH uJieH ACHMIOTOTHKH HMeeT BHJ

F(k)y=—+/2ne " '[F(B)+ 0 (k)] (7.53)

Ha pokaszaresqbcTBa Teopembl M npejasnoxenus 1.1 BobiTekaer,
uTO 3Ta Qopmy.aa cnpaseanauBa npu |k|— oo, Rek=0.

WMurepecusi cayuaft BosHukaer, ecan ¢yHkuus [(0) wumeer
BELIECTBEHHYIO TOUKY BeTBJeHHS 0); OyCThb HJs OIpejeeHHOCTH
0<6, <8, <2,

F(8)=+4/0--0,9(9), (7.54)

npu 6, Gauskux K 0, ¢yuuusa ¢(0) ronomopdhHa M OTAHUHA
oT uyaa B Touke 0;. OueHka xuas |f(B)] opexuss, KOHTYp HHTe-
rpupoBanus o6XOAMUT TOUKY 8, CHH3Y.

Tenepp Mbl He MOKeM npoaedhopMHPOBATH Yy B [ — Meraer
Touyxka BeTBJseHHs. CoeAHHHM TOUKY O, HpoCcTOH rJuagkoil Kpuso#
¢ tToukofi 0" & /. Torpa KOHTYp HHTerpupoBauus y B (7.52) MoxHO

samenuth Komrypom v=1I4 Ul Ul Ul 3necy [, —uacth [

(OT —;‘——ioo Io 6'), If — Geper paspesa [, (ot 6" nmo 0)), iy —
BTOpPOH Geper paspesa H [, — ocraBmasica 4acTb JHHHH [. Tem

CaMbIM [0Ka3aHO, 4TO npuH k— 4 oo

F (k) ~ Fo(k)+ F (),
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rae Fy(k)— Bkaaa ot touku 0, F;(k)— BKJIaj oT TOukH 6, (T. e.
HUTErpas no paspesy LTU lJ).

Buop paspesa [, noBoJbHO OeapassnueH; TpeGyercst JIHIub,
yro6ul max Re S Ha [, pocruraaca B Ttouke 0,. Tormga acuMnroTnka
Fy (k) ompejeJisieTcs WHTerpaJoM IO «HOCHKY» paspesa. BriGepem [,
TaK, uToOBl OH coBOajzaJ ¢ orpeskoMm [B, 8, 4 6], 6 > 0, B6au3n

TOUKH 8), M BBIYHCJHM aCHMOTOTHKY F| (k). Tloaoxum =0 —9.,
Torga mpH Manapix | 0] nmeem
S(0) = icos (0, — 0,) -+ isin(6, — 0,)0 + ...

IMycTs /6 — 6, >0 npr 0> 60, 1 Ma/six 0.

Mbl OrpaHuYNMCH HECTPOTHM BHIBOZOM; AJ AKKYPATHOTO AOKa-
3aTeJbCTBA JOCTATOHHO clenaTb 3aMeHy S (0)=S(0y) 4 ¢ npu ma-
amx 0 m npivendTs Meroa Jlammaca K [OJYYeHHOMY HHTErpaJy.

Ot6packi»o 1 KBajpaTHUHbE MO 0 uxensi, 3amensis f(8) Ha f (0,

¥ nogarag O==iy, noayuaem
F (%) ~2iexp(— ikcos(B;,— 0)) X
8

K 1(0) {exp(— ksin(@— 0) 414y dy.
U

Orcroga HaXoOmHM, 4TO

Fi(6) ~ ik o/ expl—ikecos (B — ) 1F @) [sin 0y — 091 %,
(7.35

§ 8. AcumnrorHka npeo6pazoBaHua MeJgiauHa

I peo6pazosaruen Meaauna M(2) ¢pyuxuun f(f) HasbBaeTcs WH-
TerpaJ

oo

M(z) = S F() " dt.

0

3nech £=¢"""! ¢yukuns Inf sewecrenna npu 0 <t < oo, dop-
MyJa oOpallieHHss MMeeT BHI
{oo+e¢
1 -
f(f)=2_m S M)t dz.
—foo 4 ¢

B stoMm mnaparpade Mbl Hccaeayem aCHMOTOTHKY M (2) mpH Komn-

JAEKCHHX 2—> 0o B cayuae, korja [ (f)=exp (P (1)), P(f) — noanHom.
1. Acumnroruka raMMa-GyHkuuH. IIpu BelieCTBeHHBIX H 110J0-

JKHUTeJIbHBIX 2 CIIPAaBeNJIHBO HHTErpaJbHOe IIpelcTaBJeHHe

oo oo

I(2) = S e dt =27 S e ' at. (8.1)

0 0
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FaMMa-¢byHKIHA ecTb npeoGpa3osanune MensuHa GYHKIuH e~?,
TloapiaTerpansHasf ¢yHkuusa uMeeT BuA exp(— -+ zInf) u uMeer
eHHCTBEHHYIO TOUKY mepemaJga f(z)=z.
Teopewma 8.1. [Ipu |z2]j— oo, |argz|<{n—e < m, acumnro-
ruka T (2) pasna exaady or Touku nepesaaa ty(2)=z.
Acumnroruueckoe pasiovcerue eamma-pyHKyuL Umeer sud

I'(z) ~ zze—zz\/?(l +k§ ykz‘k). (8.2)

HokasateancTBo. 1°. Rez>0. Mnarerpan (8.1) cxeantcs
a6conoTHO Npu Re220 n moToMy sBJfieTcs ToJOMOPHHOH @YHK-
nued z B nmoaynyockoctd Rez > 0. Tlyctb Rez>=0; torma wuHrer-
paJ (8.1) paBen MHTerpaJsy 1mo Jay4y [l,, OpoXoAfiieMy udepe3 TOUKY
t=0 u Touxy mnepemasa {=2. Jlesas B 3TOM uHTerpase 3aMeHy
{ — tz, moJayuaeMm, 4TO

r(z).—_zzg explzS()]dt, S=—1+Int. (8.1%)
0

Tax kak ¢yHkums S(f) BeiecTBeHHa, To max Re(zS(f)) va noay-
ocu 1 220 mpu Rez > 0 mocruraercsi ToJIbKO B TOUKe mepepasa [ = |
dyukuun S; npu Rez=0 nmeem Re(zS(f))=0 ua s1oil moayocu.
CrejoBare/bHO, 10 Teopeme 1.3 acHMNTOTHKA ramMa-QyHKUMH mNpH
2] > o0, Re22>0 paBHa BKJaAy OT TOUKH nepeBaJja t=1, u (8.2)
JIoKazaHo TpH |argz|<<m/2, |2]|—> oo.

2°. Rez < 0. Hurerpan (8.1) pacxoaurcs npu Rez < 0; mpo-
JOJKHM €ero aHanduTudeckH. IlycTb Yy — KOHTYP B KOMIIEKCHOH
IJIOCKOCTH !, 00xoAsmiuii moayoch O0<Cf < 00 B IOJNOKHUTEJbHOM
HanpaBJIeHHH,

F(z)= S e~'f dt. (8.3)
Y

Int
UZleCh BeTBb (YHKUHHK £ =¢° "' npu z > 0 BbI6pPaHa B MJOCKOCTH f

¢ paspesom [0, + o©) Tak, uro £*> 0 Ha BepxHeM Gepery paapesa.
Tlyers 2> 0, Torna F (2) paBHA PasHOCTH HMHTerpaJsoB Io Geperam

paspesa [0, 4 oo):
F(@)= S e ' dt — e S e ' dit=z(1 — ™) I (2),
0 0
TaK uTO
I(2)=2"'(1 —e¥*)”" g e~ dt. (8.4)
¥
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Hurerpaa F(2) cxonurcs a6COJIOTHO NMPH BCeX KOMIJIEKCHHX 2 H
MO3TOMY fIBJISIETCH LeJ0H hyHKUMeH 2; ciefloBaTesbHO, dyHkuus I (2)
aHAJHTHYHA BO Bceil KOMIJEKCHO# MNJOCKOCTH 2, 3a HCKJIOYeHHeM
Touek z==0, — 1, —2, ... Cpenaem B unrerpane (8.3) sameny
{=¢t, Torpa

F(2)= S exp (— et + §2) et dg.
7

BoifepeM B KauecTBe Yy KOHTYD, CoCTosiUHH M3 moayock {1, 4 oo),
OKpPyXHOCTH [f|=1 u mnoayocu (-4 oo, 1], npyuwe# no HuKHeMmy
6epery paspesa {0, o). Torza y — rpanuua noaynosocel Re > 0,
0 <Im¢ < 2n, opueHTHpOBaHHas M0 uHacoBoil crpenke. [ToxeirTer-
pajbHas QYHKIHS HMeeT TOuKy mepeBasa {==Inz==In|z|+iargz,
rie |argz| < m. CpenaeM 3aMeny (—{ -+ Inz, torza

F)=z \expes@iesar, S@=t—é, (8.5)

2

KOHTYP ¥, IOJYyYeH CABHFOM H3 KOHTypa ¥ Ha lnz.

Mycts nf2 < ¢ <, p=argz. [lokaxeM, 4TO aCHMOTOTHKA F (2)
NPH TaKHX argz ¥ NPH |z|— co paBHa BKJIALY OT TOYKH Mepe-
Basa [ =0 ¢yHKunm S. Jlss 3TOro nccjeiyeM CTPYKTYPY JHHHHA
HauOpicTpefimero cnycka ¢yHkunH S (L) = €S ({), BbIXOASAUINX H3
Touku {==0.

Jlemma 8.1. Hycre nf2 <o <m. Toeda aunus wHaubvicTper-
weeo cnycka (@) pynxyuu Sg (3) =" ({ —e¥), soxodauans u3
To4ku L =0, cocTour u3 08yx OecKOHeUHbIX KPUBbIX I*(¢). Odua us
nux umeer acumnroroti syt 0 <Ref < oo, Im{=—¢, dpyean —
Ayt 0 < Ref < oo, Im{ ==2— @.

HoxasateascTBo. Ilpy @ ==n ¢pyHruus S, ({) uMeer Toukn
pepepana §p=2kni, k=0, =1, 2=2, ... MHoxecTBa ypOBHA
M Im S, (3) =Im S, ({x), comepxkauiye TOUKH [, MNOJYYAIOTCA
u3 M, caBurom Ha 2kmi, Tak Kak

Im S5 €+ 2kni) = Im S5 (§) + Im S (Gy),

Hecan ImS; (§)=1ImS, (&), o Im S, ({ + 2km) =Im S, ({). Muo-
}KecTBO M, onpefessieTcs W3 ypaBHeHHs

e’sint—1=0 ({=0+4i7)

H COCTOHT H3 JHHHH HauGuicTpefiiero moabeMa [y =][—o0, 0),
lp==[0, 4 o) m aByx uaunnfi ly, [, HambpicTpeifiliero cmycka.
Tak kak ¢yukuus S, (f) BemecTBeHHa NPH BellieCTBEHHHX §, TO Jiu-
Hun [y, lo, CHMMeTPHYHBI OTHOCHTEJ/IbHO BEIIeCTBEHHON OCH; NyCTb
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Imf > 0 na l. U3 ypasuenus caenyer, uto lj; WMeeT aCHUMOTOTOH
ayu 0{o <+ o0, T=nm.

OGo3HauuM uepes lp; MMHHH, MOJYUEHHBIC U3 [o; CABUTOM Ha 2kmi,
1 nycrtb D — 06JacTb, OFpaHHUYEHHAss JUBRHUAMH [y, [j3. PyHRUUA
w=58,(f) B3anMHO 0AHO3HA4YHO oToGpakaeT o6JacTh D Ha HHXK-
HIOI moJaymiaockocTs Imw < 0. [TosokuM Y= n — @ (HamOMHHUM,
uro /2 <@ <m), Toraa S () =e WS (), n dyukuus w=3S,(%)
B3aHMHO OJHO3HAUHO 0TO6paxaeT D Ha MOJYyII0cKocTh Im (e¥w) < 0.
[Mocaeansass comep:KUT moayoch — oo < w < 0; nmpoodpascMm 3ToH
MOJYOCH siB/sieTcss BeTBb [V (@) JMHHM HauGbcTpeliliero cmycka
Im Sy (€)= 1Im Sy, (0), npoxoxsamas yepes Touky {==0. AcuMnToToH
3TOf JIMHHH_SBJSAETCH Jyu T= — Q.

ITyets D — o6s1acTh, orpanuvenHas JUHUAMH lop, log, Iy 1 s
dynruua w==S_({) B3aumMHo omHO3HauHo orcGpaxkaer D Ha 06-
Jacte G — noaymjockoctb Imw < 0 ¢ paspedom no ayuy Imw =
= —2ni, 0 <Rew < co (Ha atoT paspe3 otobpaxkaercs [y Uls).
Tak kaKk So(f)=e""*S; (L), To dpynkiusa w=S§;({) B3auMHo oxHo-
3HauHo oro6paxaer D Ha ofaacts G, NOJNYyUeHHYO H3 obGaactu G
nosoporoM Ha yroa — P. O6aacts Gy COAEPKHT IOJYOCH
— oo < Rew <0, Imw=0; ee npoo6pasoM fB.;igeTCs BeTBL [ (Q)
JHHHM HaubbicTpelimero cunycka [ (@), U ee acUMITOTOH sBJseTCA
ayu 0 < o< oo, T=2n— ¢. JlemmMa gokasaHa.

[TokaxeM, 4TO KOHTYP ¥, MOXHO npozedopmMupoBaTb B JH-
uuio [ (¢); tem cambim (8.2) G6yaer goxkasdaHo npu /2 < ¢ < m. Ilpu
—n <@ < — /2 10Ka3aTeNbCTBO aHAJOrHYHO (MOXKHO TaKXke BOC-
noJb3oBatbes TeM, uto I'(2)==T1(2), tak kKak ¢yukuus I (2) Be-
IIeCTBEHHA MPH BeLIECTBEHHHIX 2). [Ipu @/2 <@ < 7m GYHKUHA
exp(zS({)) skcmoHeHumanpHO YyOHIBaeT mpu |f|-» o0 B moJocax
Re;> 0, 2kn — /2 < ¢ + T < 2kn + n/2, KOHTYP ¥y, COCTOHT H3
ayuei —Injz|<o<oo, 1T=—ipg H —Injz|<o<oo, T=
= — i¢ + 27 ¥ oTpe3Ka, coeauHsdOUEr0 HX KOHOB. [loaTomy ¥,
MOXXHO mpojedopMHPOBaTL BHayajJe B TPAHHILY INOJYIOJOCH
0<o<oo, —pg<t<2n—¢, a 3aTeM, B CHJY CTPYKTYphbl .TH-
Had [(@) (cM. semmy 8.1), B aunmpo [(p). Tem caMmbIM Teopema
JlOKa3aHa.

3ameuanune 8.1, JoctaTouno 6bLI0 OB BLIYHCJIHTL aCHMIITO-
THKY raMmMa-QyHKUUH T0pH |[2]|-—>o00 B NpaBOH MNOJYNJIOCKOCTH
Rez>>0 u 3areMm, ucnosb3ys TOX/AeCTBO

n
sin nz

rer{d—z= )
BBIUKCJNTL ACHMIOTOTHKY B JieBOH NOJYIJIOCKOCTH. JIOCTOHHCTBO
IPHBEJTEHHOrO BBlilie JOKa3aTenbCTBa COCTOHT B TOM, YTO OHO IIo-
3BOJIAeT BHIUMC/HTb ACHMIITOTHKY psja APYTHX HHTErpasos.
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HaiineM pekyppeHTHbie COOTHOIIEHHS NJS KO3 HIHEHTOB pas-
goxcennst (8.1:. CnenaeM B OKPEeCTHOCTH TOUKH f=1 3sameHny

t=14+o, Int—t+1=—u?
rae ¢ (0)=0, ¢'(0) = A/2. Oyukuust @ pasjaraerca B psig Q(u) =
= ) @uu®, cxomsuuiics npu Madawix |4 | U3 dpopmya (8.1°) u (2.1.25)
k=1

cJeayeT, uTo l
ap =T (k+5) @k+ Dl osesr. (8.6)

JdnddepeHuupys ToOXKAECTBO A8 @ IO 4, NOJydyaeM TOXKAECTBO
2ue (u) + 2u — @ (1) 9" (1) = 0.

HO}ICTaBJIﬂﬂ B 3TO TOXKAECTBO PHAA AJd @ H [NPHPaBHUBAA HYJIO
K09¢)¢)HHH8HTBI NpH CTeleHsax u, MoJdydyaeM peKYPPeHTHble COOTHO-

HIEeHU A
k1

20p = 2, MPnPo-mssr k=2

ms=1
Tak xaxk ¢ = \/2 , TO OKOHYaTeJ/JbHO

— = mem®Pe—m+2- (8.7)
B2 '\/2(k+2)m=2

Qr41 =

2. ¥YKopoueHHass raMMma-GyHkuHA. ITa GYHKUHA ORpejensieTcs
dbopmMyJ0H

I(a, 2) = S e~ dt, (8.8)

a

rie 0 <a<od, u npu PHKCHPOBAHHOM a sBJAsleTCA UeNOH (YHK-
nuen z.

Teopema 82. [Tycre a>0 ¢ukcuposano, {z|—co. Tozda
acumnroruxa Gyuxyun T {a, 2) pasHa:

1°. Bxkaady or rouxku nepesara y(z)=z—1 npu |argz|<
<L af2 — e < nf2.

2°. Bkaady or kouya KoHrypa t=a npu | arg(—2) |<<nf2—e<mf2.

3°. Cymme 8x1ados oT Touku nepesaia ty(2) U OT KOHYQ KOHTYPQ
8 OCTABUIUXCA CEKTOPAX.

Bkaan oT TOYUKH NepeBaJa coBNajaerT ¢ mnpaBoil dacThio (8.2).
BeluHcJHM BKJaj OT KOHHIA KOHTypa. ViMeem

oo

I'(a, 2)= S e e dx.

el
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M3 teopemnr 1.2 caemyer, uro

D@9~ 3ot (jarg (— D I<m2—e, [2]->c0),

d k
cp = (— E) (exp(—e*) e (8.9)
JokasatenbcTso. [logeiaTerpaspuas Gpyukuus B (8.8) umeer
pig exp[S(t, 2)], S=—t+(2—1)Int. Umeem ReS{=—1+

-+ t*lRe(z— 1)<0, ecan (>=a, Rez<a- 1. IlostoMmy mnpu
Rez< a4+ 1 pyukuus Re S(f, z) nocTaraer MakCHMyMa TOJLKO Ha
KOHLe f==a KOHTYpa HHTerpupoBauus, W acumnroTuka [ (a, 2)
paBHa BKJaay oT Touku f=g. TeM cameim 2° nokasano. [aaee,

['(a, 2) =T (2) — Se“f“‘ dt. (8.10)

0

Dynknus | 1] npy Rez >0 gocturaetT makcumyMa Ha otpeske [0, a]
TOJBKO B TOYKe f==q, TaK 4TO ACHUMNTOTHKA MOCJEeJHEro HHTer-
paia B (8.10) mpu lz]—+00, Rez > 0 paBHa BKJaay OT TOUKH f ==a,
KOTODLIY DaBeH

(— 1) X (Bkapg oT TouxkH { =g B uurerpas (8.8)).

M3 (8.10) u acHMOTOTHKM raMma-QyHKUHH CJAefYIOT YTBepIe-
Hua 1°, 3°.

3. O6o0meHHass ramma-pyHKRuMs. 3Ta GYHKUHA OOpelessieTcd
PaBEHCTBOM

[

G(2) = S e PO gt (Rez > 0), (8.11)

0
rae P (f) — mosauHoM:
Py=at"+at" '+ ... +a, Reay>0, n>l.

Ilpuy P==1{ umeeM G (2)=T(2). IlokaxkeM, npexae BCero, uTO
¢pyuruus G (2) gomycKaeT aHaJMTHUECKOe NPOJOJIKEHHE Ha BCIO
KOMIIJIEKCHYI0 TIJIOCKOCTb 2 H fABJseTca MepoMop(dHOH QyHKLHel
C IPOCTHIMH HOJIOCAaMH B Toukax 2=0, — 1, —2, ... Tlpencra-
BUM G (2) B BHAe G(2)=0G,(2) 4 Gy(2), rae G;(z) — uHTerpan 1mo
otpesky [0, 1], Gy (2) — unTerpas no noayoc [0, co). ®yHruus G, (2)
aBJseTcd Ueaofi ¢yHKUHeH, TaK UTO OCTaeTc aHaJHTHUECKH IIpo-
JOMXKATL HHTerpas G, (2).
ITo ¢opmysae Teiaopa npu Jaob6om ueaom N =0 uMeem

e P = Lbkt +Ry(t), Ru®=0(@"") (@¢—0).
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Caenopateanto, npu Rez >0

N

1(2=

1
S Ry (O dt. (8.12)

ITocseqHuil MHTErpaJ CXOAHTCS H NOTOMY SIBJSIETCS rOJOMOD(PHOH
¢ynkunell 2z B NMOJyNmJaocKocTH Rez > — N — 1. Tem cambim dop-
MyJaa (8.12) naer mepomopdroe nponoskenne dyuknuu G, (2) B sty
MOJYILJIOCKOCTD; TOJIOCH HMOJMYy4YeHHOH QYHKIHUH MOTYT GHITh TOJBKO
B Toukax 2=0, — 1, —2, ... Tak Kak N npou3BOJbLHO, TO NpPO-
no/mxenue GyHKIMU G (2) NoJydeHO AJA BCell NJOCKOCTH.

3agaua 0 BHIYHCJEHHH aCHMOTOTHKH G (2) mpu [z|—> o B cek-
Tope |argz|<{m —e& <7 CBOJAMTCH, KaK Mbl TOKaxeM, K 3ajaue
0 BBIYHCJEHHH AaCHMITOTHKA raMmma-QyHKuuH. [logpHTerpaspHas
dyuxuusa B (8.11) umeer Bug expS, S(f,2)=—P@H)+(—1)Ink
HCCJelyeM ee TOYKH NepesaJa.

Jdemma 82, Iycrs largz|<Kn—e<m, [2|=R > 1. Toada
@pyuryus S (¢, 2) umeer Toury nepesaiq

to(z)-—( 2 )"”(1 +Z bkz‘k/") (8.12)

9ror pad cxodurca npu [2|>=R u
arg (Ezo_)l/n=_’11 (argz —argay), largayl< % (8.13%
JoKasaTteabcTBO. YpaBHeHne S; =0 umeeT Bux tP’(f) +

+ 1 =2. Jlesnasa 3ameny t=( 2

nag

i/n
) T, IoJy4daeM ypaBHeHHEe

n—1
Tn__ 1 + Z (n__ k)aan_k6k+ 6/1 =0’ 6:(2/na0)1/n.
k=1

Tlycts f(v, 8) — neBas vacTp ypasHeHus, toraa [(l, 0)==0,
}.(1,0)0, u no Teopeme O HesiBHOM (YHKUIHH 3TO ypaBHeHHe
RMeeT pelllende T ==7(d), 7(0) =1, rosomMoppHoe npu MaJjbix |8

Teopewma 83. Acumnroruxa pynxyuu G(2) npu [2|—> oo,
largz|<{m—e <7 pasHa 8xaady or Touku nepesaia fy(z).

BuimumieM riasHHH YJeH aCHMITOTHKU:

G(2) ~ /\/— expl— P (t,(2)) +21nf(2)) (1 —+ Z bkz‘k/“).(&lél)
k=]

¢YHKILP17{, CTosiniasAd B 3KCIOHEHTe, MMeeT BH]I

zlnz —z/n+ O (i),
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HoxasateabctBo. [lycTh 2z BeUleCTBEHHO H IOJIOXKHTEJBHO,
in
ay > 0. Cnenaem 3a , TOrja

e )" § exp[Z S, o)]at, (8.15)

rjae o6o3HadeHO

8—(nao)_lm S(t, e)=—1t+ “t+zaet ~kin_

k=]

®opmyaa (8.15) cnpasenauBa npu Rez > 0 mo npuuuuny aHaautu-
4eckoro nponoskeHus. Ilpu e == 0 ¢dyHkuusa S(f, e) copnagaer ¢ GpyHx-
nueit S=—t-+ Int, Bxomseir B uuTerpaa (8.17). AcuMnToTHka
3TOr0 HHTErpajsa paBHa BKJany OT ToukH f=1. Taxr kak S({, e)
npu magbix e (1. e. npu GoJbIIMX |2]) ABASETCA MaJ/JbiM BO3MY-
mendeM ¢yHkuud S(f, 0), T0 acumntotHka G (2) paBHa BRJanLy
OT TOYKH mepeBasa fy(e) Tako, uto f(0)=1.

TycThb ay == pe!®, | @] < /2. 3aMeHsss KOHTYP HHTErPHPOBAHHSA
B (8.11) ayuom f=e"i®/rp 0= p < oo, NoayuaeM

2o X

Gzy=e * S e~ Pitopz~1 dp,
0

3necy P, (p)=pe" + ..., Tak UTO cTapiiHfi KO3 HUIHEHT [O0JH-
HoMa P, MoJOXHTeJeH, H Mbl MPHIIAH K PACCMOTPEHHOMY BhIlIe
cayya.

3anaua 81 [Ilyets a>1 Rea>0. [loxasaTs, uto mnpH |z|-> oo,

|arg z | <<t — e < @ acumnToTHKa uuTerpasa M (z) = S exp (— at®) £% dt pania
0

BKJAALY OT TOUKW mepemana fp(2) = (z/faa)'/® (BmGop mertRu TOT me, WTu K
B (8.13"))

AHajOrMYHO BHIUHCJASETCS ACHMIITOTHKA HHrerpaJia

o0

M(z) = S exp(— at®P (1) £ dt,

0
rae P(f) — noaurom, P({) ~t" npu t—>+ oo, uRea>0,a+n> 1.

§ 9. Touka nepeBana Ha GeCKOHEYHOCTH

B § 2 ™Mb HasBanu TOUKy 2= o0 TOUKOH mepeBaJsa (uenoi)
dyuxuun S (2), ecin Re S (2) — const npu 2z - o0 BAO/b HEKOTOPOH
AuHun ypoBHA ImS = ¢. BeluHCIUM acHMITOTHKY HEKOTOPBIX HHTEr-
pPaioB ¢ TOYKON mepeBasa z=oo. Ecan 2z, — KoHeunas TOUKa mepe-
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pana, T0 S(2) ~ ¢(z2— 2p)", ¢ % 0, upu z— 2, Ecam z = oo — Touka
nepeBaja, TO IOBefeHHE S B ee OKPECTHOCTH He ONHCHIBAETCS
YHHBEPCAJIbHBIMH ACHMITOTHKAMH.

bynem npeanoJsarath, rpy6o rorops, 4TO JHHHH YDOBHA Re S=¢
ycTpoeHsl Ha GeckOHeuHOCTH, BG.au3n mnoayocu (0, - oo), Tak xe,
Kax u auaa dyuxuun e~? {(em. § 2, nmpumep 2.6).

HWMenno, nyerd ¢yaxuusa S (2) roroMopdHa B HeorpaHuUeHHOH
o6sactd D, ¥ OyCTb BBINOJIHEHBl YCJOBHS:

1°. S(z)>a-+ib upu z=D, z—>o00; S'(2) 5= 0 upu z= D.

2°. B o6Jgactu D umeercs 2n + 2 JauHHH YPOBHSA [y, ..., l5,.0,
yXoisimive Ha GeCKOHEeYHOCTb, H Ha KOTOpeX ReS{z)=a. Dru
JUHUH pasbuBapT D Ha obaactu; nycerb D; — 06.1aCcTh, OTPaHAUEH-

Has JUHUAMH [;, {;4; 1 dactbio 0D. Tlpu stom ReS < a B ofnacrax

¢ HeueTHHIMH HoMepaMu H ReS > a B o6igacTaAX C 4YeTHBIMH HOMe-
paMu.

B uacreocTu, econ S=e"% T0 a=0b=0, [;—npamvle
y=(ny+ iy n 4+ w/2, ny— nesoe uuco.

3°. Ilycts ypaBHeHus JuHHH [}, lo, 19 UMEIOT BHJ

y=hol(x), y=h(x), (9.1)

rae h; (x) > hy(x) OpH BeuleCTBEHHBIX x > 1, #

lim A, (x)= lim A} (x)=0, (9.2)
x>+ X -¥» o0
L 0(x)07(x)
Jim = =0, (9.3)
teo
0" (x)
S 00 dx < oo, 9.4)
rae 0603Ha4eHo
0 (x) =N, (x) — Ay (x). (9.5)

IMpumep 9.1. S(z)=exp(—2%),a>0, 2&(— o0, (), 1 gas 2*
BhGpaHa rnaBHas BeTBb. Jorpa a=05b==0, ypaBHeHHe JIHHHH
Re 8 = 0 umeer BUJ

r*sinap = jn 4 /2,
j=0, =1, =2, ...,

Tak 4to h;(x), 8(x)~constx'~% u Bce ycaosusg 1°—3° BumOJ-

HeHHI.
M3 ycaoBuit 1°—3° suitekaer [77].
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m4!
INpennoxenue 9.1. llpu x—>+ o, z& U D,
=1

X

S{(~C exp{—— @nt+1 S 0 w) ™" (149" () du +

Xo

+im@@) T G—w@ ), (9.6)
2de obosnaueno P (x) = ;—(ho (x) 4+ A (x)).

Teopema 9.1. [Tycrs ycaosus 1°—3° gotnoanenst, f(2) ~ . apz—*
k=0

2n+1
npu z—>o0o, zZE U D;, ay# 0, u nycre y—npocrans Kpusas,
/=1

KOHYbL KOTOpOL 2y, Zy nexcar 8 obaacrax Dy, Dy, cooT8ETCTBEHAO.
Toeda npu »— 4 oo

F )= 1(2) exphS (2)] da~ exp 1S (o0)] g2y 1 (00) 0 (). (9.7)

Y

Sdeco £ — pynxyun, obparnas K pyHKyuu

o (x) =exp[— @n+ = S O ) U+ ) dx] . (9.8)

X

HoxasarteabctBo. Ilyets a—+ib=0. [as HaxoxXjeHHUS
ACHMITOTHKH MHTerpasa (1) ecTeCTBEHHO NOCTYNHTb CJELYIOIIAM
06pa3oM: 3aKpenuB KOHUBl KOHTYpa Yy, TSHYTb €r0 B G€CKOHEUHOCTh.
Torpa acummnroruka F(A) onpenenutcss CyMMOH ACHMIITOTHK HHTer-
paJsioB IO uacTaM Yy, JexawuM BHYTPH D; u Dy, U uHTErpaJa
1O nepeMbluke, HX coefuusomed. OIHAKO ecii KOHTYp GeCKOHeueH
U JexyT B obsacTu D), TO HHTerpaJj o HeMy PacXOmHTCA B cHay 2°.
TTosToMy nHOCTYHNHM caeiyloluM oOpasoM: npounterpupyem F (L)
IO YacTsIM H 3aTeM IIPHMEHHM ONHCAHHBIA BHIIE MeTOA. MH HMeeM
cayuafi, Korja IlepeBaJ pacloJoxkeH Ha GECKOHEYHOCTH, H IPOBO-
IUM KOHTYp uepe3 OECKOHEUHOCTh, T. €. uepe3 MepeBaJt, KAK 3TO
OGLIUHO H JeJsaeTcsi B MeTOjAe IHepemasa. IIpoHHTerpupyeM Imo
YacTaAM:

- S 28’ (2)exp [AS (2)] dz —
Z Y

— S 2f' (2) S (2)exp [AS (2)] dz.  (9.7")

Y

F (1) =2z] (2) exp [AS (2)]
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B cnay npepsioxenns 9.1 MOXHO B KauecTBe y B3fTh KOHTYD,
uaywmit no auauu ImS =08 D), 3aTeM N0 BEPTUKATBHOMY OTPe3Ky
u 3ateM cHoBa no JuHHH ImS==0 B D,,,;. MuTerpans no sepru-
KaJbHOMY OTPE3KY CTPEMATCA K HYJI0 NPH X —> 4 00, 4TO cjepyer
H3 1°—3° un (9.6).

Hafinem tenmeps ypasuenus Junuii ImS=0. U3 (9.6) crenyer,
yTo npyu Goabmux z yvpasHenue Im S (2) =0 sanmmerca B Buae

sin[(2n 4 1) 2 (y — ¥ (x))/8 (x)] = 0.

Otciofa AJs HCKOMBIX JHHHH TOJyuaeM ypaBHeHHS
1
Y =51y )+ Unt 1) k()] = H, (x),
1
Y = sy ol + (dn 4 1) 2 ()] = Hy (x).

OGo3HayuM 3TH NUHUH uepes [, # L. Ha [,

ReS(z) ~ — Cexp[——(2n+ 1) n S(l +\b"(t))/e(t)dt]=

X

=—Co(x), (9.9)
Ha [, Takke ReS (2) ~— Cop(x). Cuenaem B (9.7) 3ameny
()=t x=E(). (9.10)

HanoMuum onpenenenne: dyuruus [(f) naswBaercs med.aenno

pacryweii npu — -+ 0, ecan lim 0 0. Ecu [(f) — menJienHo
t>qo L(2)

pacrymas $yHkuua, to (cMm. [34])

. I{ct) —
A Te = !

upu Jmo6om ¢ > 0.

Hawm nonapoGures
Jlemma 9.1. £(8), 0 (D)), 6; (E@) npu t >+ 0 reagtorca med-

AEHHO pacTyiyumu QyHkyuamu t.
JokazaTeabcTBo. JlokaxeM BHauaje JjgeMMy aas §E(f),

T. €. MOKAaxeM, 4uTo
tliTO 1 (/e () = 0. (9.11)
B cuay (9.9)
= exp [— S (1 +v*w)/o (u)] du,

X

Int=—9(@x), E@=0"'(—Inf)=q(—Int).



246 TJI. 1V. METOO MEPEBAJIA

3aMeTHM emte, 4TO TOCKOABKY S(2)—>const mpu z—>o00, z= D,
Iy
TO 5 dx[0 (x) = . Orciona
Xo
’ dg(— Int) )
tE’ (1) . di—1Inf) gyt

tl_l)n}ﬂ E@) :_tl—1>n+10 g(—Int) —_uLle g
dv
= — lim L AL T ——————6(0)2 lim b (v) 0,
v-»+o0 14 >+ U(l +1IJ/ (U)) U-» 0 v
Tak Kak B cHay (9.2)
lim 6 (v)=0.

U—> 4o

OcraJbHbie Caydyal HCCAEAYIOTCS aHAMOTHYHO.
IMpoxnoaxum gokaszaTenbcTBO TeopeMbl. M3z (9.9) caeayer

F@)=

00

= SZ na,z—"e*Sdz — A S S’ (z)es Z a,z="dz + 0 (e=P). (9.12)

Y n=| Y n=0

HccaenyeM kaxpoe cinaraeMoe B OTAeAbHOCTH:

A S 28" (2)exp [AS(2)] dz =1 S 28 ()M dz — A S 28" (2) e dz =
¥ 1, 4

o0

= A S (x—l—iHl(x))%e—"‘de—l—)» S (x+ iHQ(x))%%e—de=

Xo %o
@ (Xo) 0
2 d .2 -
=12n_’:_17» S O(x)i%e"@dx=12n—j_1)» S BE)e~M df =
0 ¢ (%)
A'@(.’Co)
— i S 0(5)e di~—igaroE0)) (019
- 2n+1 A b5 Tn+1 .
B cuay (9.11)
T=0(@®, B>0, (9.14)

A S S’erS dz = AeS
v

24
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H TO K€ caMOe WMeeT MeCTO JHJs HHTerpasios hSS’z‘"e"S dz.
Y

Haxounen, paccMoTpuM HHTerpaJ

S z7reS dz = ( S — S) 2 nehS dz =

Y 1 1
THH () 14 iH ()
—_— ~A —_— —~
= (S - [ AL (§+iHe)"]dt
@ (xo)
@ (x) ® (xa)
. 2 2 —A —_ —Af S — s
Nl-ﬁ-'jﬁ S e e ) dE 4 | 5y 2n+, S e Me'e "0 dt.
0 0

Brise1eM BCIOMOTATEIbHYIO (bopMyJIy
@ {x0)

e We ™M di~—E0)) 9.15)

. JefictBuTenbpHo,
@ (Xp! o @ {xy)
e e Mar=—g"e™| =2 [ WM di=
0

0 0
A (o)

=0 (™) — S e () dt ~— (Y.

0

C noMombio 3TOH GopMyJasn HaXOAMM

@ (X9}

S pority O(E(M) 8O 4
g at

0
A (x) A (xo)
- S ot BEWH) dr@n) 0T S ot QBN
g g g () £ (/M)

~—0EQT"NRTY.

0

AHaJIOI‘I/IHHO no.nyqaeM
@ (xo)
e Mo’ s dt ~ — 0L (e (A7) E T (AT,
0

Mbl BHA¥MM, YTO Bce cjlaraeMble B nepsoM HHTerpaJe (9.12) npu
Go/bIINX A MaJbl [0 CPAaBHEHHIO C IEPBBIM CJIAra€MBIM:

i [0 + 2 ) 00N (9.16)
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Ho (9.16) maaxo mo cpasuenno ¢ 0(z(27")). IMosromy

Fb)~ i 0 (™)),

4To U TpeOoBaJOCh J0KAa3aThb.

Canepacrteue 9.1. FEcau agy=a,= ... =ap_y=0, a,5~0,
k>0, ro
2na ~I\l—k
F ()~ 5rrexp S (o)l [5 (7)1 X

X[a0 (N () + o (c(A")] 9.17)

IMpumep O (x)=x%, a < 1, mokaswiBaeT, 4TO CTOslINe B CKOOKax
cjaraeMble MOT'YT HMeEThb OJHHAKOBBIH HOPSAAOK, H IIOTOMY HEJb3sl
OTPAHUUYHTBCA TOJBKO OJHHM H3 HHX.

[Ipumep 9.2. Ilyctse S=2% o> 0, Yy — KOHTYP ONHCAHHOTO
B Teopeme 9.1 THma. Torza (cM. npumep 9.1) 6 (x) ~ Cx'=%, Tax uro

I—a
S exp (A exp (2%) dz ~ Cy(Ind) o .
Yy

Ilpumep 9.3. PaccMoTpuM HHTerpas
—oo4im
F(A) = S exp (he~?) dz, (9.18)

—oo—in

rjge KOHTYp MHTErpHpPOBAaHUS COCTOHT H3 Jyuel (— oo, -— (%, —- im].
[im, in— o0) u oTpeska [— im, in]. B nanHOM cayuae n=1, 6 (x)== 3=,
Tak 4T10 F(A) ~2n (A —> -+ oo). TouHo Takyw XKe aCHMITOTHKY
HMEIOT HHTErpaJibl
—oo-t+in
F(A)= S exp (A2"e~?)dz, n_—>=0—neqoe uucJo.

—00 {1t

3ameuanune 9.1. Ecau F(A) — unrerpaa (9.18), to F(A) =2xn
(A > 0). deficTBHTENbHO, STOT HHTErpas paBeH HHTETPaJy [0 KOH-

TYyPY V,, cocTosmieMy H3 Jyuefl lri=i(——oo tin, £intr] u
orpeska I, ={—in4r, in -+ r] npu mo6oM r > 0. Ecan r - + oo,
T0 ¢ °— 1 Ha mnepemwluke /,, a MHTerpa’sl Io ¥ cokpautaioTes,
B CUJIy MEPUOTHYHOCTH (QYHKIHH e~ 2,

sznmep 9.4. Iyers f(2)=1, S(2)=e¢. Jlunun ypoBHS
Ime~¢ =0 3anaiorTcs ypaBHeHHSIMH

e*siny = k.
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[Tycte y — KOHTYp ¢ KOHLAMH Ha JHHHSX, OTBeyalomHux k=1,
k=3, u Jexamwnx BHyTpu mosocw |y | < m/2. Toraa 0 (x) ~ 3me—*,
OTKy 12

1

F ()= S exp(re=) dz ~ .
Y

B mpumepax 9.1—9.4 MOXKHO Takxke HOJYUYHTh aCHMIOTOTHUECKHe

’ —1
pas’ioxeHHs 10 cTeneHaMm (lnA)”, HO MH He GyaeM HX BHIIHCBIBATH
BBHY HX T'DOMO3/JKOCTH.

JinTepaTypHble YKa3aHHUS B IOMOJHEHHH

Peayabrater §§ 1, 3, 4, 8 sBAA0OTCA KJIACCHYECKHMH H BOCXOAAT X [ledaio n
Batconty, peayabtaTl § 5 colepxarca B MoHorpaduu 3. Hlpenuurepa [96]
Teopema 6.3 npunalaexunr H. Bakxymy [99], pesyabrater § 7, m. 1 cm. B [34],
[40] [80). pesyabratet § 7, n. & npunamnexar JI. M. Bpexosckux [9]. Teo-
pembl 2.3, 24, peayabrarsl . 3, 4 w3 § 7 u § 9 npunansexar aBTOpPY M YaCTHUKO
onyGankoBaHu MM pauee B [80].

1. AcuMnToTHKA LpH A —> - 0O HHTerpajoB BHIA

S[ I (2n+1) ]S dz
Frin4z4+HT(n—2z2+1) 2i sin nz

C
uceaenosana fe Bpeitnom [10]. 3necy s =1 — neaoe uncso, koutyp C collepxur
BuyTps cefs roukn —n,—n-+4+1, ..., 0, 1, ..., n # He collepXHT APYTHX Le-
JBIX TOUEK.

2. AcHMITOTHKA IIPH A —> - 0o HHTerpasa

S exp (e —1)27"" g4z
C
Hccienosana fe Bpeiinom [10]. 3mech C — oKpyXHOCTb Majoro pajuyca C IEeHT-

POM B HaudaJje KOOPAHHAT.
3. AcuMnToTHKa HHTErpaJja

iteo L0 1Y ’ 4 2)’
o S HH (V) H ) — g (V) HE )
alco HT\'g (M)
X H sy (N _r(_,_) cos yg (n— @) dE
a sin Nng

uccaenosana B, M. Ba6uuem [4]. 3neck N —> + co — Gosbwoit napamerp.
0<a<e<rp 0P # >0~ AocraToYHO MaJoe ¢GUKCHPOBAHHOE UHCJIO.

4. PasiuuHple TNPUMEHEHHS MeTONa [lepeBajsa UMEITCS B MOHOrpadusix
B. M. Ba6uua, B. C. Byaznsipesa [5], 0. B. Jluanuka, M. B. OctpoBckoro [54]
B. A. ®oxa [87] u xpyrux.



FJTABA V

METOJ, NEPEBAJIA
(MHOIOMEPHBIN CJIYYAW)

§ 1. OcHoBH MeToHna mepesaJa.

1. TlpensaputenbHble coobpaxennss. PaccmoTpum uwrezpaa
Jlanaaca

F(})= S f (2) exp [1S (2)] dz. (1.1)
¥
3pecy 2=(2y, ..., 2,)=C", dz=dz, ... dz,, y ecTb n-MepHoe

rjajkoe MHorooGpasue (BO3MOXKHO, ¢ KpaeM), A — GOJBIIOK I10.J0-
AKureabHblll mapamerp. Pyuxkuuu f(2), S(2) rosoMopdHH B Heko-
TDOH OKpecTHOCTH KoHTypa y. Hac wHTepecyer acuMmToTHKa F (A)
npu A -—> -4 oo. Kak o6biuHO cuutaeM, yTo f(2) =0, S(2)=« const.
OcHOBHasl Hjesl MeTOa NepeBaJsia B MHOTOMEPHOM CJyuae Ta iKe,
4TO ¥ B OfHOMepHOM (cM. ra. IV, § 1). PaccMoTpuM uHTerpaJ

F,(0) = S exp [AS (2)] dz, (1.2)

Yo

Tlle Y¢ — KOMIIAaKTHOE MHorooGpasne ¢ KpaeM H S (2) — nciuuoM.
OueBHAHO, UTO
IFLA) IV (yo)exp[kmax ReS(z)],

Z2EYo

rre V (yg) — n-Mepubiii 06beM MBOrooOpasus yo. B cuay nuTerpasb-
Hoii teopeMbl Kowmwu — [lyankape 3Hauenue wunrterpaJga (1.2) me
H3MEHHTCS, eCJH Mbl 3aMeHHM Y, JIOOBIM MHOroo0pasneM, KGTOpoe
uMmceT TOT e Kpai. Ilyerp I' — MHOXKeCTBO BceX TakHUX MHOrO-
o6pasuii. Torga

| F1(A) I<vigfr { V (v)exp [A max Re S (2)] }

Kak w Bra. I, § 1, n. 1, 6ygem mpeamosarath, YTO MOXKHO Orpa-
HUYHUTBCA TOJbKO TakuMu y & I', aas koropeix V (y) << C = const.
Hakonen, momycTuM, uto cymectByer ¥ & Takoe, Ha KOTOpOM
JOCTHraeTcss MHHHUMAaKC

max max Re S (2). (1.3)

yerl zey
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Torma MoJyYUM OLEHKY

| Fy (k)i<Cexp[k min max ReS(z)]. (1.4)
y=U z=y
Huxe (aemma 1.2) 6yner gokasaHo, UTo €CJIH Y* — MHHHMAKCHBII

KoHTYp, To max Re S (2) nocturaercs sn60 HA Kpaio 3TOroc MHOro-
=LA
obpasus, aMbo B Touke 2° Tako#, uTo

% (2% = 0. (1.5)

Taxasn Touka 2° HaseiBaeTcss Toukoll nepesaia PyHkuud S (2).

Onpenenenne 1.1. Touka nepesasa 2° ¢yukuun S(2) Hazw-
Baetcsi Hegoiponcdennoii, ecan det 87, (2% =% 0.

Kak u B ojHOMepHCM cJayuae, BKJaJ GT TOYKH nepeBasa B HH-
terpaa (l.1) BblyncasieTcst ¢ moMolubio Meroga Jlamaaca. OpHako
3azaya o6 oTGope Tex Touek IepeBaJjia, KOTOphble AAIOT OCHOBHOH
BK.J4j B ACHMIOTOTHKY uHrerpasa (1.1), B MHOroMepHOM c.aIyuae
cBsizaHa ¢ emre 6o0Jee CYIIECTBEHHBIMH TPYJAHGCTSIMH, YeM B OIHO-
MepHOM. Kpome Toro, uMerTCs H JCHOJHHTEJAbHble aHAJHTHYECKHe
TPYAHOCTH, CBSI3aHHBE ¢ BBHIUMCJIEHMEM BKJaAa OT BHPOMXKAEHHBIX
TOUEK IlepeBaJa.

B Hacrosiiue#l raase cofpanbl HPaKTHUECKH BCe IPUMEPBl MHOIO-
MepPHBIX HHTerpaJoB Buga ([.1), ACHMIOTOTHKY KOTOPBHIX YI4eTCs Bbl-
UMCJIHTD.

ItorT naparpad HamuCaH Mo TOMY Xe MJjany, uto H § [ ra. IV,

2. JlokaJbHas# CTPYKTYpa MHOMKECTB YDPOEHS AHAJHTHYECKHX
pyukuuil. PaccMmorpum orobGpaxenue =@ (z), HJIH, B MOKOMIO-
HEHTHOH 3aluCH,

‘,a-l:q)l(zly s ey 2n)7 ey gn:q}n(zlv <ty Zn)'

ATo oToBpaxKenue HasbiBaeTes 2040mopHroim B coaacty U= C, ecan
Bce GOYHKUMH @, (2), ..., @,(2) ronomopdHe B obnacty U. [aaee,
oro6pakenyte { = ¢ (2) naswBaercs 6ucpiomoppueis B obaactu U,
ecJqH oHO roJomopdHo B U, ob6gacTe U/ B3aHMHO OJHO3HAYHO OTO-

Gpaxaercst Ha 06sacth V < C¢ 1 06paTHOE OTOGpaXKeHHe 2 == ¢ ()
roaoMoprHo B obaactu V.

Kak # B ogHOoMepHOM cCJyuae, BBeneM COO3HAYEHHS JJs MHO-
skeCTB ypoBHs: {S==c}—mHoxecTBO Beex zeC" Takux, uto S (2) =,
{Re S <{ ¢} — mHoxecTBo Bcex 2 & C" takux, uro ReS(2) <{c u 1. 1.
Nanee, D* ecrb k-mepumit map, S* ecTs k-vepnas cdepa.

Jlemma 1.1. ITycre dpyuxyusn S (2) coromopdra 8 okpecrrHocTu
Touku 2°, Koropas He fgaferca Toukol nepesaaa. Toeda cywecrayer
6ueoaomoproe orobpamerue z=q@(g): V—->U, ede U, V — okpecr-
HocTu Totex § =0, 2=2° raxoe, 4To

(Se9) () =S8+ (1.6)
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HokasatenbcTBO. [0 YCJIOBHIO, HE BCE 4aCTHbIE TPOH3BOIHbIE
¢ynkuun S (2) B Touke 20 paBHB HYJI0, OyCTh 0S/dz; 7% 0. Chrenaem
3aMeHy IepeMeHHHIX = ¢ (2):

S@—S@Y=¢, 2,—a3=¢(, ..., z,— 2, =,

Slko6uan det @) (2°) =0, u JemMMa caepyer u3 Teopemsl 06 0GpaTHOM

{ yHKLHH.

