MﬂTBMﬂTII'IEI:I(IIM

M ETOAAM
Dz

.B.Konokonos, E.A.Ky3sHeyos,
U. MunswrenH, E. B. Moansunos,
.N.Yepueix, AO.A. lHanupo,

3autopuan YPCC » Mockea * 2000

Hacmosiyee uzdanue ocywecmsaeno npu punarncogol
| o 1 % 4 noddepwxe Poccuiickozo (ponda gyrdamenmanvnoix
uccaedosanuii (npoexm Ne 99-01-14121)

Kosoxoaos H. B., Kysueuos E. A, Mrasmreitn A. 1.,
Monmswios E. B., Yepunix A. ., IHlamapo 1. A., Ilamapo E.T.

3aja%H 0 MATEMATHYECKHM MeTONAM DHIMKH
M.: Danropuan YPCC, 2000. — 288 ¢.

ISBN 5-8360-0105-7

Mpennaraemelit cOGOPHKK 33034 — PE3YALTAT 15-N€THErO ONLITA NPENOAABAHHS
110 HOBOIt METOIMKE MATEMATHYECKMX METOAOB HU3HMKK Ha duanyeckom dakynbTere
HoBocuBHpCKOro rocyapcTseHHoOro yHusepcnrera. COOpPHHK BKHOYaeT B cebg 6o~
nee 350 3azay no ypaBHEHMAM B YACTHBIX [IPOH3BORHBIX, CHICUHANBHAM QYHKUMSAM,
ACHUMATOTHYECKHM METOAaM, MeToRy GyHKHMI IDHHA, MHTEIDATBHEIM YDaBHEHHAM,
TEOPHMH KOHEYHBIX rpyni, rpyni Ju u HX ApHMeHeHHAM B (DHU3HNKE.

Kuura pexomeHaoBaHa CTYNEHTaM, aCHIMPAHTaM H TpenogasarensaM cusude-
CKMX H (HUIHMKO-TEXHHYECKUX cleluansHocTed. Bee 3amaun cHaGXeHLI OTBETaMHM,
a MHOrMe — nonpobupiMu pewlenuamu. COOpHUX MoXeT ObITE MONEIHBIM L
€amMo0bpa3oBaHNA.

ISBN 5-8360--0105-7

© Danropuan YPCC, 2000

56>



OrnaBneHue
TIPEAMCHOBHE . . . ..o ottt ettt emar ettt ie e e e e e 5
Inasa 1. JInneifHbie ONMEPATOPBL . . ... . ... ... . ... .iiintiniarnenennn. 7
1.}. KOHEYHOMEPHOE MPOCTPAHCTBO . « « + . v ot oeievieninentnrananeennsenns 7
1.2. OYHKUMOHANLI ¥ OG0CIIEHHDBIE DYHKUMM . . oo .ot inn i innnaetonnines 9
1.3. TiwipbepTOBO NPOCTPAHCTBO M MOMHOTA . . .o v vt vt inen e nananeonnanns 10
1.4. CaMOCONPAXKEHHBIC OMEPATOPB o . o\ vt veeeiie e ie it iinee e 1
1.5, KeT- M 6PA-BEKTODPBL + « o e vt evne oo neanisoeesasansonsanansseonns 13
16, TIDHMEPBE .« - o ettt it e e e e i e 14
(T V1 T SO 23
LT 0 T 4 PPN 26
Thasa 2. MeTOR XAPAKTEPHCTHE . . . . oo v v v oot e ainen e cnaseeanane s 29
2.1. Oasopoasibie ¥ HEONHOPOAHKE AMHEHHBIC YPABHEHHS B UACTHBIX POU3BOAHBLIX 29
2.2. KpasunuHeHHbEe YPABHEHHS B YACTHBIX NPOU3BOAHBIX . .. oo v ivn v inns 31
2.3. CucreMbl YPABHEHHI B YACTHBIX NPOM3BOAHBIX .+ o4 v ot i et vt i e e oo ean e 33
24, TIDHMEDPBE - . oot it i e i s 35
B G £ Y. 7 T 1 51
0 v 7 o 52
Ihasa 3. JInueiinbie YPaBHEHHN B YACTHLIX NMPOH3IBOAHBIX BTOPOIO HOPANKA . . . .. 54
3.1, KAHOHMHECKMM BHIE. - . o\ ot e iee ieee e e ememaaesaane e 54
3.2, KpHBONHHENHBE CHCTEMB KOOPIMHAT ..o vvetieensveonrcnarncnnnesns 56
3.3. Paalle/IeHHe NMEPEMEHHBIX . . .. oottt e itetitanitiaeneoanneeees 56
3.4. MNpocreitine ypasHenus, pensaembie MeToroM Dypbe ... ... v ivvunLe, 57
35, TIPHMEDBE .« oo cv i tae it ittt e 58
3T 7Y, 7 LT 7 78
I 0 ¢ 1T o P 80
IMasa 4. ABTOMOAE/ILHOCTD K HelMNeliHbie YPABHEHWA B YACTHLIX NPOM3BOAHBIX . . 34
4.8, ABTOMOIEMBHOCTD . ottt tns v v iasaancsasnnsarecneroeoneesennenens 84
4.2. HenuueitHnle ypaBHeHMs B HACTHHX NMPOM3BOAHBIX . - . oo oo vi vt i vennn s, 84
L3 TR 1. 7] 7 O 86
L 3 R ¥, L O 105
L T 6 7 1 -7 105
Thasa 5. Cneumanvubie QYHKIHE . . ... .. ... .. ... ...ttt iiiennnninnns 106
S.L. OCOBBIE TOMKM . ittt ittt e eaaraeraetneraersnnanenssnennis 106
5.2. TMNepreoOMeTPHYECKNE DYHKLIHMM . . . . . .ottt iuniienintinnennneenannn 108
5.3. OPTOrOHAMTLHBIE MOMHHOMBL . . o ottt to it ntciteaesreensnsansensnases 109
S, TIDHMMEDB « .o vitii et ii ittt taatm o aettras it aseaaanr s 1t
BT T 7. . | 136
BT 0 37 ¥ T 138
Thasa 6. ACHMITOTHUECKHE METOMBL . .. ... ... .ounnrononannsensnnanns 141
6.1. ACHMIITOTHYECKHE DRABY « o v v v v e vt v vt naeanennannrsnronnonseeaserones 141
6.2. Uuterpan JIAINACA ... ... ... .ttt e 142
6.3. MeTono CTALMOHAPHOM A3BL . . oot v v i iari i i et annnuioan 143
6.4, METOD MEPEBATA vt ive vt et ettt ianr it rraeaeeneennesanns 144
6.5. METOD YCPEIHEHMA « . . oo it ieiiit e it ia i ianaieeianeaneanns 146
6.6, TIDHMEDBE « oot ittt it ie e ne s iananesnnnsreastnonansensennes 148
6.7, BAAMM ..o b e 155
0.8, OTBETBE & o oo it ii ettt ettt e e e 158