Cnepncteue 1.1. [Tycre ycaosus aemmer 1.1 aornoanerst,
U — docrarouno masasn okpecrrocts to4ku 2°. Toeda:

1°. Muosxecreo {S=S8 (% -+ e}NU npu mareix |e| asanerca
(n — 1)-meproim anasuTugeckuMm MHOXCCCT8OM, Jupdeosmopproia
wapy D™

2°. Muowecrsa {Re S==Re S (29 +e} N U, {ImS=Im S (2°)+e} NU
APU MAABLX BeyecTBEHRbLX € A8430Tca CP-mHoeoobpasuam pasmep-
Hoctu 2n— 1, Jupgpeomopproinu wapy D"l

HelicTBHTEeBHO, B IepPeMeHHHX [ ypaBHeHHe MHOxkecTBa {S=
== S (2%) -} e} uMeeT BHA [, =& — 3TO €CTb IJOCKOCTb PA3MEPHOCTH
2n — 2 B Cf. AHAJOTHYHO, MHOMECTBO {ReS =ReS (zo) -+ s} B ne-
peMeHHbIX § onpenensiercs ypaBHeHneM Re l;==e—3To0 ecTb NJOCKOCTb
pasmepHoctu 22— 1 B Cf.

B yactHocTH, ecau MHOkecTBa {S=—c}, {ReS =a} ne conmepxar
TOYeK mmepeBaJa, TO NepBoe siBJsfeTCA (1 — 1)-MepHBIM KOMHUACKCHbIM
anaauTudecKuM MHoz2oobpasuem, a BTopoe — (2n — 1)-MepHBIM ge-
WeCTBEHHbIM ARAAUTULECKUM MHO2006pasuem.

®dyukuns Re S (2) nanGosee 6bICTPO MeHseTcs B HamnpaBJeHHH
rpaanenra V, , Re S (z). Jlunuu, npuHagiexaline 8eKkTOPHOMY NOAI0
{V,,,Re S}, ompenensiorcst n3 cucTeMbl OGLIKHOBEHHBIX AH(epen-
H¥aJbHBIX ypaBHeHHH (2==x -} iy)

dx
dat

dy______
—r=—V,ReS(2).

= —V, ReS(z),
YuurnBasi cooTHouwennss Kouin — PiMana, MOXHO IepenucaTh 3Ty
CHCTEMY B BHJIE
dz I

3pmech ¢— BeuwlecTBeHHBLI MapaMerp, BuiGpauubifi Tak, uro ReS
y6riBaeT ¢ poctoMm f, T. e. (1.7) — ypaBHeHHe JAHHHH HauGbICTpefiliiero
CHyCKa.

Touxamu nokos cucreMsi (1.7) ABAd0TCS TOUKH DepeBasa QyHKUHH
S (2). Ecan 2° He fiBAIsieTCs TOUKOM mepeBana, To (pasoBast TPAEKTOPHS
cuctemsl (1.7), mpoxozasiulas uepe3 Touky 2°, ecTb KpuBas KJsacca C*
IpuU MaJbX £,

Jloka:xeM MHOrOMepHBIH aHaJsor Jemmnb 4.1.4.
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Jlemma 1.2. Hlycre v —KomnaxrHoe eaadkoe MHozoo0pasue
pasmeprocTy n (8o3moscHo, ¢ kpaem), Pynryuu f(2), S(z) zo10-
MOPPHBL npU 2 E Y.

Hycre cpedu touex, 8 koropeix doctucaercs max ReS(2), wer
zey

HU TOYeK nepesaaa, HU To4exk Kpas 0y.
Toeda cyuwjecrsyer mrnozoobpa3due Y, Takoe, 4ro:

1°. S f (2) exp [AS (2)] dz = S f (2) exp [AS (2)] da.
2°, znax Re S (z) < maxRe § (2).

zEY, zeEy
HoxrkasateabcTBO. [lycts y(S) — MHOXKECTBO BCeX TOUEK,

B KOTOphIX gocruraercd max ReS, u Touka 2 & v(S). Torpa aunns
zey

HauCKopeHiiero cnycka, npoxoisiias yepe3 TouKy 2°, TpaHCcBepcasibHa
K y. HeilcTBuTeqbHO, mpousdBogHad ¢yukund ReS B Touke 2° mo
J60My HanpaBJ/IeHHIO, KacaTeJbHOMY K Yy, paBHa HyJo. Ecau 6wl
TpaekTopua 2 == 2(t), 2(0) == 2° kacasace y B Touke 2°, T0 B cuay (1.7)

4 Re(So2)(t) |t=0=— | S, (29) P =0,

T. e. 2% 6nl1a 6bl TOYKOH IepeBaJa.

Ilo HempepbIBHOCTH, JHHHH HaHCKOpeHlIero cmycka TpaHCBep-
cadbHBl K y B HekoTopo#t okpectHoctd U MHoxecTBa vy (S); BH-
6epem U Tak, uToOBl ee 3aMblKaHHe He IepeceKaJsoch ¢ KpaeMm Jy.
CaBHHeM Kaxayw TOuky 2z &|[U] 3a Bpemsi £(2) BHOJb JHHHH
HauOBICTpeHIIero COycka, BRIXOAsIeH H3 2, B CTOPOHY BO3pacTa-
Hus f, u nycte U* — mosayueunoe MuHoxecTBO. [locienHee BhiGepem
TaK, yTolbl ObLIO t(2) >0, 2= U; t(2) =0, 2= 090U u urobel QyHk-
uus t(2) 6bi1a HempepbiBHA Ha [U/]. Ecan Buibpars f(2) mocTaTouHo
MaJbIMH, TO BCe TPAEKTOPHH OCTaHYTCs B OGJACTH roJOMOpGHOCTH
byuxkuu# f, S.

[lycTs Yo — MHOXKECTBO, IIOJyyeHHOe M3 7y 3aMmeHofl U Ha U%;
Torjza yTBepxKieHHe 1° jeMMbl BoinoJsusiercst. Jokaxkem 2°. Tlpu
zeE vy, z&U" umeem

ReS(2) <maxReS(2)= M.

zey

310 Xe HePaBeHCTBO BepHo NpH zedl; mpu z&U*, 2&0U
HepaBeHCTBO BHINOJHsETCSA IO TOH MpHuKHe, uTo Re S yOpiBaeT BROJb
tpaekropuit (1.7) ¢ pocrom f{. M3 kommakrHocTH MHOxecrBa U*
ciaelyeT yTBepxkjeHue 2°.

Taxum o6pasoM, Kak 4 B ONHOMEPHOM CJyuae, OCHOBHOH BKJaj
B AaCHMITOTHKY HHTerpasa (1.1) MOryT BHOCHTB TOJIBKO TOUKH
nepeBasa ¢GyHkuuH S(2), Kpall KOHTypa HHTETPHPOBAHUA H OCOOeH-
nocTH ¢ynkuuit f, S.
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Hawm noHajnodsaTcs cieiyioliie TONOJOTHUECKHe MOHATHSA: OTHO-
CUTEABHBILL YUK, ePYNno. OTHOCUTEABHbLX eomoa02ull (JIUTepaTypy
CM. B YyKasaHufX K r1. V). HanoMHHM KOpPOTKO 3TH MOHSTHSA.

Mycers X — noamuoxectso B €%, A< X. B paccMaTpuBaeMbix
nuke npumepax: X ={a<C{ReS < b} nmm X={a<CReS <H}NU,
rae S—roaomopduas Gyukuus, U — obaactb B C*, u COOTBETCTBEHHO

A={ReS=4a}, A={ReS=a}nU.

R-MEPHBIM HACMEHTOM Wenu ¢ HasbiBaeTcsd R-MepHOE ODHEHTHPOBAH-
Hoe MBoroofpasue (BO3MOXKHO, C KpaeMm), coiepxaieecs B X; 3.le-
MeHT, OTJHYAIoIIAACA OT ¢ oOpHeHTauded, o003HadaeTcd — o,
k-meprotl yenero vy Ha X HaspiBaeTcst dopMaJjbHas JHHeHHAass KOMOU-
Halldsl € LEeJOYHCJAeHHBIMA KO3 DHUHEHTAMH KOHEUHOro 4Hc.ia

f-MepHBIX JEMEHTOB NENH y= ),n;0;. ECaH ® ecTh (popMa cTe-
i

nend k£ Ha X, TO Sm=2ni Sm. CnoxeHue neneld MPOHU3BOJHUTCSA
v i 0;

noKo3( hUIHEHTHO H, 11O ONpejiel€HHI0, KOMMYTAaTHBHO; B YACTHOCTH,
o+ (—o)y=0. llenb y Ha X HaswmBaercd yuxsom mod A (oTHOCU-
TenbHbILM YuKkAoM), ecn Jy copepikutes B A. OTHOCHTeNBHBIH k-MeD-
HhI KK HaseHBaeTcss 2omodoeuunsism Hyao mod A (samuch: y =~
~ Omod A), ecau OH BMecCTe ¢ HEKOTOPOH Lemblo, cojepxkanieiics
B A, orpanuuusaer (k-4 1)-mepHyio uenp B X, T.e. y=y + oy,
rie vy’ ectb k-MepHas uenb Ha A, ¥ ects (k -+ 1)-MepHas nens Ha X,
JIBA OTHOCHTEJbHBIX LIHKAA Y, ¥ HA3BIBAIOTCH eomot02uHoi i mod A
(3.0HCh: ¥y &~ ymod A), ecau HX pasHOCTb TOMOJIOTHYHA HYM0 mod A:
v —y=~0mod A. Tlyets By (X, A) — rpynmna OTHOCHTE/bHBIX R-Mep-
HbIX HKI0B Ha Xmod A, Z,(X, A)—rpylna OTHOCHTEJbHBIX £-MePHBIX
IIHKJ0B, roModoruunbix yymo mod A. ®axrop-rpyuna My (X, A)=
=B, (X, 1)/Z, (X, A) uaspBaetcs k-MepHOH epynnoil OTHOCUTEAbHbLX
2omoapendi napsl (X, A). MB paccMaTpuBaeM rpyImibl GTHOCHTENbHHX
rOMOJIOTHIi € LeJOUHCAEeHHBIMH KO3 pduunenTamu. [asee, X BJIOXKeEHO
B C" u TonoJsorns Ha X uMHAyuHpoBaHa OOGLIUHOH €BKJHAO0BON TO-
noJorkeii mpocrpanctBa C". B Hamgx mnpuMepaX, Kak MPaBHJIO,
X HeKOMNAaKTHO B 3TO{i TONOJIOTHH, a 3/JE€MEHTH leled A0onyCcKaloT
KOMIIAKTHOe 3aMbplKande B C", T. e. pacCMaTPHBAIOTCH 20MOA02UU
¢ KomnakTHoimu Hocureasmu. Ecam A — mycroe MHOXKeCTBO, TO
IPYNId OTHOCHTEJbHBIX R-MepHHIX romoJgoruét H, (X, A) sBasiercs
IPYRIOR R-MepHBIX romoJoruilt Hy (X).

Mycrs Q —o6aacts B C”, dyukuus f (2) rotomopdHa B o6aacTh Q
H y!, y}— lenu pasaMepHOCTH /2, roMoJornunnie B &, Torga B cuay

HHTerpaJLHoi Teopembl Kown — Ilyankape

S f(z)dz = S f(2)d=.

n n
V] v}
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TMycte A — muoxkectBo {Ref=a}, X=QN{Ref>=a}, A He-
nycro. Ecan wenu y7, y? romosornunsl B X mod A u dyukuus g (2)
rojqoMopdua B Q, TO

S g (2)exp[Af (2)] dz — S g (2)exp[Af ()] dz= 0O (e=**) (1 > 0).

i vy
JefcTBuTebHO, Y — y7 =19’ 4 0§, rae uenb Yy’ comepxurcs B A,
nenb v pasMepHoctd n -+ 1 comepxurcs B X. HuTerpaa mo oy
paBeH uymaio B cuay teopeMbl Kown — [lyankape, a uHTerpa’ no y’
nMeeT nopsagok O (e~ npu A > 0, tak kKak Ref(2)=a ua v".

Ipynnbl OTHOCHTEJBHBIX [OMOJIOIHH HHBAPHAHTHBI OTHOCHTEIbHO
roMecMop(usMoB nap. Mmenno, nycth oroOpaxenue f: (X, A)—
—{X’, A") sBaserTcsa roMeoMopdU3IMOM, T. €. OHO B3AUMHO OJHO-
3HAYHO H HeIPEPBIBHO BMecTe ¢ OOpaTHbBIM OTOOpaxeHHeM (312Ch
X< A, X’ < A'). Torna, kak ussectio, H, (X, A)~ H, (X', A’) npu
Bcex k.

JiBa HenpepbIBHBIX OTOOPAKEHUS f,-: X—Y,j=0, 1, HasplBaoTcs
ecomoronHoimu (06o3nauaercs fo~ f|), eCAH HX MOIKHO <IIPOHHTED-
HOJHPOBATE» C IIOMOLIbK HENPepLIBHOrO CeMeHCTBa OTOGparKeHHIT
fi: X—VY, 0<{#<{ 1. HenpepniBaoe otobpaxeHue r: X — A pasnt-
BaeTCs perpakyuell, eCJAH OHO TOXKAecTBeHHO Ha A (T.e. Bce TouUkH
MHOMecTBa A oCTaloTcs Ha Mecrte). Perpakuus HaabiBaercs: deghop-
MaUyUOHHOL, ecau oToOpaXKeHHe [or TOMOTOIHO €JIHHHUHOMY OTO-
6paxennio X Ha ce6Gsa. 3mech i: A— X — BxioueHne A B X.

Anajoruuno onpenessiercs aedopMallHOHHAS DPeTPAKIHUS MapH
r: (X, A)—(X’, 4), rne A= X, A= X’, u r oro6paxkaer X nHa X',
A na A’. ViMeeT MecCTO CJeAyIIIEe BaXXKHOe CBOHCTBO:

Ecan cyuecTByer gedopMalHOHHASs peTpaKLus napsul r: (X, A) —
—(X’, A’), TO BCe OTHOCHTEe/bHBIE TPYNNbI FOMOJIOTHH 3THX map
usomopdub: H, (X, A)~ H, (X', A).

IMycts U — o6aacts B C". BBeneM oGosnaueHue:

HY (a<ReS<b, ReS=a)—
=H,({aK<ReS < b)NU, {ReS=a}NV). (1.8)

ITpumep 1.1. Ilycts U — Manas OJHOCBSI3HAsT OKPECTHOCTh
ToukH 2° ¢yukuus S(z) rosomopdua B obaactu U n S,(2%) 0.

Torpa rpynmna HY (Re S>=ReS (20) + ¢, ReS=ReS (z”) -+ c) TpU-
BHAJIbHA.

JlefcTBHUTEJbHO, B CHJY JeMMHl 1.1 MOXHO CuHTaTh, uTO S(2)=
=8 (2% + z,. Hanee, MBI MOxKeM cudTaTh, uTo U ecTb Ky6 BHUAA
— o0 <6, —O0<Cyy<<o(g;=x;+ iy;). Muoxecro {ReS =
=Re S (2Y) + ¢} N U MoxHO HempepslBHO mpoaedOpMHPOBATh B MHO-
xkectBo {ReS=ReS ()4 ¢} NU, orkyma u cJeayeT Haume
YTBEPK IeHHE.
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JedopMaunoHHasi peTpakLHa 3afaercsa (GHOpPMYJIOil
r(Z)=(21+t(C—“ZI), 22)"-3 2n)a O<t<l-

[Mpumep 1.2. Ilycts U — 0gHOCBsI3HAsT OKPECTHOCTb TOUKH
z2=0 B KOMIJIeKCHOH mJockocTH 2 H ¢ > 0. Torma

HIU(RezQ>-c, Rezgz—c)zz,

rie Z — rpymnmna BceX LeJBIX YHCeJ.

O6pa3syrouerli 3Tol TPYNIBl FOMOJIOTHH SIBJSIETCS OTPE30OK Yy, =
s[——i«/c, ive

JleficTBuTesbHO, MHOXKecTBO {Re2*Z>0}1U MOXHO HeNpephBHO
npopedgopMupoBaTh B MHOXKecTBO {Re2?2=0} (U, cnBuras Kaxmayio
TOYKY BJOJb MPOXOAsilel uyepe3 Hee JHMHMH YpoBHsa Im z°= const.
MuoxectBo {— ¢ << Rez’<C0}U wmoxuHO mnposedopMHpPOBATHL
B OTPE30K Y,, CABHrasi KaKAYIO TOYKY BJOJIb NPOXOoAsilell yepes
Hee JuHHHE ypoBus Re z? = const. Takum o6pasoM, paccMmarpiBaemas
HaMH Ipymnna roMmoJiorufi naomopdna rpynmne H, (vc, 2= 1/0)%2.

OTHOCHTEeNbHBIA LHKJ Y, HAa3bIBAETCSl UCHE3ANOWUM YUKAOM, TIO-
CKOJIBKY TpH ¢ — 0 OH CTAruUBaeTcs B TOUKY (HCUE3AET»).

Orcioga chaenyeT, 4TO €CJOH 2, — [IpocTast TOYKA TepeBaJia
dyukuuu S(2), U — ee Majasi OZHOCBSI3HAs OKPECTHOCTb H ¢ >0
JIOCTATOYHO Majo, TO

HY (ReS(z)=Re S(2) —c, ReS(z))=ReS(2)) — )~ Z.

HelcTBHTEbHO, QYHKIMIO S € TOMOUIBIO 6Hr010MOpHHOH 3aMEHbI
nepeMeHHbIX 2= ({) MOk HO NpuBecTH K BUAY (S o @) () = S () + &~

[Tpumep 1.3. [lycrs U, ¢ Te xe, uto u B npumepe 1.2, k=2,
Torna

HY(RezF>=—¢, Rez!F=—¢C)nZBZD ... BZ (k—1 pas).
O6pa3yoluMl 3TOH FPYNNBl CJAYXKAaT OTHOCHTENbHBIE IHKJH

n
vi=l— 1, 0<i<n—1, rune [;— orpesku [O, Ve e”"f/"]
(vcYesatoiHe UHKJBI).

Touno Takyw 3Ke CTPYKTYpPY HMeeT Trpynma HY (Re S (2) >
=ReS(z)—c¢, ReS(2)=ReS(z)—c), ecrn z, ABaAsSETCA TOUKOH
nepepaJa nopsagaka k2 QyHrUHH S(2), U — OKpPeCTHOCTh TOUKH 2.

Crenyomuil npuMep siBJseTcsl HaHGoJee BaXKHBIM.

[Mpumep 1.4. Ilycte U —map |z2|<Ca B C" u ¢ > 0 — pocra-
TOYHO MaJjioe YHCJO, TOrja

H,‘{(Re (—— i z‘;’)}—c, Re(— i z?)r-——c) ~ Z.

1=l j=1
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O6pasyioume#t 3TOH TPYNNb ABJAETCH HCUE3AOUWHH LUK
n
ycm{z: y; =0, ..., y,=0, 121 x-‘,-f(c},

T. €. Yy, €CTb A-MepHBIH Imap-nepeceuenne [/ ¢ BelleCTBeHHOH

n-njaockoctbio RY.
Hamerum poxkasateabcrso. [lepeiizeM K 6HHOJI$IprIM KOOp I H-

Hatam: x,=rq, y,=p8, rae r=|x|, p=|y|, Z(P, 292’_1

Tc I‘;La paCCManHBaeMbIe MHOXKeCTBa HpHMYT BHJI X p? — r2>
A p*—r?=—c¢. Kak u B mpumepe 1.2, UX MOXHO He_npepbmuo
nponedopMHPOBaTL B MHOXecTBa X't — /¢ <r<<4/c, p=0:
" rl=c¢, p=0, z€U, rie ¢, 0 npoeraroT elHHUYHbE CHEpHI,
TaKk 4TO paccMaTrpHBaeMas rpynma HzoMopdHa rpynme roMoJo-
ruit H, (X', A\~ Z
[Tycts Yy ecTb 3JeMeHT paccMaTPUBaeMOH TIpPYINB, IPHUEM
1) y— mam(oe MHOrooGpasne ¢ KpaeM, cojepixaiiee TOUKy z==0;

2) Re Z 23>0 mpu zey, 2% 0. Torga MOKHO NOKa3aTh, 4TO

Hywivcmod({ Z(—z):-——-c}ﬂU).

J=!

Yucesao 41 ecTs undexc nepecewenun v ¢ y,.

Jdemma 1.3. ITycre 2° — Hegoiponcdennan Touka nepesaia pyrk-
yuu S(z), U—wap |2—2°1<p, ¢ >0 u p, ¢ docrarouno mansi.
Toeda

HY(ReS=ReS () —¢, ReS=ReS(")—c)~1Z.

JokasaTeabCcTBO caedyeT H3 NpuMepa 1.4 H aHANHUTHUECKOTO
Bapuanra (semma 2.3.2) semmsr Mopca. JleficTBUTebHO, PYHKUHIO S
MOXHO C NOMOIIbIO GHroJoMOP(HON 3aMeHbl NepeMeHHbX 2= ¢ ()

n

npusecTd K BHAY (So@)()=S (2% — IZ Cf,?. OGpasyoweid 3Tol
=]

PPYNOB sIBJSIETCS HCYesaoUHi LUK Yy, (Opoobpas Hcuesaroliero
UHKJIa W3 npHmepa 1.4).

3ameuanune l.1. TIyeth 2° — BeIpOMKAEHHAs. TCYKA NeEpeBana,
roraa rpymna Hy (ReS>ReS(z’) — ¢, ReS=ReS(2") —¢) npu
Maabix U, ¢ >0 wusomopdpua mnpsamoli cymme ZEBZD ... DZ
(=1 pas). 3pecy k& He 3aBHCHT OT ¢ H HA3BIBAETCH 7-MEPHbIM
Tunogoim ducsom Touku 2°. Basuc 3Toli rpymmB OTHOCHTENbHBIX
FOMOJIOTHH 06Pa3yioT HCYe3a0lIHe UHKIbL Yy, - .., Yk, KOHCTPYKUHA
KOTODBIX TaKoBa. PaccMOTpHM TpaekTopur ¢uereMel (1.7), KoTopble
npu - — oo BXOJAT B TOUKY 2°, T. e. yCToﬁanoe HHTer pasbHoe

9 M, B. Pegopiok
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muoroo6pasue M, orBeuamllee 3TOH TOUKe MOKOA cucTemmu (1.7).

[Tycts My=WM QN U; rorga M, ecTb n-MepHOE MHOr00Gpa3ue, CBA3HbIE

KOMIIOHEHTH KOTOPOTO SIBJSIOTCH UCUE3AFOIHMH UKJIaMH H 06pasyioT

6asuc v, ..., Y. IIpn 3tom maxReS(z) mocturaercsi ToMbKO
zey,;

B Touke 20. ]

3. Bkaax oT To4YKHM nepesana. PaccmoTrpum uuterpasa F ()
Buga (1.1), rae y ecTb n-MepHoOe IJafiKoe KOMIAaKTHOE MHOrocGpasne
¢ xpaeM, pyukuuu f(2), S(2) ronomopdun npu 2y

Teopema l.1. [Tycre max Re S (z) docrueaerca torsko ¢ Touke

FI=LY
ey, xoropas ABAdeTCa HEBLIPOJNCOEHHOU TOHKOU nepesasa u

gnyTpennell Toukoll konTypa y. Toeda npu h—> -+ oo

F()—= S F2)exp[AS ()] dz ~ A" exp[AS ()] ) amh ™" (1.9)

1% k=0

Aro pasioscerue moxncHo Oudepernyuposars no A awboe wuc-
A0 pas.

HokazateabcTBoO. [TogoxkuM y=1v,U¥,, rne e >0 pgocra-
TOuHO MaJo, V. ={ReS>ReS(2°—e)}NU. Torga uurerpaa mo ¥,
umeer nopsiaok O (exp [A (S (2°) — e)]), u Mbl ero orGpocum. Pacemorpum
rpymny $=HY(ReS=c"—e, ReS=c"—¢), rne ¢"=Re S(2"),
U — 10cTaTOUHO MaJsbld Wiap ¢ ueHTpoM B Touke 2°. U3 npumepa 1.4
CJAEAYeT, YTO Y, = y2, rie yJ— KaHOHWUECKHH OTHOCHTeJbHHIH
LMKJ, KOTODHI siBJsieTcs ofpasymooued rpynnsl & (cm. gemmy 1.3).
CJaenoBaTeJbHO,

Fi0)= (1@ exprS (@) dz == | F(2)exp S ()] dz.

U)
v, Ye

Cnenaem GuronoMop(dHYI 3aMeHy NepeMeHHBIX Z==¢q ({), mpu-
BoAsIYIo GYHKLHIO S K CYMMe KBaApatoB (cMm. jgemmy 2.3.2):

S(z) =S (2°) — i; z;. Torna

F ()= expRSE) | (fom)(@)detmg(a>exp[—xzg,—f]da,
/=1
§ g§<92
i=1
rae {=E-+in. ACHMNTOTHKAa MOJyYeHHOr0 HHTErpa/a BHIUHCJSI-

eTcsi ¢ IMOMOUbl0 MeTona Jlamsaca (cM. Teopemy 2.4.1) u umeeT
BHuz (1.9).
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ITpenanoxeune 1.1. B ycarosuax reopemor 1.1 eaasubisi wien
acumntotuku unreepasa (1.1) umeer sud

F(3) == @2a/2)" exp [2S () TL(— w)™"[F (Z') + 0 (7] (1.10)
=
30eco p; — cobereennvie 3navenus marpuysl S7,(2%) u
larg v/ — 1, | < av/4. (1.11)

3rak B (1.10) coBmamaer co 3HaKOM B TOXHAeCTBe y, = =+ yi,
rae v, = {Re(S(z) — S(2") =c¢} Ny, ¢ > 0 masto, v — KaHoHHYeCKHH

HCUYe3aUIHH UHKJI.
Kopoue dopmyay (1.10) MoxHO 3amucaTh Tak:

F (1) = @m/a)" exp[2S (2] [det (— S N[ (&) + 0 A7),
(1.10)

ONHAKO BLIOOD BEeTBH KODHS IeCcCHaHA B TaKOH 34MHCH HesfceH.
Jloka3zaTeabCTBO. [10CKOJBKY TJaBHBI YJeH aCHMITOTHKH
BhIpaXkaeTcst TOJBKO uepe3 87;(2%), TO A0CTATOYHO OrpaHHUYHTBHCS
paccMoTpendeM KBagpatuyHoli dyrkuun S. ITyers 2°=0, S (2°) = 0.
C noMoluibio JIHHeHHOrO npeo6pa3oBaHusl C ONPENEJHTENEM, PaBHEIM
efuHnle, S MOXHO NIPHBECTH K CYMMe KBaiparoB, TaK 4YTO pac-

n
! .
CMOTPUM QYHKIHIO S=7ZH,-2?- KoHtyp V) B JpaHHOM cayudae
f=1
HMeeT BHI z,=p,/«/—~ p;, 1 <<j<Cn, rae p; BeluiecTBeHHb, BETBH
'\/—p]- BHI6paHs B cooTBercTBHH ¢ (1.11). CaenosaressHo,

Py = L= ny ™ fexo(— 5 207 o
T=1

v j=1

rae V — BellleCTBeHHAst OKPECTHOCThL TO4YKH p = 0. OKoHYaTe/JLHO

n

Fo==]](—m () 14067

i=!

u TeM cambiM (1.10) mokasaHo.

CaencrBue 1.2. [Tycre ycaosus reopemvr 1.1 evinoaxeHsl,
20— geuyecT8EHHAR TOUKE It Y—BCUYECTBEHHAA OKPECTHOCTS TouKu 2°.
Toeoa e gopmyare (1.10) bepercs 3nHax naioc.

PaccmorpuM wunterpana (1.1), rme y —rJjagkoe n-mMepHoe MHO-
roo6pasue (BO3MOXKHO, ¢ KpaeM), ¢yHkuun [, S rosomopd-
HBI Ha Y.

o*
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Koutyp vy HaswiBaeTcs nepesassubis (mis HHTerpasa (1.1)),
eCJIH:

1°. Cpean Touek, B KOTOpHIX mocTHraercas M = max Re S (2),
zelvl

HMEITCS TOYKH mepeBaJsa (GYHKUMH S(2).

2°. ReS(2) < M na 0v.

Teopema 1.2. Acumnroruxa npu A->-4 oo unreepara (1.1)
10 nepesaibHoOMy KOHTYPY PABHA CYyMMe B8KAAO08 OT Tex TO4eK

nepesaaa, 8 xoropeix JdocTueaercs max Re S (2).
zeEy

[Tonatue sx.sada GyIeT BBeAeHO B IIpolecce J0Ka3aTe/bCTBa.

HoxazaTeabcTBO. JlOCTaATOYHO PacCMOTpeTh cayuai, Korjga
Ha Yy HMeeTcd pPOBHO OjHa Touka mnepeBasa 2° Takas, uTo
ReS (2% =M. Ecau ReS(2) < M npu z&vy, 22° 70 uHrerpan
F(A) paBen cyMMe HHTerpasa MHO MaJof OKPECTHOCTH TOUKH 20
(koTOpHIH HasoBeM 6K4adom OT HTOH TOUKH) H BeJHUUHB NOPSAKA
O (exp[A(M—8)]), 6>0, koropas 3KCIOHEHIHAIbHO MaJja o
cpaBHeHn0 ¢ exp[AS(29)]. Ilyers Ha y ¥MeTca TOUKH 2 =20,
B KoTOpeIX Re S(2)=M, u nycts y* — MaJsasi OKPECTHOCTb TOUKH 2°
Ha vy, v/ =y \ vy Ecau ReS(2) < M Ha dy°, To B cuay gemmnl 1.2
MOXKHO, He MeHsia 3HauUeHHs1 HHTerpaJa, npogedopMmupoBaTh v!
B KOHTYD ¥, Ha KoTopoM Re S (2)<{ M —e, € > 0 (HamOMHHUM, uTO
ReS(2) < M na dy). Torna Mbl HpUIEM K DACCMOTPEHHOMY BBIIlE
cayuar. Ecin xe Ha Jy? HMeloTcsa TOUKH, B KOTOPbIX Re S (2) = M,
TO MOXKHO TeM Ke cmocofom, uTo U B JemMme 1.2, mpoxedopmu-
poBaThb y; B KOHTYpP y; C TeM e KpaeM, Ha KoTopoM Re S (2) < M
npu z & dy;. [loaoxum y=yyU7y;, GUKCHPYeM AOCTATOUHO MaJoe
yucao 6 >0 u BoGepeM OKPECTHOCTb Y, Touku 2° Ha KOHType ¥
Takyo, uto Re S (2) = M — 8 na 0¥, Toraa uHTerpas 1o KOHTYpy ¥o
MOXKHO TpoAedopMUPOBATE B KOHTYD ¥y, Ha KoTopoMm ReS(2) < M
npu 22" (cM. 3aMeuaHue 1.1); 3TOT HHTerpas HasoBeM BKJAIOM
or touku 2° B unterpas (1.1). Ha ocraBmefics yactH koHTypa
uMeeM Re S (2) <M — &7, & > 0, 4 9TOT HHTErpPaJ KCMOHEHITHAIbHO
MaJ o cpasHeHuio ¢ exp (AM) mpu A — -4 oo.

EcJau y — nepeBaJbHBIA KOHTYP U T€ TOUKH MepeBaJia, B KOTOPHIX

nocturaetcs max Re S(2), — npocreie, To acumnrotuka F (i) BH-
zey

yhc/aseTcss. BkJajg OT BHPOXKJAEHHBIX TOUEK [epeBasa yjaercs

BBIUHC/INTD B fIBHOM BHJE TOJIbKO B HEKOTODHIX YaCTHHIX GJyYasx.

[TpuBenem mpumepnl. Ecan 20 — Ttouka mepemana, TO
S@=8)+ X 5@ (1.12)

npH MaJbiX |2— 2"}, rie S;— ogHOPOAHHI NMOJHHOM CTEeNeHH j OT
nepeMeHHbIX z2 — 2°.
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[Mpumep 1.5. IlycTs y— BelleCTBEHHas OKPECTHOCTb TOYKH

= R", max Re S (2) mocruraercs TOJBKO B Touke x0, u OYyCTh IpPH
zely]
BelIEeCTBEHHLIX X

S;(x)=0, 2<j<2p—1; ReS,(x)<0, x5=x0,
rae p>=2. Torpa npu A — 4 o0
F () ~ exp[AS ()] A7 X

X [f (xO) S exp(Sq, (x)) dx + Z akh"k/p]. (1.13)
R"? k=1
JlokaszaTeJbCTBO TOYHO TaKoe jKe, KaK W B npuMepe 2.4.3.
[Tpumep 1.6. [Iycrp KOHTYp y TOT XKe, uTo U B mpuMepe 1.5,
max Re S mocruraercs ToqbKo B TOuke x°, M mycTb
zely

S () =S (x%) + Sap, (x) + Sy, (x@) + ...
e S, ) £ S, )+

311@(313 x=(xly LU x(k))’ T. €. x(l)z(xl, <y xl;): x(ﬁ)z(xld—l; Cee
cos Xnan)s oo X =(xa b4 oo, Xa), ReSy (x10) <0

npu BemecTBeHHbX x4 x", Torma mpu A — + o

F (&) ~exp[AS (x")]a~ 2" [aof )+ X a,h—j'] . (1.14)
i=l
rie 0603HAUEHO

k
1 I 1
g=—+—=+ ... + —., ay= Sexp ZSQD (| (1.15)
Py Py Py J i
R j=1
H r — palnudoHaJabHOe uucJao, r = 1.
~ JI/iA 1OKAa3aTeJbCTBA [OCTATOYHO CHeJaTh 3aMEHY IepeMeHHBIX
2 — D= p75y\0 5 purerpane F(A) n sateM mposectn Te e
paccyxJIeHUus, 4yTo U B npumMepe 2.4.3.

4., O Bkaage or rpaHuum. [Iycte maxReS(2) pocruraercs
zely]

TOJILKO B TPAHHUYHON TouKe KOHTYpa 2°=Jdy. [Ipu n=1 acHMOTOTHKA
unrerpasa F(A) paBHa BKJany OoT ToUkYM 2’ ¥ JIerKO BHIUHCJAETCS
(em. ro. 1V, § 1). TIpu n =2 acumnroruxa F(A) B 3TOM cJayuae,
8000We 2080pa, He BbLIMUCAAETCS W BO BCAKOM cayuae, He Onpejie-
JsteTcsl TOUKo# 20,

ITycTb 1151 IPOCTOTHE Y — OTPaHHUYeHHAs 06JacThb B Ry ¢ raankoit
rpaHuned dy. MOKHO CBeCTH HHTerpaJ IO y K HHTerpajiam mo dy
aHaJOTHYHO TOMY, Kak 3T0 Gmuio caenadHo B ra. lII, § 4, Torna
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MOJIYUUM HHTerpaJibl BHAA

® ()= {expAS (¥)] 0 (v),

ov

rie o —rJaagkas puddepennnanbuas dopma, S (x) — cymenue

¢dyukuun S Ha Jy. [lo yciaosuio, max Re S(x) gocTuraercs TOJMbKO
xedv

B Touke x%. Ho Touka x" He siBAseTCA TOUKOH rnepenasa GyHKUuH S,
TaK KaK OHa fABJAAeTes CTauuoOHAapHOH ToukoH dynkuuu Re S, no

e dvukinuu ImS. Ecan VS (x%) 550, to acHMNTOTHKY HHTerpa.na
F(A) sMbl He MOMKeM BBIGHCJAUTh. [IOATBEpAHM 5TH COOOpPaNKeHHS
HpHMEpPOM,.

MMpumep 1.7. Mycers y—xpyr x°+ 4* <1 B BewecTBeHHOH
NJIOCKOCTH (X, y),

F()= S S exp [ (x + iy)] dx dy.

b

3nech S=x-41iy, ReS nmocruraer MmakcuMyMa Ha Yy TOJLKO
B Touke (1,0). Mmeem
1

Fry=2""{ expAS, () — expAS— () dy.

=
S:t(i/)"—'iyi’\/ —y.

Ilpu sTOM rr%ax Re S, (y) mocturaerca TOJBKO B TOuke y==0,
yel-11]
KOTOpas He sBJSETCA TOUYKOH mepeBasia M NMO3TOMY He jaeT BKJaaja
B acuMntoTuky F (A) (1eMMa 4.1.4). KoHeuHo, B 1aHHOM KOHKpeTHOM
cjayuae acumntoTuka F(A) BHUHCJfETCS, HO OHa He BBIpa)kaercd
Yepes 3naueHHs ¢asbpl H ee NPOH3BOIHBIX B Touke x°= (1, 0).
5. Mauable BoamylneHus. PaccMOoTpuM HHTerpas

Fh, )= S f(2, a)expAS (2, o)] dz, (1.16)
Y
rae o==(ay, ..., 0p) — OapaMeTp, y — FJ1anKoe MHoroo6pasue B G"

C KOMIAKTHBIM 3aMblKaHHeM (BO3MOXHO, ¢ Kpaem). [IycTe BI-
TIOJTHEHB! YCJOBHUS:

1°. ®dyukuuu (2, a), S(z, a) roromopdus npu (2, ey = U X Q,
rae U — OKpecTHOCTb KOHTypa Yy,  — OKPeCTHOCTb TOuKH ol e C*.

2°. KOHTYp y sBJsieTCS mepeBaJjbHbIM NmpH a == af.

3°. Bce Touku mepeBasa 2!, ..., 2° dyukuuu S (2, o), B KOTOpHIX

nocturaercs max Re S (2, o, HeBbpOXKIEHHL.
2= vl
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W3 ycaosus 3° c.ne;xyeT 4TO pH MaJbix |a — a’| pyukups S (z, @)
yMeeT TOUKH mepeBasa z'(a), ..., 2°(a) takue, uto 2/ (a9 =2/ u
Bce OHH HEBBIPOIKIEHHI.

Teopema 1.3. [Hycre ycaosus 1°— 3° svinoanens. Toeda cy-
weersyer & > 0 rakoe, 4ro npu |a — a’| < 8, A — + oo acumnroruxa
unreepaaa (1.16)  paswa cymme 8Kaad08 OT ToweKk nepesuaa
2w, ..., 2°(a).

HoxasateabcTBo. [lyers a®=0, M(a)———ma[x! Re S (2, a).

ze& [y

MokHo cuutartb, uro M (0) goctHraercst Ha y TOJBKO B TOU-
kax 2/ 310 cJaemyer u3 1okasaTeapcTBa TeopeMbl 1.2. Bhidepem
g, > 0 10CcTaTOUHO MalbiM, H nycts U/ — oxpecTHoctd Touex 2/,
na y rtakue, uro ReS(z, 0)=M(0) —e, na QU’; MOXHO CuMTaT®,
yro U! ne nepecexatorca. Ilpu Maabix |a| nMeem

da)=24+0(al), SElal, a)=SE, 0)+0(al).

N
Ecau §>=y\_U U, |al<d,, 6,>0 mocTaTouno MaJo, TO

=
ReS(z, a) < M{(a) — &,/2 Ha y, 10 HENPEPHBHOCTH, TaK YTO HHTEr-
paJ mo y uMeer npH A-—> 4 oo nopsnok O (exp (A (M (a) — &/2)}).
[TokaKeM, uTO ACHMNTOTHKA HuTerpasda no U’ paBHa Bkaany
OT TOYKH mnepeBasa 2’ (¢) HpH MaaunX |al; TeM caMbIM TeopeMB
6vaer mokasana. Ilyers j=1, U'(a) = U' — okpecTHOCTL TOuxH 2!
Ha y Takas, uto ReS(z, a)= M(a) — e/2 Ha OU'(a). WUuterpan
no o6gaactu U'\U'(a) 3KCUCHEHIHAAbHO MaJ 10 CPaBHEHHIO
¢ exp|AM{a)] (npu A— -+ oo paBHOMepHO MO @ NPH MaJablx |al),
Tak Kak ReS(z, a)<<M (a)—e(/Q—}— O (a) B 3tolt obaactu. Kouryp
U'(a) ectp ornocutesbHb nuka med {ReS(z, a)= M| a)-—s@/fz}
B MHOxecTBe ReS(z, a) = M(a) — &/2, U ero MOXKHO, He MeHsA
3HAYEHHsT HHTerpasa, npoaehopMHpPOBaTh B KaHOHHUECKHH HCue-
3AI0LHA LUK Y, (a), ecan @ noctatouno mano. CnenaeMm Guro.o-
MOBGHYI0 1o § u rodomopdnyw no (§, @) npu maawx ||, |a| 3a-
MEHY NepeMeHHBIX, NPUBOAAUYI0 DYHKIHIO S K cyMMe KBAaIpaTOB:

z=z(@)+¢E a, (S0, a)=—i=2z§ES*,
Torjga MuTerpaa no obaacti U'(a) mpuMeT BHI

Fi(h, @) =expaS (' (@), )] { '@, @) exp[1S* @1 g,
rie Q.~u1apj; (Reg, Y =-¢,/2, Im{=0, [*=(f o @) ({, a) det g (¢, ).

IIpumensis k wuterpaay F, teopeMy 2.4.1, noayuaeM yTBepxieHHe
TeOpeMal.
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®opmyabl A8 BKJAALOB OT TOYEK 2! (@) uMetor Bug (1.10) ¢ To#t
JHIIb PasHuIeli, uTo S, @; 3aBHCAT OT «.

6. HnTerpaan c HeaHaaHTHYecKO#H da3oi. PaccMoTpuM HHTerpaJ

F ()= S f (x) exp [AS (x)] dx. (1.17)
RIZ

[1ycTh BHINOJHEHB yCJOBHS:
e, fecy(RY), Sk)eCc”(RY).
2°. max Re S (x) =Re S(x°), SL(x®) =0, u ua supp [ HeT cTanuo-
xe [yl :
HApHHX TOYeK (QYHKUHH S, OTIHYHBIX OT X’

3°. Touka x* HeBHpOXaeHa, T. e. det 8%, (x%) = 0. TToxkaxeMm, 4TO
acumnroTuka uurerpajsa (1.17) paBuHa BKJaaay oT ToukH x°; anaau-
Tu4tocTs pynkyutl f, S B OKPECTHOCTH 3TOH TOUKH He npednoaa-
eaerc.

Teopewma 1.4. [{ycre ycaosun 1°— 3° geinoanens, To2da npu
A — 4 oo acumnroruxa uwrezpaaa (1.17) umeer sud (1.9) — (1.11)
u e gopmyae (1.10) 6epercsa 3nax nawoc.

HoxasateanbctBo. ITyers =0, S(x°)=0 a4s npocTorTs;
MOXHO CUHTaTh, YTO0 U — Masasi OKpecTHOCTb TOukH x°, Tak Kax
ReS (x) <Cc¢ < 0 BHe 3TOH OKDeCTHOCTH. YCTPOHM pa3bueHue eau-
HuIB 1 =@, (x) + ¢, (x), x=R", xaacca C%, rge @y(x)=1 npu
Manbix | x| U go{x)=0 npu |x|> 1. durcupyem ¢, 1/3 <e < 1/2,
# TOJOXHM

Fy ()= { exp S 1] (0 9y (A% dx, =0, 1,

U
tak uro F(A)=F,(A)+ F;(A). TTokaxkem, urto
Fi))=0(1"") (A + ). (1.18)

Bsenem oneparop

as
6x].

n -1 -
2 9S8 o
L:(Z ) . (1.19)
= 1%
Toraa eks=7f‘L(ekS), Tak yTo Tnpu Jwobom unesoM k=0

By =2 {exp S V'L [F (09 (05)]dx,  (1.20)
U

rag ‘L — compsuKeHHbli ¢ L onepatop (HanoMHHM, 4To f@; — du-
HHTHas (YHKIHSA).
IlokaxeM, yTto mpu xeU

L (o)) | << Cur”™. (1.21)



§ 1. OCHOBBEI METOJTA TTEPEBAJIA 265

HimeeMm

da aw
f‘Pl)—*(Pl Z a3 -,

j=1 i=1

ay=— fs;,. ()1 VS ()]

Tak kak x =0 — enUHCTBeHHasl, U [IPHTOM HEBLIPOKIEHHAHA, CTa-
LHHOHapHasl Touka GYHKUHH S, To

[VS@FZ=Clxef, S =0(x]),
D'S(x)=0(1) (la|>=2)

npu x=U, ecan U pocratouno MaJja. CJaenoBaTetbHO,

—o(xr), L —0(xr),

ﬁtp (}»ex) _ £
T——O(}» ), XEU,

TaK 4To
ILfqal)l—0(|x|"2)+0(7f|x|“) o(r®), =xeU,

OCKoAbRY | x| CA™" Ha suppeq (7» x). Tem cameiv (1.21) moka-
3ago npu k==1. Awna’ioruuHo wuccienyercs cayuait k&> 1; gocra-
TOYHO 3aMEeTHTb, UTO npu x=U HMET MecTO OLEeHKH

Dia;(x) =0 (| x 77",
Digi (M) =0(*"""), |x|=CA7%

a

rie Da—_—(l.—ﬁ— ](l 0 )a,l‘ lal=a + ... +a, MHs3

i Ox, i Oxp
(1.20), (1.21) caemyer, uto F, (A) =0 (A*e) npu Jio6oM le-
JoMm k£, B Tak Kax & < 1/2, to (1.18) nokasawo.
HMrak, ocTaercsa uccaenoBaTh HHTerpat Fg(A). Mbl ceegeM ero
K UHTerpaJy ¢ KBaJapaTHuyHoH (a3oBOH (yHKUHeH, Pa3jOKHB B Psj
9KCIOHEHTY

exp[AS, ()] = }j 8T 4o (@, (9)*+).

3necy S (x) =S8 (x) — Sp(x), S¢(x) —xBamparuunas d¢opma ¢ Ma-
TpULeH —;—S;{x (0) = A. U3 ycaoBuit 2°, 3° caenyer, uto ReS,(x) <0

npu Bcex x=R" Hmeem |x|=0Q" ®) Ha suppg,, M TaK Kak
=0(xF), 0 A8, (x) =0 (A ™*)—>0 npn A—> +o0 (> 1/3).
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CuenoBaTeibHo,
[ exp18y(01 0 (A8, (1)) gy (22) dx = 0 (1),
Y ay =N+ 13Be— 1)+ ne

(nancmuuM, uto Re Sy (x) << O npu Mamwix |x|). Tak kak ay—> + oo
npu N -—>o00, To HHTerpas Fy(A) ¢ TOYHOCTBIO 140 CJAaraemMoro,
yOniBatonero GpicTpee 000K Hamepen 3afaHHOH CTemeHU A, paBeH
CyMMe cJaraeMbiX BHAA

Fo) = { expASo (9] @ (1) @ (%) dix,
U

rie 9 =C” npu Maabix |[x]. Ecam @(x)=0(]x V), To Fo(A)=
—~(N

=O()» ¢ +"“’), MO3TOMY € TOWHOCTBIO O CJAaraemoro, yOnBamliero

6picTpee MoBoH Hanmepexr 3amaHnoff cTemeHH A, GYHKUHIO @ (X)

MOXKHO 3aMeHHTb OTpe3kaMu ee pAga Telsopa no cTeleHAM X.

TakuMm o0pa3oM, DOCTATOUHO HCCJENOBATh HHTErpaJ BHAA

Fo () = { exp 2, (9)] x'qy (1°%) d,

Rll

=t e (@20 — uensie uncna). Jleaas sameny x—> i,
NoJMyuaeMm

fo(}\,) o ), E(ntlal) S exp [uS, (¥)] x%q; (x) dx,
n

R
[—ze

p==Ar ",

TaK 4YTO OCTaeTCA BbIYHCJUTbL ACHMIITOTHKY IIpDH ],L—~>+00 HHTE-
rpaJga BHAA
© () = { @ (9 exp [uS; (] dx,

Rl‘l

rae g Cy (R"), S,(r) — HeBBIpOXKIEHHAS KBaZpaTHuHA® (opMa,
Re S;(x) <X 0 nmpu x=R". TlpuMenum paBeHcTBO [lapceBaJsi, Toraa

© () =cp | §(—8)exp[u='S; @) dt.

Rll

3necy § — mpeoGpaszosanne Pypbe (GYHKUHH @, S~0(§)=<A—'§, §)
Pasnaras skcnonenty mo dopmyne Teiisopa, noayuaem

N ~
fo—vepwS@ia=Y v {603 ©de+ Ry ().

Rn k=0 RI‘L
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OcrTaToyHbId 4JleH HMeeT BHJ

ka0 0 (s ) e =0 (),
Rn

tak Kak Re S, (E) <0 mpu E=R"
CyMuupysi Bee BHIKJAJKH, TOJyYaeM [Js1 HCXOAHOLO HHTErpaJsa
pasaoxxenne Bujpa (1.9). Teopema nokasana.

§ 2. Touku mepeBasa MOJHHOMOB W aareGpandeckux GyHxuHH.
TeopeMbl cyuecTBOBAHUA

1. 3ueMeHTapHbie CBEECHWS O KOMILIEKCHHIX M BeL{eCTBEHHHIX aarebpanue-
€KMX MHoXKecTBaX M 00 aireGpardeckHx orto6paxenusx. ([IpuBeiennnie B 3TOM
nysxTe cBepenus cojpepmarcs B [8], [9], [22], [29], [60], [94].) MoamuoxkectBo
V < C" nasmiBaercs aaeebpaudeckiism, eCIH OHO 34J4€TCH KOHEUHBIM UMCJIOM
anreGpapyeckX (MOJHHOMHAIbHBIX) ypaBHEHHH

V={zeC" P (2)=0,..., Pr(z) =0},
rae Pj(z) — nonuuomsl. ;Bee mnpoctpanctBo C” n nmycToe MHONKECTBO fB.ISIOTCSA
aJre6panyeCKHMH MHOMKECTBAMH.
Kpurtepnii nenycToTH adre6panueckoro Maomectna s CP%
Cuctema 0OHOPOGHBLY NOAUHOMUAIBHOIX YDABHEHUI UMEET HeTpuUBuaibHOe

peutedtie.
Hueimu CJOBaMH, CHCTEMa yleBHeHHﬁ

Pi(z2)=0,..., Pr(z) =0,

rae Pj(z) — olHOPOAHBI TIOJIHHOM CTENEHH IMj, BCEIla HMEET HETPHBHA/IbHOE

pewenne 2050,

Ecau cueTeMa afireOpanuecKHX YDABHEHHH COCTOHT H3 OMHOPOAHBIX ypaB-
Henuit ¥ 2% — ee peuenne, To npH J06oM {& C Touka {20 Takxe sipasiercs pe-
mwenneM: MHOXKecTBO {{2°), & C HasbiBaeTcs npason peuierud.

Teopema Besy. [Tycre cuctema n—1 odropodneix arcebpaudeckux
YpasHeruii ¢ N HeuaseCTHbMIU

Pi(2)=0,..., Pp_y (2) =0, zeCh,
uMeeT KOHeunoe 4ucAo npamex peuwenuli. Toeda ux wucao (¢ yieTom KpaT-

HOCTU) PABHO 11POLSEEOEHUI0 CTeneHell YpasHeHuii.
Teopeva Fuabbepra o xopusix. [Hycrs noaunon P (2) obpawaercs

8 Hyab Ha aacebpauseckon mroxecrse V= {zeC” Py (2)=0,..., Pr(z) =0}.
Tosda cywecreyroT uyea0e 4ucao m u nosuHomsi Qi (2), ..., Qr(2) Taxue,
4TO

P(2)=Qi(2) P\ (2) + ... + Qr(2) Pr(2).

IMosnnoM P (2) Ha3sblBaeTcsi npueoduMbIM, €CIH €ro MOXKHO NpelCTaBHTbH
B Buie P (2)= P;(2)P:(2), rae P;(2)-— NOMHHOMH HeHyJeBHX cCreneneii.

B npoTuBHOM CJaydae NQJAUHOM P (2) Ha3blBaeTcs Henpusooumbim.
Besikuit mosimnoM P (2) MoXkeT GHTb NPeJCTaBJEH B BHAE NPOH3BeIeHHs He-
OpHBOAUMBIX noauHoMoB. MMerHo,

P(2)=P"(2)... Py* (2),

rie mi>l——ue.uble qHCT P].(Z)'—HeﬂpHBOAHMMe NOJIHHOMB  HeHYJIEBHX
crenenefi, Pj(z)/Pg(2)s=const nmp# js-h 3BTo pasnomenHe eIUHCTBEHHO
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B C.Helly}OH.LeM CMBbICJIE: eCJIH HMEeeTCH }lpyI‘OG pas3soxKeHHue
n n
P(z2)=Q,"(2)... Q% (2),

To k=1, W ANA KaXZOro COMHOXHTeas P;(2) cywecrsyetr [(f) Takoe, uro
Pi (2) = const Ql(” (2), my=ng

OTMeTHM enle ABa aiareGpandyeckux (akTa.

1°, Ecan moauHoM P (2)=%=0 wuempuBomuM H noJHHOM Q (2) ob6pawaercs
B HYJb BclORy, rfde P(2) =0, to Q (2) meaurcs Ha P (2).

2°, Ilyets n =2, P, Q — mOMUHOMBI, U CHCTEMaA

P(z1,22)=0; Q(z),2)=0

uMeeT GeckoHeuHo MHoro peumeHuH. Torma mosuHoMsl P, Q mMeloT OGWUHH MHO-
¥HTeIb — noaunoM R (2i, 22) = const,

Beenem B C" ronoaoceuro 3apuck020: 3aQMKHYTOLMU MHOMECTBAMH Hasbl-
BaloTcA aJareGpanyeckHe MHOMecTBa. OObejHHEHHE KOHEYHOrO YHCJIad M Iepeces
yeHue JI060r0 YHCAA 3aMKHYTEIX MHOMKECTB HBJSETCS 3aMKHYTHIM MHOXKECTBOM.

3amrHyToe MHOXecTBO V < C™ nasbiBaercs enpusodumbim, eCaH ero Heqbast
npexcrasuth B Bule V =V, UV, rme V;— Henyctsie co6cTmenuble 3aMKHYTHIE
noAMHoxecTBa MHoxecTBa V. B nporuBHOM cuayyae mHoxectBo V HasblBaercs
NPHBOLHMHIM. BefKkoe 3aMkHyTOe MHOXKECTBO < C" exauncTBeHHHIM 06pa3oM
(¢ TOUHOCTBIO N0 MEPECTAHOBKH CJAraeMblX) NDPENCTABHMO B BHAE OGBENHHELHS
KOHEUHOro 4YucJa HENPHBOJAUMBIX 3aMKHYTHIX Muoxects: V=V, V.U ... UV

Iyere M < C™ — npousBoJbHOe MHOXeCTBO. Ero sametxanuem e Tonoso2uu
3apuckoeo (06osHavaercs [M]Z) Ha3blBaeTCs] HaHMeHblllee 3aMKHYTOE MHOXECTBO,
comepxaiiee M (WM, 49TO TO JKe, NepeceYeHHE BCeX 3aMKHYTHIX [10JMHOXECTE,
codepxamux M).

Oto6paxenne |: C%—>C” nasnBaercs aaezebpauteckun, ecau w; =f; (2),
1< j<Km, riae f; — noJauHOMBl OT 2.

OGpas aJnrefpanyecKOro MHOXECTBA [pH anre6panyeckoM OTOGDAKEHHH
MOXKeT He OHITb aare6pauieckum MHOMKecTBOM. Ilpumep: V — mHomecTso 2z;2, = 1
B C2, | (21, 22) = 21 (IpOEKTHPOBAHHE Ha IJIOCKOCTb Z;). B stoM cayuae f(V)—
KOMILJIeKCHAA [JIOCKOCTb 2; ¢ BhIKOJMOTOH Touko# 2, =0 (T e. MHOXecTRO
FARS C, P 0).

ViMeeTcss KJaacC MHOXECTB, HHBADHAHTHBIX OTHOCHTEJNbHO aJrebpaHdecKHx
orofpaxennft, Hasosem crparom B C" MHOXKECTBO, 3alaBaeMOe KOHEUHBIM
YHCJIOM TOJTHHOMHAJIBHEIX PaBEHCTB H HEPABEHCTB:

Pi(2)=0,... Pp(2)=0. Qi(2)5=0, ..., Q(2)==0.

MHuoxecTna, npelcTaBiMbEle B BHAe OODbeHHEHHS KOHEYHOro 4HC/aa CTPATOB, Has
30BEM KOMMAGKCHBIMU noayaiseebpaudeckumyu MHoxecTBamMu, Kuace Tarux Muo-
JKECTB 3aMKHYT OTHOCHTEJBHO BCEX TEOPETHKO-MHOMKECTBEHHBIX Olepallufl.

Teopema Illesanane. O06pa3s Komniekchoeo noayareebpauieckoso
MHOXeCT8A NpU AA2e6pAUHECKOM OTOODAdNCeRUL ABAAETCA KOMNACKCHbIM MOAY-
aseebpauiecKum MHONECTBOM.

[Tyets P (2) = ag2™ + a2+ ... 4 am— noannom, 2=C, ag £ 0. Ju-
m

ckpumunantor D noauHomMa P HasbiBaeTca uuciao D= H P’ (zl), rae
1=1

Zz;,— KOPHH TOJIHHOMA P (gaxnabli KOpPeHb CYHTAETCH CTOJBKO Pas, KAKOBA €ro

KpatHocTs). Uto6m P umen xpaTHbIA KOpeHb, HeOGXOLUMO H NOCTATOYHO, YTOGH
D =0. Ianee, AHCKpPUMHHAHT D sAB/IsieTCA MOJHHOMOM OT KO03h¢duIUeHTOB
Qg, +++, Gm DOJHHOMA P.
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Myers 2&C, {=C" u P (2, §)— noanHoM or nepeMeHHnx (z, £). Torma
AMCKPHMHHAHT P, Kak noJuHOMa OT 2, sBJAeTcA IOJHHOMOM D (Z) or nepe-
mennux . Ecau monuxom P 3aBucuT oT { M HempHBOAMM, To D ()=« (),

IMycts V < C” — HenpreonuMoe asnre6panyeckoe MHOXeCTBO. Toraa V MoKHO
3afiaTh C MOMOMIBIO CHCTEMH ypaBHeHuH P, (2) =0, ..., Pr(2) =0, rie P;(z)—
HeNpHBOLHMble MOJHHOMB, H P; (2)/Pg(2)s=const npu [== k. Pasmeprocrsto V
(o6osnauaerca dim V) maawiaercs wmcao r=2ma§ rank (dPl./dz].). Touku V,

zeE
B KOTOPHIX paHr marpullni $IkoGH paBen r, HA3LIBAIOTCH HEOCOBHIMU TOUKAMH.
PasMepHOCTbIO TPOH3BOJIBHOTO a/TeGPaHYecKoro MHOMKECTBA HA3HBAETCH MaKCHMYM
H3 pa3MepHOCTeHd ero HeNpHBOLUMbIX KoMIOHEHT. Kopasmeprnocrs V (codim V)
onpelennerca no gopmyiae dimV + codim V = 2x.

Mbl BCIOLY HCIOJIB3YeM B8ewjeCTBEHHYI0 pPA3MEPHOCTs., PasMepHOCTh KoM-
IJIEKCHOTO aare6panieckoro Muoxectsa V < C" paBHa, mo onpelesnenHio, pas-
MEPHOCTH €Tr0 3aMbIKaHHs [V]Z B TONOJOTHH 3apUCKOTrO.

OTMeTHM HeCKOJIbKO 3JeMeHTapHBIX CBOHCTB KOMIIEKCHBIX aure6panyecKux
MHOXE€CTB.

3°. Mycre areebpauueckoe muomecrso V = C® codepocur xomniexcuyro
WAL BeLeCTBEHHYI0 OKPeCTHOCTS HekoTopold Touku, Toeda V = C&,

ITon BewecTBeHHOH okpecTHOCTBIO ToYkH 2%a& C" nNoHUMaercs MHOXECTBO
Buga 2 =2"+x, x=U, rae U-— OKpecTHOCTb ToukH X =0 B R

4°, ITycrs somnaexcroe noayaazebpaudeckoe muosecreo V < C* obaadaer
yrazarnneim 8 3° ceoiicrgon. Toeda C" N\ V codepawurcs e cobersennom anze-
6pauveckom nodmnoxecrse B Co,

5°. Ecau anzebpauueckoe muoxectso V < C" duckperno, To ono cocTour
U3 KOHEeHHO20 4UCAQ TOHeK.

6°. Ecau aszebpauteckoe muoscectso V < C™ codepimur 6eckonedno muoeo
ToYex, To dimV >=2.

7°. Henyromeproe Henycroe anreebpaudeckoe (Komnaexcroe noayarzebpau-
yeckoe) muoxcecrso 8 C™ nexomnaxTno (8 06blunoli TOnOAO2UL).

IlpupejeM eme HeKoTOpHe aHaJgHTHYeCcKHe ¢aKThl, PacCMOTPHM CHCTeMy
H3 1 ypaBHeHHH

f1(z)=0,..., fn(2)=0, 2&C",

rae oyuxuud /7 (2) rosomopdun B obaactu U < CP o Tlodoxum [ (2) =
= (}1(2), ..., [n (). Ilyctb 2° — usoauposannoe pewenue ypasnenua [ (z)=~0.
Kparnocroo P pemenna 2° HashiBaeTcs CTenens orobpascenus z —f(2)/| [ (2)|
chepbl [OCTATOYUHO MaJOro pajuyca c LeHTpoM B ToUKe 2° B eRHHHUHYIO
chepy S™ . Yucao p Bcerfia smasercst HesbiM M NOJOMHTeAbHEM. Ecau
det f; (2% 5 0, o p=1.

IMMpuuuun Pywe. Tycre 2°— usoauposannoiii HYyab KPATHOCTU L 8eKTOp-
¢ynxyuu [ (2). Toeda cywecreyror ¢ >0, & = 6 (e) > 0 rakue, uro ypasuenue

[(z)=w

npu |w| <& umeer posHO W pewsenuil (¢ y4eTOM UX KPATHOCTL), U 8CE OHU
aexcar e wape |z— 20 < 6.

Teopema Capaa. Hycre M, My — dugppepenyupyemote muo2o06pasusn
00URAK080II PA3MEPHOCTU €O c4eTHOH 6asol u orobpasxenue f: My—> M, npu-
radaexcut xaaccy C'. Toeda o06pas mHONecTsa KpUTUHECKUX TO4ex OoTobpaixce-
nus | umeer 8 M, mepy Hyae.

Kpuruseckana rouka ortobGpamenusa [ — 370 Touka, B KOTOPOH AKOOGHAH BHI-

POXKJIEH.
Bewgectsennoe aazebpauteckoe Muoxectso V — R" ompenenserca Tak e,
KaK H KOMIJIeKcHoe, T. e. V = {x & R™ P, (x) =0, ..., Pp(x) = 0}. ciie P; (x) —

HOJHHOMBEI OT X C BelleCTBEHHHMH KO3((HIHEeHTaMH,
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O6BbexuHeHHe KOHEYHOTO YHCJA H NepeceueHHe J00Oro YHC.Ia BeLECTBEHHEIX
anre6panyeckHX MHOXECTB ABJIAIOTCS BELLECTBEHHBIMH Aare0pPauueckiMy MHO:MKe-
cTBaMH. [IGHATHA NPOBOLHMOCTH NOJHHOMA, PASMEPHOCTH ATre0paHYEeCKoro MHO-
KecTBa, aareGpaHdyeckoro OTOOPAMEHHS MOJNHOCTBIO NEPEHOCATCS Ha BelUlECTBEH-
HHH coyyait; yteepxienHs 3°, 5° CIpaBeAUBhl JJS BELIECTBEHHbIX a.Iredpai-
YeCKHX MHOXECTB.

Hasosem crparos B R MHOXKecTBO, KOTODOE 3alaeTcsi KOHEUHLIM UICAOM
MOJIMMOMHAJIbHBIX YPABHEHHA H HepaBeHCTB:

Pi(x)=0,... Pp(x)=0, Qi (x)>0, ..., Qi(x)>0.

Bewjecteenroim noayaszebpauseckius MHOXECTBOM HaspiBaerca o0DbelAHHEeHHe
KOHEYHOro 4Hcsaa cTpatoB. Kiace BelllecTBeHHBIX NOJAyaare0paHyeckHX MIOXKECTB
3aMKHYT OTHOCHTEJbHO BCEX TEOPETHKO-MHOXKECTBEHHEIX Onepanui.

Teopema 3afiniendepra—Tapckoro. O6pas seuecraenno2o noay-
1226 paAULEeCKO20 MHONKECTBN NPU BEUECTBEHNOM QA2e0PAURECKOM OTODpaMenUl
ABNALTCA BEUYCCTBEHHbLM NOAYAA2CEPAULCCKUM MHONCECTEOM.

Pa3MepHOCTb BELISCTBEHHOTO MMOJYaare6panyeckoro MHOXKecTBa V' MOXKHO
ONPEAesNHTb, HANPHMEp, KaK MaKCHMyM PasMepHOCTEH IapoB, KOTOpbIE MOMKHO
MOMECTHTE B V

Ecan V < R}, — co6cTBeHHOe BelleCTBeHHOe NOMYarebpandeckoe NoAMHOKE-
CTBO, TO ero rpannua 0V cofepkuTcs B HEKOTOPOM COOCTBEHHOM aJreGpapueckoM
rioamuoxectBe RY. :

BemectBenHo3HauHas (QYHKUMS @ (X) HA3HBAETCHA KYCOUHO-AAZES paiyecKoll,
ecau CYIECTBYeT Takoil nojnuoM P (@, x) oT (@, ¥) ¢ BEUIECTBEHHBIMH KOSDPU-
LHEHTAMH, 4TO

P(p(x), x)=0, x=R"

Kycouno-anreGpandeckas QyHKIHA, onpefesnerHas npu Bcex x = R? Geckoneuno
muppepennnpyema seody B R 3a nckmouenueM, GHTh MOXET, HEKOTOPOTG IOy~
anre§paHIecKOro MHOXECTBA KODAa3MepPHOCTH == 1.

Teopema Yurnu Beakoe sewecrgennoe aizedpauteckoe m=oxecrao V
moocer ObITo npedCTABACHO 6 @ude KOHEYHD2D OU3BIOHKTHO20 063e0luHeHUs

n
C*-mHoco0bpasus: V = U Vi, dim V; = j. Kaxdoe us mnozoobpasui Vi useer
j=0
KOHEHHOe 4UCA0 KOMROHEHT C8A3HOCTU.

I1a TeopeMa BepHA. OYEBHAUO, H AJAA KOMIVIEKCHBIX am‘e6pa11qecmxx MHO-
KECTB.

2. Touxn nepesana aare6pamueckux ¢ynkuuit. [lycts P(2) —
NOJIHHOM cTeNeHH m =2, z< C". Ero Touku mnepesa.a onpene-
JAIOTCH U3 ypaBHeHHs Pz(2)==0. B ogHoMepHOM cayuae .1060ii
IOJTHHOM CTEeNeHH m =2 uMeeT POBHO (m — 1) Touek mepesasa
(¢ yuerom kpatHocTH). [1pu 7222 310 He Tak. MIMEHHO, BO3MOKHBEI
ciaeyiolHe BAPHAHTHI:

l. Mmeercs KoneuHoe, He MeHbllee I, YHC/IO TOUeKk mepemaJa.

IIpumep: P(z, 2)=2z"+zr

2. Her HH oauo#i Touku nepesaJja.

Ipumep: P(z, z,)=2z2 + 27

3. HMmeeTcst 6eCKOHEUHO MHOTO TOUEK NepeBaJa.

ITpumep: P(2)=(Q(2))? rme Q == const— noguHoM. Bce

TOYKH, B KOTOPHX Q(2)==0, ABJAOTCA TOUKAMH NepeBaAa INOJIHU-
HoMa P,
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TpynHo ykasaTe CKOJb-HHOYAb 06iHe KPHTEPHH (B TepPMHMHAX
K03 dIMenTOB MoMMHOMa P), KakOH HMEHHO M3 3THX BapHaHTOB
peannsyercs. Mbl HECKOJBKO MO-APYTOMY NOCTABHM 3aJa4y O CTPYK-
TYpe MHOXecTBa TOYeK NepeRafa.

4 n n

PaccmotpuM epaduenrnoe orobpamcenue P C;— Cy,, 3azaHHOe
dbopmyJion

w= P’ (2). 2.1
Ecsn paccmMaTpHBaTh 3TO COOTHOIUEHME KaK YpaBHEHHE OTHOCH-
TeJIbHO 2, NPH (QHKCHPOBAHHOM @, TO €ro pelleHHsI — TOUKH mepe-

BaJsa QYyHKUHH
Sz, w)=P(2)— (2, w), (2.2)

KaK $YHRUHH OT 2. 3xech (2, w}-—Zzw, 3ameTHM, UTO mpe-

o6pazopauue Pypbe byuxkuuu exp (P (z)) umeer S cBoefl (a3oBO#
(byHKLHeH.

3anauya 0 pa3pelIUMOCTH ypaBHeHHs (2.1) sxBUBaJIeHTHA 3agaue
06 onucanuu o6pasa P’ (C") rpaguenTHOro oTo6paxkenus. JlaJee,
ecan ypaBHenue (2.1) paspemumo npu ganmHoM @’ To 3agaua
0 CTPYKTYype MHOJKECTBa TOuek mepeBasa ¢pyHkudau S(z, w¥) — ato
zajaua o cTpyktype caos (P’)”'w® oroGpawenus P’. Kpuruue-
CKUMU TOdxamy OTOOpaxenus P’ ABJISTIOTCS TOUYKH, B KOTOPLIX
det P7. (2) = 0; UM OTBeualOT BHIPONKJEHHBIE TOUKH Mepesasa (YyHK-
uni S(z, @), rae w= P, (2).

[Mpenaoxenue 2.1. O6paz P’ (C") epaduenrnoeo orobpa-
HEeHUS ABAAETCA KOMHAEKCHOIM NOAYAA2EOPAULECKUM MHONCCCTBOM.

JloxaszaTeabCcTBO. MHOXecTBO

M={z=C", weC" w—P.(2)=0}

— aare6pauveckoe. MuowecrBo P’ (C" sBasercs mpoekiHeH MHo-
xectsa M na Ch u, 110 teopeme Illepasmie, siBJAsIETCS KOMIIJEKC-
HbIM TOJaVaareSpanuecKum.

OTcioa HeMeAJEHHO BHITEKAET, UTO BO3MONKHBI 2 BapHaHTA:

1) P (CZ) coBnagaer ¢ C% ¢ TOUHOCTbIO A0 a/Are6paHyecKoro
MHOXECTBAa KOPa3MepHOCTH = 2;

2) P,(CZ) COJAEPIKUTCH B COOCTBEHHOM aJjrefpavueckoM IOJA-
MHOKecTBe B Cy.

HupiMu cioBaMH, ypaBHeHHe (2.1) su6o paspelinMo NPH NOYTH
BCcex w, JMO0 HepaspemuMo NMPH IOUTH Bcex . Tak kKak (2.1) —
CHCTEMA W3 1 YPaBHEHUR C A HEU3BECTHBIMH, TO cjayuad 2) peaJiH-
3yeTcss TOJLKO TOTAa, KOTAA MNOJHHOM P B HEKOTOPOM CMBIC/eE
soipoocden. Hrxe (Teopema 2.2) MBI mosyyuM HeoOXeIuMble H Je-
CTATOYHBIE YCJOBHUsS, MPH KOTOPBIX [Jsi HOJHHOMAa P peaansyloTcst
BapHuaHtsl 1), 2).
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[TpepBapuTenbHo paccMOTpHM 6oJiee obuiylo 3ajgavy, 8 HMEHHO,
HCC/IeYeM CTPYKTYPY MHOXKECTBA TOYEK MepeBaJa ajre6panyecKHx
G yHKIHH,

[Tycts

P, 2) =j)fj0 P, k>, (2.3)

rae P, (2) — nomunomsl or z & C", Py(2) = 0, u noansoM P (L, 2)
HenpuBoAUM. PaccMoTpHM ajre6pandeckyw dyHKuuwo f(2), 3agas-
HYI0 ypaBHEHHEM
P(, 2)=0, (2.4)
H TOJIOXKHM
S(z, w)={(2) — (2, w). (2.5)

Touku mnepesasa QyHKUHH S (KaK QYHKIHH OT 2 IPH QHKCHPO-
BAHHOM ®) ONpeJeJsoTcss U3 ypaBHenus {,(z) =w. Touka mepe-

Ba/la 2 Ha3blBAETCH HEBbIPONOeHHOLU, eclu B 3TOH TOuKe
”
detZ?, (2) # 0. (2.6)

CneslaeM HecKoJbKO 3aMedaHuli o cBoHierBax aJsreGpanueckoi
dyuruun f(z). Tlycrs D(Zg-,ILPICKpHMHHaHT noauHoMma P (T, 2), Kak
noauHoMa ot {. Torpa D(z) s 0 B cuHJy HeNIPHBOAHMOCTH IIO-
aunoMa P. Ecam U — opHocssisHas o6aacte B C; M D(2) % 0
B U, To ypaBHenue (2.4) onpenenser k ¢pyHruuf §;(2), ..., 2 (2),
ronoMopdHnix B ofnacthn U (gersu anreGpauueckofi dyHKImu { (2)),
npuueM §;(2) 5= §,(2) npun js= k, 2= U. Jlna RaXio#i Hu3 3THX
BeTBel HMeeM

/ 14 / / rr / 14 4
, P I i I i 07
TR T T @y @

rie Bce NPou3BojHHe GepyTcda B TOUKe ({(2), 2), a TOUKH mepesaJa
GyHKIHH S onperensioTCst U3 ypaBHEHHS

Pl 2)
PG

rie [, z cBAsaHn ypaBHeHueM (2.4). Takum 06pa3oM, BCe TOUKH
BeTBJIEHHST QYHKUMM [(2) coxepKaTcsi B NHCKPUMHHAHTHOM MHO-
xectBe D={2&C" D(2)=0}. Marpuny c s1ementamu (2.7)
o6oanaunm A (L, 2).

PacemorpuM mHOxkecTBO M={{=C, 2= C” P({, 2)=0} =
BBeleM oToOpakeHUe g M—C% no dopmyae (2.8). Ilo mocrpoe-
HHIO, TOYKAa @ TOrfZa H TOJbLKO TOrAA sIBJSETCA TOUKOH mNepeBaJsa
S@¢, w), korza wef (M). KpuruueckuMu TOUKAMH OTOGpaxKe-

(2.8)
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HHA ¢ ABJAIOTCA Teé H TOJBKO Te TOUKH (§, 2) =M, B KOTOPHIX
rank A (g, 2) < n.

Teopema 2.1. [ycre P(§, w)— Henpusodumeiti nosuHoM
suda (2.3), Py(2) 5% 0, u nycrs euinoaneno ycaosue

max rank A(§, 2) =n.
G eEnm

To2da cywecrayer raxoe aizebpausecxoe muoxecréo Me < Cly xo-
pasmepHocTU He MeHbule 2, 4TOo:

1°. fIpu awbom w & M, ypasrerue (2.8) umeer odHoO u 10 9HCE
KoHeuHoe yucao k=1 pewenut, u 8ce onu Hesvipovcdenst (1. e. 8bi-
noanserca (2.6)).

2°. Ecau Uc Cy\ Mg — o0nocsasnas ob6.aacts, 10 ypasue-
Hue (2.8) onpedeaser k eonomopproix 8 U ¢pynxyuii 5y (@), ..., &k (w),
npusem

L #=L(w) (Fk wel)

JlokasarteabcTBo. OTro6paxenue, Boollle roBops, He olpe-

i
IeJEeHO Ha CJAeAYVIOIIHNX ajrefpandyecKHX MHOXKeECTBaX B C';‘.i:

My ={(, 2); Pt 2)=0}, M.={(, 2): Po(2)=0}.

Tak kak mnosuHom P wHenpuBoauM u Py(2) =0, To MHOXECTBO
M\ (M, UM,) menycTto. KpuruueckHe Touku orobpaxkeHnd ¢ co-
nepxatced B Muoxectse M;={(g, 2): det A(g, 2) =0}, u, mo ycJo-
BHIO, MHOXecTBO ™ =M \ (M, U M, U M;) nenycro. Muoxkectso M*
ABJAETCA KOMIJIEKCHHIM MOJyaJjre6padueckuM H, II0 TeopeMe
[leBaJe, ero o6pas ' (M*) Takxke SABJASETCA KOMIJIEKCHBIM IOJY-
ajreGpanuecKHM MHo)ecTBoM. [lycTh Touka (£, 2%) = M*, torma
cymecTByer ¢yHxuua [(2), ymoBjeTBopsiiomas ypasHenuio (2.4),
rojoMopdHasd NpH Matelx |2—2°| u rakas, uto §(2°% =¢0,
detz], (2°) 5= 0. Ionoxnm w’={ (2%, Torna mo Teopeme 06 06par-
HO#t ¢yHKUMH ypaBHeHue [ (2)=1w paspemMMo NPH w, OJH3KHX
K w,. CaenoBarenbHo, MHoxecTBO ' (IM*) COMEPIKHT OKPECTHOCTD
touky @’. TakK KaK OHO HBJAETCH KOMIJIEKCHbIM TOJyasrebpanye-
CKHM, TO CYIIECTBYeT ajre6panieckoe MHO)ecTBo M¢ = Cy Kopas-
MEpPHOCTH == 2 Takoe, 4TO

Me o CuNE (M.

Hrax, ypaBuenue (2.8) paspemumo npu Bcex w & Mq. ®ukcu-

pyem w’& M; torga ciaof @) w° JIUCKPeTeH, TaK KaK BCe TOYKH
nepesaJja GyHKIHH S (2, @") HeBHIPOKAEHH H TO3TOMY H3OJHPO-
BaHbl. IJTOT CJOH SBJAETCS KOMIJIEKCHBIM MOJYyaJareGpanuyecKum
MHOMXECTBOM, H MOTOMY COCTOHT U3 KOHEYHOTO MHOXECTBA TOUYex.
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n+1

 cocrour wu3 Touek (g, e Cy';

Heficteutesnno, caofl (£) ' w
TAKHX, 4YTO

P& 2w’ + P, 2)=0, P(, 2)=0,
Py(2) =0, Pi(Z, 2)==0, detA(, z)==0.

[Toxkaskem, uro npu w = M, uucao pemeHu#t k(w) ypasHe-
His (2.8) He zaBucuHT or w. Tak kak codim My =2, To MHOoXe-
erBo ChL\ Mg cBf3HO. ITyeTh w”(—-_EMc. Torza, ecau Touka @'
noctatouHo 6Gamska k w° 1o k(w')>k(w", Tak Kak, B cuay
TeopeMbl 00 oO6paTHON (GVHKIHH, BOJIH3H KaXIOTO pelleHHs YDaB-
nenns £, (2) =w’ umeercs pemenue ypapHeHus ,(2) =w'. Auamno-

THYHO, k(wl),>/k(w°), 1 B CHJIy CBA3HOCTH MHOKecTBa Cjy \ Mc
dyukunst k(w)=const. Tem campiM yTBepxkaeHue 1° noKazauo;
yTBepKAeHHe 2° BRITEKAET H3 MOJYUYEHHBIX Bblllle Pe3yJbTATOB H
Toro ¢akra, uro U He comepXKHT 00pPa30B KPHTHUYECKHX TOUEK
oTtobpaxenus ¢’

Chnepcrteue 2.1. [Iycre ycaosus teopemvr 2.1 svino.xerst,

/VIRZNIcﬂRZ (wzu—}—iv).

Toeda Mp ecto 8euyecr8eHHOC a12e0pAUHECKOE MHOMCECTBO KOPa3-
meprocT = 1. Ecau K — 00Ha U3 CBA3HBIX KOMROHEHT MHONCECTSQ
R: N\ Mg, 10 ¢ynxyus S(2, u) npu sobom seujecrsennom u < K
umeer KoHmeynoe wucao k=1 rouwex nepesasa, He 3asucauyee or u,
U B8CE OHU HEBBIPONOEHbL.

[TokaxeM, uro codim My > 1; ocraJjbHble YTBEPIKAEHHS BbITe-
KalT u3 Tteopembl 2.1 u ee jokasaresscrBa. Ecan codim Mp =0,
To Mr=Ry; Torga Mc >Ry, T. e. Mc=Cy, 9TO NPOTHBOPEUHT
cooTHouleHHo codim M, = 2.

Teopema 2.2. [Tycrv P(2) —noaurom umi pEYUOHAABHAR
Pyrryus u

det P7, (2) == 0. (2.9)

Toela sce 3akarouenus rteopemovt 2.1 u caedcrsus 2.1 cnpasedauses:
0an ypasrnerus (2.1).
Jas gokasareabcTBA JNOCTATOYHO 3aMETHTh, UYTO B JIaHHOM
cayuae
P 2)={—P(2); A 2)=Pz().

BrissicHEM, HACKOJNBKO IIMPOKHM SBJsieTCS KJacC MOJHHOMOB
IAHHOH CTENEHH rm, YAOBJETBOPSAIINX YCJaOBHI (2.9), u K ueMmy
NPHBOAHT HApYIUIEHHE STOrO YCJIOBHS.

Mpennoxenue 2.2. [Tycre P(2) — rakoi noAUHOM, 4TO

det P7, (2) =0. (2.10)
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Toeda P’ (C}) codepicurca e arcebpauueckom muoxcectse Kopas-
mepHoOCTU 2= 2.

IIokasaTeabcTBO. B cuny yeaonua (2.10) Bce Touku z = C”
ABJISTIOTCS KPHTHUECKHMH 51 oTo6paxenus P’. Ilo reopeme Capna

muoxectso P’ (C}) uMeer Mepy HYJb, H NOCKOJbKY OHO SIB/AETCS
KOMILJIEKCHBIM T0JiyadredpanueckuM, TO ero KOPaaMepHoCTs = 2.

Urak, ecau P(2) ynosaersopser yciaosHio (2.10), To ypasmue-
nue (2.1) HepaspelMMO NPH NOYTH BCeX w. JIOCTATOUHO OUeBHHO,
YTO TaKWX TOJHHOMOB <«Maj0»; NMPHIaAHM TOUHKIH CMBICJA 3TOMY
yreepxaeHHio. [Tyctb M(m, #1) — MHOXXECTBO BCeX NOJHHOMOB CTe-

nesd m =2 or n nepeMeHunix: P(2) = Z PoR%. ITO MHOWECTBO
lal sim

usomopduo npocrpancrsy CV(™» paamepuoctd N (m, n); xa.<10My
MOJIMHOMY P B3dMMHO OJHO3HAUHO COOTBETCTBYeT HA0op {p,},
la|{<{m, ero koadouuunenros. Ilotomum | P|= E | Pa l-
lat<m
[Ipenaoxenne 2.3. [Homnomer Pe= M(m, n), ydosarerso-
parowue ycaosuro (2.10), codeprcarca 8 cobcTeenRHOM a.reebpaue-
CKOM NOOMHONCECTBE 8 NPOCTPAHCTEe Kospuyuentos CVUmm,
HoxkasarteabcTBo. CoorHomenune (2.10) ompegensier aJare-

. N (m, .
6panueckoe MHoxectso M B mpocrpancrse CV™ ”CL. Ero upo-
exiusts M* HA mpocTpancto CVU™ ™ gpigercd KOMIJIEKCHBIM MOMAY-

n
aarefpanueckuM MHoOxecTBOM. [TosanHOM P (2) = E rE M. Ecau
i=i
P2y M(m, n), |P— Pyl <e, €6 >0, 106T4TOYHO MAJO, TO IO.IH-
Hom P& M. [eiictuTenpro, mycTs det(Pg)), (2°) # 0; Torza
det P2, (29) %= 0 mnpu |P—P,|<e< | B cuJy HENPEPHBHOCTH.
0
CaenoBareqabHo, pomosHende Kk IM* s CNm ) comepknT wap, u
notomy codim I* == 2.
TeM caMBIM J10KA3aHO, YTO MOJHHOMBI, yAOBAETBOPAIOUIKHE YCJI0-
BHIO (2.9), ABJASIOTCA TMOJHHOMAMH «OOILErO MOJOKEHHS>.

3. KpuTepHu KOHEYHOCTH MHOXKECTBA TOueK nepesajga. Paccmo-
TPHM TOJHHOM

k-1
P, z)'=;"+l§UP,- @1, (2.11)

rae P;(2) — nonunome oT z & C”, u anre6panueckyo GpyHKIHIO £ (2),
3ajaHHy0 ypasHenueM (2.4). Toukn mepeBana ¢pyHkuud S (2, w)=
=1 (2) — (2, @) ONMpenessIIOTCS H3 CHCTEMBI

PE, 2)=0, Pz(, 2)—wPi(C, 2)=0. (2.12)

[TonnnoM P (G, z) HasbIBaeTCss ¢-00HOPOOHbIM (g — Lesoe YHCI0),
ecan noauHoM P (LY, 2) — omHoponubii no mepeMeHHHM (C, 2). He-
TPYAHO BHJETH, YTO B ITOM caydae P;(2) — OAHOPOAHbIE MOJIHHOMBI
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CTeNeHH jg U 4YTO AJs JI060ro
P (1%, t2) =1*P (g, 2). (2.13)

Teopema 2.3. Hycro P, 2) ects G-00nopodubil noAurOM
suda (2.11). Toeda 0aa Toeo, 4robel ¢pynxkyusn S (2, w) npu srobom
w e C" umeaq KOHeHHOE U HEHYyAesoe 4UCAO peusexuil, HeobxoOuMO
u Jocrarouno, 4r06bl BLINOAHAAOCH YCAOBUE

{P, 2)=0, P:(§, 2)=0}=>{{=0, 2=0}. (2.14)
,HOK azaTeJbCTBO. paCCMOTpHM BCHOMOI‘aTeﬂbHyIO CUHCTEMY
P 2)=0, P 2)—wt' 'P(% 2)=0, (2.12)

rae w = 0 ¢pukcupoBaHno, t = C. B cHIY ¢-OQHOPOLHOCTH NOJHHOMA
P (2.12") ecTb cHcTeMa OJHOPOLHBIX OTHOCHTEIbHO MEPEMEHHBIX (f,

2) ypaBHeHYIH H NOTOMY BCelZla MMeeT HeTPHBHAJbHOE pelleHHe
(tO g0, 2% 5= (0, 0, 0). Ecan ycaosue (2.14) Beimoaneno, to #° == 0,
H CHCTeMa (2.12’) uMeer pewenune Bupa (1, ¢* 2%), Tax urto cu-

crema (2.12) umeer pemenne (4/¢, 2*). Urak, us ycuaosus (2.14)
cJeayeT CYlIeCTBOBAaHHE ToOueK InepeBasta (yHKMH S(2, @) NpH
aodoM w e C”. Ilokaxem, uTo u3 ycaoBusi (2.14) BHITEKaeT Ko-
HEUHOCTh UYKCJa TOUYeK HepeBasa npu Jwobom @ = 0. Ilpu w=10
3TO oueBHAHO. [LOMyCTHM, UTO NPH HeKOTOpoM w%=0 cucTteMa (2.12)
uMeeT OeCcKOHEUHO MHOro peweHui. MuoxecrBo M aTux pemwenuit
ABJISIETCS] KOMILJIEKCHBIM MOJIyaare0panyecKiM MHOXECTBOM H IIO-
ToMy HexommnakTHo B CfY;. U3 g-onsoponmocTn moamuoma P cie-
nyer, uto | (2)| <<C|¢ | npu Bcex {. Ilosromy M comepxur no-
cJenoBaTebHOCTh Touek (L%, 2°), s=1, 2, ..., Takyw, uto | 2°|— oo
UpH §—> 00 H '

P(g", ) =0,
P;_ (gos’ 20s) _ Izs I—1+1 wPé (g()s’ zOs) —0,

~1
rne o6osnaueno 2°=2'/|2']|, =2, Torma |2*|=1,
0s 0s s
|£°| < C u nocaenopareasnocts (£, 2”°) nMeer npegesbHyI0 TOUKY
€, 2", |2"|=1. Tlo HenpepHIBHOCTH,

P, 2)=0, P:z(, 2")=0,

rae 2¥ = 0, YTO NPOTHBOPEUHUT ycJaoBuio (2.14).

Ecau ycaosue (2.14) He BHIoJHsieTcst, To cucteMa (2.12) mpu
w =0 umeer pemenre (L% 2°) 5= (0, 0). Ilpu atom 2°= 0 (B mpo-
THBHOM cayuae P (Z% 0) =0, otkyna *=0). CaenoBare/bHO, TOUKA
(1929, t2°% sBasiercst peiueHHeM cHcTeMbl (2.12) mpu JM1060M KOM-
IJIEKCHOM {, TAK YTO BCe TOUKH 2z = 2%, { = C, ABJASIOTCA TOYKaMH
nepepaja ¢yukuun S(z, 0).
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Urak, ycnosue (2.14) HEOGXOMHMO ARJS TOrO, 4TOGH GYHKIHS
S(z, w) npu Bcex w HMeNa He OoJlee KOHEYHOrO 4HCIA TOUYEK
nepeBaJa.

[Mycts cucrema (2.12) HepaspemwliMa MNPH HEKOTOPOM w 7= (.
Torpa scmoMoratesabHas cucrema (2.12°) umeer HeTpHBHAbHOE pe-
wenne (¢, £° 2%, rme #=0 (ecu * %~ 0, To, KaK NMOKasaHo BhHILIe,
cucrema (2.12) paspemuma). CregosaressHo, B Touke (30, 29 =4 (0, 0)
ycaosue (2.14) napywaercs. Teopema nokasaua.

Teopema 2.4. [Tycre P(2) — o0Hopodnovil noaurom crenexu
m>=2. Toeda Oas To20 4TOOBL ypasHerue P;(Z):w 66100 pas-
petiumMo U UMEAO KOHewHoe 4ucio peuteruil npu awbom w e C”
Heobx00umo u GoCTATO4HO, 4T00bL 8b6INOAHANOCH YyCAOBUE

{P.(2)=0}=>{z=0}. (2.15)

Kpome Toro, ecau ycioBue (2.15) Brimosneno, to npu Jo6om
w % 0 ypaBHerue (2.1) umeer (m — 1) pewenuit (¢ yuyerom ux
KparHocTell). DTO caenyer U3 Teopembl bBesy.

I pokasaTebCTBA TEOPEMbl JOCTATOYHO PACCMOTPETh HOJIH-
Hom P(f, 2)=f— P(2) n ybenuThCs B TOM, 4YTO ycJoBHe (2.14)
naa P (¢, z) skBuBaseHtHO ycaoBHio (2.15) masa P(2). Otmerum
ewe, 4To ycJgoBue (2.15) 5KBHBAJEHTHO HEPAaBEHCTBY

P, ()| =Clz1™", ze=cC" (2.16)

TeopeMma 2.5. [Tycre P(2) — noaunom crenenu m>2, crapuias
o0ropodHas 4acTe KoTopoeo ydosaergopser yciosuo (2.15). Toeda
npu aw0bom w e C" ypasrenue (2.1) paspewiumo u umeer xornednoe
4ucA0 petieHull.

HokasaTteabcrtso. [lonoxuMm P(2)=P%z)4 P'(2), rue
P% — OfHOPOJHBIA TIOJIMHOM CTelleHH m, P! — MOJMHOM CTemeHH He

peiie m— 1. Taxk kak
BHIO, TO

P;o(z)l>C[2|m"] IPH BCEX Z MO ycJo-
|PL@=clzi = (1 412",
TaK 4To Izlilr_lgmlP'z (2)| = co. TTo3TOMY MHOKECTBO
o, =1{z: [PL(2)|=r}

KOMIIaKTHO 1npH Jwo6om r =0. Ecam ypabuenue (2.1) npu Hekoro-
poM w & C" uMeerT GeCKOHEUHO MHOIO DeELIEHHH, TO MHOXECTBO
{ze=C™ P, (2 ———w}, O6ynyuu anrebpanueckuM, HEKOMIIAKTHO, H T€M
GoJlee HEKOMIIAKTHO MHOXeCTBO . CiefoBaTenbHO, ypasHe-
uue (2.1) npu mo6oM w UMeer He Hoslee KOHEUHOTO UHcaa peilleHUH.

OcraeTcst f0Ka3aTh paspenmivuMocTs ypaBHeHud (2.1) npu moGoM
we C'. Hs ycaosua (2.15) u Teopembl 2.2 cJjenyer, uTo
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det (P%7 (2) = 0. Mimeen
(@ =2 " [(PY, N 2]) + 0( 2I™)] (| 2] > o),

n Tak xak det(PY)),(2) =0 na chepe [2]=1, To det P} (2) 5 0.

B cuay Teopemb 2.2 MHOXKECTBO P (CZ) cosmagaer ¢ C% ¢ Tou-
HOCTbIO A0 aare6panyeckoro MHOKeCTBA KOPasMepPHOCTH = 2.
ITostomy pgas  moboro w©’e C* cyuecTsyerT MOCJAEROBAaTeb-
Hoets (2%, w¥), k=1, 2, ..., Takas, uto P} (2*) = w* - w’. Tak kak
MOCJIeL0BATEABHOCT |@® | OrpaHHueHa, TO, B CHJYy KOMIAKTHOCTH
MHOXECTB , (CM. BBINe), MOC/IEL0BATENbHOCTb {2°} orpannuena.
CueoBaTesNbHO, CYLIeCTBYeT MOANOCIELOBATeILHOCT {24, w*t} —
(¢, wo); no nemnpeporoctH, P, (2°) = 1w’

PesloMHpyeM moJyueHHBIE Pe3yJbTaThi, OTPAHHUHBIINCE ypaBie-
nuem (2.1), rae P(2) — mOJHHOM cTemeHH m =2,

1°. Ecau det Py, (2) % 0, To ypasuenue (2.1) npu Bcex w & M,
paspemniiMo, HMeeT KOHEYHO€ YHCJO peIleHHl, H BCE OHU HEeBHI-
poxjieHol. 3meck M, — HekoTopoe aJgare6panueckoe MHOKECTBO
KOpasMepHocTH —=2.

TToaunoMsl P, yaoBJieTBopsAOIHe YCa0BHIO (2.9), ABAsIOTCS NONH-
HOMAaMH «OOIIero moJIoXKeHHs» (CM. mpexpsaoxenue 2.2).

2°. Ecan crapiiasi ofHOPOAHAas 4acTb HoJHHOMA P yjio0BJeTBO-
praet ycnosuio (2.15), To ypaBHenune (2.1) mpu moboM w < C” pas-
PEHIKMO H HMeeT KOHEUHOe UHCJO pelleHHi.

Takue MoJHHOMBI TaKKe SBJAAIOTCS MOJHHOMAMH «0OIIero moJe-
KEHHUsI».

Ifpenaoxenue 2.4. Mrooecrso noaunomos m = 2, crapuiie
OOHOPOOHbBIE HACTU KOTOPBIX He YyoosaeTsopioT ycaosuw (2.15),
COOePHCUTCA 8 HEKOTOPOM COOCTBEHHOM QACE6PAUHecKOM MH:i¥iecTge
8 NPOCTPAHCTBE KO3IPHUYUEHTOS.

JlokasaTeabcTBo. PaccMorpum MHoxecTBo B Cp ™ X C~,
sagannoe coortHomenusmMu (PY)(2)=0, 2z 0. Ero mnpoekius

N (m, -
na Cp ™™ ecTb KOMILIEKCHOE MoayasreGpanueckoe MHOXKecTso M,

TOUKAMH KOTODPOTO fBJAIOTCSH He YI0BJETBOPSIOUINE YCIOBHIO (2.15)

noarHoMsl. TloannoM PY(2) = Z 2P & M, u Bee G6IH3KHE NOJHHOMbL

TAKXKe YIOBJIETBOPAIOT ycnoxamo (2.15), uto caepyeT, HAmpumep,
us (2.16). CaepoBarenbHo, pgonoJHenne K I comep:kUT wIap,
tak uto I comepxurca B cOGCTBEHHOM ajre6paHvecKOM MOAMHO-
weerse Cp '™ ™,

B uacTHOCTH, MOJHHOMEI, CTapiuas OZHOPOLHAS 4aCTh KOTOPHIX
yaoBJieTBopsieT ycioBHIO (2.15), ycTo#YMBBI OTHOCHTENLHO MAJBIX
BO3MYILEHHH KO3(p(HHIHEHTOB.



§ 2. TOUKH TIEPEBAJIA. TEOPEMBI CYHIECTBOBAHUS 279

it

{
[Tpumep 2.1. [ToauHom P(z)=m(z zf) , mZ=2, ynoe-
i=1
TBOpsieT YcJoBHIO (2.9), HO He yjaoBJeTBopsieT yciaosuio (2.15).
Ypasuenye (2.1) He uMeeT pelieHHH TOrJa H TOJbKO TOTAA, KOrAa
n

Z -w?:O, @w 0. Eciu w==0, To Bce TOUKH TUNEpPIOBEPXHOCTH
5 n
> z‘;?==0 ABJIAIOTCA PeleHUAMH ypaBHenus (2.1). Ecau > w; % 0,
j=1 j=1

TO BCe TOYKH MepeBaJsa MoJauHoMa S (2, @) HEeBHIPOKAEHB M HUMEIOT
BU

" —1/(2m—1)
z,.=(2 mf?) w, 1<i<n, (2.17)

i=

rjie BeTBb KOPHf OAHA H Ta XKe MJA BceX [ (T. . BCEro HMEETCH
2m — 1 Touek mepenaJa).
[Mpumep 2.2. [ToanHoM

P@=+[(B+2—2)¢+4z], A%,

yAoBJeTBOPsieT yciaoBHo (2.9) ¥ He yAoBJeTBOpsieT ycaosuio (2.15).
MuoxecTso peuienuii ypasuenus £ (2) = 0 umeer Bua {z = C*: 22 +-
+22=0, z3=0}. Ypasuenue (2.1) He uMeeT peumleHHH TOrja H
TOJIKO TOraa, Koraa w?+ wi=0, w,=0, w % 0.

n
[Tpumep 2.3. Tloannom P(2)== Z 2, m =2, yIoBJeTBODSIET
i=1

yeaoBuio (2.15). Oyuruus S(2, @) uUMeeT BHIPOXKIEHHBIE TOYKH
nepeBasa TOT4a M TOJBKO TOrAA, KOrla @ NPHHAIMIEXKHT rumep-
MOBEPXHOCTH W W, ... W,=0.