4 Ozaasnenue

Inasa 7, Meroa dyskumit Tpuma .. ............ ... . . ... . ... ... 162
TL @yukimu IPMHA .. e 162
7.2, HenmpepbiBHBIH CHEKTP -« ...ttt ettty ittt e e saannns 167
L B T 169
I T T 171
TS5, 3aMa%K . .. e e e 190
T OTBETEL oottt 194
Thasa 8. MnTerpansHpie YPaBHEHHN .. ... .. .. ... ... 198
8.1. YpaBHEHHA DIPEATONBMA . . o o oot et eyt et e e 198
8.2. BHIPOKIEHHBIE HAPA .« .o\ttt ettt e ettt it e e eene e enenenrnnanens, 199
8.3. Teopema MnpBepra—HIMMATA .. ... .ot e 201
8.4. Obparsas 3anaua ans ofneparopa Llpenunrepa . .........ooovovnnnn. ... 204
8.4.1. TpAMast 328848 PACCERHMA . . . . oo\ttt en e en e e e, 204
84.2. Ypasnenue Tenvdanna—STesutana—MapueHko ... .. .............. 205
8.5 TIPHMEDDL . . ..ot ittt et e e e e 208
86, BaMAMM . ... 2i6
BT OTBETHE .« ottt e e 222
Dnasa 9. TDYmnbt m NPeaCTABNEHHS . . . .. ... .o oo 226
G L IPYIABL . ..ot et e e 226
9.2, TIPEACTABICHHA . - . oottt tt it ettt et e e e e e e e e 227
9.3 TIDHMEDBL . . oottt it e e e 229
94. 3amaum ................ et m et se e a e e 233
9.5, OTBETBL . oottt e e e 235
Ihasa 10. HenpepuIBHBIE FPYINBE . . ... .. ... ..., 237
101 Tpynmbt manreGput JIM ..o 237
10.2. IpencraBaeHWsE TPYINBI BPAIEHHIE . . . . . oottt ee s esne s onenensns 238
103, TIPHMEDBL oottt e e et e e, 242
104, 3amaum . .. e e e e 249
TS, OTBETBE . .0 o oottt et et e e e 251
Ihasa 11. TMpuMeneHust Teopuu rpYnIn B OUINKE . . . . ... ................... 255
11.1. TapMOHMUuECKHE KOMEOAHMA MONEKYN - ..\ o vveeee et 255
11.2. PaCIMEMNEHME YPOBHEM .\ v v vt e e ettt e e e ee e eteeeeeennn 259
113, TIPaBHAa OTBOPA . . . .o vttt ittt ettt 260
TEA TIPHMEDBL . .ottt ettt e e 263
TLS. BalaK . e e e 272
L B 1T X 272
Cronxa dopmys no coeumanbiem GYHKUMAM . . .. ... ... ... ... ... ... .. ... .. 273
TLE T-yHKLUMA DDA, ot vttt v st it ee et e e e e, 273
I1.2. TUnepreOMETPHYECKHT BYHKUMY . . o . oo vttt vttt e ne eeee e eaannns 273
1.2.1. Tunepreomerpnyeckas gpyHxums laycca 2 Fy ... ... ......... 273
11.2.2. BeipoxaenHas runepreoMetpryeckan dyukuna (Fy................ 273
I1.3. HMAHHAPHYECKHE DYHKLHMH . . .. oottt it sttt e i 274
N.3.0. dyukunu beccenss J, n Heitmana Yy . ... 274
11.3.2. ®yukuuu beccenst uenoro nopaaka Jy . .vvi i 276

[1.3.3. MoaudnunpopanHast ¢yHxuns Beccenn I, u gpyHKuns
MakaoHaMbAA Ky . oo oo e e 276
I1.4. OpTOTOHANBHBIE TIOMMHOMBL - .\ . .\t v et et tee et e eee e enennas 277
M.4.1. MMonunombi Jlexanapa P; un npncoennHennsie GyHkunu Jlexanapa P 277
1142 Momuuombl Dpmuta H, .. ..o o e e e, 279
1143, MonnHoMbr Jlareppa Ly .. ..o it ee e et e ee e 280
Jwreparypa. . ... .. e 282