Jns 07HOPOAHBIX HOJHHOMOB OT JBYX IepeMeHHLIX CIPaBeJHBO
Gosiee CHJIBbHOE YTBepiKieHHe, YeM TeopeMma 2.2.

Teopema 2.6. [ycre P(2) — o0Hopodneui noaurom oT 08Yyx
nepemenvlx crenenu m>=2. To2da aubo ypasHenue (2.1) npu
aobom W = O umeer roHewHoe (66T MONMCET, RYCTOE) MHONCCCTBO

pewenuil, 1ubo
P (2)= (a2 + a2)", (2.18)

ade a; — NOCTOAHMbLE.

JlokasateabctBo. Paccmorpum ypasuenue (1.2), rae
w=—w" =~ 0. C nomMouipio 3aMeHnl 2 ==T2", rae T — HEBHIPOXKIECHHAR
MaTpHila, 3TO YPABHEHHE MOXKHO HPHBECTH K BHIY

Pu)—1=0, P(z)=0. (2.19)
Zy Z2
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Ecau P;, (2")=0, 10 P* (z*)=czrm, Tak uto P umeer Bup (2.18).
2
JlonmycTuM, uTto P**(z*)séo, u uto cucreMma (2.19) umeer Gecko-
22

"4 D o
HeuHo MHoro peweHu#i. Torga noauHoMur P . — 1, P, uMmeloT o6muil

21 ZQ
JeJHTe]b — MOJHHOM [ (2¥); 9TOT NMOJHHOM — OZHOPOAHBIH, TaK Kak

P — oanoponunii moauHoMm. CuenoBaTesbHO,
<2
*
Pz’;‘ E)—1=f(" g,

roe g — HeKOTOPHIi nosuHoM. [Tosaras 2* =0, nosyuaewm, uro 1 == 0,
H IPHXOAMM K NpoTHBOpeuMio. TeopeMa j0Ka3zaHa.

4. Maaple BO3MyuleHHA. YCTAHOBUM CBSI3b MeXKAY TOUKAMH
nepesaJa noJjuHoMa P (2) u ero crapuei ogHopoaHo#t wactu PY(2).

[Iycte m =2, ‘
P@=P'(2)+ P (+ ... +P"(2),
rge P/ — ONHOPOAHBIH IOJMHOM cremeHu m — j. [To0KuM
So(z, w) =P (2) — (2, w),

n
n—1
H nycth S — enunuunas cdepa Z‘ZJU]' =1 B C§. Tak kak
j=1

noauHoM P opHOpOJeH, To TOUKH mepeBaJja 2 (w) GyHKUHH S (2, w)
ABJSIOTCH OTHOPOAHBIMH QVHKUMSMH cTemenu 1/(m — 1).

[TycTh BBHIMOJIHEHO YCJIOBHE:

A. Bce ToukH nepesaga ¢GyHKUHH S;(2, @) HeBBIpOXKIEHHI, I'ie
[@®|=1.

Torza cymecTsyer okpecTHocTh U toukn w’ Ha cdepe S™7!
Takas, uTo npH w/w|e U ¢yHruua Sy (2, w) uMeeT OJAHO H TO XKe
ypca0 Touek mnepesaja 20 (w), ..., 2% (w). Bce OHH SBJAIOTCH TOJO-
MopHEIMH dyHKUHAMH w@ npu w/|w|E U, w %= 0, H OZHOPOAHLIMH
GYHRUHAMH @ cTemenn 1/(m— 1).

[Ipennoxenue 2.5. [lycre ycaosue A swvinoaneno. Toezda
cywecreyror o >0 u okpectnocts U, t1ouku w° Ha edunuunod
cpepe S 8 Ch Takue, uto npu wj|w|& U, |w|> p:

1°. Dynuryun S (2, w) umeer OOHO U TO Je HUCAO TOUEK nepe-
sara 2 (w), ..., 2*(w). Dru rouku nepesara HesLLPONIeHbL U
ABARIOTCA 20A0MOPHHOIMU PYHKLUUAMU .

2°. Cnpasedauso pasioxcerue

@) = 2% @)+ 3 ay (9),

e ay; (W) — coromopprse u 00HOpoOHbie cTeneru — jf(m — 1)
Dynrxyuu.
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HNoxasatTeabCTBO. llosoxum 6=lw!“l’(m“” H cleJqaeMm

sameny z=1©0 '2/ B ypasnennn (2.1). Torzia oHo nmpumer BHJ
m~1

f@, wiwl, o= @) —wjeil+ T 9P )=0. (20

Ypasuenne (2.20) npu 6=0, w=w’, mo yc/I0BHIO, HMeeT k
pemennii 2' (@), 1 <{s<Ck u det 7, # 0 B 3THX TOUKaxX. YTBepK-
neHde 2° BhITEKAeT Telmepb H3 TeopeMbl O HeABHOH (YHKIHH.

Crencraue 2.2, [Iycte ycarosus npedionenus 2.5 sotnoanenst,
u noaurom P°(2) ydosaersopser ycaosurwo (2.15). Toeda npu p > 1
g docrarouso maaoti okpectwocty U, 8ce Towku nepesaaa ¢hyrk-
yuu Sz, w) npu|w|=p, wfiw| € U, uckepnoiarorcs roukamu 2 (w),
1<ji<k.

3ameuanue 2.1. Ecan P° ue ynosJaersopsieT yeaosuio (2.15),
TO cJaejcTBHe 2.2 He HMeeT MecTa. OJTO 03HA4aeT, UTO (YHK-
uusa S (2, w) MOXKET UMETh TOUKH NepeBaJsa, OTJIHUHbE OT Touek 2° (w)
(mpu | w | =p > |, w/iw|&U,), naxe ecan noauHoM P’ HeBHIPOK I€H.
Paccmorpum

ITpuvep 2.4,

1, ., 1
P(zl’ 22): I(ZI+Z§)2+ ?2I7 w=(p: 0)1 P > 07

rak uto w’==(l, 0). Dyukuus S;(2, @’) unmeer 3 TOuKH mnepe-

i
pana zV: 28=1, z,=0, u BCce OHU HeBHIPOXKJeHb. DyHKuUA S (2, @)
HMeeT 3 TOUKHW mepeBaJa

25(p): 2,=0, 242z =p, s=1,2, 3,

KOTOpPHE 00/a7al0T YKa3aHHBIMH B NpelJoKeHHU 2.5 CBOHCTBaMH,
H eule 2 Touku TepeBaJga: zb5(p)=p(l, =i). 3amerum, uTo
12°(p) | ~ Co', s=1, 2,3, 12()| ~Cp, 5=4, 5, npn p—oo,
Tak 4TO TOukH 2%5(p) OwicTpee yxXO0AAT Ha OECKOHEYHOCTb, yeM
toukn 2% 3(p). Kpome Toro, Touku 2*95(p) pacmnosoxeHb Ha MHOTO-
o6pasiun 224 2z2=0 Hyae#t nosunoma PO

PaccMOTpPUM BONPOC O MOBEJEHHH TOUYEK HepeBaJsa MPH MaJoM
H3MeHeHWH Ko3pduLHeHTOB mnosuHOMa. [lycTh pas  OpocTOTHI
P — o HOPOAHHIH TOJHHOM cTeleHH m, P (2)=P(2) + eQ(2), rae
Q — noJuHOM cTeneHH s m. Hac uHTepecyeT mnobeneHHe peile-
HHil z(e) ypaBHeHus

(P),(&@)=w, w0, (2.21)

npu ¢ukcHpoBaHHoM @ W npH e—0. M3 Teopemm 2.5 cienyer,
4yTo ecJid P yI0BJETBOPSIET YCJA0BHIO (2.15), To KOPHH BO3MYILEHHOTO
ypaBuenuda (2.1) ctpeMsiTess K KOPHAM HeBO3MYIIEHHOIO YPABHEHHS
(2.1) upu e —0. B npoTHBHOM cjyuae 3To He TaK.
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ITpumep 2.5. Ilycts P (2) — noaunom us npumepa 2.1, Q(2) =
n

=i; 27 Torpa nosuHoM P, (2) mpu & = 0 yiOBJETBOPseT ycJo-

n
Buio (2.15). Tlyerb . w; # 0. Torna ypasrenue (2.1) nmeer 2m — |
=1

i
pewenni (cM. npumep 2.1), ¥ Bce OHHU NpocThie; ypasHenue (2.21)
uMeeT (2m — 1)" peweHui (¢ yuetom ux kpartHocted) 2’ (e). s mux
2m— 1)* — (2m — 1) cTpeMsTca K GECKOHEUHOCTH.

MosKHO MoKasaTh, YTO CIPaBeaJHBO

ITpennoxenue 2.6. [Ipu e— 40 pewenue gosmyujenno2o
ypasrenun (2.21) aubo crpemurcsi K PEULEHUID HEBO3MUULCHHOZO
YpasHerUs, AubO yxoour RHa GeCcKOHeROCTS.

B wacTtHOCTH, ecsiu ypasHeHHe (2.1) Hepa3pelwnMo, TO BCE PelLeHRd
BO3MYIIEHHOTO YPAaBHEHHS YXOAAT Ha OeCKOHeUHOCThb NpH &-— -+ 0.

5. Teopembl cyimecTBosaHudA. Mbl MOKaMkKeM, 4TO ACHMIITOTHKA
uurerpana Buga (1.1) ompu A — - oo B cayuae, xorjga S (z) — mo.au-
HOM, YJOBJIETBOPSIOLIHI HEKOTODPLIM JOCTATOYHO OOIIUM VCJOBHSM,
paBHa CyMMe BKJaJOB OT Touek nepesaJja. IIpH pokasaTenbcTBe
HCTMOJIL3YIOTCST METOABl TeopHH Mopca, npHueM NPHXOAHTCA HMETh
JeJio ¢ HeKoMnakTHeiMH B C" MHOroo6pasusmil.

HanomuuwM, uto aunuu naubeictpetinezo cnycka dyuguuu Re P (2)
ABJISIIOTCH (a30oBHIMU TpaekTopusimu cucreMel (1.7). Bynem mpeamo-
JgaraTth, YTO 3TH TPAeKTOPUH JexkaT B 006JaCTH TOJOMOPPHOCTH
GYyHKUHH P.

Jdemma 2.1. 1°. Gynkyus Im P (2) ssasercs nepsvism urreepa-
aom cucremur (1.7).

2° Ecau z(ty — pewenue cucremvr (1.7), o npu t >0

ReP(z(t)) —ReP(z(0)) << —t¢ min |P;(z(r)) ]2. (2.22)
0T <!
JoxasarteabcTBO. MMeeM

R = — | PP,
TaK 4TO %ImP(z (1)) =0. Hauee,
t
PE®)—P@O)=— [P () df =ReP (2() — ReP(z(0)),

0

OTKYHa caenyeT (2.22).

Jlemma 2.2, lTycro My, 5 — MAKCUMAABHAS CBA3HASL KOMNOHEHTA
mroncecrea {a < ReP(2)<|b}, ¢ynrkyusn P(2) eosomopgra npu
2eM,, u

[P(2) |=C>0, z2<Mys (2.23)

Toeda H,(Mg,,, {(ReP=10a})=~0.
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JlokazatenbcTBO. QDukcupyem Touky 2'& M, by A <
< ReP (2% < b, u nyctb z(f, 2% — pemenne cucrems (1.7) ¢ gaHHb-
Mu Konrn 2(0)==2° B cuny ouenxu (2.22) coorseTcrsyiomias daso-
Bas TPaeKkTopusa npumer Ha rpanuny {ReP =a} Muoxecrsa M, ,
32 BpeMs t(zo)gto——:(b —a)C™% Ecan y & M, , €CTb OTHOCHTEJD-
ubli 11HKJI mod {Re P = a} u dy conepxurca B MHOxecTBe {Re P = qa},
TO MOYKHO MpofedopmupoBath y B uenb y < {Re P==a}, casuras
Kax/ylo TOYKY Yy BAOJb (a3oBOH TPaeKTODHH.

JJemma 2.3. [Tycre ycaosun Aemmol 2.2 86lROAHEHbL, € TOL
auwe  pasnuyed, uro pynkyun P(2) umeer npu z = M, » KOHeuHOE
uueao k rouex nepegaia, ece onu HeswuposcOens:, Re P(2) > a 8 atux
roukax u (2.23) goinoanserca gue oxpecrrocreil arux rouex. Toeda

H (Mg.p, (ReP=a) ~ZDZID ... DZ (k pas). (2.24)

NokazaTeabcTBO. PaccMoTpuM BHauaje cJayuail, Koraa
B M, , uMeeTCsl DOBHO OAHa Touka nepesana 2°, ReP(29)=C,
rne a<c<b Ilyctb yCT M, , ecTb n-MepHHH OTHOCHTEJbHBIH
uuka mod {Re P=a}. B cuay Jjemmsl 2.2 y= y'mod{ReP =aj},
rie vV M, o={a<{ReP<C}N M, Ilycts U — mocTaTouHo
Masnas OkKpecTHocTb ToukH 2% U=M, o(1U. Ecan y" He mepece-
kaerca ¢ U, to y ~0mcd{ReP =a} B MmHOXecTBe M, o, uTO
BbITeK4eT H3 JoKasarteabCTBa JeMMH 2.2. CJenoBaTe/bHO,

H, (M, ¢ {ReP=a})~ H/(C —e<ReP < C, ReP=C—¢), rne
e > 0 pgocratoudo MaJgo. [locnenHssi rpynana roMOJOrHfi H30-
Mopdua Z (cM. jemmy 1.3), u ee oGpasyioweli ABJsSETCA HCUE3Al0-
HHHA OHKIL

[Tycts P(2) umeer k Touek mepesana 2', ..., 2", ReP(zj)=C,,
nnyctsb C; pasanune: a < C; < Cy < ... <Cp < b. Buibepem & > 0
HACTOJbKO MaJeiM, uTobel 6bio C,+e<Cy Co+e<Cy, ..., H
PACCMOTPHM MHOXeCTBa

Bj={Ci~ +eCReP<C;+5e}, j=2,..., k—1,

B,={ReP < C, &},

Jexamue B My . ITo nokasaunoMmy seime, H,(B;, ReP=C,—e)~Z,
u ofpasyoulefl 3TOH IPyNIH sBJAAETCS HCUE3AIOWHH UK y;, BbIXO-
AAUIHH M3 TOUKH mepesana 2’ (cm. semmy 1.3)). TIpomomkuM oTH
uHKJB y; R0 Hepeceuenus ¢ {ReP==a} u o60o3HauHM NOJyUYEHHBIE
uukJsl mod {Re P=a} cHoBa y;. Torna scakuft uuka ymod {Re P==a}
FOMOJIOTHUEH JIHHeHAHOH KOMOWHAUMH my; -+ ... -+ Mgy C LeJo-
uMCcJIEHHBIMH KO3 duiHeHTaMH. MoXHo noxKasaTh, KaK 3T0 AeJaeTcs
B TeopHu Mopca, 4TO 3TH UHKJIB Yy, ..., Yeg POMOJIOTHUECKH
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He3aBHCHMBI. M X HesaBucHMOCTB clenyeT TakxKe H3 TOTO q_)aKTa, 4yTo

2
A" S exp [AP (2)] dz ~ a;exp [AP (2')],
Yy
raie a; 5= 0 nocTosiHHple. JleACTBHTE/BHO, HHTErpasbl IO Y; HMeIOT
3KCIOHEHUHaJNbHble ACHMITOTHKH, H 3SKCIOHEHTH PacTyT ¢ pasHOH
CKOPOCTBIO TIPH A —> 0o,

AHanoruuHo McciaegyeTcs cayuad, korga cpegn uucea C; ecTb
paBHbIE.

CnenctBue 2.3. B ycaosuax aemmor 2.3 6asuc epynns eo-
monoeuti H, (M, 5, Re P=a) cocrour us yuxi08 vy; Taxux, 410 y;
c08nadaeT 8 OKPECTHOCTU TOYKU nepesaid 2' ¢ KAHOHUHECKUM UcHe-
3QI0UUM YUKAOM. )

Sameuanue 2.2. Ecau cpems Touek mepesajia 2’ ecTh Bb-
POXIEHHBIE, TO

Hn(Ma,b, ReP:a)z
~H'(C,—e<ReP<C, ReP=C —e)® ...
e @H(Cr—e<ReP<Ci ReP=Cr—e), (2.25)

rae C;=ReP(2'), e > 0 — 10CTaTOUYHO MaJjOe YHCJO H U’ — nocra-
TOYHO Majiass OKPeCTHOCTb TOukH 2/, IDToT ¢(akT AOKasbiBaercs
Tak e, Kak u JemMa 2.3. PasMepHocTh j-if rpynnbl M3 IpaBoff
yacTH (2.25) HasblBaeTcsl n-MepHBIM TUNOBbLM YUCAOM TOUKH 2'.

TIpHMeHHM NOJIyYeHHbIE Pe3yJbTaThl K aCHMITOTHKE HHTerpaJsoB
BHIA

F)={1@expirs @l dz, (2.26)
¥

Tle Yy — KOMIAKTHOe n-MepHoe MHoroo6pasue ¢ kpaeM B C".

Teopema 2.7. [Tycre ¢ynxyus P(2) ydosiersopaer ycio-
suam 2.3, pynryus f(2) eosomoppna npu 2z M, , u ReP(2)=a
na dy. Toeda aubo acumnroruxa F (L) npu A — -+ o0 pasHa cymme
8K.10008 OT HEKOTOPbIX U3 TO4eK nepesaia 2%, ..., 2%, aubo F(L)=
=0 (e®).

HoxkasaTenbcrso. Mueem

Yymy+ ... +1a,y, mod{ReP=a},

e n; — leJble YHCJIa. ACHMITOTHKA MHTerpana (2.26) mo nukay vy;
paBHA BKJaAy OT TOUKH NepeBaJa 2/, H TeopeMa JAOKa3aHa, €C/H
He BCe uMcIa n; paBHEl Hymo. Ecam ke Bce n; paBHbH HYJIO,
TO Yy MOKHO NponedOPMHPOBATH B KOHTYP Y', H2 KOTOPOM
Re P (2) =a, tax uto |F (A) <K Ce® (A > 0). .

ITpuMenuM 3Ty TeopeMy K HHTerpaJay BHia (2.26) mo R" B ciay-
yae, korga P (2) — moJIHHOM.
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Teopema 2.8. Ilycrs P(2) — noaunom crenenu m>=2, ydo-
81eTBOP AWMU [JCA0BUAM:

1°. Crapwas odnopoonas wacre P°(z) aroeo noautoma ydosae-
reopaer ycaosuro (2.15).

2°. Cywecrsyer nocroaunas C > 0 rakas, 4ro

ReP()<—C(+1xD™ x=R™ (2.27)
Toeda acumnroTuka uxTe2paid
F)= S exp [AP (x)] dx (2.28)
Rn

npu A — -} 0o pasta cymme 8KkAQO08 OT TOHeK nepesaiq.
JdorkazaTteanbcTBO. B cuay yciaoeus 1° u reopemn 2.4 mo-

JUHOM P MMeeT KOHEUHOe YHCJO TOUeK mepesana 2!, ..., z¢ Ilycrs
a= min ReP(2)), b= max ReP (2.
<<k <<k

Monoxum y={ReP<La— I}NRE y=R:\ y. U3 (2.27) cue-
ayer, UTO HHTerpas MO y HMeeT TOPALOK Oexp(d(a—1))
(A — 4 00). Hauee, y ecTb oTHOCUTe bHBIH HHKI mod {Re P =q — 1}
B MHOXKecTBe My_ 51y ={a— 1 <{Re P<Cb 1 1}; nyerb M® — onna
13 MAKCHMaJ/IbHBIX CBA3HBIX KOMIIOHEHT 5TOr'0 MHOXKecTBa, Y0 =M y.
IIpoBepuM, uTO P yoOBJETBOPSAET YCJIOBUSM JEMMEI 2.3; TOTfa Teo-
pema 6ynet nokasauna. Vimeem P (2) = P°(2) + P! (2), rne P’ — oxuo-
POIHLIA IOJHHOM cTeleHu m, P!— nonuHoMm crenenn <m — 1.
B cuay (2.16) umeeM

| P, (2)| =] (PY), ()| — |(P), (&) |=Cle* = C (1 +]2)"

TaK 4To ]Pz(z ]>C [z]™, c’ > 0, npu Goabuiux |z |.

3ameuanue 2.3. Bmecto R” B (2.28) MOXKHO B3Tb 6ecKo-
HeuHblH KOHTYp vy, AHddeomopdHbi R® M UMelomu# CTPYKTYpy
THNA H-TIJOCKOCTH HJH KOHyca Ha GeCKOHeYHOCTH.

§ 3. AcuMnToTHKAa (DYHXAMEHTAJbHHIX pPelieHHH
koppexTHrIX no [lerpoBckomy ypaBHeHHil

1. MMocTaHoBKa 3ajaun. PaccMOTPHM ypaBHeHHe C IOCTOSHHBIME
ko3P PHUHEHTAMH

2t x) L PD)ul, x =0, (3.1)
rie x=R", >0, D= -1_031""’ T I ) Ypasuenue (3.1)

HAa3bIBAETCH KoppeKkTHoiM no Ilerposckomy, eciu

sup Re P(§) < oo.
ter”
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DynoamenTaAbHbLM pewleniem 3adayy Kowu ans ypaBHedus (3.1)
(uau pynxyuet 'puna) HaswiBaetcs ¢GyHkuusa G (¢, x), VAOBIETBO-
psiomas ypasuennto (3.1) u nasueiM Komwu

Glico=06(x). (3.2)

3aecb 6(x) ectb O-¢pynxuus Hupaka. Tem xke cmocofom, uTo H
B ra. IV, § 6, mosiyuaeM HHTerpaJ/bHOe NPEACTABJIEHHE

Gt %)= (2m) ™" {exp[—tP (&) +i(x, B d, (3.3)
Rn
rje UHTerpasj NOHAMAaeTcs B cMblce obobuieHHbx ¢yskuuii. Hac
HHTEepecvVeT acHMITOTHYeeKoe mnosejaeHue G (f, x) npu dHHKCHpOBaH-
HOM t >0, |x|—0. Acumnrtotuky uHTerpana (3.3) 6ymeMm uccJae-
J0BATh C TIOMOUIBIO MeTOJa Nepepada.
2. Hapaboawueckue ypasHeRHs. Ouenxd <¢yRxunn Ipuna.
Ypasueunue (3.1) uasmBaercs napaboauveckum, €cau

RePO() >0, t&R", 50, (3.4)

roe P°(¢) — crapmas opHopogHas yacTh nosausHoMa P. Takue mo-
JMHOMBI HaspBaloTCs napaboauveckumuy. CTeneHb napaGoHuecKoro
MOJIHHOMA UYeTHa.

BeeaeMm kaacc P (2m, n) OZHOPOAMBIX NapaboandyecKMX MOJH-
HOMOB cTeneHu 2m, m =21, oT n nepemeunnx. Ecau P& P (2m, n),
TO B CHJIY ONHOPOLHOCTH

G (¢, x)=1t""""G (1, x~ ™). (3.5)

Iasee mpeanoJaraercs, 4To n =2, m_>=2, Tak Kak npu m==1
uurterpad (3.3) Gepetcd; B uyacTHOCTH, (PpyHKuUUA [ pHHA ypaBHeHHSA

TENJONPOBOJHOCTH
ou __ Au
at

G(t, x)=@~/af ) "exp(—L2L),

tak 4to G (1, x) B ODaHHOM [OpUMepe 3KCIOHEHUHANbHO YObIBaer
opu | x|—oco. HsBectno, uro ¢yuxkuus I'puna napabonueckoro
YpaBHEHHUsT JONYCKaeT OlIeHKY

1G (1, x) < Crexp(— Gy x[™™Y), €, >0,

HMeEEeT BH]I

T. €. 3KCHOHEHIHaJNbHO yOniBaer npu | x|— oo.
Hac wunrepecyer acummroruka G (1, x) upu |x|—>oo. Baemem
of03HaueHud

=§+im, & nER, SGw)=—P@)+E w). (3.6
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HaunGosee TpyLHBIM IPH NPHMEHEHHH MeTO[a NepeBasa ABJsAeTCs
ponpoc 06 oTGope TOUeK mNepeBaJsa, [alOLIMX OCHOBHOH BKJaj
B acHMOTOTHKY. Y3 o6mux cooGpaxeHuit (nemma 1.2) BuTekaer,
yTO acHMITOoTHKa HHTerpanaa G (1, x) maercs TeMH TOUKAMH mepe-
Bajia, B KOTOPBHIX MOCTHTAeTCss MHHHMaKC
min max Re S (g, ix) (3.7)
vy Ley
(ecau ou cywniectsyeT). 31ech {y} — MHOXKeCTBO BCeX KOHTYpPOB v,
sKBHBaJeHTHHIX R”, T. e. Takux, urto

G(1,9=@20" {exp(S(c, im)dt (3.8)

Y
npu Beex x &= R" CeMeficTBo {y} KOHTYPOB, S5KBHBAJIEHTHHIX Y, TPYAHO
06o3puMo. PaccMOTpHM NMOJMHOXKECTBO 3TOTO ceMeHCTBa, COCTOsALee
H3 caBHros R™ Ha BekTOpH BHia in, ME R" 1. e. ceMelicTro
n-naockocteil { =§ 4+ in, £ = R", n durcupoBano. BeexeM bynxuumo

v(n) = min Re P (§ + in); (3.9)
E=R
Torga MAHHMaKc (3.7) npuMeTr BUA
min (—v @) — ¢, ) = p (x), (3.77)
n=R
a TOUKHM, B KOTOPBIX pocTHraercsa MuHuMym (3.7°), ompemessiorcs
H3 ypaBHEHH:A
vi(n)=—x. (3.10)

DtH coobpamenus NPHBOAAT K CJAEAYIOUIEMY Apasuly orbopa
Towex nepesasa (I1OKasaTe/bCTBA TNpHBedeHbl HHKe). IlyeTh v &
& C'(R"), torpa HaxomuMm n=r1(x) u3 ypaBHenus (3.10) u 3atem
Ha A-IJIOCKOCTH M =1 (X) HAXOAHM TOUKH, B KOTOPBIX AOCTHTAeTCs
max — Re P(§ 4+ m(x)). Dru Toukn u OYAYT TOYUKAMH MeEpeBa.a
¢yukuuun S (g, ix), a n-nmaockoeth 1 =1 (x) GyxeT mepeBa/JabHbLIM
KOHTYpOM. OnHako ecau v & CH(R"), To 3TOT MeTOj{ He MO3BO.ISAET
HaAlTH HYXKHble TOUKH TepeBaJsa AJisi BCeX HampaBJeHH# B RY.

YCTaHOBHM HEKOTOPHIE CBOMCTBA (YHKIUH v H MOJYUHM OUEHKH
aast [G(1, x) .

Teopema 3.1. Tycre P(E)= P (2m, n). Tozda pynxyus v (n):

1°. Bawnyxaa xsepxy. .

2° O0HopodHa crenenu 2m u yOo8AETBOPAET OUEHKAM

— <y < —Coln ", € >0, (3.11)
npu qm =R
3°. Kycouno-arzebpauteckans u 6GeckoHeyHo Ouppepenyupyema

8c00y 68 Ry, 3a uckarouenuem, 66iT6 MONCET, aneebpauiecKoe0 MHO-
acecrea Kopasmeprocru =1,
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HoxasartenbctBo. ®OyHkuua R, E M)=RE+ A+ in)
ABJSIETC IVIIOPUTapMOHHMYecKo# npu awbom ke R”. Tak kax
v(n)=mig(—R,, (§,m)), To v(n)—nuopucyneprapMonuyeckas GyHk-

NER -
g ot (5, ). Oyukuusg v (n) BHIYKIA KBEPXy, NOCKOJBKY v (n)
He 3apucHT oT § ([24]). OnHOpoZHOCTL (GyHKIHH V() CAeLyeT u3
ojpHOpoaHocTH NosauHoMa P (E). Urtobul pokasats (3.11), mocTaTouHo
noxasars, 4ro v(n) < 0 npu n %= 0. BuiGepeM a &R Taxoe, 4o

(a4 i)™= —b<0. Tak Kax P (an + in) = —bP(n), 1o npu 170
HMeeM
v(n) <ReP(an + in)=—bRe P (n) <O0.

TeMm caMeIM yTBepXxaeHHA 1°, 2° noxasaHsl.
Hokaxem 3°. PaccmorpuM asreGpanveckoe MHOXecTBO M <

=R X R7 X Ry, 3agannoe ypapHeHneM v = — Re P (€ 4 in), u nycTs

N — npoekuus M Ha RﬁXRlv. M3 onpepesenuss GpyHKUHH v cie-
nyet, uto N = {(v, n): v<{v(n)}. [To Teopeme 3afinenbepra — Tap-
CKOTO, MHOXKeCTBO N siBAsieTcs moJyanre6paHueckuM, TaK 4YTO ero
rpanuana ON ={(v, n): v=v(n)} comepKUTCA B HEKOTOPOM CcOGCT-

BEHHOM a/ireGpaHyecKOM NoIMHOKecTBe Ri'y. MOMKHO CuMTAaTh,
YTO 3TO MHOXECTBO 3a4aeTCsi OJHHM HOJHHOMHAJLHBIM ypaBHeHHEM
f(v,n)=0, Tak uro v (n)— KycouHo-aarebpanueckasi (QYyHKIHS.
CheaosaresnbHo (cM. § 2, m. 1), cymectByeT ajre6paHyeckoe MHO-

xecrso V < R} kopasmepHoctH >>1 Takoe, uro ve C* (RN V).
Jemma 3.1, Hycre P () = P (2m, n), roeda cyujecrsyior no-
croauunie C, Cy > 0 rTakue, 4710

ReP (g4 im) —v(m) =C " (3.12)
npu |§12Cylnl.
HokasateabcTBO. HMmeeMm

ReP(E+ m=ReP (& 0+ ) —-Q(@n®,

lol=1
Qo (8) = Re P (& + in) |z
Tak xaxk P= P (2m, n), T0

ReP(, 0)=cltf", ¢>0,

Qq () — oppopomuble HOJHHOMBI cTenend 2m —|al|, ¥ npuH |E|>=>
=c¢"|n| umeem

ReP<g+in)>(c— > ;’,—ca(c’)"“');glm,

laj=1
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Tne ¢ He 3aBucaT or E. Ecau ¢ > 1, 1o

ReP(E+im)=c 6" >0, Es0.

Tak kar v(n)<<0, 10 (3.14) nokasano.

[Mycrs w(x) — dynkuus, onpenenentHast B (3.7'). Pyukuuu p (x),
v (—m) aBolicTBeHnn mno IOury.

Jemma 3.2. 1° Dyukyus p(x) soinykaa xeepxy.

2°, @ynkyus W (x) odnopodna crenenu 2mi(2m — 1), u npu scex
xeR" ] ‘

_ Cl ! ¥ |9m/(zm—]) <l~" (X) < . C2] x I‘zm/(?m—-l)’ (313)

ade C) o > 0 — nocrosaunrote.

3°. Iycre H(x) — rouka, 8 xoropoti docrueaerca munumym (3.77).
Toeda cyuwjecrsyer taxas nocroannas ¢ >0, uro

IH) < Clx '™, x =R, (3.14)

0aa scex taxux H(x).

JlokazaTeabcTBO. YTBepxaeHus 1°, 2° BEITEKAIOT H3 CBOACTB
ABoficTBeHHEX, no IOHry, ¢dyHKUWH M 43 oxHopomHocTH v. [loka-
®KeM 3° B CHJAY OJHOPOZHOCTH W HOCTATOYHO MOKa3aTh, HUTO
sup |H(x)| < oo. HomycTuM IpPOTHBHOE; TOTHa CyHIECTBYET IOCJE-

|x1=1

poBateabHocTh {x/}, | x/ |=1, lim x/ = x° lim|H (x/) |= oo, oTKyna
j>o0 i»e
CJIeAYeT, UTO
p (0 = lim (— v H (")) — (!, H(x))) = o,
j>oo
TaK KakK — v (M) npu |n|— oo pacrer Kak [N [, TlonyuenHoe npo-

THBOpeuHe JoKasuiBaeT (3.14).
Teopema 3.2. Hycre P= P (2m, n), rozda

1G9 1< Crexp[r (£)]] + e, @.15)
B uacrrocru, npu scakom & >> 0

Gt 1<C@exp[m (£)]]F
NoxasateabcTBo. 3aMeHuM B (3.3) unrerpas no R: uHTe-
rpajioM Mo a-maockoctd ¢ =¢§ 4+ in, £ =R", 1 dukcuposano. Torga
G DI
<@y "expl—tv (m) —(x, m] {explt(v(m — Re P+ m)] d&

Rn

npu Jwbom m<R"” Tlycrs [(f, n) — nocnegHuil HHTErpaJ; mnpen-
ctaBuM ero B Buge [+ [,, roe [/, — uHTerpaj IO MHOXKECTBY

X nf(2m—1)

T

n/(2m—1)

(1Pt >38). (3.16)

10 M. B. ®deaopiox
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JE1<KColml, B Co—TO XKe, uTo u B Jemme 3.1. Torma

n< | a<cnmr

lE]1<<Cyiml

Tak Kak INOoJbIHTerpasbHast (YyHKUHA B HHTerpasje [, He mpemoc-
xonut 1. Jagee, B cuay (3.12) umeeMm

L< | exp(—Ct1Er)de<{exp(—CitlgFm)ag=co "o

1812 Calm) R

OKoHYATENLHO noJqyuaeM, 4TO
166, 1< Cexpl—tv ) — &, m] (Gl "+ Ct ™)

npn Jwo6om neR” Tlosaras n=H(x/f), rne touka H(x) naer
MHHHMYM —v(n) —<{x,m), 1 yunteiBas (3.14), moayuaem (3.15).
Uro6bl noayunth (3.16) u3 (3.15), 10CTaTOUHO 3aMETHTh, UYTO NpH
[x"[t>6 BTOPOH UJIeH B KBaJpaTHBIX CKoGKax 3 (3.15) oueuu-
BaeTcs uepe3 mepBHIA.

M3 (3.16) caenyer, uto ¢pyuruus G (1, x) 3KCIOHEHIHANbHO YObI-
BaeT NpH [x|— oo,

3. TlapaGoawnueckue ypaBHeHus. AcumnroTHka ¢yHkuuu [puna
NPH BELIECTBEHHBIX X.

Jlemma 3.3. llycre PP (2m, n), ¢pyukyus v (n) = C' 8 oxpecr-
nocru touku M°. Toeda ece Touxu n-naockocru v =n° & KOTOpsIX
doctuzaercs maxn(— Re P (£ + %), ssamrorca Toukamu nepesaia

E=R
pynryuu S (G, ix’), ede x°= —~| (n°).
JdokazareabcTBO. Ilycth I' — MHOXKECTBO BCeX TOUEK Ha
n-IJIOCKOCTH 1 =N’ B KOTOpHIX mocturaercs max (— Re P). Mmeem

RePi(t+ in)=0, teT.
[ycts I=R", |I|=1, Torpa ([32]) umeer MecTto dhopMyJa '

ov (7]0) J— rgnEaI)‘( (—-—- <R:| (gr 7]0), l>)’

ol

rae Ad/dl — npoussonnas mno wHampasJaenuto [. Tak kak ve (!

0} a 0
B OKPeCTHOCTH TOYKH n°, TO avé}' L — — a\;(—nl))‘ Tak 4TO

min (Re Py +in’), 1y = max (Re Pr(g+m"), ).

CaegoBatenbo, (Re Py (g4 in"), [y=-const va T, u Tak KaK 910
4 .
BepHO AJs MmoBoro eAMHHYHOTO BeKTOpa [, TO RePn(g—I—m)E
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=const na I'. CuenoBarespno, v;(n° = —Re P, (5+in% npu
t=Tl. Tak Kak

ReS (g, ix’) = — Re P (£ + in) — (n, 1,

10 npH x°== — v, (n°) B Touke {*=¢"+}in’ umeen ReS§{ =0, ReS;=0.
Ws yciosnit Komn — Pumana Beitekaer, uto Sy (&0, ix®) = 0.

OTMeTHM, UYTO A-IJOCKOCTb M =0 §BJIAETCA, B VCJOBHAX
JseMMbl 3.3, mepeBajgbHBIM KOHTYPOM 1 dyukuuu S (g, ix0).

Jdemma 3.4. Ecau P= P (2m, n), to det Pt (2) 5= 0.

4
IokasateabcTBo. JlocTaTouno nokasatk, uto Re Py (£°) > 0
B HekoTopo#l Touke £ = R" (T. e. MaTpHIA MOJIOKHUTEJBHO Ompeje-

Jgexa). Toraa det Pg;; (z") 5= 0. Hedicteurennbro, ecan A, B — Bewe-
CTBEeHHblE CHMMeTpHueckie MaTpHiel 1 A > 0, To det (4 + iB) 5% 0.
ITonoxum (3gecy £t =R™)

@ =max RePE) (1€,
fE=RePE), gE&) =alt,

B nycTb £®— TOuKa, B KOTOPOH MOCTHraeTcs MakCHMyM. ®yHKUHA
g (§) crporo Bhmykaa mpu § 7 0, T.e. g (§) >0, £ % 0. Hanee,

fE)=gE) NHE)=gE) [E)>=gE E=R",
TaK 4TO
FE—TE)— (@), E—E)=alt—8F a>0,

npu maJgex |§— &%), Tak uto fgg(gO) > 0. JleMma 10KasaHa.
Touku nepesaJia HHTerpana G (1, x) onpenessiOTCa H3 ypaBHEHHS
4 .
Py (5) =ix. (3.17)

OTMeTHM OJHH BaXKHBIH HACTHBIH cJayual.

Jlemma 3.5. Hycre roagppuyuentor noauroma P = P (2m, n)
gewectaernot. Toeda ypasrenue (3.17) paspewumno npu mobom geuye-
craenrHom x, 1 ecau (x) — touxa nepesara, to —E(x) rakoce
ABASETCA TOUKOIL nepesana.

JoxkxaszarteabcTBO. B cHIy ofHOPOLHOCTH NMOJHHOMA P-MHO-
xectBo V,={{=R™ |t|=1} saBaserca xomnakTHbiM C*-MHOTO-

ofpasHeM pa3MepHOCTH n — 1, 3Be3OHHIM OTHOCHTEJbHO HauaJja
koopaunaT. CJenoBaTeqbHO, HOpPMalb K V, MOXKeT HMeTb .J06oe

nanpasJjenie. Tak Kaxk HopMasb B Touke £ =V, u Bekrop P (%)
napaJjesnbHbl, TO ypaBHEHHE Pg (€)=x umeer pemenue (r) = R"

2m -1
npu moBoM x &R" B cuay ogmopogHocTH P Touknm 4/ i §(x)

10*
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ABJSIIOTCST pelleHus M ypaBHeHus (3.17). Ilyers §(x) — pemenue
ypaBHeHus (3.17), Toraa, B CHJY BeleCTBEHHOCTH H OJTHOPOIHOCTH P,
nMmeeM Py (—C(x)) = — P (£ (x)) = ix.

B cuay saemmul 3.4 B TeopeMbl 2.2 CYLIECTBYIOT Takue ajareGpau-

n

ueckne MHOkectBa Mc < Cy, Mg < Ry kopasmepHocTH =2, > 1
COOTBETCTBEHHO, UTO NPH X & M, ¥ & My dyukuus S (g, ix) umeer
KoHeuHoe (HeHy/eBoe) UYHCJO TOueK INepeBasta M BCe OHH HeBHIPO-
aaeHs. Omuaxko npu x & My (Mau npH x & My) dyukuus S Moxer
VMeTh BHIPOXKJEHHHIE TOUKH IepeBasd, MOXKeT HMeTh GeCKOHEUHO
MHOIO TOUEK MepeBasa H MOXeT BOBCE He HMEeTh TOUYeK NepeBaJa
(cM. mpuMepnt 2.1, 2.2). B 3TuX cayuadax Mbl He yMmeeM (3a odeHb
PEeAKHMH HCKJYEHHSIMH) BBIUHCJSATL acuMOTOTHKY G (1, x), nawxe
eCcJIH H3BECTHO, KaKHe TOUYKH IlepeBaja [alT OCHOBHOH BKJAaf,
B ACHMIITOTHKY.

[TpucrynuMm K (QOPMYJHPOBKE OCHOBHOH TeopeMmbl. IlycTh
Mpr < Ry — yKa3aHHOE BBIIIE HCKJIOUHTEIbHOE aJre0panuecKoe MHO-
KeCcTBO, TOraa

N
Ri\ Mgp= /U; n,

raie M; — cBsi3Hble HelepeceKarolhecss OTKpHIThle MHOXecTBa. Bce
OHH, B CHJY OZHOPOAHOCTH P, SBJSIOTCS KOHYCaM#, € BEPIIHHOM
B Touke x=0. YpasHenue (3.17) npu KaxjaoM x < I; umeer 0110

o ol ik

u To ke uncao k; pemenmit §''(x), ..., t"/(x) ma n-miockoctu

n=H(x), u Bce 3TH TOUKHM mepeBaja HEBHPOXAeHH. [1010KHUM
0 —1 —1

M =DM;NS"", rne S* — enunnunas chepa |x|=1 B8 R".

Teopema 3.3. [Iycre v(n)=CYRY. Toeda npu x/t =M,
| x lzm/ f— —+ o0 cnpagedauso AcCUMNTOTUYECKDE PABAONHCEHUE

kj
G (t, x) =2, Gy (t, %), (3.18)

st (t, x) ~ (23‘5)_n/2l X l—fz (m-1/2@2m-1) t-n/2 @em-1) ><

xfoet P (2 ()] "esn i (1= ) e 2 (] %
><(1 +§a/sq (ﬁ)(lx;m)‘”‘z"“”]. (3.19)

3decy pynryuu a;, = C* npu x =M;, sro pasaoxcerue pagHo-

MepHO no @ =xf| x| X}, ede K| < M; — npoussosbHbli KOMNAKT.
Pasaoocenue (3.18) wmoorno Ougpgepenyuposars no t, x arwoboe
qucao paa.
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BuiGop ety KopHA B (3.19) caenyrowuii:
1 n
— 5 3, arg (= (),
= (3.20)

T

Jarg (=20 ()< X,

|

arg[det PY (2° ()]

rae AL (x") — coGerBennsie snauenns matpuus Ppp (27 (x0)).
JdokasareabcTBo. 3aMeHUM B HHTerpase (3.3) KOHTYD HH-
TETPHPOBAHHS A-TIIOCKOCTBIO {=E¢ 4 im(x/f) U B TOJYUEHHOM HH-

TerpaJsie cuejaeM 3aMeHy g—»([xj/t)”(?’""”g. Torpa

G(t, x) = @u) " (| x ™" 1 (A, o),

(3.21)
1= {exp a5, o),
i
rge o603HaueHo
=— P+ iH j H
[, o P g+ i (o) + i (o, £+ iH (o)), (3.92)

om \/oom—1)
ompips rm ()

lx|

BoJbiinM mapaMmerpoM siBiasierca A. OyHkuua [(§, ®) 0IpH KAKAOM
(DYKCHPOBAHHOM meﬂ)t}’ HMeeT OfHO W TO ¥Ke YHCJA0 BelleCTBeH-
HEIX Touek mepeBasta & (w), 1<<s<ky, rae & (o) + H (0) = (o),
M BCe OHH HEBHIPOXKjeHH. B cuay JeMMbl 3.2 cymectayior Cy, Co >0
raxme, uto Ref(§, 0)<<—vm) — C [E["™ npu [£]>Coln . Tyers
K] < M) — komnakr, toraa |H(e)|>=C, >0 npu o = X7. Umeen

| exp[A] &, ©)] dg|<

1§12C;| H(o!

<ep(—iwv@m) | exp(—nizfMa<
1§12 C:C3

Lexp(—Av(n)—Cr), C>0,

TaK YTO 3TOT HHTerpasJ OSKCIOHEHIHaJbHO MaJ N0 CPaBHEHHIO
c exp(—Av(n)). Hurerpan or dyuruuu explArf(E, o)) mo obaacru
|E|<<Cy|H(0)| B cuay Teopembr 1.2 paBen cyMMe BKJAJAOB OT
Touek nepesasa '°(w). 3aMeTHM, YTO, B CHJy OAHOPOAHOCTH P
H dopMyarl difnepa,

2mP (g) = (P¢ (8), ),
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B TouKe mepeBasna {'*(w) nmeem
e o) =i(1 =55 )& o).

Boiuncasisi skaagw (em. (1.9), (1.10)), nonyqaem (3.19).

Cnencrsue 3.1. Ilycrs ¢pynkyus v(n) = C' 8 oxpecrrocTu
Touku M° == 0, rouxa x°=—v; (") npunadiexcur o0Homy u3 Kony-
coe WM;. Tozda pasaoxenue (3.18), (3.19) wumeer mecro npu
|x i —>00, s K ={x: x=po, 0<p< oo, o= U}, ede U— do-
crarouno masail okpecTHocts Touxu o°==x% x°| na edunuunol
cepe | x| ==1.

3ameyanue 3.1. ['naBubli useH aCHMNTOTHKH HMeeT BH]I
(npn x = M)

G(l, x)=

=|x|_fn_‘gn’;:—”e“ i [ij: Asj exp (zBSI!x I2”'—1) +0 (|x| ‘)m—l)]

(3.23)

rae Ay, Bg — nocrosiinble, B, BeuieoTBeHHb. B uacTHOCTH, ecsH

P — pemecTBedHb# moanHOM, To (cM. semMy 3.4) k; ueTHo, u caa-
raemele B (3.23) BXO,U,?!T napamH:

Agpexp (LBS, | x| %m- ) -+ (KOMIIJIEKCHO COTPSKEeHHAsl BEJHUHHA).

B stom cayuae G (I, x) uMeeT Ha KakaoM Jayue x = px°,
0<p<oo, x*= M, GeckoHEUHO MHOTO HYJIeH.

O6cynum Bonpoc 06 3dGpeKTHBHOCTH npaBuja oT6Opa TOueK
nepesaJsa, noctpoeHHoro B semme 3.3. OueBHAHO, UTO OHO Hempu-
rojiHo, ecju v & C'(R"). Takue QYyHKUHHU v TOKHBI CYILECTBOBATH:
dbyHKUHST v(n) — KycouHO-aareOpanyeckasi, T. e. OHA <«CKJeeHa»
U3 pasJiHUHbIX IVIaJKHX BeTBel anre6panueckux GYyHKIHH, H B MeCTax
CKJeHKH MOXKeT He OBITb rJajKoH.

1°. Ecan v C'(R"), To 3TOT MeTOA IN03BOJSET BLIUHC/IHTH
acumnrotury G(l, x) npn |x|—> o0, x & M;.

9°. CyliecTBYeT OTKPBITOE MHOXKECTBO I10JHOH Pa3MepHOCTH (B 11po-
CTparcTBe KO3 OUIHEHTOB) MOIHHOMOB P = P (2m, n), 1151 KOTODHIX
ve C*(R"). Hanee, ecau P =P (2m, n) 0 yAOBAETBOPSET YCAOBUIO
(2.15), uan ecam n=2, TO NoJyuyaeMm acuMnTOTHKY G (l, x) na
MHOJKeCTBe MOJHOH pasMepHOCTH B RY.

3°. CyluecTByIOT Takue moJuHoMbl P & P (2m, n), 4To QYHKLHA
v &CH(R") (1. e. ee rpaduk v==v (1), n = R” uMeeT yai08vte TOUKU).
B uwactHocTH, ecan e > 0 mocTaTouHo maJjo, To QYHKLHS v, OTBe-
4aouasl NOJHHOMY

P(z,z)== =+ 22)2 + ie2%z,,
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#e npunaniexut C'(R?) (cm. [30]). TToJaHHOMBI € HerJajKuMH v
TaK>Ke COAepP>KaT OTKPHITOe MHOXecTBO B &P (2m, n).

PaccMOTpUM mpPHUMEDHL.

Mpuwmep 3.1. Ilyete G(l, x) — ¢yHLaMeHTANbHOE pelIeHHE

ypaBHeHHs v
n m
ou __ (—=hH™ 02
ofr = m (Z ax;%) u.

i=1

"

m
3necs P(Q) = 1/2m(2 g}) ; TOUKH mepesasa ¢dbyHruuH S(g, ix)
j=1i
BLIUNC/AeHb B npumepe 2.1. B naHHoM caydae MuHuMyM (3.9) no-
CTUr2eTcAd B TOUKaX == 1nsin WmE:T)’ ¢byHKOHA v paBHa

m . T -2m
vin)=—-5_ (Sm2(2m~1)) y

Acwunroruka G (1, x) npu | x|-—>oco paBHa CyMMe BKJIALOB OT TOUEK
nepesaJna g (x), —¢(x), rae
S -9

. a Rr—
L) =et (), o=@,y &W=xlx] =,

TaK 4TO
G (1, x)=2(2n)""" [det P{ (£ ()] exp [— (2m—1) P (5 (1)) sinw, ] X
X [cos (P (& (x)) cos oy + o (1))].

B paGore [36] mokazano, uro ecau P ({) — CHABHO BHITIVK-

JBI TOJHWHOM € BEIIEeCTBEHHHIMH KO3 (HIHEHTAMH, TO MHHHMYM
(3.9) mocruraercs an BCeX X B TeX Xe CaMBIX TOuKax, QYHKIHA

t—m
‘V(Y])::m—( 2(2m ])) P(n), u acumnroruka (G (I, x) npu
Jx]— co paBHa cymMme BKI1aq0B OT ABYX TOUeK MepeBaJa.
n m

fTpumep 3.2. P, (§)= zlne"“(zgﬁ) , a>0. Ecmn a>0

j=1

JAOCTATOUHO MaJo, 10 Py P (2m, n), u MuauMyM (3.9) mpoctu-
/2 ~a

raercs Tosbko B Touke E°(n) = ctg wy, W)= 5 ——1 - Acumnro-

taka G(1, x) npy |[x|—>o0o0 paBHa BKJAAy OT TOYKH NepeBaJa

£ (x) =" (x) (E(x) cM. B npumepe 3.1) H HMeeT BuL
G (1, )= (2m) " [det P{ (¢* ()] X
><exp[<2m— 1) P& )]+ o).

Ecan a ¢ukcupoBano, ¥ meauHoM P (f) nocTaTouHo G/H30K
X noauHomy P,(f), to MuHuMyM (3.9) mocTuraercs HpPH Bcex
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B Touke E(n), 6auskoil kK Touke £* (1), u acummroTuka G (1, x) npu
| x| — oo paBHa BKJaLy OT TOUKH NepeBaJja, 0JH3KOH K Touke " (x).

[lepeneceM mosyueHHble B TeopeMme 3.3 pe3y/abTaThl Ha HEOLHO-
poiHble mapabosuueckue noJuHoMsl. Ilycts

PO=P @& +P @+ ... +Pm(),
rie Pj—OILHOpOI_IHbIﬁ MOJIKHOM cTeneHu 2m — j, P°= P (2m, n),
u nojoxum S°(g, ix)=— P'({} 4~ i(x, {). Ilyctn M, M, VW —
MHOXKeCTBA, OTBeualouue noauaomy P? u v’ — QyHKIHs, TOCTPOEH-
Has no P°. B cuay mpeasoxesHus 2.5 TOUKH mepepaJga ¢yukuun S
npu x =MW, [x|> 1, OsuskH K Touxkam mnepeBajsa ¢yuxuun S%
of6osHauuM ux ¢, T/ COOTBETCTBEHHO.

[Tpenaoxenne 3.1. [ycre P — neoonopodueili napaboiau-
weckutl noaunom crenenu 2m, ¢pyusyus Ve CH(R"). Tozda npu
|xPmft—>o00, tfix] <6, x/teM; u npu 6> 0 docrarowHo mairom
cnpasedauso acumnrorudeckoe pasdaoxcerue (3.18), eoe

n(m-1 n

Gjs (¢, )= (2m) ™" | x| 28R £ 20m10 [det Pl (€ (v 2 1)) 7" X
X exp = tP (€ (sf1)) + i (" (eft), )1 (1 Qu),

Qe 14 2 (1) a5 7) ), .24

X

u pynkyun a;g (€) — anaauruneckue pynxyuu e npu maivx el Pas-
aoocerue (3.18) mosicno ougdbepenyuposars no t, x a0boe nuc.a0 pas.

Caedcrsue 3.1 rakxe ocraercs 8 cuae.

HJokaszaTeabCTBO MNPOBOAWTCS [0 TOH XKe cXeMme, 4TO H
NOKasaTelbCTBo Teopembl 3.3. HMMeHHo, nedopMHpyeM KOHTYD
HHTErpUpoOBaHua B n-njockocts 1 =H(x/f), nokaswBaem, uro

1/(2m+-1
uuTerpas mo MHomxectBy |E|>>C|H(x/1) (] x|/ ), Jgex alemMy
B 9TOH n-IJIOCKOCTH, BSKCIOHEHI[HAJAbHO MaJd [0 CpaBHEHMIO
1/(2m—1
c exp(——A(lei’m/t) em=UY npu moGom A >0, ecan C > 1, u npu-
MeHsieM TeopeMmy 1.2 K ocTaBlieMycs HHTerpadsy.

4. KoppekTHoie no [lerposckoMy ypaBHEHHS C YHCTO MHHMOH
 geduHATHOR crapmel wactewo. [lycts PP(E) (cTapiuias OfHOPOI-
Has 4acTh NOJHHOMA P) eCTh MOJUHOM C YHCTO MHHMBIMH KO-
dbauueHTaMy U moJguHoM PY(§) Oegpunuren:

PiE)#0, E=R*"\{0}. (3.25)
Torpa P°(E) — noquuoM yeTHOH cTemenu 2m =2, [1ycTb X (2m, n) —

KJacc BCeX TaKMX IOJHHOMOB CTeleHH 2m OT A1 MePeMeHHBIX.
TunuunelM npuMepoM cay:KHT ypabHenue llpepuHrepa:

ou

—aT:—“lALL.
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B atoM mpumepe ¢ynkuusa ['puHa HMeeT BH/

Gt =27 (2)" exp(—~ 2L

).

TaK UYTO HpPH |x|—>o00, t>0 ¢uKcHpoBanuoM ¢yHKRuUA [puna
CHJBHO OCLHJNHPYET, HO He YOLIBAeT 3KCINOHEHLHAJbHO.

WUuterpan (3.3) une spasercs AaOCOJMIOTHO CXOAAMHMCS, €CJIH
P= X" (2m, n), 1 ero HeOoOXOIHMO pery.spH3oBarth. Bymgem pac-
cmatpuBaTth G(f, x) npu QHKcHpoBaHHOM !> 0 Kaxk (YHKIHOHAJ
O]l TMPOCTPAHCTBOM K(RZ) ($GUHUTHBIX OeckoHeuyHo AHGDepeHLU-
pyeMmblx ¢yHkuui. IlpeobpasoBaune Pypne nepeBoauT K B npo-
crpanctso Z (RY). Ecom v = Z, 1o ¢ (8) = Z(R?) n aHaIuTHueCKH
TPOAOJIKAETCA Ha BCe KOMMJekcHoe mnpocTpanctso C" Kak ueJsas
(QYHKIMS [epBOro mopsjika pocTa H KOHeuHoro THna ([26]).
Ilycte F — mpeobpaszoBanne ®ypre (v—E), toraa G(f, x)=
= F 7 '(exp(— tP (£))). Tlpumensis pasenctso [lapceBass u mepexos
K TOJIADHBIM KOOpJIMHATAM, IOJydYaeMm

(G, %), @(x)=(2m)"" (exp(— 1P ), v (—¥2)),
rie 9 = K(R", v =Z(R", rak uro
(G, @)= {exp(—tP @) b(—5) ds =

RY
= S (S exp(— tr’mP (0)) ¢ (— r0) rn—! dr)dS.

sn—1 ™

3necy E=r0, r=|E&|, S”—l={8: ZG‘]%-——I} H dS — sneMeHT
j=1

nosepxHocTH cheprl S” 7', TlepecTaHOBKA MOPSifKA HHTErPHPOBAHISA
3aKOHHA, TAK KakK V= Z.

PaccmorpuM uHTerpan no dr (f, 6 duxcuposans). Tak Kak
b=2Z, 10 |[P(Q)I<<Crexp(Cy|E|) mpu BCcex KOoMIJIEKCHHIX . Ilo-
TOMY HHTerpa’ paBeH HHTerpaJay mo KoHTypy [(A) (B KoMmjeKCHOMN
NJIOCKOCTH 7), KOTOPHIH COCTOMT u3 oTpeska [0, A}, A >0, u ayua
r=A-+4pe "M 0<Lp < + oo, rae e —3nak ImP () npu & 5= 0.
Ilyets e=+41; torna P(E)=iQ(E), Q()=0, u npu r=I(A),

r—> 00 UMeeM
ReS(r8, x) ~ — ¢ r P™ Q(0).

ITockoubky Q(8)==c¢ >0 npu 6 & S""', To unTerpas mo KOHTYpY
I(Aj cxoauTcs aGCoMOTHO U paBHOMEpPHO To 8. Bulpaxas \ uepes @,
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noJgyyaem

{ expl—trmp (rO) 4 (— r0) o=t dr =
1{A)

= ({ (expl—trmP o)+ irx, o) -t drdS\g () dx.
R ght—1 I{A)

[TepecTaHOBKA NOPSAKA HMHTErPUPOBAHMA 3aKOHHA, TaK Kak ¢ &
e Cy (R"). Urak,

G o =en" {6t newar,

Rﬂ

rae aas G uMeeT MecTo dopmyJaa

G(t, x)=(2n)" S (S exp [— 1P (&) + i (x, £)] r*—! dr) ds. (3.3
Sn—l

1(4)

3amerum, urto unrerpaa (3.3") we saBucutr or A. Uz stEx pac-
CYyKJIeHHH BBLITEKAET

Mpeaaoxenne 3.2. Ecau noaurnon P XK' (2m, n), ro
¢pynryua Tpuna G(t, x) [saserca napu Kawdom GUKCUDOBAHHOM
t >0 yeaoti ¢ynryueii or x=C" Ecau ImPE) >0 (<0) npu
tE=R" 50, ro G(t, X) fsanerca eoaomopproil pynryueti (I, x)
npu Imt<<0 (20), x = C".

OTmertuM erwe, uTo ecan P e X7 (2m, n), To

G(l, x)=G(l, —x) (3.26)

B CcHJY OJHOpojHOCTH P.

Ecan P =X (2m, n), ro ¢pyuxuus S (g, ix) npu moGom x < R®
HMeeT BellecTBeHHble TOYKH IIepeBaJsia; OHH-TO H JA0T IJIaBHBIH
BKJaj B acuMntotuky G. [eifictBuTenbHo, P(§)=iQ(E), rae Q —
BelleCTBEHHMH noauHoM. Ilyets Q(E) >0 mpu :=R", E=%0;
Torna MuoxecTso My={f &R":Q(§)=1} ectb C™ — muoroo6pa-
3ue pasMepHocTd (1 — 1), 3Be3jHOE OTHOCHTEJbHO HAUaJ a2 KOOPAH-
nat. [losTomMy HOpManb Kk Mg MOXeT uMeTh J000e HampaBJieHue
B R", BekTOp HOpMaJH ny B Touke § mapaJuened Bektopy Qf (E).
Ecan g(x) & Mg TakoBo, UTO ng(y X, To Touka E==AE(x), upu
HeKOTOpoM A 5= 0, ecTh BellecTBEHHAs TOUKA mepeBaJsa (yHKIIHH
S, ix). Janee, ecin P = X" (2m, n), To noanuom P (e~ im/mg) =
e P (2m, n), Tak uro B cHay JemMbl 3.4 detPZ% () s= 0. Bnipo-
JKjleHHble BElIeCTBEHHbIE TOYKHM HepeBaJsia — 3TO TOUYKH, B KOTODHIX

PiE)=ix, t=X ={E=R™ detPi(5)=0}
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T. €. TOUKH, B KOTOPHIX MHOroo6pasue E,,;==iP () 8 R""' umecer
Hy/eBYI0 TayccOBY KPHBH3HY. ITycTh Mp — MHOXeECTBO BCex x & R”,
KOTOPbIM OTBeYalOT BLIPOXKJEHHBbIE BeILeCTBEHHble TOYKH TepeBaJa,
torga Mp ecTh BellleCTBeHHOe MNoJyaarefpanvyeckoe KOHHYecKoe

MHOKecTBO KopaamepHoctu > 1. Umeem RN Mr=T ... | My,
rae IM; — CBSA3HBIE OTKPHITbIE KOHYCHL B R Tlpu moGom x e WM,
dbyHKIHA S(g, ix) uMeeT OJHO H TO XK€ HHCJO k; BeUIECTBEHHBIX
il ik
touek mepesaJsa ' (x), ..., £ (x).
Teopema 3.4. I[Tycro noaunom P =Xt 2m, n), m=1. Toeda

2
npu xfte M, | x| m/t-~> 00 CAPABEOAUBO ACUMNTOTULECKOE PABAONCE-
Hue (3.18), ede

st(t, x)=(2n)-n/2|' |- -n (m—1)/(2 )\<
oo

X exp [i (1 _w%)@“ e (F))] %
IR G [ R

0
30ecy pynryuu aj, & C% npu x/|x|& M, 370 pasioxcerue
pasromepHo no xf| x | & K, ede K= M) — npoussonbubiil KOMNAKT.
Pasaoscenue (3.27) momro Ougdepenyuposars no t, x aroboe wu-

ca0 pas.
TakuM o6pasoMm, d¢yuruus G(l, x) cu/IbHO OCHHJIMPYET NpH
fx|—>o00 H y6bIBaeT npu m =2 crenedubiM obpasom: |G (1, x)|=

=0(|x] —n (m—1)Hzm— 1))

]loxasaTeJIbCTBo. Heaass B uurerpaJse (8.8) saMeny §—
-—+(|x|/t)”(?m“')§, nosayuaeM st G (¢, x) npeacrassenne (3.21), rae
A, ® Te XKe, uTo H B (3.22),

[ 0)=—PE) -+ i¢E, o)
BoiGepem A >0 Takoe, uTO BCe BEUECTBEHHbE TOUKH NepeBana
dyukuuu [ gexar B mape |E|<{A/2 npu |co.—-—1 H 3aMeHuM
KOHTYp MHTerpupoBadus B (3.21) kontypom S*~ ‘XI(A) (cM. (3.3).

Mycrs ImP(E) >0 npu BemecTBenHbiX £ 0 H [ (A) — ayu r=
= A -+ Cpe~#m 0<p < oco. Torpa, ecain C>0 [0CTATOUHO Be-
JHKO, TO

Ref(r0, o)< —C’'0>, rei(d), 6 o=S"",

rage C’ >0 Moxer GbITh BHIGPAHO CKOJb YFOJHO GOJBLIMM 34 cyer
_x od
yBeanuenusi C. TMosromy uHTerpas mo koutypy S*7 X[ (A) umeer
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nopsajok O (e~¢*). K wumurerpady no OCTaBUIEMYCS KOHTYpY TpH-
MeHHMa Teopema 1.2.
CanencrBue 3.2. [Tycre mHoeoobpasue

M={+R" ImPE)=c¢},
e=sgnlmPE) (0

crpoeo soinykao. Toeda npu |x|—0 acumnroruka G (¢, x) pasta
sKkaady or (eQuncreenHol) gewjecTsenHoli Touku nepesaia & (x[t).
[ITpumep 3.3. PaccMoTpuM ypaBHeHHe

ou i
oF = g (A" u.

Torpa npu |x|— o
G (1 x) —~ (2“)_n/2| x {—n (m~—1)/(2m—1) (2m . 1)—1/2 e—i:rm/4 X

X exp [i (1 — 71,77) | x Igm’/(?m")].

[TosydeHHble Bbllle pe3yJabTaThl MEPEHOCATCS HaA TOT CJayuai,
Koraa P — KoppekTHeli 1o [leTpoBCcKOMY HEOAHOPOJIHBIH TOJH-
HOM, cTaplias ojHopoaHas yacth PU(E) KOTOPOTO MPUHALJIEKHT

kaacey K1 (2m, n). Tlyers Sy(C, ix)= — P°(¢) + i (x, 9% g (¢, x)—
TOYKH TNepeBajia (yHKLUHH S raxue, uro Z*(t, x) ~ " (¢, x) npu
t| x|—0, rae £ — roukn nepesasa GYHKIHE S), YKa3aHHbIE B TEO-
peme 3.4.

Canencrsue 3.3. [lycto P — xkoppexrnoii no Ilerposckomy
noautonm, P°e Xt @m, n). Toeda npu xjt< M, |x ™ [t > oo,
H x I1<<O, u npu docraroyno masom &> 0 cnpasediuso acumnro-
Tuteckoe pasaoxcerue (3.18), e0e G;s umeror sud (3.27).

OTMeTHM BaKHBIH HYacTHBIA cJayuai:

I[Ipepnaoxenne 3.3. [Tycre

PE=PE+PE+ ... +P"Q),

20e P — 00HOpOOHbIL noautom crenenu 2m — |, Pext 2m, n)
U npu geuiecTeerrnoix §

Re P1(E)= ... =Re P¥»-1(§) =0,

ReP¥? () <0 (%0, p=0).

Tozda npu Tex oce yciaosuax, 4ro u 8 caedcreuu 3.2, cnpased-
auso pasaoxcerue (3.18), ede

ReSf(@)= ... =ReSk_ (@) =0,
ReSi¥(0) <0, |o|=1.

(3.28)

(8.29)
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NlokaszateabcTBo. Ilycte y &R\ {0}, E&(y)— npocras

BeleCTBeHHAS TouKa nepesana yurnun Sy (g, iy), e=|y |~V ",
o=yfiyl Tlpu Mambix e¢>0 oyukuusa S(G, iy) umeer Touky me-

peBaJsa
W)= +e'(y+ ...,

rae psaj cxoxutes npu |e] K 1 (cM. mpensoxenne 2.5). ITokaxew,

qTO
Ref’(y) =Rel'(y) = ... =Re¥"!(y) =0,
Img2 (y) == 0

NpH BemwecTBeHHBX y 7= 0. [lenas 3ameny [—ef B ypaBHeHuyu
St =0, noaydaem

PE@Q+ePt @4 ... +™' P @ =io,  (3.31)

npuueM g (y)— §(0). Huxe GyzeM cuutath, 4TO0 @ (PUKCHPOBAHO,
0<e<k 1l Tak xak moausoMml P° ..., P?~! HMEIOT YHCTO MHH-
mble Ko3qduunents, T0 Ref’(w)= ... =Re >~ (0)=0. Pasza-
ras JeByno uacTb ypaBHeHHs (3.31) mo cremeHsM g, aas Img2°
HOJIyHaeM YpaBHEHHE

—Im Py () Im ¢ + Re P (%) =0,
H Tak Kak Martpuua Im ch (¢) ueBnipomxaena, To (3.30) moxkasauo.
Hoxraxem (3.29). Umeem u3 (3.30), (3.28), uto
Re[— P (Z(0) + i (), o)]=— &7 ReP? () + O ().
B ycaoBHAX OpensoxeHns (3.3) HMeeT MeCTO OLeHKa

n(m—1) n

1G (1, ) |y x| @R ¢ TEm

(3.30)

2p—1 om—2p ]

X expl— T [t

T. e. G(f, X) yOrBaeT 3KCNOHEHIHAJBbHO, HO MeJJeHHee, yeM (GYHK-
nusi ['puHa napaBosanueckoro ypaBHEHHS.

5. O6mue koppekTHoie no IleTrpoBckoMy ypaBHeHus. Ecan
ypaBHenue (3.1) xoppexkTHo mno IleTpoBckKOMY, HO He SBJSETCA
napaGo/H4YeCKUM HJH ypaBHEHHEM PacCMOTPEHHOrO B I. 2 KJacca,
To GyHkuus ['puHa sBJasercss o6obuieHHOH (YHKIHEH KOHEUYHOro
nopsaka sag mpocrpancreom Cp (R}) mpu dukcupoBaHHOM ¢ > 0.
Ecau P& P (2m, n), 10 G(1, x) sKCnoHeniHa/abHO YObiBaeT mpu
|x|—o00; ecin PeX" (2m, n), To G(l, x) CHIBHO OCIHILIHPYET
H yOBIBaeT TOJbKO cTemeHHHIM oOpasoM. Ecan Xe P — oxHopon-
HBI MOMMHOM, He BXOAAMMH HM B OZHH H3 3ITHX KJaccoB, TO

n
G (1, x) MoxeT o ogHUM HanpaBJeHUsIM B Ry yGHBaTbh 3KCIOHEH-

C2>O)
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MaJbHO, KakK (QYHKuHs I'puHa napabosinueckoro ypaBHEHHs, a 1o
APYTUM — CHJIBHO OCLMJIJIHPOBATH H YGHBATh TOJBKO CTeNeHHHIM
o6pasoM. Ilpn n=1 TUNHYHBIM NPHMEpPOM CJYXKHT YypaBHeHHEe
Ju __ O%u
ot T 0x8
[Mpumep 3.4. Ypasuenue C. JI. Coboaesa ([71]):
1 ou d%u

BoiunenuM ¢yuxunio [puHa; Mbl orpannyuMcs GOpMaJjbHBIM BbIBO-
oM (cm. [80]). Mmeem us (3.3)

Gt %) = g | exp (1228, — 12, £
®
Uurerpan no di; paren 2md (48,8, — x;), oTkyna
G(t, )= o | exp(— ity — ixs5a) 6 (45,8, — ) i, it
~
[Tonaras 4 =u, & = v, noJydaem

1 . d d
G, x)=——mggexp(—1xlv— 4m)é(u ‘ U===
RZ

1 i ixsx3\ dv
— Ten SeXp(_ U — )T

~—co

CiesiaeM 3aMeHy NepeMeHHOH v—.—/\/__ L& 3mech W Jagee

8HaK <«->» Oepercd HPU Xpxex; > 0, 3HaK <<——» 6epercqd TpH
X x9x3 < 0. Torna

oo

1 =1\ d
G(t, X)z—m S exp(— A -§—j—2—§-—)-—§—,

A=V+M
-+ s

Belpaxast noc/aefHHH HHTerpaJs uepes GeccesneBbi dYHKUMH, MMOJY-

gyaeMm
G Vo(A/ ), >0,

— an) " K, (/\/— —xixfﬁ-), Xy Xgx5 < 0,

Orciona caenyer, uro G(l, x) uMeer JorapudmMHyeckue ocofeH-
HOCTH HAa KOODJAMHATHBIX IJOCKOCTaX. [anee, npu |[x|— oo dyHK-

G (t, x)= (3.33)
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una G(f, x) sxkcnoHeHLHa/bHO yObIBaeT B TeX KBajpaHTax, I'Ae
%1%9%3 < 0, H OCHHJUIHPYeT H YObIBAET CTENEHHHM 06pa3oM B OCTaJb-
HBIX KBajipaHTax, 4TO CJAeAyeT H3 H3BECTHHIX acCHMIITOTHK Gecce-

JeBBIX (pYHKUHH.
[Tpumep 3.5. PaceMorpuM ypaBHeHHe

du 0%u
o ox ax (3.34)
Mmeem

G, x)= SS exp[ifg & — i(x, £)] dt.
R?

Wnrerpan mo dg; pasen 2xd (3 — x)), otkyna

oo o0

G(t, x) = _2_}1_ S ) (ﬂég - xl) e ik dg_, = % S 0 (ﬂ;g — x,) cos (§2x2) dEQ,

—00 v

B uactaoctu, G(f, x)=0 npu x, < 0. Boluucaga 3TOT HHTerpaJ
npu x; > 0, nosayuaewm

Gt x) = m/t‘r cos (xZ \/ ) a>0 g3
x <0,

Tax uto G (!, x) uMeer ocoBeHHOCTb Ha OcH x; ={(.
[ToxaxewMm, uro G (f, x) siBAgETCA TPH KaXKIOM (PHKCHPOBAHHOM

t > 0 obo6uleHHOl (yHKLUHEH TOPsSAKA < [—;i] ~+ 1 Ban mnpocrtpan-
creom Ci°(R"). Wnrerpan

Gty )= )" {expl— 1P @) + i(x, 1€ + D7 at

cxouTesi aGCOMIOTHO H PABHOMePHO Ha KakK/aoM KoMIakte B RY,
ecan k>nf2, Tak kak |exp (—tP((E))|<Cconst, u G(f, x)=
=(— A+ ¥ Gy (¢, x), rae nHddepeHuIupOBaHNEe TOHNMAETCS B CMbl-
ci1e o0o0uieRHbX QyHKUHH., OAHAKO HepelleHHHM OCTAeTCs BONpOC,
rie pacmoJoKeHbl H KaK yCTpoeHbl ocoGeHHOCTH .

Mpbl npuBegeM HHXKe JaBa pe3yJbraTa o peryJspH3alHd HHTe-
rpana (3.3). OnHMH M3 HHX TOJy4YaeTcss C MOMOIIBIO 3aMeHH KOH-
Typa HHTerpHpoBaHus koHtypom B C", gpyrofi — ¢ IOMOLILIO IIpe-
nesabuoro mepexoxa (3.38), kKoTOpHI OOHUHO NMPHMEHSIOT s pery-
JSpU3anuy GBICTPO OCHM/IHPYIOIMIMX HHTErpasoB.

[lpenaoxenne 3.4. [Tycre ypastenue (3.1) Koppexrno no
ITeTposckomy, u nycTs Ha mobom aywe t==|£|0, EER", [0 =1,
BUINOAHACTCS HEPABEHCTEO

[PE)IZ=Co(®)|E >0  (Ig]> Ci(0)- (3.36)
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Toeda G (t, x) asasercs yeaod Qynkyuen x npu Kaxcoom Guxcupo-
sanrom | >0 u Oeckoneuro dupgepenyupyema npu t >0, x =R

OHorkasartedbcTBoO. [loBTOpss nOpoBeAEHHBIE TNPH BEIBOJE
dbopmynsl (3.3) (cM. m. 3) paccyxpenusi, nosaydgaem aias G ¢op-
MyJay

G(t, x)=(2n)™" S (Sexp [— tP (8) + i (x, e>]rn—fdr)ds. (3.37)

sn—1 le

31ecb KOHTYD [, 3aBHCHT OT O U BHIOHpaeTcst Tak: [p—ayu r == pel®®,
0<{p < oo, Tako#, uto ReP (r0)<{— Cp® npu r =1, r ->oco. Us
(3.36) HeTpyaHO MOAYUYHTb CyIllecTBOBaHHe moctostnubix C,, C; Ta-
KuX, 4rto |PEY|=Col&F npu |&|=>C,. HUurerpan no dr B (3.37)
cxomuTes abcosoTHO M paBHOMepHO, Korga 0= S"T, 0< 1, <
< t<t, x npunagaexur komnaxkry B C” Ortciona BriTeKaer mpeju-
Joxenue 3.4.

Hpenmnoxkenue 3.5. [ycro ypasuenue (3.1) KoppexkTHO nO
Ilerposckomy u 8oinOAHEHbL YCAOBUS:

1°. | PL(g)| = C, g ™0

npu 112Gy, 20e 8, C; >0 — nocroaunsie, m =2 — cTenexss no-

aurona P (E).

2°. Pynkyua S(E, iy) umeer He Gonee KOHEHHOZO HUCAQ Beuie-
CTBEHNLIX TOHeK nepesaia 6 HexoTopoil obaactu U < Ry.

Toeda pyuxyus G(t, x) = C™ npu xft= U.

HJokasaTteabcTBo. BocmosbayeMcst CJAeAYIONIHM CIOCOOOM
peryJaspHsauuu HHTerpasa (3.3):

Gt x) =81_1T0(2ﬂ)—" Sexp [—iPE) +ilx, B ¢ (eg) d&. (3.38)
Ry

3nech pyunxuns ¢ & Co (R”) pasuna eguuuue mpu | §|<<1/2 u pasna
myqao npu |[g|=1. Tlyers £ >0, x R" QUKCHPOBAHBI; MOJOKUM
t=1 gna yno6crsa. Bribepem r > 0 rakoe, uro ¢pyHkuas S(E, ix)
He HMeeT BElIeCTBEHHHIX TOYEK mepeBasna IpH |§|==r/2, U BBeleM
dysxuno y < Co (R”), pasuywo 1 npu |E|<r # paBHYIO HYJIO IpH
| &12>=2r. Torna nuterpan B npasoi yactu (3.38) [ (g) == I, () -+ 1, (e),
rae /, comepxur yx, I, comepkur ¢(ek) —y. Hurerpan [, =C”™
npu Bcex x < R" Hurerpas /, npoHHterpupyem mo 4acTsiM TaK XKe,
Kax W B [0Ka3aTesabCcTBe Teopemul 1.4:

I(e) = { exp[S (&, in))f L* (o (e8) — 1 (®)) d,
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rre ‘L — onepartop

= 0 (1)) Lk o) RS
L=y ag,-] o Wy =ISEE )8 G, ).

Tax Kak P — DOJIHHOM CTemeHH m1, TO AJAA JIO0OT0 MYJbTHUMH-
IeKca o

ngS(g, ZX)‘<0(1 +|§|)m~|a|

Cienosareasuo, |¢,~(§)J<C’(1+]g])‘6, H HeTPYLHO MOKAa3aTh,
4To AJs1 J060ro MyJbTHHHIEKCA B

| D8, ()| << Cp (1 4 181)71P 0

CrnenosaresbHo, UpH HeaoMm k=0

‘L (o (e8) — % (8) = }; £ (&) M; (9 (e3) — % @),

rae M; — onHOpoAHBI JuddepeHunanbHb OmEpaToOp INOpAAKA f,
Ly, (8) | = Cpe (1 +] EDTFIFO,
Ecau oyukuus fe L, (R"), To

im {7(©0 e de= (@,

3—>+;)pn Ruﬂ
lim (7@ Digee)dz=0, [al>o0.

g—>» 40
R

BuiGepem k>0 Takoe, uTo6ml OBJNO £O > n; TOTJAA CylIeCTByeT

lim I, (e) B cuay Toro, uro ¥, & L, (R”), a dynkuua |exp (S (&, ix))|
e->+0
orpaHHYeHa, Tak Kak ypaBHeHue (3.1) koppektHo no IlerpoBckomy.

Huddepennupys unterpan [, (e) no x, noayiaem

DI (&)= \ % ®expIS (&, 9] [o (e2) — x ®) a2,
Rﬂ
rie , — NoJHHOM crernedd < |a|(m — 1). Vurerpupys mo vacrsm

TeM Ke CIOCOGOM, YTO M Buille, moaydaeM, uro lm D3l (e) cy-
e—>+40
mecrsyer npu x < U.

IMpumep 3.6, Oyurnusa I'puna ypaBuenus

u 0% .
BF T 0x,0x50x3 + iAu
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ABJAAETCA LEJ0H QyHKUHeH x OpH Jai000M (HKCHpPOBaHHOM [ >0
B CHJy npepnoxkenus 3.3.
Jdemma 3.6. [ycre sewecrgennvie T04KU nepesasa HOAHOMA
P (£) codepamarca e nexkoTOopom wape, in (R)=Igr?inR| Pi(t){. To2da
=

CyeCcT8YIOT NOCTOAHKAR @ > 0 u payuoHaisnoe 4ucAo o Takue,
47O
a
m(R) ~aR™ (R —o0). (3.39)

INokasarteabcTBO. Muoxkecrso |[PL(E)F>=m’, |EF=R*

n+4-2 5 2
B Rt ', g fiBAsieTcs monyaare6panueckuM. Ero npoekuust M Ha Rp, »,
no TeopeMme 3e#igeHbepra — Tapckoro, sBJseTca noJgayaJreépanue-
CKYM MHOXKeCTBOM, HMeeT BHA M = {(m, R): m>=m(R)} v He cOB-
nagaer ¢ R% CaegoBaTenbHo, €ro rpannlla COAEPXKHUTCA B HEKO-
TOPOM COOCTBEHHOM aJjrefpanueckoM MHOXKeCTBe, U IIOTOMY Cyllle-
cTByeT moJsiHoM [(m, R) Tako#l, urto

f(m(R), R)=0, —oo<R< o0,

ITostomy dyukuusa m(R) — xycouno-aare6panveckas. MoXHO cui-
TATh, UTO Pa3jokeHHe MNOJHHOMA [ HAa HEIPHBOJUMbBbIE COMHOXKH-
TeJH HE COAEPKHUT KpaTHHIX COMHOXKHTesdeit. Toraa cyuiecTByer
Ry, > 0 Takoe, 4r0 AMCKpUMHHAHT D{(R) no.anxHoMa [ OT/JHYEH OT
Hy1q npu R = R,. Ilpu R > R, BCAKoe peuleHHe ypaplieHHd f=0
pasaaraerca B psp [louse:

m; (R) = ag;R™ + a;R"1 4 ...,

rae Gy > ay; > ... — palHoHaabHbie uncaa. Pynkuus m(R) cos-
nagaer npu R >R, ¢ oxHo#t u3 ¢ysxkuuit m;(R). Tax kak, mo
yeaosuio, m(R)>0 npu R > 1, 1o acumnrotuka m(R) wuneer
Bua (3.39).
3aMeTuM, uTo unucyao o B (3.39) MoxeT OBITb OTPHLATE/bHBLIM.
Jlemma 3.7. [Iycre ypaswenue (3.17) umeer sewjecrsernoe

petuerue npu A1060m 8etyecTéenRom X us Hexoropotl obaactu U < RY.
Toeda sce koagpuuyuentor noaurnoma P (L) — P(0) — qucro mnumsie.

HoxkasarteabctBo. M3 paspemumoctd ypasHeHus (3.16)
npu x €U caenyer, uto det Pgy (£) 5= 0. B cuny mpemsioxenus 2.2

MOXKHO B3ATh oGaacts U < U Ttakyw, uto npu x & U ypaBHeHHe
(3.17) uMeeT oiHO H TO e KOHeUHOe uHcjao pemenuii &' (x), ...

.., T*(x), U Bce OHH HEBBIPOXKIEHbl H DPAa3THUHBL. M HOXKECTBO
M ={t=c™ =10 (x), .VEU} ecth C™-MHOTOOOpasue pasMep-
HOCTH #; IO YCJOBHIO, XOTd Obl O7HO H3 HHX COLEPKHT 00.1aCThb
V =Ry Torna ReR;(§)=0, E<V, tak uro ReP;()=0 mpu
tE=R", u Bce KO3pPUUHEHTH MO.THHOMOB Péj (), 1<i<n,

SAIBAAKOTCA YHCTO MHHMBIMH.
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Hccne;xyeM acHMATOTHRY G (Z, ¥); ona OygeT CyiieCTBEHHO pas-
JIMUHOH, B 3aBHCHUMOCTH OT TOro, OyAeT Jn noJuHOM P°(Z) umeth
BeINECTBEHHbIE TOYKH IiepeRaJja HMJHM HeT. BBemem oGosnaueHus

(D‘_____jz_'_’ Sn—l—:{(DERnZ I(’)!ZZI})

So(Z, ix)=— P’ Q)+ i{x, §).

B cuny semmb 3.7 GyHKUHST S, MOMKET HMeETb BelleCTBEHHBIE

TOUKM TepeBaja B lLeJdoll obgacTu B Ry TOJIbKO Toraa, Korsa Bee
Ko3pPHUEEeHTH noanHoMa P° KpoMe cBOGOLHOrO YJeHa, SIBJSIOTCA
YUCTO MHUMBIMH. [IycTbh P°({) — HOJIMHOM € UHCTO MHUMBIMHM KO3(b-
duunentaMu. TTosoxkuM

M={x=R% P! () =ix nua nexoroporo &e&R"}.

MHoxecrBo I sBJsgeTcs mnoJjyanrefpauveckuM KouycoM B RY.

IMycty det ng (€) = 0; torna Dt ecTb KOHYC ULOJHOM PasMEpPHOCTH.
[To Teopeme 2.2 umeeMm

AV
M= MU, M=m;ns"",
=1

rae M; — oTKpbITHE cBA3HbIe KOHYCH, dim M <Cn — 1. Tlpu kamaom
x=M; bdynkuua S;(§, ix) umeer onHo B TO XK€ KOHeUHOe HUCJIO K
BelleCTBEHHHX TOUEK mHepeBaJsa g "(x), ... ’k i(x), H BCe OHH -He-
BLIPOXK,/IEHbI.

Konyc I uMeeT NPOCTYyH CEOMETPUUECKYH) HHTEPIHpPETAIUIO.
MiMennso, noaoxuM P (E)==iQ(Z), Torma Q — 0AHOPOIHBIH MOJHHOM
¢ BeuleCTBEHHBIMH Ko3hdHuunentamMu. PaccMOTpHM MHOKeCTBA
ypoBus M3 ={t=R™ Q&) ==+ 1}. Torna M= MEUM UMy
U{&=0}. Ecau crenenb P meuetna, To M™ — KoHyc, cocTaBJjeH-
Hblii W3 Jyuel, KOTOphle OPTOrOHAJbHBE K M3 H HanpaBJeHH B CTO-
pony Boapactanua Q, M0 — anmasoruumblil Komyc, oOpasyiwomiue
KOTOPOI'0 OPTOrOHaJbHEL K MHOXKecTBY Q==0. HelicTBuTenbHO,
nycth & & Mg, Torma HopMasb k MG B TOuke &’ mapansesabua
BEKTOPY Qg (£), xoTOpH HamnpaBJeH B CTOPOHY Bo3pacTauus Q.

B cuay OAHopo,uHOCTH Qg(l‘i)—t “ng (EO) U IpU m HEUETHOM
-t >0, 0.

YpaBHeHHe (3.17) uMeeT BelleCTBEHHEHE pelIEHHs NPH BCEX X
Bupa x=1" 'Q; (go), t=R. Ecau xe m uerHo, To Konycsl M= °
COCTaBJIEHbl He W3 JyueH, a K3 NPAMBIX.

Teopewma 3.5. [Iycrs noaunom P°(L) umeer =€ucro mHrumbsre
ko3 puyuenror  u  ydosaergopser ycaosuro (2.15). Toeda npu

IxIZm/t — 00, tflx| <9, t/inm(} u npu 6 >0 docraroyno maaom
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acumnroruka pyuxyuu G, x) pasHa cymme 8K4a008 OT ToHek
nepesaaa, 6auskux Kk toukam L' (xfp), ...., g/ (x/t). 310 pasio-
JeeHUe pasHomepno no x, ecau xfl x| aewmcur 8 Komnakre K < ﬁR?

HdoxasarteabcTBo. B cuay mnpennoxenus 3.4 QYHKLUA
G, x)=C” npu t> 0, x=R" [enas sameny §— (]| x|/f)/(m=DEg,
posydaem aaa G npexncrasaenue (3.21), (3.22), rae

Jm— PO — P () — ... —e"P () +i(0, D),
. i \t{m=1)
o=(r1) -

i
Mycts o= X < M), roie K — xomnakr. Tak kak P’ yio-
BJIEeTBOPAET ycJioBHIO (2.15) TO CYIIECTBVIOT NOJIOKHTEAbHBE IO-
CTOsIHHBIE €;, R;, C, Takue, uTO

|4, o, &) | = ColE ™
npu [EI =R, 0<{e<e ¥Ycrpoum C%-pazbuende emuHHUbl | =
= (8) + 9, () » RE, rae Qynkuust ¢, &C; (R"), pasna 1 mpu
[8]<C2R; u paBHa O npu |§|>=3R,. COOTBETCTBEHHO I10JOKHM

I=1+1,, rne [ —unrerpan (3.21). Acumnroruga uurerpaJsa [,
paBHa, mo Teopeme 1.2, cyMMe BKJAJOB OT TOYEK mNepeBaJa,

(3.40)

: il ik,
6JMH3KHX K BelleCTBEHHBIM TOukKaM mnepepaaa {' (o), ..., &'/ ().

ITokaxem, ato I, =0 (A"") npu & — + oo. Vurerpupys no uacrsm
TaK e, KaK H B J0Ka3aTeJhCTBe NpeAJoxeHus 3.4, mojyuaeM

L=2"" S eMpds, b ="Lg,.

Rﬂ.

B cuay ycaoBusa (2.15) u orpaHMUeHHOCTH (DYHKLUHH

g I<CU+1e)™, E=RY

TAK YTO uHTerpas [, cxoguTcs aOCOJIOTHO H JONYCKAET OUEHKY
[I,]<<CA™'. UHTerpupys mno uactaMm najee, moJayuaem, yto [,=
=0("") A >+ ) npu Jobom N.

CuencrBue 3.4. Teopema 3.5 ocraercs e cune, ecau Kosgph-
puyuentsr noauHoma P°— uycro muumete, a noausom P ydosae-
TBOPAET YCA08UAM npedaoxcenus: 3.4.

PaccMmotpum cayualt, korga dyuruus S,({, {x) He HMeeT Bele-
CTBEHHBIX TOUEK NepeBaJia.

Jlemma 3.8. ITycre P (L) — o0HopoOubili MHO204AEH CTeneHu
m =3, ¢dynkyus S(L, w% umeer touxu nepesasa. ITorooxcum

d (@°) = inf S (¢, @), (3.41)

ede inf 6epercs no scem rouxam nepesara. Toeda aubo d (w% < 0,
aubo P==0 80 8cex Touxax nepesaid.
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HokasarteabcTBo. [lycts {° — Touka nepesasa, Torma, no
dopmyse dMfnepa, S w)=(1—2m)P () =S, B cuay oguc-
ponHocTH P Bce TOYKH ;’=a,~§°, 8,=m_1\/1—, ABJSIOTCS TOYKaMHU
nepesasa u S(§', w%)=¢;S;. Ecau P(%) =0, to S;5 0, u xors
Gbl OJHO M3 uHces S; JIEKHT B HHIKHEH IOJIYIJIOCKOCTH.

Paccmorpum konye MR} Buga {r&R% x=p0, o=Q,
0<{p < oo}, rre Q — ogHocBsI3Hast 06J1acTh HA €NMHHYHOH cdepe
S* ' Ilyere # < Q~—xoMnakt, M (K)— KOHYC, MOJYUEHHBIH
ns M szamenod Q #a K. Illyctb P (§) — OXHOPOAHBI MOJHHOM
creneHn m =3, ¥ nycte npu x< M dyuxkuus S (g, ix) umeer
OlHO M TO e 4YHCJAO Touek mepemana t'(x), ..., £*(x), Bce oHn
HEeBLIPOYKAEHH. /s 3TOro mocTaToOuHo, 4ToGH IR He Nepecekascs
C HCKJIOUHTEJBHBIM MHOMKeCTBOM Mp (cM. Teopemy 2.2).

Teopema 3.6. [Iycre P () — 00HOpOOHBL nOALHOM CTEReHU
m =3, WM — onucarnHsili 8viule KOHYC U

1°. P ydosaersopaer ycaosuro (2.15).

2°. IMlpu x=M ypasrenue (3.17) He umeer sewjecT8erHHbLX
petueruti u P (L) # 0 8 royxax nepesara ' (x).

Toeda acumnroruxa ¢pyukyuu G (1, x) npu | x| — oo, pasromepHo
no x=M(H), pasua cymme 8x4a008 OT HEKOTOPbIX U3 TOHEK
nepesaaq, yo08AeTBOPAIOUUX YCA08UIO

Re S (z, ix) < 0. (3.42)

NoxkasarteabcTro. OCHOBHAsi TPYIHOCTb CBfi3aHa ¢ pery-
aapuszanueii uuTerpasa (3.3). B cuay upensoxenns 3.4 GyHKuus
G(1l, x)=C*(R™. Onuako TPH BBLIUKHCAEHWH acHMITOTHKU G MBI
He MOXKEeM MO0J/b30BATHCA MOJYYEHHBIMH B 5TOM HPeAOKEHHH Gop-
MyJaMH, TaK KakK OHH COJep:KaT HeaHajJuTHYecKHe GYHKINH.

PacemorpuMm @ kax GYHKEIHOHAJN HaJ TPOCTPAHCTBOM Ce(RY) u
BOCNOJb3yeMCst paBeHcTBOM Ilapcesans nuist pynruun G==G (1, x):

(G, 9)=(20)" (G, §(—E) = (77 ©, §(~8)).
Iyeth {=E -+ in, Toraa, ecau g & Cq (R”), To npu Jwbom N =0
16— < Cye~ =™ +5)7" (3.43)
[TosToMy uHTerpaJg
1=\ erog(—9a
R7

CXOnHTCS a6CoJIOTHO.
Tosoxum d= inf ReP ({(x)), rme HuxHsas rpanb Gepercs
x)

reEms

no BCEM ToukKam mepesaja ¢yHKuHH S (g, ix); Torna —oo <d < 0.
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Quxcupyem x & M (H). [lycre M — cBA3HAsE KOMIOHEHTAa MHO Ke-
ctBa {2(m—1)d<<ReS <0}, S=S8(,ix), comepxamas Ry,
MP® — MHOXKeCTBO, MOJNyueHHoe B3 M ymaseHHeM MaJblX OKPecTHO-
creit U, Bcex Touek mnepepasa o¢ynkuun S. Torma |Sg|>=>
>CU )" npu =M. Jlunus uauGbcrpeiimero criycka
r={(¢ ¢ ix), t>>0, Brixonsuas U3 TOYKH Ee R", sBiasercs pe-
weHdeM sagauyn Koiuu:

%Zpg(g)_L<x’ E)y ;’t=0=§'

B cuay sgemmbl 2.2 3a KoHeuHoe BpeMs f==f(E) Touka ¢ (¢, E; ix) npu-
net au6o na oU;, au6o Ha mHo¥ectBo {ReS=2(m — 1) d} = oM.
Ecaun R >0 [0CTAaTOYHO BE/JIHKO, TO BCE TOUKH MHOXKeCTBA D), =
={t =R™ (E)>>R} 3a xoHeuHoe BpeMs BHHALYT Ha M, mpHueM

t(R)= sup (8 < oo
E=Dp

Mlycts Dy — CABHHYTOE MHOMKECTBO] IOKAXKeM, YTO OHO MaJo
oranuaercs oT Ri npu |E|> 1. MmeeMm ReS (L, ix) =2d (m — 1)
Ha Dpg. [lpu duxcUpoBaHHOM § M HPH MaJjblX ¢

ReS (& ix), ix)=
dReS ’ T .

=ReSlhoo+t o]+ 0@ =—1IStE W+ 0 ().
CuefoBaTe bHO,

HE)~1StE i) =0 (£ npu |g]->oco.

[TosoxuM yszUDRUD, rae D — UHJAHHAP H3 TPaeKTOpHH

L==C( & ix), 0<TISEE), |E|=R, Toraa, B cuny ouenkn (3.43)
u cBoWcTB Dy, udrerpas [/ paseH HHTerpaay mno y. Taxk Kak ﬁR

€CTh MOYTH A-IJIOCKOCTh HAa GeCKOHEYHOCTH, TO TeM XKe CIocoBoM,
4TO H B NPEIJOKEeHUH 3.4, MOXKHO J0Ka3aTb CXOAHUMOCThL HHTEr-
pasa oT exp[S (g, ix)] no y. CaenosaTennHo, npu jx|==1, x = M (X)

G, x)= S exp[S (¢, ix)] dt.
b

HetpyaHo noxasaTh PaBHOMEPHOCTb NPOBE/IEHHBIX BbIllE MOCTpPOe-
HHH oTHOCHTebHO ¥ & M(K), |x|=1.
IaJee,

G(l, x)==|x[/m=D S exp (I x Mg (C, l—l—f-c—])) ag.
v

ITo nocrpoenno, ReS=2d(m—1) na D, # unTerpas mo Dy
HMeeT NOPsJ0K

O (exp(2d (m — 1 + &)| x[™™1)),
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rie e >0 MOXHO BHIGPaAThb CKOJb YrogHo Mageim. OcTaBlagcs
yacTh § KOHTypa Yy eCTh OrpaHHueHHOe MHorooGpasue B C” H oo

NOCTDOEHHIO, IBJSETCH OTHOCHTEJbHBIM LHKAOM mod {ReS (;, )=

= 2d (m — l)}. ITo Teopeme 2.2, acHMOTOTHKA 3TOMO HHTErpaJa

paBHa CyMMe BKJaj0B OT TOYeK Nepenana QyHKUHH S.
3aMeyanne 3.2. Mbl OrpaHHURJIHCH [AJf NPOCTOTH OAHO-
POAHBIM MoJuHOMOM P. MoXHO MOKasaTh, uTo TeopeMa 3.6 ocra-
eTC B CHJe [Jil HEeOJAHODOAHBIX IOJAHHOMOB P, crapwias OJAHO-
pOjHAsh YaCTh KOTOPBIX YIOBJETBODAET YCJOBHSIM TEODEMBI.
6. MapaGonuueckue mno I[leTpoBCKOMY YypaBHEeHHSI BLICOKOro
nopsajgka mo t. PaccMoTpuM ypaBHeHHe

P(Dy, Dyult, x)=0, (3.44)
I 0 I g I Jd
rie teR, xR, D=7 4. Di=(F5r o 7o) ¥

P(t, ) — noaunHoyM,
p=1
P, 0 =7"4 X a,- ()"

[Tycts 7;({) — pewennsi ypaBHenusi P =0 oTHocuTesnpbHO T. Bymem
Npeinonarath, uTo T;(f) — OAHOPOAHbE (YHKUMH CTemewu 2m.
ITonoxum

tv=0+4ip, {=t+in (o,p=R, § 1R’
u BBeaeM (PYHKIUO
TE n= mm Imr &+ in). (3.45)

I

Ypapuenue (3.44) HasplzaeTcs napaéonutiecmm no flerposckomy,
ecan T (¢, 0) > 0 npu £ =R", §50. OTciona caenyer, 4To m ~— leJjoe
gucao, m=21.