Mpeaucnosue

Ilpeanaraembrit c6opruK 3amay ocHOBaH Ha 15-1eTHEM onbiTe 06yye-
HMS CTYICHTOB du3snueckoro dakynsrera HoBOCHMBUPCKOro rocyaapcTBeH-
HOTO YHUBCPCHTETAa MeTOLaMm MatemaTuyeckod ¢usuku (MMD). B sume
IKCnepMMeHTa npenoaasaiine MM® 6bu10 nopyyeHo GhU3NKaM-TeOpeETHKaAM.
Boula nocrasneHa uenb He TONABKO OGYYMTH CTYAEHTOB OCHOBaM TEOPHH,
HO W MPUMEHEHMIO MaTeMaTHYeCKMX METOMOB /Ul DPELICHHS KOHKPETHBIX
Gbusuyecknx 3anay KBAHTOBOH MEXaHUKH, KNACCHYECKOM 1CKTPOAMHAMHUKH,
ONTHKH, PUINKH NMAA3Mbi, MEXAHUKH XMAKOCTH H rasza. B pe3ynbTaTe 3aMetTHO
U3MEHHJIAChk KaK NporpaMMa Kypea, Tak M METOAMKA ero npernofasanus. Ynop
ObUT caenaH Ha pelleHue 3a1a4 — OT MPOCTHIX YNPAXHEHMM, WILOCTPHPY-
IOUIMX OCHOBHbBIE NMOHATHA, 10 CPAaBHMTENBHO CIOXKHBIX 3al1a4, HalpHMED,
KBaHTOBOW MexaHMKH. Cefiuac Mbl MOXEM C YIOBIETBOPEHHEM CKa3aTb, YTO
HOBbIA noAX0A K npenonasaHnio MM® nonHocteio cebs onpaBoan,

O6yyerine MM® o6biuHO 3aBepuiaeT obllee MaTeMaTHYECKOE 06pa3o-
BaHUE CTYACHTOB-(DH3MKOB TPETher0—YETBEPTOro roja obydenus. CuuTtaercs,
4TO 3TH CTYACHTEHI YK€ 3HAKOMBI C JIMHEHHOHU anrebpoil, aHaTUTHYECKOH reo-
METpHEeH, MaTeMaTHIECKUM aHANTH30M, 06bIKHOBEHHBIMU M D depeHIHATbHDI-
MM YDaBHEHUSIMH, TeopHeil QYHKUMA KOMIUIEKCHOMH nepeMeHHON B ofbeme
YHUBEpCHTeTCKOro Kypca. CrampaptHbiit Kypc MM®, uepes KoTopblit npo-
UL MHOTHE MOKOJIEHHA CTYAEHTOB, BKIIIOYAET B Cebst, Kak NPaBHIIO, TEOPHIO
YPaBHCHH ! B YACTHBIX MPOU3BOAHBIX. DNEeMeHTH (YHKLHOHANILHOTO aHANH3A,
TEOPHHU CTieUHaNbHbIX QYHKUMI M Teopuu rpynn B nporpammax MM yacto
HOCAT (hparMeHTapHbIIH XapakTep U He ABASIOTCS 06A3aTe/lbHBIMH,

Meroasl maTemaTHueckoil PU3MKM KaK YHMBEPCHTETCKMH Kypc siBiser-
Csl YCTOSIBILEACS AUCUMIAHHON. DTOMY MOCBALIEHB MHOTME OTEYeCTBEHHbIE
U niepeBolHble Y4eGHUKH o BeeM ee pazaenaM. Ho B HUX He coaepxuTcs 10-
CTaTOMHOro Koanyectsa 3ana4y. CoopHUKHM 3ana4 no MM® HeMHOTOUHCIEHHD
M HenonHbl, OHM He OXBATLIBAIOT BCEX HEOGXOAMMBIX Pa3[eNiOB MaTeMaTH-
YECKOH (DM3UKH U HECKOJIBKO OTOPBAaHBI OT MCXOMHBIX (DM3UUECKMX 3ajay,
M3 KOTOPhIX BO3HHKAIOT 3TH ypasHeHus. IlpakTuuecku Her 3amay no ypae-
HenusM Lpénunrepa, [lupaka u naxe Makcsenna. Mpuioxenus k dusuke,
Kak npasujio, OrpaHWuYeHbl MEXaHHKOH, Teopueil TEIIONPOBOAHOCTH, 3JeK-
TPUYECTBOM ¥ MArHETU3MOM. YCTpaHEHHE BCeX 3THX HC,LIOCTaTKOB ABaAserca
OHO# M3 UeJell NpelIaraeMoro 3agayHuka.