Dyndamentarsroin pewenuen G(t, x) sagaun Kown nas ypas-
Heuus (3.44) HaseiBaeTcsl pelleHKHe ITOMO YPABHEHHS C JAHHLIMU
Koun

Glico=DiGli_g= ... =D]"°Glg=0,

Dzﬂ}G i o= — 0 (x),

NPONOJIXKEHHOe HyJseM 1npu f > 0.
@Oyukuust G ympoBJeTBOPsIeT ypaBHEHHIO
P(Dy, D) G(t, x) =b(¢, x).

ITpumensia npeobpasosanue Dypbe, HoJdydaeM HHTETPANbHOE IPe]-
CTaBJeHHe

G(t, = (em ' | 2l et £ O v a,



312 1. V. METO NOEPEBAJIA (MHOTOMEPHGIM CJYYAM)

rae unterpaa Geperca mno obgacti Imt=c¢ <0, ¢ =R". Ilycrs

pasioxkeHne P Ha HENPHBOAHMbIE COMHOXKHTEIH HE COIEPKHUT
OJMHAKOBBIX coMHOxuTesefl. Torma, mo teopeMe o BblUeTax,

D

G(t, ) =i(2m)" S ¥

R =t

exp [itri (&) + i{x,

O]
7 dE. 3.46
P (t;(8), §) : ( )

3aMeruM, uTO CTOAIIAs HOM 3HAKOM HHTErpa.ia CyMMa IpH J00hX

dukcuposannbix £ >0, x & R" anasutnuecku nmposomkaercs ¢ Rg

Ha Cf{ kak ueaas QYHKULHA {.
B cusny omHopomHOCTH P

G(t, x)=1""""""" G (1, xt™"").

Hac wunrepecyer acumnrotruka G(f, x) npu |x]-—>o0, >0
(GUKCHPOBAHHOM. B CH/IY OQHOPOJHOCTH CHMBOJA H3 ACHMITOTHKH
G(l,x) mpu [x|-—>o0 Mb noayydM acuMmntoTHKY G (¢, x) mpu
[x ™[t —>oco. BymeM uccaenoBath 3Ty 3ajnady II0 TOMY e IUIaHy,
uro ¥ B nn. 2, 3. CHopMyanpyem NOJYUEHHBIE Pe3yabTaThl H II0-
Ka)XXeM HOBBIE SIBJIEHHUS 1O CPABHEHHWIO C YDPABHEHHSAMH MepBOro
mopsiiKa 1o f, KOTOPble 31eCh BO3HHKAIOT.

BeeneM GbyHKUHIO

v(n)=min T (&, n).
g=R"
Jra ¢yHkuua obJgajaer TAKWMU K€ CBOHCTBAMM, UTO H BBEJCH-
Hass B 0. | Qyukuus v. Mimenno, v BbIyKJa KBEPXY, OJHOPOIHA
cTeneHu 2m, KycouHo-ajrebpauueckast M y/IOBJETBOPsIET OIlEHKAM
(3.11). Tlycts dbyuxkuus p(x) — nBoiictsennas no IOHry x (GyHKUHUA
v(—mn); Torma  QyHRuUHs u(x) obaagaer NepedyHCIEHHBIMH
B JeMMe 3.2 CBOHCTBAMH.

AHaJOrMuHo TOMY, KaK 3TO OBLIO CAEJAHO B IM. 2, 3, MOXHO

IloKasaTh, yto npd >0, x=R"

o 1< e [(EL)™ " e exp e ), (3.47)

Tak uyro G (1, x) skcnonennuanbuo ybusaer npu x & R", | x| —> oo,
[ycre T(Z) — anreSpauueckass QYHKUHUS, 3aaHHAA YPaBHEHHEM
P=0, S w)=r1(§) + (& w). Touku nepeBasa ¢yuxuuu S ompe-

NeAOTC M3 ypaBHeHHs Tp () = — @, uan (cum. (2.8))
P (7, §) + wPi (7, ) =0.

TIycTb BBINOJIHEHB YCJOBHSL:

1°. ®yuguus v < C! B okpecrnoctd Touku n° == 0.

2°. MuoxectBo ') ={t=R" T(E 1) =v(n%} cocrour us
KOHEUHOTO UHC/IA HeBHIPOXIEHHBIX Touek MuHHMyMa E (n9).



§ 3. ACUMITTOTHUKA ®YHIAMEHTAJIbHBIX PEMEHUH 313

Torpa, aHagoruyHo JeMMe 3.3. MOXKHO 10KasaTh, 4YTO BCe

toukn &' (x0) =&’ (%) -+ in® aBAsiOTCH TOuKaMu mepesasa GbYHKUHR
S (g, ix%), rne x°=—wvy(n°. Kpome TorO, 3TH TOUKM HepeBasa He-

BBIPOXK I€HBI.
Touno Tak e, Kak H TeopeMa 3.2, J10KasplBaeTcs
Teopewma 3.7. [Tycre ycaosua 1°, 2° swnoanenor. Toeada npu
x=px" (0<p<oo, x0=—vn(n%)

u npu lxIQm/ }—> 00  QcuMNTOTUKA (DYHOAMEHTAALHORO PeuieHis

G (t, x) pasna cymme 8x1a008 OT Touex nepesara G (xft).
Bomumem sBHYIO ¢opMmyday aas Bxiaza G, TOUKH mepeBaja

¢ (x/t) B acumnroTury G (¢, X). YuuThiBasg COOTHOLIEHHsS] OXHOPOX-
HOCTH

TQ =5 0t ©, 0, ()=,
moJgydaeMm

Ge(t, 0= (=210 (171 "aet o7 (7 ()T X
X exp [i (l—x—fi)wm_l) (l — —2%) (%, ¢k (xo»],

2m(p+l2—l——l)+ﬂ.
&= 2m — 1 ’

(3.48)

Onnako acumnrordka G (1, x) Moxer ne ompeleasiTbCst TOUKAMU
nepesasa ¢yHkuuu S(f, ix) nake B ToM cjayuyae, KOrja cuMBoJa P
YCTPOEH JOCTATOYHO «XOPOLIO» (HAmpHMep, ViOBJACTBOPSET YCIOBHIO
(2.14)). Pacemotpum

Ilpumep 3.7. Oyunamenranapuoe pewenne G (¢, x) ypaBHeHHH

) N L0y ] S L0 VY.

(7—; ak(—axk) )(W- > b (——dxk) )u—O, (3.49)
=1 k=1

rae ag, by > 0, uMeeT BHJ

G, x)=i(2n)_"g exp Litw (B — exp [0, BN ooy )] d. (3.50)
Rn

75 (E) — T2 (§)

3necn T, (E) =1 Y a1, () =1 > b33, TIpuMenum Teopemy 3.7.
=1 i=1

B nmanHOM cayuae
v (n) = min (v; (n), v2(m)),

n n
m@=—;¢% %w=—§%ﬁ
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Ecau mapabosouant v =v, (1), v—vq(n) MepecexaioTca TPaHcBep-
caabHo B Touke (V%, n%), To Touka n° ABamercs TOUKOH HETIAXKOCTH
¢yakuun v, Ilyers p; (x) — QyHkuudA, neoficreeHnas mo lOHry
Kk ¢yexkuHu v;(—mn). Torza

MHOKECTBO W (x) == — 1 ecTb rpaHuua BHINYKAOH 060JOUKH O5bepu-

HeHuA 3aauncouoB {p; (x) = — 1} U {p, (x) = — 1}.
Boiyueaum acuMntoTHry G (1, x). ITosoxum

Si@’ X)=iTl(§)+i<X, §>) i=1,2.

Dyukiua S; uMeer eILI/IHCTBeHHYIO H MPHTOM HEBHIPOXKJEHHYIO

TOYKY mepeBana: L) (x)= 20 L, Br)= %’;. [IpaBuao or6opa

{reopema 3.7) nokasbiBaer, qTo acuMnroruka G(l, x) pasHa
Baaay V,(x) oT Toukd mepesana ¢'(x), ecnu | x|—>co B obaacrtu

n

D. 1 b? 9
i Z -;j-——a;l— x;>0.

j=1 "7
Umeem

2~ nq~n/? : b;—a? 2 B I N x’
Vi) =2nq~""q, ... a, ;ij exp ——ZZ? .
(3.51)

Ananoruuto, acumuroruka G (1, x) pasua Brkaapy V,(x) ot Touku
nepesata {’(x), ecaun |x|~>o0 B obsaactd D, npu stom D, V,
noayuaiorcs H3 Dy, V,, ecad nomenars a;, b; Mecramu.

TlycTh ofuH H3 3AHICOHIOB v, ()= —1, v,(n)=—1 cogep-
SKHTCS B APYrOM — CKaxeM, NepBulli Bo BTopoM. Torza v () =v, (n)
upu Bcex 1, Tak uto v & C*(R"), n acumnrotnka G (1, x) umeer
sun (3.51) npu | x|— o0,

[Tyctp anauncounsl v;{n)=—1, j=1, 2, nepecekaircs Tpauc-
BepcasbHo. Torna QyHKUHS v HMeeT yrJOBble TOUKH, a q)ymmpm
J — NJocKHe Kyckd. B atom cayuae D;UD ne cosmapaer ¢ R”
u TeopeMa 3.7 He 1O3BOJIRET BHIYHCJHTb ACHMIITOTHKY G AJS Bcex

o n
HampasJeHu# B Rx.



§ 3. ACUMIITOTUKA O®VHIAMEHTAJIbHBIX PEINEHUN 315

Hcenonnsya crnepuduKy KaHHOTO TIpHMEpa, ACHMITOTHKY G
MOXHO BHIUHCJUTHL NpH Bcex x. Mmeem
¢
6t, 9=61G. =\ (G, —& t -G, ¢, Dz,

[¢] R”
rae Gy, G, — dyHaaMeHTaJbHbIe pelleHHs YPABHEHUAH C CHMBOJAAMH
n n
T — iiz a¥%El, T—i > b%] coorsercrBenHO. SiBHBHL BUA Gy, Gy m03-
=1 i=

BOJISieT BBHIUMCJIHMTHL MHTerpas mno RE:

| n 2 n
—nf X -
G(l, ,’C)==T[ /ZSeXp(—ZW)H(pI—}-L]]) IﬂdT, (3.52)
i=1

0 =1
p,=4axr, gq;=4bj(1 —n1).

PaccMoTpuM (YHKUHMIO, CTOSUIYIO IOJ 3HAKOM 3KCIOHEHTH:
n

x‘z
S x)= -Zm (8.53)

I=1

OcHOBHOH BKJajx B acHMOTOTHKY (F(l, x¥) BHOCSAT TOUKH OTpe3Ka

=={0, 1], B KOTODBIX HOCTHraeTcsi MakCHMyM S. 3aMeTum, 4To
S(0; x)=p.(x), S(I; x)=p,(x), 1 ecan 6b GyHKUH S NpH Bcex
x %= 0 pocrdraga Obl MakCUMyMa TOJIBKO Ha KOHIAx OTpeska, To
acuMnToTHKa @ ompenessaach Gbl ofHOH M3 Touek mepepana & (x)
npu BcexX x. Ho npu pasHBIX ¥ MakCUMyM S JOCTHTAeTcsl Ha PasHBIX
KOHIAX OTpPEe3Ka; M3 HEMNPephlBHOCTH S MO mapameTpaMm x cJenyer,
4TO NPH HEKOTOPHIX X (YHKIMHM S jpocTHraer MakCUMyMa BHYTDH
orpeska /. [TogkpenuM cKkazanHoe NpsAMOH BeIKJIAAKOH. [1ycTh =2}
MOJIOXK UM af=a§—b?, Bj.zb?, T4K YTO
AS—— B

ot + B T+ P

ITpu atom B; >0, a;+f; > 0. Tlycts o >0, a; < 0. M3 ypasue-
Husg St =0 naxogum (r /)

(7 + BV — a5 %= V& x, (a7 + B), (3.54)

W Tak Kak oyHkuud — (o7 -+ B,)7 BRINyKJAB KBepXy mpH T/,
To pelnenue ypaBHenus (3.54), npuunagne:kainee [, siBasieTcss TOYKOH
MakcuMyMa ¢yuxknuu S. M3 (3.54) waxosnm

Vay Ble ] — V= Bilxs) (3.55)

T = — e (al
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Jra TOUKa JIeXXHUT Ha uHTeppaJe (0, 1), ecan

N =a: B
’\/(11

CrenoBatesbHo, ecau | x|— oo B obusactn (3.56), To
G(1, x)~ /20 n="2exp[S (t (x); 2)] X

X IL(p; + a7) (607 St (e 5 )] 7 (3:57)

’\/— L2 a4+ B,
_— . 3.56
Va, 0«2+l32 ( )

3necy n==2,

S(t(x); %)= — (Wel— b5 1+ VB —a |0 1) (3.58)

4 (albf, — bfag

AnaJjoruygo uccaenyerca caydail n > 2. OKOHUATeNbHO [OAY-
yaeM, uTo acuMmnrToruka ¢yHruuu G (1, X) paBHa BKJIamy OT TOUKH

T(x), B KOTOpO# mocturaerca max S(r; x). Touka t(x) enuncTBeHHaE.
0gTCl

Ecau 7(x) qexur BHyTpu otpesxka [0, 1], To Br/Iam ompenensercs
dopmyaoir (3.51). Ecau t(x) coBmagaer ¢ OJZHHM H3 KOHLOB
orpeska [0, 1], T

G (1, x) ~ m=r2exp [S (x (x); 1] X
" —1p2
<[ +ayean] 1sicw i @

(3ech T(x) =0 uau 1(x) =1, ecan Sz #0). 'panuness Mexay 3o0-
HaMy NPUMEHAMOCTH acuMuToTHk (3.57), (3.59) cayxar, oueBHIHO,
MHoxectBa S (0, x) =0, S7 (I, x)=0, T. . MHOXKeCTBO

{ Z(ai bj)xf Omnz(“ 2)"/: }

j=1

Acumnrorrka (3.58) onpexmessiercsi ToUKoH mepeBana He GyHK-
mur S (g, x), a QyHKUHH, crosimedi TO1 3HAKOM HHTerpaJda (3.52):

i = SRS

Toukamu nepeBasa 3Tofl GYHKUUH HASBIBAIOTCH TOYKH, B KOTOPHIX
F{=0. Jenas saMmeHy nepeMeHHHBX {—>|x|{, mosyuaeM AJS TOUEK
nepeBaJa ypaBHEHHe

i(Ve () =V @)
Vo, (0 + o+ |x|2111(§)—';2(§))

=[5 @ + o+ {rEreE T e fexp i1 P (10 — 1 Q). (3.60)
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3aMeTuM, 4TO eCcau onHa Hu3 IKcnomwent exp(i|x [ t;(f)) wmnoro
Gonbllle [pyrofl, TO COOTBETCTBYIONIAs TOUKA TepeBana (YHKI[HU

F(Z, x) 6nuska K Touxke mepeBana Gynxkuumu S(g, ix). Hanpumep,
ecan expl(iixft)==o0(exp(i| x 1)), To dyuxruua F (I, x) nMeer
Touky nepeBasta, Ouuskylo K Touke {%(x). PaccMmorpum cayuai,
KOTja paccMATpHUBAeMble S5KCIOHEHThl NPHMEPHO PaBHBI, HMEHHO,

OyCTh
@ —n@)=c+o() ([x]—>00), (3.61)

rae ¢ — nocrosinias. [loacTaBnasfs 370 coorHoiueHdHe B (3.60) u
HCKJouas ¢, nojydyaeM

(b7 — @) (2ia + 0 27" = (b] — &}) (2ia; + 0,2, ") + o(1). (3.62)
Us ypasuenuft (3.61), (3.62) naxomnm

a; — by
=({+o() Ly, t‘“\/ﬁ’faj'

N (co A[0I— @ +o,/al — b7 )[2i(asb?—a2b2)] " Ho(1)
Hanee, snauenue dyHRUnM it;(f) -+ i{x, {) B HalIeHHO# TouKe
nepesasa (HX jBe), KAK HeTPYAHO IIPDOBEPHTb, COBNAAAET CO 3Ha-
yepHeM (YHKOHWM, CTOAIuel TON 3HAKOM 3KCIOHEHTH B (3.57),
TAaK YTO HMMEHHO 9Ta TOUKA IepeBaJsa H JaeT TJAaBHHI BKJaj
B acuMmnTotuky G(l, x) B obaactu (3.56). Dra Touka nepeBajsia npH
GObUINX X JIEXKUT BOJH3H JUCKPHMHUHAHTHOrO MHOMXKecTBa T, (f) —
~— 15({) =0 noaunoma P.

7. AcHMNTOTHKA (PYHIAMEHTAJBbHOTO peureHus NPH KOMILJeKC-
HeiXx x. PaccMoTpuM ypamHenue

Pt () = w, (3.63)

u nycTb {{(w)} — MHOXECTBO €ro pelleHui.

Teopema 3.8. Ilycre P (L) — 00HOpOOHBIL nOAUHOM CTenexu
m =2 raxotl, wro det Py ()= 0. Toeda cyugecrayer seujecTsennoe
anreebpauveckoe muoxecrso M < Cy Kopasmeprocti 2= 1, obaadaro-
wpee caedyrouumy caolicTeamul:

1°. Ecau w &M, 1o {{{(w)} cocrour uz koneuroeo (=1} #ucaa
HEBBIPONCICHHLLX TOHEK Nepesaiq.

20, Ecou G, Pe{f(w)}, T4 wE M, 1o

Re P (') 5= Re P (£%). (3.64)

JloxaszaTeabCcTBO. B cray TeopeMs 2.2 CyuleCTByeT aJjre-
Gpanueckoe MHoroo6pasue Mc < Cp KopasmepHOCTH =2 Taxoe,
uTo ecan w & M¢, To MHOxecTBO {Z(w)} obaamaer cmoficTBoM I°
Huxe Mel cuutaem, uro w & Mc.
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CucreMa ypaBHeHHI U HepPaBEHCTB
Pi(Y=w, Pi()=1w,
cl(?;) ) e ( I) ’ (3.65)
ReP()=ReP (), {'5-¢
ompejie/isieT BelleCTBEHHOE MoJyanre6panyeckoe MHOKecTBO B Cp X

X Cp: X Cy. Ero npoekuus M ua Ch sBJsiercs, IO Teopeme
3ailnenbepra—Tapckoro, BelecTBeHHbIM Noayaare6panyeckuM MHO-
wectsoM. JlonycruM, uyro dim M =2n. Torma cywecTByeT Takas

touka @’ < Cp, uro cucrema (3.65) coBMecTHa NpPH BCEX w M3 He-
Kotopo#t okpectHoctd U artolt Touku. Taxk xak dim Me <{2n — 2,
TO MOXKHO cuHTarh, uto U wue mnepecekaerca ¢ M. BriGepem U
HacTOJILKO MaJjol, uTo6n MHOXecTBO {¢(w)}, w = U, cocroso us

KOHEUHOro uuc/ia rogoMopdumx B U oymxumit &'(w), ..., & (w).
W3 koHneunocTH k cleayeT, 4To cooTHOWeHHda (3.65) MOJ/IKHBI BhI-

NOJMHATLCA A HeKoTopoH maph §” (w), g? (w); oyerts a=1, p=2.
Torpa
Re[P (" (@) — P @)]=0, wev,
TaK uTo
P @) — P @)=ia, weU,

rje @ — BellecTBeHHas nocTosiHuas. B cuay ognopoxgnoctu P nveem
a=0. JnddepeHrupys 3T0 TOXKAECTBO 1O w, ToayuaeM

@ @), = @), v, vweU, (3.66)
TaKk Kak P} (¢ (w))=w. B cuay oanopoanoctu P

(@), w)=(" (@), w), wval.
HuddepeHINpPYsT 9TO TOXKIECTBO, I0JayUaeM

¢ @), @+ (0) =& @), @+ (w).

YuurnBas (3.66), naxogum, uto L” (w)?zéﬁ (w) mpu weU, uro
NPOTHBOPEUUT NPENO/I0NKEHHIO t“s£tP. Tem cambiM no0Kasawmo, uto
codimM=1.

W3 sTofi Teopembl U TeopeMnl 2.8 BhlTeKkaeT

Teopewma 3.9. [Hycro noaunom PP (2m, n) u ydogaersopser
ycaosuio (2.15). Tozda npu |w|— o0, w EM,

[ expl— P @+ @ @)l dg=@m) ™ [der P € @) X

Rn

Xexp[(2m — 1) P @Mt +0(w ™)), (3.67)

rie {(w)—onHa u3 Touek mepeBana ¢yHKuuH S (C, w).
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JlefiCTBHTEIBHO, ACHMITOTHKA 3TOTO HMHTErpaja paBHA CyMMe

BK.J1aJI0B OT Touek nepeBasia. [1ocKoabKYy npu @ & M 3nauenus Re S
B 9THX TOYKAX PAa3JHUHB, TO B CYMME BKJALOB OCTAETCH TOJNBKO
caaraeMoe ¢ MakcHMaJbHbHIM 3HauenneM Re S.

Hurerpaa F(w), crosmuli B aesoi uactu (3.67), aBasieTcs Henoi
¢dynxkuueli @ nopagka pocra 2mf(2m — 1). Hrduxaroposm Ly (w)
neot gpyHkuuM F HaselBaercs (QYHKLHS

Lg (@)= Tim [r="m/@m=Dn| F (rw) |].

Canepcreue 3.5 llpu waEaM
Le(w)=(2m — 1) Re P (L (w)).

B uactroctH, Lp(w) npu w & M siBadercss KycouHo-aareSpau-
yeckofi mmopHcydrapMmonndeckoli dymkuneil. Ma (3.67) caenyer
TaKXKe, YTO HYJH L0 GYyHKIHHU F (@) cocpenoToueHb B KOHHYe-
CKO#l OKPECTHOCTH MHoOXecTBa M.

Jns mpousBOJLHEIX P BO3MOKEH cJayual, KOTAA acuUMATOTHKQ
G (1, x) soobuye ne onpedeasierc TOYKAMU nepeeaid, 1axe ecJd OHH
umetorcst. Hanpumep, B mpumepe 3.5 npu x; << 0 ecTb TOUKH mepe-
Bana, Ho G (1, x;, x)=0 npu x; < 0. Jlanee, Touek mepeBaJa
MOKeT He OMTh (T.e., rpy0o roBopsi, TOUKAa NepeBaja HaXOAUTCs
Ha OGeCKOHEYHOCTH).

[Tpumep 3.8. PaccMoTpuM HHTerpas

FQ. Sexp[—— (& + 82)2 4 Az, + it,] dE, dg,.
R'Z
HoppiarerpaabHas GyuKNHA NpH A =0 He HMeeT TOUeK mepeBaJga
(cM. mpumep 2.1).
DTOT HHTErpasj BBHIYHCJSAETCS, TAK UTO MOXKHO HaWTH acHUMITO-
TEKy F (L) mpu |A]— oo. Tlepexoisi K TOJSPHBIM KOODAMHATAM
(r, @), moayuaeM 1pu J060M KOMIJEKCHOM A

2n o .
3/2
F(M:S S eXP(—"‘—l‘“e"‘p)fdfd@:QnS rexp(—f‘)drzz_.”2 .
0 0 G

§ 4. YcrofuuBocts B € 3amaun Kommn
LJsl PA3HOCTHBIX ypaBHeHUH M ypaBHeHdi
¢ YaCTHHIMH NPOH3BOIHbLIMH.

Mocranoska 3agauu. TprHuun doxkaausannd. PaccMOoTpum
samauy Kowu nas onHopogHO# ABycCJOHHON MHHEHHOH pasHoCTHOH
CXeMBl C IOCTOSIHHBIMH KOMIIJIEKCHBIMH KO3¢ QuilieHTaMH

urfl= 3, aun (4.1
pfze T g2 S

u'l? =1, 4.2)
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rae j, I — MmyabTHHHAEKCH, j== (], ..., [m), | /{[=max]|js|. Tycrs
s

v=={v;}, j mpoGeraer BCIO LEJOUHCJICHHYIO HI-MEDHYIO PEIUETKY.
Beenem C-nopmy |lvl[=sup|v,;]. 3anaua (4.1), (4.2) nHasbiBaercs
1

ycrotivusot 8 pasHomeproii merpuxe (uiu B C), eCJH CyIeCTBYyeT
Takas IOCTOsHHAS @, He 3aBHcawas OT #, 4TO
0"l <allu’lc (4.3)

npu Bcex n. HcenenoBanue ycrofiunsoctd 8 C CBOIHTCS K HCCJe-

AOBAHMIO pasHocTHOl ynkyun Tpuna U7 (pynkyus edunusHoL
ownbxu), KOTOpas, MO OIpeJeseHUIO, ABJAETCH peilleHHeM YpaBHe-

g (4.1) ¢ HAYAJIBHLIMU A aHHBIMH I = 1, I’?=0, j 5= 0. Tlosoxum

v(n)=}; | 7. (4.4)

3nech u fnasee cymMma Gepercs MO BCEM LIEJTOUHCACHHBIM /7-BEKTOpaM.
Jlemma 4.1. Jaa ycrodwusocru 8 C 3adauu (4.1), (4.2) ne-
00x00uM0 1 docTarouHo, 4Tobo

spp0 y (1) < oo, (4.5)

JokaszaTteabcTBo. Pemmenue 3anaun (4.1), (4.2) umeeT BHA
U = §z: NI (4.6)

Tak xak [[u”c <<v (n)||ullc, To H3 (4.5) caenyer (4.3). Tlycts (4.5)
He BHIOJHAeTcA. PaccMmorpum panuste Komu v* Takune, To v’ijz

! .
=Tf/IT?], n=0,1,2, ... Torna |o"|,=1. Ecau u™* — pemenne
3anaun Koumwm ¢ ILaHHbIMH v*, TO, N0 MOCTPOEHHIO, u "=y (n),

oueHka (4.3) He HMeeT MecTa.
Pasnocrtnas ¢yukuus I'pHHA BbIUMCAACTCA B BHOM BHIE C I1O-
MOLWBIO AHMCKPeTHOro npeobpasosanust dypoe. O603HAUHM

>, aR, Q)= ), a,
Hl[l\ hi<e (4.7)

[@)=P()/Q),

! ! [ ~ n
rae 2==(2, ..., 2,), & =2 ... 27, ® NOJOKHM u”(z)z;jv_:u].z’.

Torpa ypashenue (4.1) npumer Bui
ar+i(2) ==[(2) " (2),
Tak 410 2" (2) == [f (2)]" ii®(2). Orcroma HaXOLMM, uTO

rf= @) " {[F@1"2 dz, (4.8)
Tm
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rae T™ — efuuuunblll TOp |2 |=1, ..., |2, 1=1,
1=, 1,..., 1), dz=dz ... dz,.

Kpome Toro,
")=2T7, ze=T™ (4.9)
i

[TorpeGyem, utobul Q(2)=0 npu z<=T™; 310 yc/I0BHE HEOGXOAHMO
AJs paspewinMocTH 3anaud (4.1), (4.2). Tloroxum

M(f)= max |} ()1, (4.10)

ze=1™

Jemma 4.2, Ecau M(fy< 1, to apu n=0
y(n) < Cr’™ (M (D], (4.11)

ede C — nocroanunasn. Ecau M(fy > 1, 1o npu n>=0
y () = M (D" (4.12)

Orcopa caenpyer, uto 3anaua Komwu (4.1), (4.2) yerofiuusa B C,
ecau M(f) < 1, u ueycroitunea B C, ecan M(f) > 1.
HNokasarteabcTBo. M3 (4.9) caenyer, uto |[*(2) <y (n),
u (4.12) noxasano. Ilycts Bce jo> 0. MHrerpupys mo 4vacram
no dzg, moJsyuaeMm
I} = —(2ni) " nj" S . ‘d‘if 2™t 2T g,

Tm

OTKy/la cJeyeT OlLeHKa lI‘Hganl—l(M (f))*. Tlpouurerpupyem
[0 YacTsIM ellle Pa3 MO 2, ¥ 3aTeM TOYHO TaK XKe MO NepeMeHHBIM
29, -y 2y BTO AT OLEHKY

[TF < Cn™ (M () (H]s(]s-}“l)—]-

W3 310kt olleHKkH H CXOOHMOCTH pana Z Z k+ ) cJaeayeTr oueHkKa

(4.11). Cayuait ji<<—1, j>0, ..., ],,,>0 CBOJHTCA K pPaccMo-
TPEHHOMY HaMH C NOMOLIBIO 3aMeHHl 2, = Ql—’, M aHAJOTMYHO HCCJe-
AYIOTCA ocTanabHble cayvad. Tem cambiM (4.11) mokasaHo.
Hau6onee unrepecHnIM siBasiercsi cayuail M (f)=:1; uMeHHO OH
H BOSHHKAET MpH aNNPOKCHMAUHH AH(depeHuHabHbIX ypaBHeHH
pasHocTHEIMH. Beiogy B pagpmefimem M (f) =
Iycts T™ (f) ~ mMBoxkecTBO TOuek z & T, B KOTOphIX 7 )= 1.

11 M. B. deaopwok
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Jlemma 4.3 (mpunuun Jokaausauun). 1°. Cywecreyer b > 0
raxoe, 410 npu n=0

H/”)Imlr, [<ee™™, ¢>0. (4.13)

2°. Ycerodwueocre uau ueycrodwusocrs 3adaxwu (4.1), (4.2) e C
3a8uUCUT TOABKO OT nosedenus QyHryul [ 8 OKPECTHOCTU MHOXce-
crea T™(f).

HoxaszartenbctBo. Tak kKak ¢yukuua [(2) ronsomopdua
npu 2= T", 10 f(2) ronomMopdua npu | —e<| 2|1 &, I<s<im,

. m
ecan & > 0 pocratouno Maso. Ilyets Bce >0 Te: |2s|=1—¢,
I <{s <{m. [lo Teopeme Komin,

I'}=2ni)™" S i*(2)2 "' da,
Te
7 <q" (1 =o',
rae g==max |f(2)]. Tlyctp N () — uuci0 BCEX ILEJOUYHCACHHBIX

. i
zv:TB

BBKTOPOB Takux, uto ||j|l<{¢, Torza
Ny ~ct™ (t—>+ ), ¢,>0. (4.14)

CJaenoBareJbHoO,

s= . Intl<a {a—eoavp=
ig=0. 111>=bn bn

(1 — e)’* N (br) — In (1 — e) S (1 — &) N (#) dt

- bn

n

=4q

YuuTeiBas acUMOTOTHKY N (1), mosyuaem
s<<enmgh (1 —e)’" <L cemon, ¢y >0,

ecny b >» l. AHalorMuHo uccjenyercst cJay4ad, Korga j JIeKHT
B APYTHX OKTAHTax.
Hokaxem 2°. B cayuae T7(f)=T" nemma oueBugna. [lycrs

T"(f) = T™ Ycrpoum ma T™ pasbuenne enuuuinl 1 = §(2) + ¢ (2)
kjaacca C%, riae ¢(2)=0 BHe HEKOTOPOHl OKPECTHOCTH MHOXKECTBA

T™(f), n nonoxum I'f =T7 + I']. Tax kak | f(2) | << 1 — e Ha supp q,
TO TeM XKe cnocobom, 4To B JemMme 4.2, MOXKHO HOKa3aTh, 4TO

lZF,l ce=, ¢y >0,
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Takum ofpasoM, npu n>=0
v (n) = Z [T} [+ 0(™), c¢>o. (4.15)

2., KpuTepHH YCTOHYHBOCTH H HeycTolluHBoctH 8 C 3ajJaud
(4.1), (4.2). Mbl orpanuuuMcd Hcc/el0BAHHEM CJaydYas, KOFAa MHO-
xectBo T (f)={z&T™: |[(2)|=1} COCTOHT H3 KOHeuHOro uHcJa
H30JHpOBaHHbIX Touek. [Tycrs 20 = T™(f); mosmoxum

7 (") = @ni) ™" S @ ez 2)2 " az,

v(n, ) =X} (z“)l

rae GyHKLHA (pECo (T™), paBua uy.mo BHe HeKOTODOH OKpecT-
HocTH ToukH 2°, paBHa | npu 2z, 6auskux k 2°. HasoBeMm usoampo-
BAHHYIO TOUKY z° TO4KOU YCTO4u80CTU, €CJH

sup v (n, 2Y) < oo,

nz=0

(4.16)

H TO4KOU HeycTohduusocru — B NPOTHUBHOM CJyuae.

Jlemma 4.4. Ecau T™(f) cocrour u3 xonewno2o 4uciq touex

24, ..., 2% 10 npu n=0

v(n) = cmaxy(n 25, 4.17)

20e ¢ > 0 u He 3asucur or n.
INokasateabcTBO. Ilycts @ (2) — dunutHas QysrUus,

06Mafam0Iasi TeMH K€ CBOACTBAMH OTHOCHTE/BHO TOUKH 2°, uTO H
dyukuns @ (2, 2% (cM. (4.16)) orHOCcHTeIbHO TOUKH 2°. Pasnoxum O,

B psag ®ypse (npu z=T™): @, =, gup2’; Toraa
[

F (zk) Z(P[;, i+

CuenoBaTebHO,
Y(n’ zk)gz;(Zl:!(plk”F?HDQZI:[(p,k‘(Z}F" ):Y(”L)ZI:{(PML

u (4.17) nokasaHo, Tak Kak He BCE ¢;; PaBHbI HY.JIO.
Caenctue 4.1. Ecau T™(f) cocrour ua KoHeyrnozo uucia
Toyex, To 3adaua (4.1), (4.2) ycrodausa 6 C ro2da u roasko roz2da,
K020a 8ce 3TU TOUKU SBAMOTCA TOUKAMU YCTOLHUBOCTL,
Hrak, 3ajmaua cBeachb K oleHKe cyMm v (n, 2¢). ITosoxuM

z=e" npu z&T", 1. e z; =€, I <j<m,
F(p)=Inf(2). (4.18) .

H*
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DTo mnpeAcTaBJeHHe Mbl HCIOJIb3yeM TOABKO BOJH3M TOUKH 20, H
BHIGOp rosioMopdHoil BeTBH In f(2) HecymecTsen. JeHCTBHTEJBHO,
BeTBH Jorapugpma oraudarTcss Ha 2kni, exp(n2kni)=1. Ecan
2°=T"(f), To ReF(9°) =0, ReVF (q>°)~—0 Tak Kak 2’ — crauuo-
HapHas Touxka ¢yHkuHH |f| Ha T™. IMosoxum

- j— inVF (¢°) = x, (4.19)
rae i=+/—1. Torxa

7 (2%) = @ni) ™ exp[aF (o) + i {j, Y11 (x, n),
I(x, )= expnS (9, /n), h(q) do. (4.20)

U\
3necr U°— Manas BellecTBEHHAsh OKPECTHOCTb TOUKM @ =0, h &
= cy (U,
S@, y) =F @+ ) — F (@) — (Fo "), @)+ iy, 9). (4.21)

Y TOUHHM MNPHUHUMI JOKAJH3aLHH.
JleMmma 4.5. Mycre 2°— usoiuposanuas To4KQ MHOKECTSA
T™ (). Toeda npu amobom & >0

y(n, 2% =vs(n, 2° + O (=), (4.22)
20e ¢ = ¢ (8) >0,

ve(n, %)= 3 |17 (2)]. (4.23)
1< on

HJokasateabcTBo. PazobneM cyMMmy vy(n, 2% Ha Tpu: mo
obaacrtaM Dy ffx{{<<on, Dy dn<||x||<<bn, Dy |x|=bn. Ecan
b >0 [DOCTATOUHO BeJHKO, TO MOCJeIHSI1 CyMMa HMeeT MOPSIOK
O(e~°"), uTO AOKAa3HBaeTCss TaK Xe, Kak u Jjemma 2.3, u m. 1°,
ITpu 9 = U° pyukuuss ReS (cm. (4.21)) paBHa Hys 0 B TOuKe ¢ =10
W OTpHIATeJbHA BO BCEX OCTAJbHBIX TOYKAX. Touka ¢==0 He
ABJNAETCH TOUKOH mnepeBasa ¢yHruuu S, Tak Kak Sp(0, y) ==y,
0<|lyll<<b. CnenosatesnpHo, mo JemMe 1.2, MOXKHO 3aMEHHTh
okpectHocTh U0 U toukn @ =0 KoutypoM y = C§, Ha KOTOPOM
ReS (g, y)<{—e<0; 3T0 MOXKHO cJieqaTb PaBHOMEPHO MO Y,
O[lyll<<b. Torma ReS{(p, y) << —¢e; < 0 HAa NOJyuYeHHOM KOH-

Type, TaK UTO

IT7 (D)< @)™ 1 (x, n) | << Ce™™".
M3 srofi ouenkn u (4.14) moayuaem

0 - -
|77 ()| << ce™" Ny (br) < c'n™e ™",
Sn<IH I <bn
H JeMMma JioKasaHa.
[Tony4HM OCHOBHBIE KPHTEPHH yCTOHUMBOCTH H HEYCTOHUHUBOCTH
H30aHpOBaHHON Touku MHOxecTBa T7 (f). Ham nonamo6urcs
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Jemma 4.6. Mycre ¢ynryua H(x) & C™, sewecreenna npu
MTxi<<d u
H:(0)=0;, H(x)<0, lx]=2a. (4.24)

Toeda npu n— -+ oo u npu docrarouno marom 6 >0

5 ool ()]

il <on

— 1" {1 4+ 0 (8)) S exp[nt (£)]dr+ 0@, c>0. (.25

Ixl<6

JJorkasarteanbcTBo. Bocrnosb3syeMcsi TOXLECTBOM
b b

Yhy = {nay+ (v@Or @dy,  w=y—1,

a—l| a—1i

rge y-— OJHO IepeMeHnHoe, a, b~ uesple uHcaa, [y]— uenas
yacth y. Cymma B (4.25) Oepercsl mo BCeM LEJOUHCJAEHHBIM TOU-
KaM X TakuM, 4T0 — on<Cx; <<on, | <<j<<m. Pukcupyem i’ =
= (X, ..., Xp), TOFAQ

on

WZQ" exp[nH (%)]=~§neXp[nH (&, —’f,{—)]dxl +
on

ﬂ ¥ (X)) 55 ( )dxl + 0, ¢>0. (4.26)

—0n

Iloc:iennee caaraeMoe MosIBJASIETCS H3-32 HU3MEHEHHs MpejlesioB HH-
TerpupoBaHus (Mbl GepeMm On BMecTo [6n] ¥ T. A.), a OlleHKa AJs
Hero caenyer u3 (4.24) u ¢ ne 3aBHcHT oT n. Taxk kak H%(0)=0,
To Hi(x)=0(d) npu majseix §, ¥ MOAyJb BTOPOrO HHTerpaJja
B (4.26) ne npeBocxoauT BeJaHUHHB ¢ 8/, Tiae I — nepBuifl HHTErpaJ,
¢ He 3aBucut ot x'. CJenoBaTebHO,

on

> explnt (£)]=01+0 @) S exp[nt (5)]dx+ 0

tx | < 6n Y

pasuoMepHo no x. CymMupys najee mo Xy, ..., X, [OJyUaeM,
uTO cymMMa H3 JeBo# uactd (4.25) pasna

[1 4+ 0 (8)] S exp [nH (%)] dx + O (e=°n),
x| <<6n :
n (4.25) noxasamo. o
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Teopema 4.1. HHycre 2°<=T"(f) u

Re Fgo (9% < 0. (4.27)
Toeda 2° — rouxa ycroiuusocru, u npu n>=>0
0<e <y, 2% <o, (4.28)

JoxaszareabcTBo. B cuay neMmb 4.5 gocraTouHe uceJe-
HOBaTb CyMMy vs(n, 2°), roe 8 > 0 MoxHO BbHIGpPAaTh CKOJb YTOAHO
MaJjbiM, HO He 3aBHCAWMM OT n. [TosoxuMm B = F{, (¢°), Torna npu
MaJabx || ¢pynkuus S (cM. (4.21)) umeer BHJ

S=%<B¢>, Q)+ iy, o+ ...,

rle MHOTOTOuHeM 0G03HaveHkl UJeHbl nopsiaka 3 u BHie. [lpu y =0
ypaBHeHHe Sp==0 HuMeeT npH MaJbIX |[@| €IHHCTBEHHOE pelle-
HHe ¢ =0, KOTOpOe SBJSETCS HEBHIPOXKAEHHOH TOUKOH MepeBaJa.
Ilpu Mamwix ||y| Touka mepeBasa, OJauskas K Todke @ =70,

HMeeT BHI
§(y)=—iB"'y+0(lylf),

W acuMnToTHka uHTerpajta /(x, n) (cMm. (4.20)), mo teopeme 1.3,
paBHa BKaagy oT 3Toft Touku mpu [ly[[<<6, ecau 6 >0 mocra-
To4HO MaJjo. ClenoBaTesbHO, IpH n—> oo, |[x/n]< 4,

m/2 x x —1
I(x, n)= (3}) exp[nS( (). £)]11 +0 (@) (det B™" (4.29)
npu nojpxoasieM BriOope BeTBH KopHs (cm. (1.10), (1.11)). Haaee,

S (5(2), 2) =9 (% BTN +00) (.30

n

Tak xak, no ycuaoBuio, matpHua Re B noJoxuTelbHO ompese-

-1
JeHa, To matpuna Re B Takxe noJoxuTeabHo onpejenena. Cie-
J0BAaTeJbHO, CYIHECTBYIOT MOCTOSIHHBIE a;, gy > ( Takue, uTO

2 - 2
— 2a;[| x| < Re{x, B™'x) < — 2a, ]| x|
IlpH BCeX BEIECTBEHHBIX X, H MBI nonyqaeM oueHKy

Avrmrexp (— 2L ) <17, 0 | < dpexp (— 2121

n

npu | x|/n< 6. [TosTomy
o a3 (= 2E),

Ixi<nd
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¥ CrpaBelJiiBa aHAJIOTHYHAs OlleHKa CHu3y. [IpuMeHss jJemmy 4.6,
noJay4aem

vin, ) <Bnm | exp(—naylx|P) dx=
x)<o

=B(1+0(1) (r—>o), B 0,

Tak KaK AaCHMNTOTHKa MNOCJeJHEro HHTErpasa paBHa constn—m?2,
Auanorudso aokassiBaercs ouedka (4.28) cuusy.
Teopema 4.2. [Tycre 2°=T"(f) u

det Fio (9% 5= 0, rank Re Fgq (99 =r < m. (4.31
Toeda 2° — rouxa HeycToliwusocTy, u npu n>=0
0 < =Ly (n, 2% <epn'™="Pe (n),
lim & (n) =0.

n—»oo

(4.32)

JokaszaTeabcTBo. Tak Kak @’ — Touka MakcHMyma (yHK-
uun Re F(q), To ReB<{0, B= Fio(¢). Tlokaxem, uTo Torza
ReB~' <0, rank Re B™' =rank Re B. Umeenm

ReB™' =+ (B™' +B™)=B""Re(BB™"),

—1
tTak uro padrn Matpuu Re B, ReB™ pasum. Tak kak ReB — Be-
HIeCTBEHHAss CHMMETPHYHAdA MaTPHIlA, TO CYIIECTBYeT BelieCTBeH-

Hasg oproroHanbHas martpuna 7 Takas, 4To Re B=T"'AT, rue A —
AuaroHaJbHas matpuua. [logoxuM y———TB"lx, x<R", Torga

(ReB™)x, ) =(Ag, y)= 2 Rehel s <O,

TaKk Kak ReA,<C0, u moromy Re B™'<0.
B cuny semmbl 4.5 A0CTATOUHO OUEHHTH CYMMY vp(n, 2% npu
manoM 6> 0. W3 (4.29) u gemmu 4.6 moJsyyaeM OLEHKY

Vo (n, 2% <en™? (n, 8) 4 O (e=°'"), (4.33)
rjge o603HaueHo

1 o)= { explut (y)dy,
lyl<6 (4.34)

H(y)=ReS (o), v),
¥ TakKad e OlleHKa MMeeT MeCTO AJs Yy cHH3y. [lanee, us (4.30)

crenyer, uro H(y) =(Hy, y) 4+ O (lly I?), rane H,— cummeTpuunas
matpuua, H,<{0, rank Ho=r. B cuay jJemmn 3.5.1 ¢ nmomoiusio
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raagkofi samens y= @ (f), det @) (0) = 0 mepeMeHHBIX MOKHO MpPH-
BecTd H upu maJawix ||yl X BULy

H == 2+ H ) =t ., 1)

rae ¢yHkuug H, uMeeT HyJb mnopsaka >3 B Touxke ¢ =0. [lo
nocrpoenn, f1(y) <0 npu manawix |y, ¥y 0, u 5T0 cBO#CTBO
coxpaHsieTcs MPu mepexoje K nepemerHsiM ¢{. Ciel0BaTeNbHO, (YHK-
unst A, (') mMeer Hy. b nopsaka >4 B touke ' =0, H,(¢') <0
npH maasix ' =0, Tak utro H ()= —c|¢’|'. Tlepexoma k muepe-
MEHHBIM ¢, ToJyuaeMm

[(n, 8= S det @, (t) exp (nH () dt,

U
rae U — manas okpectHocTe Touku f=0. [IpuMenum Meropn Jla-
nsaca no nepeMeHHbIM fy, ..., £, Torpa
[(n, ) =n—"" Sexp (nH @) [p )+ O(n=Y)] ar’, (4.35)
U

rae $(0) %= 0, U' — manasa oxpectHocTh TOURH ¢ =0. B cuay
NOJY4YeHHOH Bplllle OUEHKH JJas H, HMeeMm

I(n, 8 =cn="" S exp(—nc’ | [ dt! = ¢"n-rlr—(m=ni4
o

i ouiedka (4.32) cuusy noxkasamna. Hurerpas, croamu#i B npasof
yacTl pasencTtsa (4.35), ects of(1) nps n— + oo, Tax uto I (1, §) ==
=o0(n""?), uto nokasniBaeT oueunxy (4.32) cepxy.

3ameuanue 4.1. B (4.32) uMeoTCH <HOMHHIB MEXKAY
OLEHKAMH CBepXy U CHH3y OITO BBI3BAHO TeM, YTO B JAHHOM CJy-
uae nosefeHue y,(n, %) He omnpenenseTcss TOJABKO KBAXPATHUHBIMU
uJeHaMH TedJIOPOBCKOrO pasjoxedud GyHKiuu F(p) no crene-
HaM ¢ — qU.

Paszaoxum F{p) B pan Tefinopa npu @, Gauskux K Touke @

Flo=F@)+F @+ ... +F @+ ..., (4.36)

rae F, (@) — 0 HOPOJHBIH MOJAHHOM CTENEHH § OT NepeMeHHbX ¢ — P,

Crnepncrtsue 4.1. Hycre ycrosus teopemvr 4.2 8vinoasueHst,
r=0u
ReF (@) =0, 3<s<29—1

Re Fou (9) <0, @7 ¢°

Toada 2° — rouxa eycroiiwusceru u

(4.37)

(i g) LT
0<en® T <y <o T, (4.38)
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HoxkasareancTBo. M3 ycaoBus (4.37) ¥ nokaszartepcTBa
TeopeMel 4.2 caeayer, 4YTO
2
vs (1, 20 << cn™P S expl— ne’ || x /] dx,
1x1<6
W aHaJorduHasi OLEHKa HMeeT MeCTO AJst ys cHHU3Y. [locnenuui
HHTerpaJ HMeeT NOPSLOK const n—m2a [IpH n—> oo.

PaccMOTPHM OJHH IpHMep BHIPOXKAEHHOH CTalMOHAPHOH TOUKH qP.
Teopewma 4.3. Hycre 2°<T™(f) u

Fi()=0, 2<i<2p—1; ReF,y, () <0, o+*¢" (4.39)

Toeda 2°— rouxa ycrotivugocru, u npu n =0 Bbinoandaercs Hepa-
gercrso (4.28).

HokasarteabcTtpo. HMs ycioBuii TeopeMbl cJiaenyer, 4To
20 — psosnupoBannas touka MHoxkecrsa I (f). Ouenka (4.28) cuusy
JOKashiBaeTcs TOYHO TaK ke, Kak u oueHxka (4.12); nokaxem
OIleHKY cBepXxy. Mbl He MOXeM B J[JaHHOM CJyuae BHIUHCJHTH

ACHMINTOTHKY MHTerpada I'f, Tak Kak TOYKH [epeBaja ABJAIOTCA
BLIDOXJEHHBIMH, H MOJYUHUM TOJbKO OlEHKY AJ [I‘;‘[ [To yeno-

2 7 2
BHIO, Re Fop (@) <— ¢l @ — ¢°[”, tak uto Re F() < — ¢’ |9 — @° [,
¢’ >0, npu magaeix | ¢ — ¢°|. CrenoBaresibHoO,

]I‘}l I < S exp [— ne’' | @ — ¢ |2p] do < cﬂ—m/(?p).
lo—-¢* 1 <6

Paszobbem cyMMy vy (n, 2% Ha aBe: y} - v3, rae yj— cymma mo x,
Ixi<<n'??. B cuay mnoayueHHOH Bbllle OLEHKH HMeeM Y;<SC,.
Onenum yi. Beegem oGosnauenus:

y= ”;” , sz(l’){_”_)llep—l)’ u:(“_,;l)mp—l),

u pasofbeM wuHterpas (4.20) wa nBa: /[, /[, rae /; — uHTErpad
no ofaacru [ ¢ — @ |<e.
Cnenaem sameny ¢ — @°=ef, Toraa

n=e" | ephst e pla,
=<t
S=Fop () + iy, ) + eFypi () + ...

HUmeem ReS << — ¢ <0 mpu [ t]|=1, Tak uro | [, | < ce™exp(—cu),
¢’ > 0. Ypasuenue (Fy,(f)); +iy=0 ne uMeer BelleCTBEHHbIX pe-
uleHH# NPH BeulecTBeHHHIX y %= 0. [leficTBHTeJbHO, €CJH 19 — pe-
leHHe 3TOr0 ypaBHEHHs, TO, B CHJY OLHODOLHOCTH Fo, H ¢op-
Myabt Jitnepa, 2pF,, (1% = —i(y, &%), tak uto ReFy, (") =0, uto
UPOTHBOPEUHT ycJoBHio (4.29). Tlpumensist sneMMy 1.2, MOXHe
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3aMeHHTb 00/1aCTb HHTErPHPOBAHHS KOHTYPOM Yy B Cq TaKHM, uTO
ReS<C— 8 <0 na y paBHomepHo 0o y, | yll=1. d10 naer aas I,
Ty Ke OIeHKY, uTo u aJs [,. M3 monyuennbix OUeHOK 1as [; u
JemMmbl 4.6 moJayuaem, uTo

on

vi<c S emexp(—c'n)dx <<
Wl

<c | 1xrmexp (= /e ") di = const.
Ix =1

B Teopu# pasHOCTHBIX CXeM BAaXKHYI0 POJb HTPAET caeayiollee
NOHATHE, KOTOpoe fABJsieTcA 0600LIeHHeM MOHATHS XapaKTEPHCTHUKH
JH(pdepeHIHANbHOTO YD aBHEHHS.

MHoxkecTBO T (1) 1leJIOUHCJ/JAEHHBIX 1-BEKTOPOB HAa3BIBAETCH 30HOIL
pa3maseisanun eOunuynol owubxu Ha n-M CJoe NPH 71— o0, ecJH

> Tfl=o0() (n— o).

jetn)
Ecau 2°&T™(f) — usoaupoBanHasi TOYKa 3TOTO MHOKECTBA, TO
0603HauuM T (11, 2°) MHOYKECTBO LeJOUHCAEHHEIX BEKTOPOB TAKHX, UTO

Y @) =0() (n—> o).

fet(n, 29
Ecau Muoxkectso T™ (f) COCTOHT H3 M30JHPOBAHHBIX TOUeK 2, ..., 2%,
k

TO OYEBHJHO, uTO T (1) == U T (n, 29.
1=
M3 noxasatesasctB TeopeM 4.1 — 4.3 caemyert, uTo
T(n, 2 = {j: 11— iVF (@) <e(n) ()},

rae e(n)— mobas Takas ¢GYHKOHSA, UTO0 e(+ oo)=-+ oo, u
e(n)=+/n B ycaousx Tteopemn 4.1, @(n)=4+/n B ycaoBHSAX
caencteus 4.1 u Teopemul 4.3.

AHaNoOTHUHEIE pe3yJabTaThl mnoJydensl B [61] pas cucrem pas-

HOCTHBIX YDAaBHEHH#H M JAMs CHCTEM YDABHEHHH B YaCTHBIX NPOH3-
BOJHHIX C TNOCTOSIHHBIMH Ko3¢dHuHeHTaMu Buaa (3.1).

JlutepaTypHhie yKasaHus

Pesyavratol § 2, nn. 2—4 u § 3, on. 2, 3, 5 npunagaexar C. T. I'mnankuny
r apropy ( [28] [29] [30]), ocrambnbie — aBropy ( [80], [81], [85]) u uacTuuno
ny6JHKYIOTCH BIEDBHE,



TITABA VI
CJIHAHHE OCOBEHHOCTEH

§ 1. CrauuoHapHas Touxa BGJAM3N T'PAHHIHI

1. dT1anoHHBIe WHTerpadanl. PaccMorpum I/I‘HTEI‘paJI
FQ, a)=Sexp[——7»(x—a)"’]f(x, a) dx. (1.1)
0

3nech 0 < a< oo, A>0— Gonbuiofi mapamerp, a JeXHUT HA OT-
peake [==[— &, &), & > 0.
dynguusa S= — (x —a)° gocTHraeT MaKCHMyMa Ha YyyacTke
WHTETPUPOBAHUS B TOYKe x=—=a, ecau a >0, U B Touke x=0,
ecan o<{0, Tak YTO acUMNTOTHKa F HMeeT DPAasHYIO CTPYKTYPY
npu pasublx a. [Ipy a—0 [OPOHCXOAMT CJHAHHE CTALHOHAPHOMN
TOYKH M KOHIIA KOHTYpa HHTETpHPOBAHHsi. ACHMOTOTHKA HHTe-
rpaga (1.1) opu A— + oo, paBHOMepHasd MO o NPH MaJbX &, BbI-
paxaerca uepe3 CreUHaJbHYI0 (QYHKUUIO — unreepas Ppeneas:
k4
2 _
(D(z)=——:Se " dt. (1.2)
Vr
0
Unrterpan Openens sBasercs unenof ¢ynkuued 2. [naBuelfi ureH
acuMnTOTHKH uHTerpaJta (l.1) BeIpamaerca uepes GYHKLHIO

ao

@M, a)= Sexp[—-x(x—a)ﬂ dx=—;—/\/—;:—[l —0(—aq/2)]. (1.3)
0
Pasnoxum QyHkuuio f(x, @) B psf M0 TAaKHUM (YHKUHSM, KOTOPHE
HMEIOT HYJH B Toukax x=0, Xx==q, npuYeM KPaTHOCTH HYyJel
PacTyT ¢ POCTOM HOMepa, TaK KaK HMEHHO 3TH TOYKH MOTYT BHO-
CHTh OCHOBHOHM BKJajy B uHterpas (l.1) npu duKcHpOBaHHOM d.
JJemma 1.1. MHycre fx, a)=C¥({I X J), ede [=]0, a,
J={—23, 8l. Toeda npu awbom yesom N =0 cnpasediuso pas.io-
scenue

T, @)= X o (@) lr(x — )] +
N
+ =) X b @ b~ o] + [ (s — )" Ry (x, ), (1.9)

2de octarounoii 4waen Ry = C™ (1 X ), pynryuu az(a), by(a) e C7(J).
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HokasarteabcTBo. [Ipumenum uuaykuuio. [Tosoxum

Ii(x, @) =1 (x, @) — ag(a) — by (a) (x — @),
a(@)="{(a, @), bole)=0a"'[f(a, @) —F(0, a)l,

byuruHH ay(a), bo(a)=C™(J), mo mocrpoenuo, ¢yHKuua [,
eC"(IX)H u [0, a)y=f(a, a)=0. PaccmotpuMm yHKULO

fa (x, a)=7ii(£%% H nokaxeM, uto fo=C®(] X J). Umeem
_lrhxre)  hi(xel__
fo .—‘_E[ j\c—a — - x ]—

el (@ @) — 0 (0.0) | (Ol (4 a) — i o]
— O +OS - (x — #) dt,

af (x.
rae ofosnaueno O,f (u, a)=—”0+a)
X=u

JgeHo 0;. IlepBoe ciaraeMmoe B mpaBod uacTH mpuuHaagexuar C™ (J).
HNanee, pyuxuug o= [0; (f, (¢ + @), @) — f, ({, )] =CT{ X J), Tak uro
fo(x, @)= C* (I X J). Caegosatelibho,

F(x, @) =ap(a) + bola) (x —a) + ¥ (x — ) R, (x, a).

¥ aHaJIOTHYHO Oolipeae-

Tem cambiM JeMMa gokaszaHa npu N =0. UroOn noKa3aTb ee MpH
N =1, pocraToyHO HpeACTaBHTb B TaKOM Xe BHAe GYHKIHIO R,
H T, I

Cnenmcreue 1.1. Iycre ¢ynkyun [(x, a) eosomoppra no
(x, @) 8 okpecrroctu Touku (0, 0). Toeda koagppuyuentsr ay(a),
be(a) pasacacenun (1.4) u ocrarounvlli 4ien 20A0MOpPHBL nPU
maroix | x1, |al.

Brruycaum acuMnToTHKY HHTerpasa (1.1).

Jemma 1.2, Hycre [(x, a)=sC¥ (I X)), ede I=]0, al,
J=1[—206y 98], 6>0. Toeda 9dasn unreepara (1.1) npu r—> -+
pasromepro no asJy=[—298, 8], ede &, >0 docrarouno maro,
CNpasedauso aACUMNTOTUYECKOE DA3A0JCEHUEe

F(h, a) ~ 20 Ay (@) AFD (A, o) + 20 By (@A * exp(— ra?), (1.5)

20e Ax, B, =C™ (). 310 pasiosmenue momno Ougpeperyuposars
no A u no a Aroboe wucio pas.
T'7aBHBIfl u/leH aCHMTITOTHKH HMeeT BHJ

F(, o)=Ff(, 0 @@, o)+
+2e2) 7' [f (o, @) — (0, )l exp(—4a) + 0 (A7 @@, @) (1.5
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Ins uuterpana @ (A, a) NPH BEIIECTBEHHBIX «, lalx/x — -} oo,
HMEIOT MEeCTO acHUMITOTHYecKHe (OPMYJIbI
A
I - expéxa 2 @<o),
D@, a) ~ 4

/\/% (@>0).

[Mostomy B ¢opmyne (1.5”) npu duKcHpoBaHHOM a, A — - oo
TJIaBHBIM YJEHOM $ABJISIETCA IIepBOe cJaraeMmoe, ecJu o >0, H o6a
caaraemnx, ecad o< 0. Ilpy a— 0 BTOpoe cnaraemoe mMano mno
CPABHEHHUIO C TNEePBLIM.

HokazarteancTBo. Pukcupyem N u npeacrasuM QyHKLHIO [
B Bujge (1.4). Toraza

N

Fh, @)= 2 ar(@) Fip(, @ 0)+

(1.6)

+k§0 b () Fo,z (A, a; @)+ Fysi (A, @), (1.7)

raie o003HAYEHO
Fi,u(t, 0 a) = { % (6) [x (x — )" exp [— & (x — a)’] d,
0

Y(x)=1, P(x)=x—a, (1.8)

a

Fusi(y )= [x (s — @)]* Ry (¥, @) expl— 4 (x — o)l dx,

1]

[MpencraBumM F;, B BHIe pasHOCTH HHTETPajoB MO TOMYOCAM
[0, o0) u [a, o). Torga npu asJ

ij (7\4, a, (l):ij (7\4, Q)+ O(e_d'), (19)

rjae F,k (A, a)= Fur (A, a; 00), ¢ >0 He 3aBHUCHT OT @, NOCKOJbKY
(x—a)*>=(a—6) mpu x>a, acs/. VMurerpupys mo uacrtsm, no-
JyyaeM PeKyPPEHTHBIE GOOTHOIIEHHS

Fie(h @) =5 [k — 1) F1 sy (A, @) +
+a(k—1) Fo, -2 (4, a) 4 o (k — 1) Fip—2 (4, a)],

b (1.10)
Far(hy 0) = & [2Fy, ke (b, @) + 0F), i Oy )

npu k=1. Hanee,
F,'0=CD(}\,, a), FQ,O.—_-_I_a}:_Iv‘l:Le—Aa'_ (1‘11)
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Hs pexyppentnpix cooTHomenudl (1.10) u w3 (1.11) caegyer, uro
npu k=1

Fro=n0"""TAW (¢, ™) Fio+ A% (a, 7") Fady  (1.12)

rne A/k—HOJII/IHOMbI or a, 7', u, B YaCTHOCTH, YTO
| Fie (b o) |SCud™ (| Fiol 4| Faol) (1.13)

npu A= 1, a &/, rae nocrosunas Cj, He 3aBUCHT OT A, a. Cieno-
BaTeJbHO,

[Fy l<<CyA™" (I Fiol+1Fal). (1.14)

TTopcrasass (1.9), (1.12) B (1.7) n yuutsBas, yTo N MOXHO BSATb
go6biM, moayuaeMm (1.5). Hduddepenunposanue uurerpana (1.1)
00 A H IO a OPUBOAMUT K HUHTErpasy TOro Xe€ BHAA.

Brigpeany raaBHb 4gen acuMnToTdkd. Mmeem u3 (1.6)—(1.8)

Fh, a)=[(a, @) Fio (A, @) +a="[[(a, @) = [0, a)] Fo (4, @) +
-+ S x(x—a)R;(x, a)exp[— A(x — )] dx.

0

Hs (1.9) crrexyer, 4ro mnepsble [Ba C/araeMeX B NpaBoil YacTH
COBMAJAI0T ¢ NEPBLIMH ABYMs cjaraeMbiMH B npamo#fi uactu (1.5'),
¢ tounoctbio 10 O (e=*¢), ¢ > 0, a mocJaeaHHH HHTErpas paBeH

a

@)™ { exp[— & (s — @) -2 (4R (x, @) dx + 0 (=),

0

TaK KakK BHEHHTerpa/bHad MOJCTAHOBKA B TOUKE X =4 3KCIOHEeH-

nuajbHo Masga. [lonydenuni unterpaa ectb O (D (A, a)).
CnencrtBue 1.2, IMycre ycaosus semmor 1.2 gotnoanenst u

0<Ca<Cd. Toeda enasublll 4ae” AcUMATOTUKU umeer Bud

Fh, a)=F(0, a) D (A, a) + o (D 2, a)). (1.14)
NokasareabcTBo. [lpy a >0 umeem @ (4, a) Z D4, 0)=
o
=N &

Tlpu a <0 dopmyay (1.5) yxe Henb3s yHPOCTHTL (M3 3a-
naun l.1 cremyer, uto npu u < 0 ¢dukcHupoBaHHOM, A -—»> -+ oo 00a
caaraembix B (1.57) paBHOUEHHbI).

PaccMOTpUM HMHTErpaJ C ocCluJaupyloilel ¢$asoBod ¢yHKIHUEH:

FQ, a)———gexp[i}\,(x—a)]f(x, a) dx. (1.15)
]
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Jlemma 1.3. lycre I, ] — re oce unrepsarst, 4o u g semme 1.2,
pynxyus | (x, a) =C* (I X J) u obpaujaerca 8 nyas 8 oxpecrrocTu
rouky x==a. Toeda npu h-—> o0, pasnomepro no a<lJy, cnpa-
8e0.1u80 ACUMNTOTUHECKOE PA3AONCEHUE

N
F(h @)= 2 (—it) " A (@) @ (— i, a) +

k=U
+k;> (— ) "* ' By (@) exp (iha®) + 0 (A7), (1.16)

30ect Ag, By — re ace, uro u s (1.5), u N =0 moxcro 834816 Ar066(M.
AT0 pasdaoxcerue MOXCHO Oudepenyuposars no A u no a awboe
4UCA0 pas.
[NaBHBIA 4JleH aCHMNTOTHKH HMEET BHJ,

F, a)==f(a, a)D(—ir, a)+
+ (— 2iad) " [ (@, @) — [ (0, @) exp (iba?) + o (r7').  (1.16")

IOast unrerpana @ (— ik, @) HMEOT MeCTO acCHMITOTHUECKHE
dopmyasl  (1.6) mpu |al4/A—> 4 oo, B KOTOpHX 4/ — iA =
=e—in4(4/1).

HDokaszarteabcTBo. MeToa 10KasaTenbCTBa HABJAETCH KOM-
GuHAlHEl METOHOB, HCIOJb30BaHHBIX B JemMme Ipaefin 3.1.5 u
B JemMe 1.2. Tlyers F*(A, o) — uuterpas suga (1.15), mopsiHTer-
panbHAsl (YHKUHUS KOTOPOrO COJEPKUT JONOJHHTEIbHBIH MHOXKH-
tess ¢ (x). 3pecs q=C (), ¢==0 npu [x>=d’, rae 6 <a <a,
ug=1 npn x<[0, 8]. Torna B cuiay gemmsl 3.1.1 FF=F 4+ 0(1™)
paBHOMepHO NO o &J, Tak uTo BMecTo F MOMKHO HCCIeHOBaTh F*.
[Topcrasass (1.4) B (1.16), noaydaem nas F pasnoxenue suza (1.7),
B KOTOPOM CJIeAyeT 3aMeHHTb F;, Ha

Fir(h, a; a) = S P () [x (r — @)t @ (¥) exp [iA (x — @) dx  (1.17)

(P(x) cm. B (1.9)). Hcnombayst 170 06CTOATE/NBCTBO, YTO 3HAUECHH1
NOAbIHTErpaJbHOl (yHKIMH Ha oTpeske [0, a”], rne 6 < a” < o/,
COBNAAAOT CO 3HAUEHHAMH UeJoR GYHKLHE P (x)[(x — a) x]* X
X explih (x —a)?) (kak (yHKIMH OT Xx), 3aMeHHM HHTerpas Mo
[0, a) B (1.17) Ha wuwTerpa’l No KOHTYPY B KOMILUIEKCHOH MJIO-
ckoctd x: [=1 Ul UlLUL. 3necs [ =10, a], lh=[a, a4 e~ ],
Ly=1{et*, "], l,=1a", a]. Dyukuusa Reli(x — a)?] HenmosoxuTENBHA
B kBajpante x=0a-4 ¢, Ref >0, Imt>0, mosroMy 5KCIOHEHTA
nox 3HakoM uuTerpasa B (1.17) mo Monymo <1 npu x</;. TouHO
TaK e, Kak 4 OpH J0KA3aTeJbCTBE JeMMbl Dpaefin, noKaspBaeTcs,

yro YHTerpana mo [, |Jl, ects O(k"w). Tak kak ik(x——a)z——
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= — A(x —a)’ HAa oTpe3ke l,, TO WHTErpan 0O l, paBeH HHTerpanay
no ayuy arg (x —a)=mn/4, 0<{|x —a|< o, ¢ TOYHOCTLIO 10O CJa-
raemoro O (e=*), ¢ > 0. CaegoBatebHo,
Fie(h, 0 @)=Fix (b, @)+ 0 (077),
oo gint’l
FieOo )= | $@IzE—a] explir (z — o) dz.

{

(1.18)

. *

Hcnonb3ys pexkyppeHTHble cooTHomenns (1.10), moayuaem aas Fjp
dbopmy.el, aHaaoruunsie (1.12).

Jas pokasateabctBa (1.16) ocTaeTcss OUEHHTb OCTATOUHHIN

*
uten Fy. HHTerpupys ero no dactam TeM Ke CHOCOGOM, UTO H
npu BoiBoge cooTHolieHu# (1.10), u yuuThiBasg, 4TO QYHKLHA G ()
ApDH x=a oOpamaeTcs B HYJb BMECTe CO BCeMH MNPOH3BOIHbIMY,
. ) =t

a MOAYJb 3KCIOHEHThl < 1, NoJyuaeM OUEHKY Fy = O(A ), pas-
HoMepuyio no a & J. Tak Kak N MOKHO B3sTb JiOOBIM, TO Mbl BbI-
6epeM ero j0CTaTouyHO OOJILIIHM, & 3aTeM OTIPAaBHM B OCTATOU-

, —N+1
HblH 4J/IeH BCe cJjaraeMble NOPsAKa O(A * ) TeopeMa poxasaHa.

Hokaxem (1.167). TIpu N =10 ocTaTouHbI 4YJE€H MUMeEEeT Bl

Fi={x(@—aR explit(x — afTe(x)dx =

— @i S exp[ir (x — o)1 4 (v, @) dx,

rae he C” (I X J). Tocaenunit unrerpaa ects o(l) npu A— -+ oo.

PacnpocTpanuM moJydeHHble pe3y apTaThl Ha cJydai KOMI-
JeKCHBIX A, a. [IpH 3TOM HEOO6XOAHUMO, uTO6LI TOYKA X = a He Aa-
Ba/Ja BKJa@a B aCUMOTOTHKY, YTO NMPUBOAUT K YCJAOBHIO

Re [A(x — @), _,=0.

Jlemma 1.4, [Tycre pynxyus | (x, a) ydosaersopaer yca08uAM
aemmot 1.2 u eonomopgra npu massx | x|, |al. Toeda pa3d.iooce-
nue (1.5) cnpasedauso npu A= S,, |A|—> o0, |a|< 8y, pagrHomepro
no a, 2de S, — cexkrop |argh|<{mf2 —e < mf2, 8, >0 docrarouno
MAA0.

HokasarteanctBo. [Ipy yciaoBusx JeMMbl Ha A, a HMeeM

Re[A(x —af]=c|d[x

npu x>=a, ¢ >0, rie ¢ He 3aBHCUT OT A, o, Tak uto (1.9) ocra-
ercsi B cune. Unrerpan @ (A, a) MoxkeT y6hBaTh Kak exp(— Aa?),
T. €. Mel/eHHee, ueM exp(— ca’A) npu Maablx |a . CooTHolleHHs
(1.10)—(1.12) u ouenka (1.13), (1.14), Takum o6pasom, OCTAIOTCH
B CHJle.
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2. O6wwmit cayuyafi. PaccmMoTrpum uHTerpaa

Fh, o)= Sexp (AS (x, a)} f (x, @) dx. (1.19)

Bsenem o6o3uauenus: [ == [0, a}, Ks — Kpyr |a|<d B KomnaexcHoh
IJIOCKOCTH Q.

Bynem npexamosarate, uto ¢yuxkuuu f, S C* (I X K,) u rouo-
Mopdun mo (x,a) upH |x|<<a<a, o= K, dynkuua S Bene-
CTBEHHA UPH BELIECTBEHHBIX X, Q.

Hac wuntepecyer cayuali, xorga ¢yHKUHS S HMeeT HpPOCTYIO
TOUKY nepeBaJa X, (a), KoTopas npH o —> 0 cTpeMHTCH K KOHIY X == 0
KOHTYypa HHTerpuposaHus. [[OCTATOUHBIMY YCJOBHAMH SBJAIOTCH
CJAENYIOIIHE:

§,(0,00=0, S87(0,0=*0, S§7(0,00. (1.20)
Torpa npH ManauXx |a |
xo(@) = — aS¢a (0, 0) (S (0, 0)™' + O (a?). (1.21)
Hanee, maxcuMyM S(x, 0) Ha oTpeske /[ [HOJKEH HOCTHraTbCs
TOJLKO B Touke x=0 (HHaue OCHOBHO# BKJajx OyIeT BHOCHTb
TOYKa Xx==a), T. €.
S(x,0<85(0,0, O0<x<a. (1.22)
Ceenem wuHTerpan (1.18) x sranomnomy. ChoesnaeM 3aMeHy Hepe-
MeHnol x =¢@ (¢, a) Takyw, ytobn
S(x, 0) — S (5 (a), @) = — £, (1.23)
H TOJOXHM

t(a)=4/S (x5 (a), @) — S(0, @) . (1.24)

Oynkuuna §(e) rosoMopdHa mpH Manblx |o|; HOpMUDYeEM ee yCJO-
BHEM

t(@) ~ 0S5 (0, 0)(—25% (0, 007"  (@—0),  (1.25)
rie BeTBb KOpHS — apudMernueckas. O6o3nauum S, CexTop
farg A I<K{mf2 —e < o,

Teopema 1.1. [Tycre ¢ynxyus S ydosaersopser ycaosusm
(1.21), (1.22) u ¢pyuxyuu f, S 2or0mopdror no (x, a) npu mateix
(x|, [al. Toeda npu A—oo, A= S, [a|<Lb u npu 6> 0 docra-
TOYHO Maaom Oan unreepasa (1.19) cnpasedauso, pasHomepHo no a,
ACUMNTOTULECKOE PABAONCEHUL

F O, @)~ exp S (5 @), ) | 3 A @)a "0 6, — (@) +

+ 3 Bt ep(—a2 @) (120

12 M. B. ®egoplok
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eoe Ay, By coromopirer npu mareix [al. Iro pasioscerie moxcuo
dugphepenyuposars no A u no a Ar0boe wucao pas.
dyukius {(a) onpenenserca us (1.24), (1.25), ® — nurerpaa (1.3).
HokasaTteabcTBO. Cuenaem 3ameny nepemennbix (1.23) H
sateM [ — !+ {(a). Toraa

F A, a) = exp [AS (xo (a), )] 1 (2, @),

a (o)

1= { expl= ¢+ @) 1F ¢ 9,

rge o0603HAYeHO
a(a)=4/S(x(a), @) — S(a, @) ~ L (@),
[*=F (@ t + L (a)), a) §; ({ + L (a), a).
Tak Kak S(a, 0)<0, T0 a(x)=0b-+0fa), b=+/—S(0, a)
OPHM MaJdelX |a| ¥ uHTErpaj € TOYHOCTBIO AO CJaraeMoro BHja
O (exp(— Ad)), d > 0, paBeH mHTerpaay mno ortpesxry [0, &]. Tlpu-

menss JeMmy 1.4, nomyuaem (1.26).
BuinmumeM IJaBHBIH 4JieH aCHMITOTHKH

F (2, @)= cxp [AS (%o (a), a)) [A (@D (4, — (a) + B (a) 22 (2;57:2‘) (a))]+

+o( " DM, —g(@))), (1.27)

e 0603HaueHO
A(a): — f(x(](a); a)/\/— W )

2 (0,
B(a)=— A(a) — ____géz)((')’(a)a)

(1.28)

BuluucauM acHMOTOTHKY HHTErpasa ¢ GhICTPOOCUMJIIHP VIOINEH
dason
Fh, @)= Sexp [iAS (x, ) ] f (x, @) dx. (1.29)

0

Bynem npeanosaarats, uro ¢yHkuuu f, S=C% npu (x, a) =
= 1X Js, dyuruua S(x, a) BemecTBeHHO3HAuUHA, YHKUMA [ B Bce
ee IPOM3BOAHBIE 1O X ofpallalTcs B HyJb B TOuKe x==a. [aJee,
dynkuks S yposaerBopsier yeaoBusM (1.20), (1.22) u

Si(x,005£0, 0<x<a

Teopema 1.2. [lycre sbtnoanenst CHOPMYAUDOBAHHOIE Boblilie
yeaosun. Toeda npu A — + oo, —8<aK§ u npu 6, >0 docra-
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TouHo Masom Oan unreepasa (1.29) cnpasediuso acumnroruueckoe
pas.roxcerue, pasHOMEpPHoOEe No a:

F (i, 0) ~ explinS (xo(@), 0l | 3 Au(@) (= ) ®(— 1, —2(@) +

—l—k; By (@) (— i) ™® exp(— AL (a))], (1.30)

20e Ay, B, =C”™ npu maasix a.

10 pasaoscenue MmOIHO Oupdepenyuposars no A, a awoboe
4ucao pas.

dyrkuns f(a) no-npexxkHeMy onpejeasercs mno dopmyde (1.24),

HJokasaTeabcTBo caenyer U3 JaemMvb 1.3 u 10xasaTesb-
ctBa Teopembl 1.1. 3aMeTuM ToABKO, uTo dydxkunu x5(a), Z (1) Be-
[1€CTBEHHBl IIPH BeUIECTBEHHHIX @ M YTO NMPH 3aMeHe MepeMeHHBIX
(1.23) ¢pyukuus t=1(x, a) BellecTBeHHa.

Tanasubiit unen acuMnroTuky wumeet Bug (1.27), rae craegyer
3aMeHHTb A HA — /A, a OCTATOYHBIA UYJeH €CThb o(l_l) (eM. (1.16%)).

[TosiyueHHblE PE3YJ/bTATH IMEPEHOCATCHS HAa MHOrOMepHble HHTer-
paanl. Ilycts x e R”, Q —orpaunuennas o6aacts B Ry c rpanu-
ueit 0Q kaacca C” u dyuxuusa S(x, a) UMeeT HeBHIPOXKAEHHYIO CTa-
uuoHapuyw Touky x°(a) =Q, Kotopas npu « — 0 BLIXOJHT Ha rpa-
Huny o6JactH. PaccmoTpum cayuail ocLHJJISLHUH:

F(h, @)= S exp [iAS (x, a)] f (x, @) dx. (1.31)

Q

HMuTerpansl Takoro poja BCTPEUYAIOTCH B 3ajauyaXx TeOpHM AHppPax-
UHH NPH HCCJAeNOBaHUH NHGBPAKLUHH OT Teq ¢ kpaem. [lepednc.iyy
ycJaoBHs #Ha ¢yHKRUHM f, S.

1°. ®yukuun f, S=C% npu (x, a) =U X J, rge U — oxpecr-
HocTh B R” Toukn x° = 0Q, dynxuust S pemecTBeHHO3HAUHA, hYHK-
umst [ (x, o) npu x = 0U o6panraercss B HyJb BMeCTe CO BCeMH MPO-
H3BOLHBIMH TIO X.

2°, ®yuxuus S(x, 0) umeer B obaacTu U efuHCTBEHHYIO, H [PH-
TOM HEBBIPOXKAEHHYIO, CTAHOHAPHYIO TOUKY x° H

Y (¥, 0050, detS% (x0, 0) = 0. (1.32)

3necb &=, ..., &,—1) — KOOpPIHHATHl B KacaTe/b10d IO

ckocTu T0Qy B Touke x°. Torga x° sABaseTcs HeBHIPOXAEHHOH rpa-
HHUHON cTalMoHapHOH Toukol ¢yHkuuu S(x, 0) (cm. ra. HI, § 4
m. 2). JdaJjee

20 (a) = £° — 0 (S%x (#°, 0) ™' Sya (2%, 0) + O (@) (1.33:
(a—0).

12*
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U3 srolt dopmyanl caeayer, uro x'(a)—> =’ mo HexoTOpOMYy
HanpasJeHHw. [ToTpefyeM, uTo6bl 3TO HampaBJsieHHe ObLIO TpaHc-
BepcaapHo K dQ B Touke x° (C TOYHOCTBIO A0 UJIEHOB BTOPOro MO-
pamxa), T. e.

((Ste (x, 0) ™" %0 (x9, 0), n4) 5 0, (1.34)

TIE iy — eJUHHYHEI BEKTODP BHYTpeHHeH HOpMaJ/au XK OQ B Touke x0,
Teopema 1.3. ITycro ¢pyuxyun f, S ydosaersopsor cihop my-
AUposannuim  seiute ycaosuam. Tozda npu b — oo, — O <Ca <
u npu 8y > 0 docrarouno masom O0as unreepasa (1.31) umeer mecro
QCUMNTOTUYECKOE PA3A0XCeHue, PABHOMEePHOe Ho !

Fh, a) ~ 2~ D2exp[ins (x° (), @)] X

x| 5 ac@ = mt o, 1@+

+ ;Bk (@) (— ir)~* exp (IAL2 (a)) (1.35)

30ece Ap(a), By (o) =C™ npu massix a. IT0 pasioxnerue MOXCHO
Jughpepenyuposars no A, a aroboe wucao pas.

dopmyna aas {(a) ¥ rIaBHHEIA UYieH aCHMOTOTHKH OYLYT TpH-
BeJleHbl HHIKe.

HoxaszaTeabcTBo. Bufepem B oKpecTHOCTH TOUKH x° J0-
KaJbHEle KOODAHHATH 4 ==(4, ..., 4,), X==1P(u) Taxk, uyToOB AR
umesaa BuA U,=0, u, >0 B Q H uroBe Touke x° oTBeYaJNa TOUKA
u=0. Torga

F, )= o, o) explirS(u, ) du,
v
rae o603HayeHo

S (1, @) = (Sop) (1, a), @ (1, @)= (fop)(x, a)det P/, (1),

rae V — moayoxkpecTHOCTh ToUKH u=0. [la/see mocTymaeMm Tak xe,
KaxK H [OpH Joxa3sareabcTBe Teopembl 3.4.2. B kauectBe V' BHIGe-
peM Ky —a<u;<ta, 1<j<n—1, 0Ky, <a, tae a>0 go-
cTaTouHo MaJjo. HUmeem

S, =S (), @) + = b,, (@) (1, — ut @) +
+ (t, — uf (@) (b (@), &’ — (@) +
+5(B@W - @), ¥ = @)+ ...,

rae W =, ..., Uy—y), 4°(a) — cTauuoHapHas Touka byHkuuu S,
otsedawomas touke x°(a). TTpuMeHssi METON CTal[MOHADHOH (haswl
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MO MepeMeHHHIM u', MOJIy4aeM aCHMITOTHUYECKOE DasJsoKeHHe

Fh, a) ~Aa~ """ exp[irS (x"(a), a)] X

a

X { expling (u, 1Y a0y, )2~ au,

0 j=0

3necs Koabouluents a; € C” mpun Maanx o, 0<Cu, <<a, ob6pa-
Ual0TCs B HYJb BMeCTE CO BCEMH IIPOH3BOIHEIMH TPH U, =@, QYHK-
UHS g HMeeT BHJ

1 -
g (1, @) = 5 (bny (@) — (0 (@), B™' (@) b(a)) X
X (1, — ug (@))* + O (Ju, — ug (@) ')
Ipumensist K MOC/TeJIHEMY HHTerpajy Teopemy 1.2, noayuaem (1.35).
BLiKIIeM TJaBHHI u/JeH ACHMITOTHKH B CJIy4ae, KOrja rpa-
Huna 0Q BeinpsimJeHa B okpectHocTn Touku X0, Tlyeth x°=0 nas

npoctoth, Q= {x: x,=0}, x, >0 npu *r=Q B6aAU3K TOUKH (
Torna

F, a)= ('2‘711)( exp (ikS + % sgn S;’,x,) X
i TPV | [— F (@), @) D (=0, =L (@) +0 (1)),

n—1)/2

(1.36)
371echb MPeANOaaraeTcs, uTo Slnxn (0, 0) <0,
L@ =+/S(°(a), &) — S (x'(0, 0), 0, 0), (1.37)
x' (x,, a) — pellieHHe YypaBHEHHS
Sy (x, a)=0. (1.38)

§ 2. CiausiHHe ABYX TOYeK mepeBaJa

1. [locraHoBka samayd. PaccMorpuM wunrerpaa Buaa (l.1), rge
dyukuasi S(x, a) uMeeT npu o 7= 0 1Be HeBBIPOXKJEHHBIE TOUKH Ie-
peBaja, KoTophle cauBaoTcss npu o=0. [IpocTefiliuM TPHMEPOM
CAYKHUT cpyHKuHﬂ So==az—2%3: npn a==0 ToukH mepeBaJa
21, 2(0) = &= 4/0 HeBHIPOXKIEHBI, NPH a =0 OHH CJHBAIOTCA.

[TokaxeM, 4TO ¢ NOMOINBIO NMOAXOAAIIEH 3aMeHBl IePeMEHHBIX
MoxkHo npuBecTH S K Buay Sp. Ipu atom S;(0, 0) =0, Sz, (0,0) =0,
Tak Kak ¢yHKuua S(z, 0) HMeeT BHIPOXK/EHHYIO TOUKY IepesaJa
z=0, u S;22(0, 0) 7= 0, NOCKOJbKY B NPOTHBHOM cJlyuae NDH Ma-
avix |a| dyukuus S (2, @) 6ynetr uMeTb >3 Touek nepeBada, OJH3-
KHX K Touke z2=0,
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Jlemma 2.1. Hycre pynxyun S(z, a) eoromoppua no cosoxyn-
HOCTU nepemenHslx npu marelx |2|, |a| u

S2(0, 0)=57:(0, 0) =0, S8%(0,0) %0, S2::(0,0) %= 0. {2.1)
Toeda npu mareix |al, a %= 0, pyukyua S(z, a) umeer posro 0Jse
HeBbIPOJCJEN bl TOUKIL nepesana z,,(a) Takue, 4To 2y,5(0)=0.

Dynkyun 2y, (0) BAAOTCA 2010 MOPPHOIML PyHKyuAML OT /o npu
marelx lal, u

287,1(0,0)a
2=/~ Sy (1 +Zbka’”’), =12 @2

3HaueHns z;,, OTJAHTAOTCA BLIGOPOM KODHS.
HoxasateabctBo. B okpectHoctu Touxn (0, 0) umeem

o0

S o)=Y L& 5
k=0

CpenaeM B ypasueHuH S5(2, a)=0 saMeHy z=4/a{, Torna oHo
IIPUMET BHE

Floo=40 y a@Ve,  pial | Joad. ., o

rie Ko3hpdHUHEHTH SABJATCA TroJoMOp(HbIMH QYHKUHAML OT \/a—,
tak Kak g£;(0)=g,(0)=0 no ycaoBuio. [Ipy a=0 310 ypasHe-

2
HHE HMeeT pelleHus {;, 2—__’\/ ;'(0) , mpuueM F(g;, 0)==C;g:(0)+0.

YTBepKeHHE JeMMHl CJ/ielyeT H3 TeopeMbl O HesABHOH (QYHKUHH.
Tenepnb ¢ MOMOIbIO TOJOMODP(HO 3aMeHbl MepeMentol 2 == 2 (g, a)
npuBegeM GyHKUHIO S K KyOHUHOMY TpexuJ/eHy:

S(z, 0) = A(a) — B(a) L + £7/3. (2.3)

Boiuncany A(a) n B(a). Popmaabio nuddepeHunpys obe 4acTH
ITOro paBeHCTBA IO z, MoJyvaeMm

E =gz @ —BO)"

Urobn ¢yHkUMs (2, @) Oblia roJomopdHa mno 2z, HeOOGXOLHMO,
uro6n S%(2, @) ==0 npu =+ 4/B(a). T0 KaeT COOTHOIIEHHs

S (21,2 (@), @) = A(a) F (2/3 B (@), (2.4)
OTKyna HaXOoIHuM

Al@) =5 [S (& (@), @) + S (22 (a), @),
Bo)=[3 (S (& (@), 0 — S@ @, a)]”.

(2.5)
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JeMmMa 2.2. [Tycre ¢ynxyus S(2, a) ydosaersopser ycao-
susm aemmol 2.1. Toeda ¢pynxyuu A(a), B(a) eoiomoppre 6 rouxe
a=0, npusem

B (a) = — ag] (0) (2/g, (0))#[1 + O (a)]. (2.6)
JokasarteabcTBo. B cuay jgemmn 2.1 nmeem
21.5(@=a(0) =D,

rae af(a), D(a) ronomopdpuer mpn a==0 u a(0)=0, D(0) =0,
D’ (0) == 0. Tlpn anaauTHYeCKOM MpPOJOJIKEHHH II0 OKPYMHOCTH
c uenTpoM B Touke a==0 BeTBH 2(a), 2;(a) HepexoZsT apyr
B Ipyra, T. e. 2;(a) — 25 (a), 2 (a) —>2;(a). Cnepoparensno, A(a)—
OoJlHO3HAYHasdA, a cTano OnTh, W roJoMopdHad GYHKUHSA a 0pH
MaJaex |al. Jaaee,

S(z (), @) — S(z(a), a) =

=2 4/D(a) Z

02k+1

<2k+1 —zrr &(ala), a) (D (@)* =2+/D(a) & (a),

rae g(a) — rosoMopdHas pyHKUMSA npH Magwx | ol YuntHsas (2.2),
noaysaem

(@) =g, (a(), a)+lg;;;(a<a) o) D (a) + O (a9) =
— 8@+ +8@D@+0@)=12g 0at 0 @)

CaenoBaTebHO,
(@), ) =S @ o= (38@)" =
= 4/3(— g, (0) @) (2/g,(0)" (1 + & (a)),

rae h ronomopdua npH MaawiXx [a] H A(0)=0. ITo3ToMy MHOrO-
sHaunas QyHkuus B (a) pacnajaercs Ha TPH BeTBH, TOJOMOpGHbIE
B Touke a==0, As5 KOTOPLIX BHIIOJHeHO (2.5).

Jlemma 2.3. flycre ¢pynrkyus S(z, a) yoosiergopser yca08uAM
aemmor 2.1, Toeda cywecrayror wucaa ri, r, >0 u pyrnxyus {=
=1{(z2, a), eoaomoppras npu |z|<r), |a|<r,, Takue, 4T0 npu
Takux 2, o ¢pynxyua S(z, a) umeer sud (2.3).

O6parnan ¢ynxyua z=2(%, a) e2onomoppHa no (L, @) 8 Hexo-
ropot okpecrvocty touku (0, 0).

3nece A(a), B(a) onpenessnores mn3 (2.5), u mpu z2==2; ,(a)
nMeeM [ = 4- 1/B {a) COOTBETCTBEHHO.

JlokaszateabcTBO. PaccmMotpum cooTHomenne (2.3) Kak
ypaBHeHHe OTHocHTesbHO L: F (g, 2, a)=0. IlycTp TOuKa (o, 2o, ap)



344 rJj. vVi. CIHAHHE OCOBEHHOCTEN

YAOBJIETBOPSET ypaBHeHuw F=0 u F; = 0 B 3roid touxe. Torna,
[0 TeopeMe O HEsIBHON (YHKIMH, CYUIECTBYET pelneHHe {={ (2, a)
ypasHenus (2.3), paBHoe {, B TOUKe (2, @) H roaoMopdHoe 1o (2, a)
B OKPeCcTHOCTH 3ToH ToukH. Ilostomy pewenus =, (2, a) ypas-
HeHHs1 (2.3) MOryT He GbITb TOJOMOPGHBIMH TOJBKO B TAKHX TOY-
Kax (2, o), IpH KOTOPLIX cOBMecTHA cHcteMa F =0, F{ = 0. Uckmo-
yas ¢, nmoJyuaeM JUCKPDHUMHHAHTHOe ypaBHeHue D (2, a)=0, rxe
¢yukuusa D ronromopdHa mnpu Madabix |z, |a|. JTO ypaBHeHHe
pacmajpaercsi Ha fBa:

S a)=S(z(@,a), j=I,2. 2.7)

Tyere |2l=ry, 8 <|a|<ry, rae r; >0 mocratouno MaJgel. Torga
ypaBHenue (2.7) (OTHOCHTeJbHO 2) HMeeT POBHO 3 KopHsa {2;(a),
z;(a), Z;(a)}, nexxamux B Kpyre |z |<r,. Hopmupyem ¢yukuuio S
yeaoBusiMu Sz, (0, 0) = —1, 872. (0, 0)=2 (mast 3TOrO AOCTATOUHO
cnenaTh Ipeo6pasoBaHHe Nofo6Hs z—> b2, a — bja, b; — nocross-
uele). Torpa (cm. (2.2))

2j(@)=xap(£+a), Z(@=F2+vaq(x Vo),

rae p(B), g(B) —rosomopdusle Ppynrnuu § B Toure f=0, p(0)=
=¢q(0)=1. Huxe Mbl paccMatpuBaem ypasHenue (2.3) u cBoi-
cTBa ero pemeHHd nupH ¢uKeupoBaHdoM a, 0 <|a|<r,. Ilycts
j=1, torpa npu 2z, 6a1u3KUX K 2, (a), ypaBHenue (2.7) uMeeT Bu[

@~ VBPC+2VB) =5 — 2 @1,z 0+ .-,
vy a)=—2+/a (1+0+/a)=0.

CrnenoBaresibHo, B OKPeCTHOCTH TOUKH Z==2((0) ypaBHeHHe (2.7)

HMeeT TpPU peIUeHHs, PaBHbIX 1/B, —1/B, —21/3 B 3ToH
TOUKe U FOJOMOP(HBIX B ee OKPeCTHOCTH. IT03TOMY TOUKa 2 =2, (a)
He ABJseTcS TOYKOH BETBJIEHHS (GYHKIMH L.

B okpecTHOCTH TOYKH Z==Z (a) ypaBHeHHe (2.7) HMeeT BHJ

3~ VB +2vVB)=(2— % @), (3@, @)+ ...,
fi (2 (@), &) =5a (1 + 0 (vVa)) 0.

CaenoBaTenibHo, GYHKIMS { MMeeT B OKPECTHOCTH TOUKH 2= Z (a)
ro1oMop¢HYy0O BeTBb, PaBHYIO —21/B B 3TOH TOUKe, H BEeTBb, pPaB-
HYIO 1/B B 3TOH TOuKe, MAJs KOTOopoli Touka Z,{(a) ecTb TouKa
BeTBJEHHSI BTODOro IOpsiKa.

AHANOrHYHO, TOUKA 2Z=2,(a) He SIBJAETC TOUKOH BEeTBJIEHHA
GYHRUAH {; B OKPECTHOCTH 3TOH TOYKH HMEIOTCA 3 roJIoMopGHbie
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BeTBH, DaBHble ._,\/B '\/B 2'\/3 B 3TOH Touke. Touka 2=
=2, (a) SIBJIAETCS] TOUKOH BETBJIEHHST BTOPOTO TOPS/IKA; OJlHA BETBb,
PaBHas 21/3 roJioMoppHa B 3TOH TOUKe, H JBY3HAUHAS BeTBb
PaBHa —1/B B 3TOH TOUKe.

HUrak, anreSpounnas pyuxius {=={(z, a) umeet 1pu 0 < | a |<r,
B Kpyre |z|<rl TOJIbKO JIBeé TOYKH BETBJEHHS 2Z==2 ,(a), 06e
BTOporo nopsafaka. [lokaxem, UTo TPeX/JHCTHAS DHMAaHOBA MOBEpX-
HOCTb (DYHKLHH [ pacnajaeTcs Ha JBYJAHCTHYIO PHMAHOBY MOBepX-
HOCTh, JIHCTBI KOTOPOH «CKJIEEHBI» B TOUKaX 2;,,(a), U OTHAe/bHBIN
auer. Ilyetb Zy(2, a) — sieMeHT (YHKUHHM §, 3aJaHHBIH B GJIH3KOH
K Z,(a) TOuKe 2;, aHA/JIHTHUECKOE MPOLOJKEHHE KOTODOrOo BOKPYT
ToukH Z;(a) naeT ABy3HAUHYIO GYHKLUHIO. AHAJIHTHUECKH NDPOMOJ-
KHUM [, BIAOJb 3aMKHYTOH KpUBOH, oOxomsimel TOuky Z,(a). Ecau
Zo— Ly NMpu TakoM o6Xone, TO PHMAHOBA MHOBEDXHOCTb (GYHKIHH [
COMEP/KHUT JABYJHCTHYIO MOBEPXHOCTb, JHCTBI KOTODOH CKJeeHH
B Touke # (¢). Ho Torpa ¢ momompio aHaJOrHYHBIX paccy:KieHHH
noJy4yaeM, YTO pPHMAaHOBA MOBEPXHOCTb R (DYHKUHMH [ COLEPKHT
OBYJHCTHYIO [OBEPXHOCTb, JIUCTHI KOTOPOH CKJeeHH B Touke 2, (a),
Tak uTO R pacnajaercs Ha jgBe JABYJHCTHblE [OOBEPXHOCTH. IJTO
HEBO3MOXHO, TaK KakK R TpeXJHcTHA.

M3 sTHX paccyxieHuil BeITekaeT, uTo (PyHKUMs [ (2, a) MMeeT
BeTBb Z\z a), rosoMopdHyIo npu | 2 | <7y 00 2, IPU KaXJA0M QHKCH-
POBAHHOM G, 0<|a[<r, (edl oTBeuaeT OTHEJNbLHHIA JHCT), NpHUYEM
BeTBb [ paBHa /B, — /B, —24/B, 24/B B Toukax 2, (a), 2,(a),
2 (a), 25(a) cooTBercrBenno. Ecan xe a=0, To ypasuenue (2.3)
nuMeeT BHuA L2 =2%g(2), g(0) == 0.

dyuxuus g rosoMopdra B Touke 2z=0, g(0)=1, Tak uro
E(z, 0)=2°4/g (@), rue \/g(O)——l clef0BATeIbHO, BETBb L (2, a)
rojoMopdHa 1O 2 TNPH KaxjaoM (GHKCHPOBAHHOM a B 06JaCTH
[zl <ry, lal<ry Nanee, dyskuus (2, a) ronoMopdpHa mo coso-
KYIIHOCTH IepeMeHHnX, ecH D (2, a) %= 0, ¥ orpannyeHa IpH MaJbixX
2], |al. TTo TeopeMe 06 ycrpanuMeix ocobennoctsx ([9]) ¢ynruns
£ (2, a) rojoMopdHa O COBOKYHNHOCTH INEePEMEHHBEIX B OKPECTHOCTH
touku (0, 0).

Hrak, Hccaenosande acuMnroTHku unterpana (1.1) ¢ nBywms
OJM3KHMH CeJJIOBBIMH TOYKAMH HPHBOILHUTCS K HCCJIELOBAHHIO 3Ta-
JIOHHOTO HHTerpana ¢ Ky6uueckod ¢tasosoii dyHruuei (2.3).

2. 3vanoHHBle HHTErpajnl. PaccMOTpHM 3TAaJOHHHIA HHTErpan

@ (h, o) =exp[ikA@)] { F (2, a)exp[£Ss (2, a)l dz,
v (2.8)
So=i(——-B(a)z+ -“'5-).
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Ero acuMnToTHKA BhIpaxkaeTcs uepe3 ¢ysHkuuio dipu — doka

[

o (f) = -27‘/? S exp [i (x -+ v'/3)] dx (2.9)

it ee mpouasopuyo. OYHRIHA v (f) ABAAETCA DellieHHEM yDABHEHHS
SHipu
v” — v =0. (2.10)

YraxkeMm Brbop kourtypa y. O6aactb Re S, (2, 0) < 0 cocrour
i3 Tpex cektopoB: S;: 0 < @ < wf3, Syt 2af3 < p < w, Sy n+ f3 <
< g <a-+2a/3, g==argz. BoibepeM KoHTYyp Yy CJaeAylOLIHM obpa-
30M: OH COBIIAJA4€T C OTPEIKOM [— ay, @} BELeCTBEHHOH OCH BOJIH3H
ToukH 2==0, ero HayaJo 2; JEXKHUT B CEKTOpe S|, ero KOHel 2,
Je:kHT B ceKtope Sy. Torpa ReSp(z;, o) K—e <0, j==1, 2, ecan
la =<8, rie 6 >0 J[0CTAaTOYHO MaJjoO, ¢ He 3aBHCHT OT d. TakuM
06pasoM, HOAbIHTerpasabHas (yHkuus umeer nopagoxk O (e~*) mpn
k— - co Ha KOHIAX KOHTYpa. DTO HPHUBOAHUT K TOMY, UTO KOHIbE
KOHTypa y He OyayT AaBarh BKJAaga B aCHMNTOTHKY.

Jdemma 2.4 Iycre pynxyus [ (2, a) eosomoppra 6 okpecr-
Hocru Touru (0, 0), PyHxkyusa B(a) eosomopdra npu maivx |al,
B (0) = 0. Toeda cnpasediuso paziooncerue

e =X @@= B@) +2 L a@E—B@), @1

PABHOMEPHO CXx00sujeecss 8 Hekoropoli okpectroctu Touku (0, 0).

Koadgpuyuentor p;(a), q;(a) eoromopprol 6 touke a=10.
JdokasateabcTBo. [IpeacraBuM [ B BUAe CYMMbl deTHOH

. o I

H HeUeTHOH No 2 pyHkunh: f=F, +f_, [, = 5(]c (z, a) + f(—=2, a)).

Oyuxnus [, s#Basercs ronaomopdHod ¢dyHkuHeid orT (2, @) npH

Manbx | 2], lal [, (2, @) = g (2% «). Hakonen, ecan dyukuus g (g, a)

rojjoMopbHa B OKPECTHOCTH TOUKH =0, a=0, To ee, oueBHIHO,

o0

MOKHO pasaoxuth B pan g (g, a)=2p,(a) (&— B (@)’ ¢ rono-
=0

I
MopdHBIMH TO o (npy MaabX |al|) KosddHUMeRTAMH. AHAJIOTHYHO
JOKasbiBaeTcs, YTo GYHKHMIO [_ MOXHO NpPEACTaBHTb B BHIE IMO-

caeguero psima #3 (2.11).
3ameruM, uro 22— a==(S}),(z, u), z=%(86’)22(2, a). Haunee,

po(@) =i[f (VB, o)+ f(~+/B, )},

(2.12)
@ =571 (VB, & i (= VB, o]
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BbluHc/IHM aCHMIOTOTHKY 3TaJlOHHOTO mnerpana (2.8).

Jdemma 2.5. Tycre ¢ynxyus f(2, a) eoromoppna @ OKpecrT-
noeru U rouku (0, 0), kouryp v saexcur 8 npoekyur U Ha naockocrs 2z
u soibpan TaK, Kak ykasdawo soiwte. Toeda cywecrsyer 8, > 0 rakoe,
wro npu k— —i— oo, |a|<{ 6 u npu mobom yesom N =0 Oas uﬂre—
epa.a (2.8) cnpaeed/luso QCUMATOTUHECKOE DA3A0NHCEeHLe

D (k, a) = exp [ikA (@)] [k 0 (— £7*°B (a)) X

N .
X ( Xk as(@+0 (k‘”“)) +
N
+ &% (= £ *B(a)) (S;O kg (@) + O (k‘N‘I))] - (2.13)

310 pasaosenue pasHoOMepHO no a, Koagguyuentst a;s(a) eono-

MOpPHbL npu massix |al.
HokaszareabcTBo. Ilpeacrasum [ B Bume cymmb (2.11),
rae 0<Cj<CN, u ocratouHoro uigena. O603HAUYHM

Fiy={ exp[rSo (@ @)l 4 (2) (2 — B dz, (219
v
rae g, (2)=1, P (2)==2. Tak Krak 0Sy/0z =i(— B + 2%, 10, HHTE-
TPHPYS TO YACTSIM, NOJYUAEM PeKypPPEHTHHIE COOTHOIIEHHS

2(j—1
Fli:"—(L—)FQ,j—z“‘r‘O(e“k”),

—2=D58 _kI)B Fo, - 2+ O (e=*).

TakuM o6pasom, Q)yHKuHH F;; BhipaxaroTcs vepes QYHKUHH F.
Iloxaxem, 4TO

Fio=2+/7 k™" (—ak™®) + 0 (%),
Foo=—i24/7 k™ 30" (— ak™) + 0 (e7*).
ITpopedopmupyeM KOHTYpP Yy B JOMAaHyH, COCTOALIYI H3 OTPE3KOB

{z;, 0], [0, 2], rme 2z; — koHubl Kourypa. Toraa uHTerpas no

otpesky [0, z,] paBeH pasHOCTH HHTErpajJoOB MO JyYaM 2= 2,
rae 0<{p < oo, 1<Cp < oo s atex ayuel. [lTocneqnuit HHTErpads
umeeT nopsigok O (e~*‘). AHaJOruuHo 3aMeHseM OTpPe3oK [z, 0]
JYyUOM 2 = — pZ;, 0 <{p < oo. IlyeTh y — nmoJIyueHHLIA KOHTYD; TOT/1a

S exp (kSy) dz = k™" S exp (iak*z—i2%[3) dz = 2 /n k™70 (—ak™).
b4 h

2.15)
2—1 (
F?j" ] Fl] | S

(2.16)

Tem cambiM nepBoe H3 cooTHowieHuH (2.16) g0Ka3aHO; aHAJOTHUHO
npokasbiBaeTcsi BTopoe. CoenoBaTespHo, uuTerpad (2.8) paBed cymMme
cJaraeMulX yKasaHHoro B (2.13) Buga 1 OCTATOUHOTO 4JjieHa BHAA Ry.
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Ilocaenuunit ecTs uHTerpaJs Buaa (2.8) rue f = fy = (2*—B)" gy (2, @),
¢bynkuus ¢ rojoMopdHa npu MaJgabx |z, |al
Yro06bl OLUEHUTb OCTATOYHLIA 4JIeH, NOJYYHM CJAELYIOLIYIO OLLEHKY:

[ 0(2) exp (kSy) d2| <

Y

<C(E"lo(— k)| 4 7P| (— £20)]). ©2.17)

3pech @(2) —roJomMopdHas B OKDECTHOCTH KOHTypa (YHKIHS,
HanovuuM, uTto ¢yHKuusa o{f) nMeerT OeCKOHEYHO MHOrO HY.JeH,
BCe OHH BeIeCTBeHHH W OTpHIlaTes]bHH. To ke camoe BepHO As
¢yurund v’ (f); HyJad 31X OYHKUME v (f), v’ (f) nepemexaioTcs.

Tlyers |a | k23 <Ca < oo, [(a, k)—uHTerpan us Jeo# uactu (2.17).
Henaa zameny z— k2 u pasaaras QyHkuuio ¢ B psaj Teluopa,
HoJiyyaeM

Ia, &)=#""9(0) | exp (S: @ 0)dz +

Yr

+¢ O £ | exp (81 2, D) 2dz +
Ye

+ £ [exp(Si@ DR (2, K dz, (2.18)
Ye

rie Y — KOHTYp, TOJYyuYeHHHIH H3 Yy pacTs:KeHueM B k' pas,
{ == qk?® — orpaHuueHHas BeauuwHa. OUeHHM noOCJeLHHH HHTErpas
—1
B (2.18). HMmeem |R(z, k)lgC[zk /3l2 Ha vy, [anee, 3ameHuM
KOHTYp Yy JoMaHoli ¥, cocrosiiefi #3 orpeskos [, = [0, e ],
ly = [p,e%5™5, 0], rue p; > 0; toraa [ (a, k) paBeH cymMe HHTerpaJja
no y ¥ sesnuunsl nopsaka O (e—°%). Ha [, umeem Re S; <Cp 1§ 1 — %3,
TaK UTO MOJYJb HHTerpana o [, He MNpPeBOCXOAUT BeJIHUHHBI

Cr™! Sp exp (lglp——p /3) dp<{Ck™, Tak Kak BequuuHa |{| orpa-
U]

HHYyeHa, a HHTerpaJ sABJsfeTcAd HenpepolBHOH dyukuueld ot ||

AwaJjordyHo ouedusBaercs HHTerpaJ no l,. IlepBrle aBa uHTerpaJga

B npasofl uactd (2.18) Bnlunc/AiOTCH, W MBL HOJyyaeMm

2 /7 1 (k, 0) = (0) k%0 (— &) — ip’ (0) 0 (— ) + 0 (k7).

Tem cambiM onedka (2.17) mokasasa, Tak kKak |ov(— &)+
+ k70 (—8) = k7, ecou £ orpaunuen.

HNokamem ouerky (2.17) mpu |a|k*®Z>=a, rae a > 0 — dukcH-
poBaHHOe, HO JAOCTaTouHO Goabuioe yucso. ITpu |L|— oo acumnro-
Tuka uHrerpaja /(a, k) onpenesiseTcss TOUKAMH NMepeBaja (YHKIHH
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S;: z==44/L. Ormerum, uto S,(=+ \/E,Q)=:Fi—§-ka3/2, 4 Ha

KOHLaX KOHTypa Yy, HMeeM ReS,<{— Ck, C >0, Tak uro, ecan
la|<<{d u 6>0 [Q0CTAaTOYHO MAaJ0, TO BKJAJ[ OT KOHLOB 3KCIO-
HEHLUHAJbHO MaJ [0 CPaBHEHHIO C BKJaJaMH OT TOUeK NepeBaJa.
[ToBTOpAS B TOYHOCTH T€ Ke PACCYXKAEHHS, YTO H IPH BHIUHCJICHHH
aCHMNTOTHKH ¢yHkuun fipu (cMm. ra. 1V, § 3), noayuaem, uro
acumntotdka /(a, k) paBHA BKJaAy OT TOUKH IepeBata 2==4/C
B cektope Dy |argo|<Sm-—e <7 H CyMMe BKJaJOB OT TOYEK
2= f\/g B ocTaslieMcsi cektope D;. B cektope Dy, Kak caenyer
H3 acHMITOTHKH (yHKUMH DiipH, kP (— D=0(@|v(—¢|, u
onenka (2.17) nokasana. ToyHO TakK Xe JOKasbBaeTcsl oleHKa (2.17)
B cextope D,, BHe KPYXKOB K; pajuycoB p; C lleHTpaMHu B HyJAX {;
GyHKUMH 0 (— ). DTH OKPeCcTHOCTH BHIGHpAIOTCS TaKHM 06pasoM,
yTo6bl v(—{)=O0(l) npu [ K;. B cekrope D, B cuay (4.36")
HMeeM

%0 (- )=

= wl;r ER (=0 M e S (14 0 (™) 4+ i (1 4+ 0 (%)),

2 5
rae S=§(— 5™, §>0 npu o< 0. ACHUMITOTHKA HHTerpana
I(a, k) uMeeT TOT XKe BH[, TOJbKO KO3(DGhHUHEHTH NpH e*S paBHbI
coorserctBento ig(4/a), o(— 4/a). Tak Kak B Kpyre K; skcno-

HeHTH e*S orpaHHuYeHhHl, TO

I(a, )=k "0 0)v(—0) +
+ £ (0) v (—8) + 0 (ak™ 1517, (2.19)

[Tockonbky B Kpyre K; mpaBasi YacTh HepaBEeHCTBA HE MeHblle,
geM k7?0 (— &) |>=Ck | 2], To oTHOWEHHE OCTATOUHOTO UJleHa
B (2.19) ¥ npaBol yactu (2.17) He NpPeBOCXOIHUT constlf\/a | Urak,
ouenka (2.17) nonHoctbio moxkasana. OueBHHO, UTO 3TAa OLEHKa
crpaBeAJMBa M B TOM cJayuae, Korfa ¢=¢(z, a), QyHKUHA @
rojqoMopdHa 1o (2, a), Korga 2 JeXUT B OKPeCTHOCTH KOHTypa v,
la|<<o.

3aBepuInM Ja0Ka3aTeabcTBO JeMMbl. OcrarouHbfi 4aeH Ry ecTsb
uurerpat Buga I(a, k), rae ¢ =(2*—a)" gy (2, a), OyHKUHA Gy
roromopdHa mnpH Masbix jal| HMuTerpupys mo ugacTaM Tak Xe,
KaK H TPH BBIBOAE PEKYPPEHTHBIX COOTHomeHHH (2.15), monyuaem,

—By
uto Ry ecTh cymMMma cJjaraeMblx Buga [ (a, k) ¢ MHOXHTeNAMH R 1,
rpe ﬁN],——> oo npu N —oo. [y 5THX HHTErpassoB HMeEET MeECTo

ouenka (2.17). Uro6b moayuuts (2.18), mocraTouno Bei6pats M > N
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JOCTATOYHO GOJBIIHM, OCTABUTb TOJBKO cJaraeMmele, BBITUCAHHbIE
B ¢opmyse (2.13), a ocrajbHble OTNPaBHTb B OCTATOUHBIH UJIEH.
BoimuineM IjaBHBle uJieHBl pasaoxeuus (2.13):

D (k, a)=

=v/n kP[[(VB, ) + (= VB, )+ 07 )]o (- #"B) -

— 2 =R [f (VB a) — (= VB, &) + 0 (67)]v (— £7B).
(2.20)

PaccmoTpuM BaXHBIE vacTHEIE cayuad: ¢yskuus B(a) Beue-
CTBEHHO3HAuHA, QYHKIHUA [ HeaHAJIHTHUHA.

Jdemma 2.6. [Tycre ¢ynxyun [ = C*( X Jg), ede I — orpesok
[—a, al, Jy—orpesox 0<{a<{d, ¢ynxyusn [ u sce ee npoussoo-
Hble no X 06pawarTcs 8 Hyab npu x === a, a < Jg. ITycre B (a) ~ ca
npu a—> 0, pynxuua B (o) sewecrsenna npu seujecTgennsix a. fozda

0AR UNTE2paAq
a

O (k, @) = S exp (ikS, (x, @) f (x, @) dx 2.21)
—a
cnpagedaugo pasaomenue (2.13) npu k—+ oo, 0La<|y,, ade
8¢ > 0 JocrarouHo MaAG, PABHOMEPHO HO Q.
HokxasateabcTBo. TouHo Tak e, Kak H B Jemme 1.1,

MOXKHO J0Ka3aTb, 4T0 mpu JwobGom neaom N =0 mas dpyskuuy f
HMeEeT MeCTO MpeiCTaBJeHHe

N . N N
fr, )= 2 pi(@) (' —BY +xX q;(@) (r — B + (' = B)Y Ry (x, @),
rie Ry CT (I X 1s), ecan 8, > 0 gocrarouno MaJgo. [lokaxewm,
uto ecay f& CT(IX Jy), TO
@ (k, ) = /2% py(@) v (— k™" +
+i2V/a gy o' (= k7 + 0 (k7). (2.22)

HmeeM

S exp (&S, (x, a)) dx =

—a

=27 ko= — | exp(kSy(x, ) dx — | exp (kSo(x, apdr=

=2yn k"o (— )+ 0(&7).

JleficTBHTEeNbHO, QYHKUHA Sy YHCTO MHHMas H He HMeeT CTalLHO
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HapHbIX TOYEK Ha MOJYOCAX X == a, X < — @; [I09TOMY acHMNTOTHKA
3THX {IHTErPaJjioB PaBHA BKJAANY OT KOHHA X === a H IIOTOMYy HMeeT
HOPALOK 0 (£7'). Ananoruuso,

a

S xexp(kSy)ds = — i2+/w P v (=) + 0 (k7Y),

—-a

H, HakKOHel,
[ (' — ) @ (v, ) exp (kSy) dr =

= — ik exp (ikSy (v, o) g, [, + 0 (k) =0 (7).

3amenuM uuTerpaa (2.21) unrerpasioMm @, B KOTOPOM BMeECTO f
crout dynkuus fo u ¢(x) =Cy, ¢(x)==0 npu [x|> a/2, p(x) =1
npn Maablx | x| Torma npu MaJblX BeleCTBEHHBIX o HMeeM
®=®D+ 0(k™™) paBHOMepHO 1O a B CHJIY NPHHIKNA JOKAJIH32-
uun. Janee 10KasaTebCTBO NPOBOAMTCA MO TOMY ¥Xe IJIaHy, UTO
u B JaeMMe 2.4, HMmenuo, nycts Fy;(k, a) — uarerpansl Buga (2.14)
CO CAEAYWIINMHE OTJIHYUIMHA: KOHTYD y =|— a, a}, u noasHTerpab-
Hasl HyHKIHA CONEPKUT MHOKHUTEb ¢ (x). Torna cooTHomenns (2.15)
OCTalOTCs B CcHJje, TOJbKOo BMecto O (e~#¢) B mpaBofi wacTH 6yier

crosite O (B7). IleficTBUTEIbHO, €CJIM HHTETPHPOBATH MO HACTAM
TaK K€, KaK U NPU BHIBOJAE cOOTHomeHHH (2.15), To BHeHHTErpaJib-
Hasf [OJACTAHOBKAa O6GpPATHTCA B HYyJdb B CHJIY (QUHHTHOCTH GYHK-
IHH @, HO MOSIBUTCA WHTerpaJ, coaepxamuil dysxuuio ¢’ (x). 3rot
unTerpas nymeer nopsinok O (k™) npu k — -+ co, Tak kak ¢’ (x)=0
B OKPECTHOCTH TOYKH x==0, Tak u4TO supp ¢’ He COLEP:KHT CTAUUO-
HApHBIX TOueK X= - 4/B (a) byuxkunu S, mpu Manwex |al ITo-
3TOMY 4CUMITOTHHECKoe pasjoxenne aas @ umeer Bup (2.13).
OcTaTouHBIH UJieH OLlEHHBAETCS TAK XKe, KdK U B JeMMe 2.5, TOJNbKO
BMecTo (2.17) Mo ncmoaszyem (2.22).

3ameuanune 2.1. Ecim dpyukuun f{x, a) uMeet KOHeuHOe, =3,
UHCJO HENpPEepHBHLIX NIPOM3BOAHHIX, TO MOJKHO [OIYYMTb KOHeuHOe
YHCJIO YJEHOB paasoxeHus (2.13).

3. O6wni cayyad. BpluMcjJuM acUMITOTHKY HHTerpasa

F(K, a) = S f (2, a)exp(ikS (z, o)) dz (2.23)
A
npu k—>-+o0 u MaJex |a| B ciayuae, Koraa dyukuus S HMeer
IpH MaJjblX |o| ABe GIM3KHe MPOCThIE CeAJIOBHE TOUKH. 3]eCh y —
KOHeuHasi MpocTas TJajgkas Kpusas. BeemeM ycJ/oBus:
1°. dyukuun f(2, a), S(z, a) rosomMopdusl no (2.a), Korga =z
JIeZKHT B OKPECTHOCTH KOHTypa vy, Ja|<d.
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2°. Tlpu Mambix |2 — 2l |al

Sz, 0) =(—aa+ 0 (@) (e —2) +
+ (2 =20 (@) + 56+ 0@ z—2F @24

rae a0, b5%0, Ina=Imb=0.

Torma B cumiy aemmbl 2.1 dyHRuHs S HMeeT npu MaJgbix |a|
IBe IpocThie 6/M3KHe TOUKH mepeBana 2, ,(a). MoOXKHO cuuTarth,
yto b > 0; 3TOro MOXKHO HAOOHUTHCS C I[OMOLIBIO 3aMEHH 2 —> (2.

Teopema 2.1. [lycre ycaosua 1° 2° suinoanensr, b >0 u
KOHTYp Y ewvibpan Tak oce, kak u 8 (2.8). Toeda npu k— 4 oo,
la|<<8 u npu 8 >0 Jdocrarouno masom 9ir unreepasa (2.23)
cnpaeedauso acumnrorudeckoe passoxcenue (2.13), pasrosmeproe no a.
IT0 pasaovcerue moucHo oupgepenyuposars no k, a anboe Hucao
pas. 30ecs

A(@) =[S (21 (@), &) + S (2 (@), 0)], (2.25)
(= k@, w@=(3)" @), )-8, o 220

BuinuuieMm FJaBHBIA 4JeH acCHMITOTHKH:
F(k, a)=explikA(a)] v/m k718 X

B 24/B
X[(f Y )v(c)+
22 lz=z () 2z lzmz;(a)
- __ 2 _2 ,
+ ik 1/3 (f /\/ ’\/ES;,Z ) —f /\/VESZZ - (a)) v (C)]
(2.27)

BeTBH KopHe#i BhHIOpaHHI CJeAyOUIUM o6pasoM: npu a >0, a >0
to~ca, 2@ ~caa (>0, ¢, >0, //a>0). (2.28)

JdoxkaszarteabcTBO. BoiGepem 8, >0, r >0 HACTOJbKO Ma-
JbIM, 4YTOGBl 1pH [ ]<Kdy, [2—2|<Cr ObWIH CIOpaBenJJHBbLL yT-
BepKIeHHs JeMMbl 2.3. 3aMeHHM KOHTYp Yy €ro mepeceueHuem ¥y
c KpyroMm |z|<{r/2; rtorma, ecam ;< 9, MOCTATOYHO MAaao, TO
exp (&S) == O (exp (— kc)) Ha xourype y\y, rme ¢ > 0 u He 3aBHCHT
or a, k. Hurerpan mo y B cuay zemmnr 2.3 umeer Bujp (2.8), u
OCTAaeTCsl BOCMOJIb30BATHCA JeMMOH 2.4.

AHANOTHYHO [ 0KAa3BIBAETCH

Teopema 3.2. Tycre pynxyus f(x, a), S(x, a) = C* npu | x < a,
la|<<O (o sewgecrsenno), ¢pyuxyus S sewectsennosnauna, yoosae-
rgopaer ycaosuto 2°, ¢pynkyus [ obpawjaerca 8 HYav Apu x = + a
8MecTe €O 8ceMu npoussooHelmu no x, u b > 0.
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Toeda ece yraepocdenus teopemot 3.1 cnpasediusor npu kb —> + oo,
0<Ca<dy, ecau 8, > 0 docrarouno maao, das unrezpaaa
a
Pk, a)= {explitS(s, 0l (x, a) dx, (2.29)
—-a

B dopmyne (2.27)
87, (%, (@), @) <0, 87 (x,(a), a)>0, (2.30)
BETBH KODHeH apHdMeTHYeCKHe.

ITpumep 2.1. PacemorpuM dynkuuwo Beccens J,(x) u uccae-
AyeM ee ACHMITOTHKY IpPH v, X — 4 oo, x=&v. MmeeMm

co4-1ui
1
)= | e lkS @ Bla 231)
oo —3J1f
rpe o603HaueHo
k= xv, x=chlﬁ, S=sht—{chp. (2.32)

IMpu x=1, T. e. npu =0, dyHKuHA S HMeeT ABYKPATHYIO TOYKY
nepeBana {=0. B oxpectHocTH TOuURH f=0, =0 nmMmeem

S=—L+o@N+5+o@®),

T. e. S uMeer Bux (2.1), rne a=f% Ilpn manux |B| dyuxnus S
uMeeT ABe IMPOCThle TOUKH mepesBana fy,,(B)==pl + O (%], xo-
Topble cJauBawTcd NpH B=0. B KauecTBe KOHTypa HHTErPHPOBAHHS
B (2.31) pnfepeM JHHHIO HauOblcTpefintero chnycka y (YHKUHH
Re S (¢ 0), Boixoasmylo H3 ToukM t=0 (cm. ra IV, § 4, n. 2).
Janee, MOXHO 3aMEHHTb KOHTYD Yy €ro KOHeUHOH NYro#H, copep-
¥)aiuefl BHYTPH cebs Touky #{==0; Torja KOHTYpP y YAOBJETBOpSET
yCJIOBHAM TeopeMbl 2.1, a HHTerpas Mo KOHTYPY Yy \Yy HMeeT IHo-
panok O(e~*¢), ¢ >0, npu k— -+ co. K HmoiyueHHOMY HHTerpany
npuMeHuMa Teopema 2.1. IDTO 103BOJIsSIET MOJIyYHTb DPABHOMEDHEIE
0o f HpH MaJHX KoMmmJjekcHeX |B{. B wacrmoctu, mpu B> 0 (T. e.
npu x < 1, x ~ 1, v—> -4 o0) noayuaem

(chﬂ) /\/ sh B U(Ii(/jde) [14+0(e )]

rae ofo3HaueHo

k=z;—g' b3=—g—(ﬁchﬁ~—8hﬂ),

sz_Uaﬂ (ﬂ_‘)O)-
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PaccMOTpPHM MHOrOMEpPHBIH HHTerpan

F(k, o) = S f(x, a) exp [i£S (x, a)] dx, (2.33)
Q

rae x = R", Q — okpectaocts Toukd x°, PyHKUHA S BeureCTBEHHO-
3HaYHA ApH BelleCTBeHHBIX X, a. MBI paccMOTpHM cayuwaii, Korjga
dyurung S(x, a) IPH MaJbIX BelUleCTBEHHHIX @ HMEET ABE HEBBIPO-
JKIeHHble TOUKH HepeBaJtia, Ouauskue Kk Touke x°. [lycTh B okpect-
Hoctd toukd (0, 0) pyuxkuus S umeer BUA

n
1 .
S, a)=S( a)+5 ) c,l@)(x—R)(EK—)+ ... (234
i f=1
O6oznayuM yepes A;(a) coOcrBeHHble 3HaueHHs MaTpuHubl C(a)=
== ;x (x()’ (l), H myCTb
M@ =a, A;(0)=24;%%0, 2<Kji<n (2.35)

JlunefHo!t HeBHIPOKIEHHOH 3aMeHoil mepeMeHHBX X — x'=A(a)y
MOKHO TpUBECTH (QYHKIHIO S K BHAY

n

S Q) =SE, a)+5 2 A @yt +tg 2. ol pyget ...
=1 i, f, k=1 (2.36)
Ecau
¢i11 (0) # 0, (2.37)

TO HETPYmHO BHAeTh, uTo GyHkuua S(r,a) HMeeT HOpH MaJbX o
POBHO jBe cTapuoHapuble TOukH x'(a), x*(a), KoTOpHEe mpH a==0
coBnanaor ¢ Toukoi x°. O6e 3TH TOUKH BEMECTBEHHB H HEBBIPO-
K JIEHDI.

Teopema 2.3. Mycre gynuxyun f(x, a), S(x, a) = C”(Q X /),
20e Jy —unrepsasr —d < a < d, u 8b1M0AHEHDL YCAOBUS:

1°. Dynryus S(x, @) eewjecrsennosnavna, umeer eud (2.34) u
yOosaersopser ycaosuam (2.35), (2.37).

2°. @ynkyua f(x, o) obpawaercsa 6 Hyib emecre co scemu npo-
UBBOOHBIMIL NO X 8 HEKOTOPOI OKPeCTHOCTU eparuyb 09 obaacru Q.

Toeda npu k— + oo, — 8, <a<{d u npu & >0 docrarouto
marom Oan unreepara (2.33) cnpasediuso acumnroruseckoe pas-
AOKEHUe

F(k, o) ~ k=" " exp [ikA ()] f ©,,(k o, 2) k™ (2.38)
m=0

20e D, — pader suda (2.13), pasHomepro no a. 310 pas.oxerue
MOJKCHO Oughpepenyuposars no k, a aw0boe 4ucao pas.
3neck Ala), §(x) onpemensiores no dopmyse (2.5).
JdoxasateabcTBO. MOKHO CUHNTaTh, He OrpaHHUUBAA OOLIL-
woctd, uro x*=0, S (x, a) uMeer Bux (2.36). Mb IpUMEHHM K HHTe-
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rpaay (2.33) meToa CTAaNUOHAPHOH Ga3bl MO TEPEMEHHBIM X, . . ., X,,
a K TOJIy4eHHOMY HHTErpajiy MPUMEHHM TeopeMy 2.2. Tlonoxum

x’ -—(x2, ...y Xp), TOTAQ TOUKA NepeBada GYHKUMH S, KAK dyHKuHH
ot X', onpeneJmeTc;{ 13 CHCTeMBl
1 . ;
K}.(a)xi—{—?c]]f(a)xf%- .o=0, 2<i<n.

DTa cHcTeMa Npy Madbx X;, o HMeeT, B CHJAy ycaosuil (2.35),
(2.37), ennncrsennoe peuienue I’ (x), a), OpHUEM

¥ (%), @) = — oy ”’( ) 214 0(x)), (2.39)

Sy (xy, ) =S (x,, £ (x}, a), @) =
=5(0,0)+ 2% 2 L8 a5 (),

Ilasice, MOXHO CUHTaTh, 4T0 $YHKIHS f OTJIHYHA OT HYJAf TOJbKO
B MaJsoil okpectHoctH V ToukM x==0 Buga |x;|<e, 1<<j<n.
Mosoxum V' ={x": |x;|<<e, 2<j<<n}. Torna

€

F(k, 0)= S dx, (S exp(ikS)fdx’)‘

Vv

A ((1)

~8

CranuonapHasi TOukKa ¥ (x,, @) HEBBIPOKIEHA NPH MaJbX |al, u
NOTOMY aCHUMITOTHKA MHTerpaJja no obsactu V' paBHAa BkJIagy oOT
9TOH TOYKH, TaK 4YTO

F(k, o) ~ &~ % Sexp[ikS, (x), D] f; (, @) dxy. (2.40)

i=0 —e

3necy oysxunn f, e C™ npu |x |<e, |al<<o, ecam >0 gocra-
TOUYHO MaJio, H 06panmanTca NPH X = -+ & BMECTe CO BCeMH NPOUs-
BOJAHBIMH NO x. [Ipumensis K KaxaoMy H3 cJjaraeMmuix (2.40)
TeopeMy 2.2, uTO BO3MOXHO B cuJay (2.35), (2.37), nonyuaem pas-
Joxenue (2.38). .
BrninduleM nepBhle ABa uJieHa acHMOTOTHKH. [lojioHM

D(@)=8%,(x'(@),a), j=1,2,

2.41
é] (a)=sgn D] (G), ( )
TOrla NEpBble 1BAa uJieHa passioxeHusa (2.38) uMelor BHA
F(k, @)~ 20)" k™" [B" (@ + @) v (2) +
B~ (g, — ¢},
+ (@— o)) @.12)

exp (l% §; (a))

VI det D (@) | [ (% (@), a).

Q=
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§ 3. Causnde noJmoca H TOYKH mepesBata

1. dranoHHble wHTErpaanl. PaccMoTpuM uHHTErpal
W (2, 6) = S @ (=20 g, (3.1)
rje z — GoJbiuoi, & — MaJblil (HeBellecTBeHHbIH) mapaMerpol. [Ipu
=0 cauBaloTcsA MOMOC { =€ MNOALHTerpabHOA (GYHKUHHU H TOUKA
nepeBasa f=>0.
Wurerpan (3.1) Bblpaxaercss depe3d unrerpan Openens (1.2).
Jdemma 3.1. ITycre z=D, e=C, 2de D — naockocrs ¢ pas-
pesom no noayocu (— oo, 0). Toeda ynxyus F (2, &) anaauruuecku
npodoancaercs u3 obaactu Rez >0, Ime >0 8 o6aacre D X C,
Kax eoaomoppras pynkyus (2, &) u

W (2, &) =miexp(—e2)[1 —®(—ie/2 )] (3.2)

JloxasateabcTBO. IlycTh 2, € BeleCTBEHHB U MOJIOXKH-
TeJabHH. JuddepeHnupys no z, noaydaem
W, (2, ie) =e*¥ (2, ie) — ie S exp (— 2%) dt = W (z, ie) — ie /\/% .
Pemas 3T0 ypaBHeHHE U yuuThIBas, 4To W (4 oo, jg) == 0, mosiyuaem

-+ oo
W (2, ie) = ie 4/n exp (2%2) S t " exp(—e%t) dt =
z .
=+ oo
== 2i 4/1 exp (e%2) S exp(— #2) dt == inexp(e%) (1 — @ (e 4/2)),
ez

rae @ — unrerpan ®Ppenens (cMm. (1.2)).

CuepoBarenbho, npu Ree=0, Ime >0, 2 >0

W (z, &) = imexp(—e2)[1 — O (—ie4/z )]

Wurerpan $peneass @() sBaserca uesaod dyHKuMeH {, Tak uro,
[0 [PUHUMIY AaHAJUTHYECKOTO MPOLOJIKeHHs, _(byHKuHs{ Wz, e)
sABJsieTcsT Leqoi GYHKUMEH OT apryMeHTa a'\/z . B wuacrHocTh,
¢yuxuus F(z, €) ronoMopdHa mo (2, €), KOraa 2 JeXHUT B IVIOCKOCTH
¢ paspesoM Io nosayocu (— oo, ), a £ npoeraer BCIO KOMIJIEKCHYIO
IJ0OCKOCTD.

PaccMoTpuM apyroii 3TaJIOHHBIH HHTErpa.l

Wy, o) = | 22D 4y 3.3)

t—eg
0
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3nech npu e==0 UOPOHCXOAMT CAHSAHHE TOYKH HepeBaJa, NOJIoca
M KOHUA KOHTYpa HHTerDHPOBAHHA. IDTOT HHTErPaJ TakKkKe BhIpa-
KaeTes yepes CrelHasbible dynKuuH — unTerpan ®peuens U HuTe-
rpaabublit Jorapupm. Hefictearenbto, nyctb &€ >0, 2> 0; audde-
peruupys (3.3) mo 2, monyuaeM ypaBHeHHE

0¥, (2, fe) __ ooy LE,\/E_._I_
dz Vo (2, ie) 2 z 2z’

WUunrterpupysi 3T0 ypaBHeHue M yuuTniBaf, uto Wy(-4 oo, fe) =0,
noayyaeM

+ o0
exp (e%2) S exp(— &) ™ dt +

z
+ o0

5 exp (e%2) S exp(—e) i~ dt =

=exp (e [m (l——(D(ex/z))-——»EL ——sz)]

rae Ei(x) — uHTerpa/bHas NokasaTesabHas (QYHKUASA

e}

Ei(x) =— S e, x <.

—X

Yo(z, i) =

ie'\/n—
2

CaeoBaresbHoO,
Wy (2, &) =exp(— &) [ 5 (1 — @ (— iev/2)) — g Ei€'D)].  (3.4)

Dra ¢opMyna NPHrofHA, HanmpuMmeD, OpH Rez 20, e &[0, + o).
Pacemorpum unTerpan

a

F(h, ¢) = S—ex—"ti_:gﬁh(t, e) dt, (3.5)

—a

rie 0 <a<oo, >0, Ime <0.

JlemMa 3.2. [Tycro oyuxyus h(t, €) eoromoppua no (f,e),
Koeda t aexcur 8 okpecTHocTu orpeska [—a, a), u |e|<ey. Tozda
cywecrayer e >0 rakoe, 4ro npu

h—> oo, lef<e, dLargeCn—06 (O<d< )

cnpaeedﬂueo ACUMRTOTUHECKOE PABN0HCEHUE

F (. €) erh”” 0, &) Fed, &) +0(G™),  (3.6)

k=0
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20e 0003HateHo

X

Filhe)=

]

1k exp (— Af?)
I—e

dt. (3.7)

— N2
3oece N =0 — ar060e yeaoe wucro, O (A™"") pasnomepno no e.
Wnrerpans F, BopaxalroTca uepes uurerpaa (3.1) u ero mpo-
ussoxube, MmenHo,

Fosh )= (— 5) Wa (2, o),

Foui O 0= (—2) [eva0 0+ 4 /7] 69

Tak Kak F,=eV,+ +/a/A.
Joxa3aTeanbcTBo. B unrterpane (3.5) MOXHO 3aMenuTh a Ha @,

0 < a’ < a; oT6pomenubli HHTerpa umeer nopsnok O (exp (— ra’?)).
[TosToMy a > 0 MOXKHO CUHTATh HACTOJBLKO MAaJblM, YTO (YHKIUA
h(t, &) roJmMop(pHa npu [t| < 2a, |e| < g. HNmeem

hit, e)—th '+ hy(t, 8), 1y (Le) <Cylt 1Y
npu [t|<<a, | el <e, CooTBETCTBEHHO

IV
F(, &)= ?: he(€)F . (h, &)+ Ry (A, &),

=0
- &k agp (—
Fowo)= | =050 a, (3.9)

—a

¢ h,, (1, €) exp (— At)
=1 N
RN S I—e
—a

OlleHHM OCTaTOUHBIA uJjien. [lonokuM e==|g[e®, n—0>=q =0,
raie 0 <6 <m. Torma

1] [£]
— = max——— <L C < 0,
teR [t—¢]| teRr |t —e®|

Tak Kak e!® pepemectBeHHo. CienoBaTe1bHO, NDH
d<argeca—96, A=l

-5

Ry (% €) < Cy Sm”"exp (—A)dt<C, A2 (3.10)

— 00

Hakonen, Fp=F,+0 (exp (— AaY)), u (3.6) nokasaHo.
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Jlemwma 3.3, Tycre ycaosus semmor 3.2 gonoauensi. Tozda
cywecrayer & >0 rakoe, uro npu A—> 4 oo, d<Large < 2n — §,
e ! <le cnpasedauso acuMATOTUHECKOE pPASAONCEHUEe
a N

— At9) 1 ]
S L) i, ey dt = A0, @) FiF (6, ) F 00TV, (3.1
0 k=0

0

Filt &)= S

3dece N =0 — aoboe yeaoe wucao, § >0 moocer 66176 8615 paro
CKOAb Y2OOHO MAAbIM, HO HE 3QABUCAWUM OT €.

JoxasaTeabCTBO MOJHOCTHIO MHOBTOPSET JOKA3ATEJbCTBO
JeMMBl 3.3, 3a HMCK/JIIOUEHHeM OLEHKH ocTaTody#oro unaeHa. [lpu
0<<i<<a, 6o 2rn—d (p=arge) umeeMm

t
— L IMax _
[t—e|  i>0 |t—e]

exp (— AF) dt. (3.12)

!
f—e

< C < oo,

M s OCTATOYHOrO ujeHa moJydaeMm oueHky (3.10).

[ToxaxkeM eme, uro pasaoxeHnue (3.6) mpurogHo B Gomee UIKPO-
KOM CeKTope.

Jdemma 3.4. B ycaosusx aemmor 3.2 paszaoxerue (3.6) cnpa-
gedauso npu el <Ceg, —nfd+é<Carge< 3n/4—90. 3dece 6>0
CKOAb Y2OOHO MQAO, HO HE 3Q8UCUT OT €.

Ioka3aTeabcTBo. PaccMorpuM mHTerpas (3.5) ¥ NOJOKHM
@ = arge. Bribepem 6 > 0 noctatouno MajuM. [Ipun Ime > 0 umeem

Fhey=J+I,+ 1, (3.13)
rae J, — MHTerpaa no oTpesky [-—a, a], J, — HHTerpaJ no oTPE3Ky
I: t=pe®, 0<<p<a, y=—mn/4+0/2, u Jy— uHTerpan mno nayre

OKpy#HoCTH |{]|=a, coenunsomes Toukn {=aqa, {=pe’. TlpaBas
yacTb Popmyanl (3.13) romomopdua mo e (MpH (PUKCHPOBAHHOM A)
B cerkTope S: |e|<Cegp, —mf4 +O0<C@<Cd, Tak uTO 3Ta GopMmyJa
IAeT aHAJMTHUECKOe MpomoJKeHHe PYHKuMH F (A, ) ¢ MOJYOKPY-
uocty Ime >0, |e|<Cey B cexrop S. Wurerpan J; 3KCHOHEHIH-
aJpHO MaJ NpH A — -} oo, g & S paBHOMEPHO MO €&, U Mbl ero OT-
6pocum. [ToBTOpSs Ty Ke NPOUEAYPY, YTO H B JOKas3aTeJbCTBE JEM-
Mbl 3.2, OJydyaeM, UTO OCTATOUHBIH u1eH npuMeT BUL Ry == Jy + Jan-
[Ipn te[—a, 0], e = S uMeeM

H 1]
lt—el t<o |+ 6]

Tak Kak € = S, ¥ 14 | J;y| nonyuaem onenxy (3.10). Ilpu t !
HMeeM

<< oo,

fl
Hi << max !

R — - <C<00
[t—¢] t>0 |t~ @ W] ’
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Tak Kak ¢ — =0,
| exp (— Af%) | << exp (— Af? cos 2¢),

u Aasi | Joy | Takke uMeeT Mecto ouenka (3.10). AnanornuHo #ccJe-
nyercs cayual m—mn/4—d<Cp<Sm—4.
2. O6wmui cayyail. PaccMoTpuM HHTerpas

AS (¢,
F, @:SE"[W—’(;‘Q]—&, (3.14)
Y

rie y— KOHeuHass KpHUBash B KOMILJEKCHOH miaockocTH f. Bmegem
yCJIOBHUS:

1°. ®yukuuu f, S ronoMopdHs 1o (£, &), KOraa { JeXHT B OKpe-
CTHOCTH KOHTYDa v, [el < &,

2°. Oyuxuna S (¢, 0) ©MeeT mIpoCTyIo TOUKY nmepesaJda t =0, KoTo-

past nexHuT Ha y, max ReS (¢, 0) pocruraercs TobKo B Touke f =0,
tey

Toraa ¢pyuxuus S(¢, €) HMeeT NPH MaJbiX € HEBHIPOKACHHY IO TOUKY
nepeBaJa f;(e) Takywo, uTo f,(0)=0. Pyuxuus fy(e) ronmoMopoHa
IpH MaJblX e. , ,

3°. £(0,0)=0, f¢(0, 0)==0, f;(0, 0)5~0.

Torma ¢yuxuus [f (¢, O)]‘I uMeeT npocroft moaoc =0, a npu
MaJbix e QyHkuus [f (4, e)] ' uMeeT mpocToit mostoc ¢ == £ (e), IpuueM

efq (0, 0)

t ~ e
1 () 1710, 0)

(e —0). (3.15)

HeoGxonuMmo emle yKasaTb B3aHMHOe DacCIoOJIOXKeHHe Touek f; ()

¥ KOHTypa Y. 3aMeTHM, NpPexJae BCEro, uTo KOHTYDP y MOXKHO 3ame-
HHTb €ro CKOJIb YrOoAHO MaJjiol ayro#l, cojaep:Kamie# Toduky £= 0.
JleficTBATENbHO, ecal yo==y[] {{: |{|< 68}, TO B cuay yecaoBusi 2°
max Re(t, ey <KReS (0, 0)—¢, ¢>0 npu |e|<eg, ecan g >0
tevivg

JIOCTATOYHO MaJo, TaK 4TO HHTerpal N0 KOHTYPY y\Vs SKCIOHEHILH-
anpHo MaJ mo cpasHeHuio ¢ exp (AS (0, 0)). [TosaToMy MOXKHO cuH-
TaTh, YTO Y — OTPe30K BHIA [— @, a] uau [0, a], @ > 0. Tlonoxum

L&) =/ S (ty(e), & — St (e), &) . (3.16)
Tak kaxk S;(to(a), g)==0, TO mpu MaJBX &
()~ (4 (&) — £y () A/ — 5 S5 (0, 0). (3.17)

BerBb KOpHA OyjAeT yKasaHa HHKe.
Teopema 3.1. [Tycre ycaosua 1°—3° sovinoanens u

to(e)~be, Imb>0 (e—0). (3.18)
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Toeda cywecrayror € > 0, 6 > 0 Takue, 4ro npu h — + oo, (e[ ¢,
|arge| <6 cnpaseduso acumnToOTULECKOE PA3AOKEHUE

N
F (i, &) = exp 1S (t(e), e)] [kgo hi (€) Fr (4, %o (€)) + O (V””)] (3.19)

pasromepro no &. 30eco N >0 — woboe yeaoe 1ucro, pynxyuu hy (e)
20.10MOphHBL NpU MaAbIX | €.
HNokaszarenbctBo. CrenaeM 3ameHy nepeMenHoll {==/({, e)

TAKYK, 4TO
N (t (Q? 8)? 8) =S (tU (8)7 8) - €2,

v dynruus ¢ roroMopdhua B Touke (0, 0). Kak o6buHO, MOKHO
OrPAaHMUMTHCSI PACCMOTPEHHEM JOCTaTOYHO MaJofi AYr¥ KOHTYypa v,
cogeprkawell TOUuKy f==0; ocTaBMIMICA HHTErPas SKCIOHEHIHAAbHO

maa. Tlo ycioBuio, Re S7(0,0) < 0, u BbIGOP BETBH KopHs B (3.16)
caenywoulnit: Re '\/—-— S;t (0, 0) > 0. I'pu MasBX (f, &) umeeM [ (¢, €) =
=(t—ty(e))f; (¢, &), rae [, (0, 0)5=0, Tak uro

f(E e), &) =(—Co(e)) [o(C, o),
rae f,(0, 0)%0 u dpyHnkuua [, ronoMopdua npu Maabix &, e. [Tycrs § —
o6pa3 KOHTypa y B IJOCKOCTH (.

Koutyp y ofpaayer B Touke (=0 yroux q30+ O(8), ;=
——arg\/—-S”(O 0) npu MaJsbiX €, W MHTErpas Iio y MOXHO 3aMe-
HHTb MHTErPaJoM IO OTPe3KY vo——-[— def®  de'™] ¢ TOUHOCTBHIO HO
caaraeMoro mopaaka O (e=*¢), ¢ > 0. JlaJIee

HEe ke

J(te) — t—Lol(e)’
rae dyHruus A rosoMopdHa npy Maanx {, e. OKOHUATEJIBHO MOJY-
yaeMm

>

FA &)= ySe—gE_‘—z-fé;—)h (&, €) dt + O (e=*7), (3.20)

Ecau e Takoso, uro be nexUT Ha BerHeﬁ MHHUMO#H IOJIyOCH, TO

F (A, &) MOYHO C SKCIIOHEHUHAJbHOH TOUHOCTBIO 3aMEHHUTh HHTErpa-
JgoMm mo oTrpesky [—d, d]. Tlocne sTOro ocTaeTcs BOCIOJL30BATHCSE
gemmolt 3.3.

I'aBHBI YJleH dCHMITOTHKH HMeeT BHJ

F (&, &) = exp [AS (t5 (), &)] X

e — 3 S exp (— e
X[ to (e), ) S (be)e J 5% (6‘ Faz o (r )]
(3.21)

3rto soitekaeT u3 (3.20) u Toro, uro A(e)=A(0, e).
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JluTepaTypHble YKa3aHHS H JONOJHEHHN

Pesyapratel § 1 nn. 1.2 usBectnnl B Gusuueckoll JanTepaTtype. CM. Takke
B. A. Kaparwiruy, B. A. Posos (41] [42] Teopema 1.3 npumaluexyT aBTOPY H
nyGaukyercs enepsnie. B [42] B kauecTBe sTasonuslx GepyTca HETerpajbl BHIAA

oo

Gm(x, a) = Wn—z_l')T S (8 — 0™ 1(E2 4+ o) lexp |1 (B2 + a?)] B,

X

TZe KOHTYD HHTETPHPOBAHHS — Jy4, HAKJIOHEHHBIA MOA YIJIOM 7t/4 K BelleCTBEHHOM
oci B IOCKOCTH & 1 & 2> 0. B 270 xe paGore 10kasauno, uto ¢pyuxusa |G, {x, a)|
SIBJII€TCS MOHOTOHHO yObIBaioliel ¢QyHKIHeH x npH QUKCHpoBaHHOM ¢ > U, Pesy.ib-
ratel § 2, Mas ananutnueckux [, S npunagnexar K. UYecrepy, B. ®puamary,
®. Epceany [109] (cm. Tagxe B. C. Byagupes [14]); ueanaantnyeckue f, S u
MHOTOMEpHHIH cayuaii paceMmorpens aBtropom [79]. Peayavratst § 3 saBasiotes
obobmenunamy peayabratos I'. Orra [128].
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