Tporpamma Kypca M, COOTBETCTBEHHO, COLEPXaHHe NAHHONO 3aa4HMKA
BKJIOHaeT B ceBs chaeaylolMe pasiesibl: MALGEPTOBH NPOCTPARHCTBA, METOI
XapaKTEPUCTHK, YPABHCHMA BTOPOro NOPsIKa ¢ YaCTHLIMH NPOM3BOAHBIMH,
ABTOMOIENBbHOCTD U HeIMHEUHbI€ YPABHEHUS, CIIELMAbHBIE (DYHKHMH, aCHM-
MTOTUYECKUE METONbI, DYHKUMK TPUHA, MHTErpanbHble ypasHeHHs (BKiTIOuas

6 Mpeducnoeue

o6patHyio 3anauy st oneparopa LLIpéauHrepa), rpynnbl W fpeaCTaBIeHUA,
rpynnbl JI# ¥ vx npuMeHeHHe B GH3HKe,

Kaxaplil pa3aes CONCPXHT KPaTKOe M3N0XKEHHE TCODHH, HUATIOCTPHpYE-
MOe pellleHHeM THITMYHBIX 3a1a4, 2 TAKKE KPaTKHi CNHCOK pekoMeHayeMo
NWTEpaTyphl N0 AaHHOMY Boripocy. Bosnee nonnas 6uGanorpadus, B KoTopoi
MIOKEHLl pa3fe/ibl TEOPUM, BKIIOMEHHbIE B JaHHbIA cOOpPHUK, MpHBeleHa
B KoH1le XHurH. TTouTH Bce 3aaaun (3a MCKITIOYEHHMEM ITPOCTEHILHMX) CONepXaT
foapo6Hbie yKa3zaHusi U peileHus. Ilopa0oK pacrnofioXeHus 3amay 11oMoraeT
YCBOEHHIO CIOXHBIX MATEMaTHYECKHX MOHATHA U BbIPabOTKE HaBBLIKOB peille-
Hust Gusndeckux 3anay. [loatoMy cGOpHHMK 6yaeT TakXe BeCbMa MOJE3HBIM
118 camoobpasopanus. Ecnn untatens nocie paboThl ¢ 3TUM 3ajavHHKOM
CMOXET CAMOCTOATEJIbHO PElaTh 3a0a4u MaTeMaTHYecKoH GU3nKn 1 ucnob-
30BaTh MOJMYYEHHLIE 3HaHUA B JanbHelnieil pabGote, TO Mbl COYTEM CBOIO
MHCCHIO BBINMOAHEHHOIE.

ABTOPbl CYMTAIOT CBOMM MNPUSTHBLIM JOJTOM BBIPAa3UTh OnaroaapHoOCTb
BCEM TeM, KTO B pa3Hbie roabl An6o uutanu Kkypc nekumii MM® Ha du-
suyeckoM (dakynabtere HI'Y, n1u6o Benu npakrHYecKHe 3aHsTHA, 3a BKIag
B CO3IaHME Kypca M, B HACTHOCTHM, 3TOro 3agauHuka. Ocolyio mpusHatelb-
uocTs Mbl Buipaxaem bB. I KononeabueHko, B. M. Mankuuy, A. M. PyGen-
uuky, M.]l. Cnexropy, M. . Crenanosy, b.H.Crypmany, C. K. Typuubiny.
MpsI Taioke 6naronaphisl A. B. TeibHoOBY, yKasaBiieMy Ha psll One4aTok.

Asryct 1999 r.
Hosochbupck



lnasa 1

Jlunennbie oneparopsl

1.1. KoneuxomepHoe NpocTpaHCTBO

JInHelHBIM onepaTopoM, _AeHcTBYlOUIMM B 1HHeiHOM npoctpaHcTse X,
HA3LIBACTCA TaKOH onepatop A, Ans KoToporo mjis jioGbix ABYX BEKTOPOB f
H g 13 X ¥ NBYX NMPOU3BOALHBIX KOMILIEKCHBIX YHCEN « H 3 BHINOJHEHO
CBONICTBO NUHEHHOCTH

A(af+pg)=ad f+pAg

Ecnu X — n-MepHoe NpocTpaHCTBO, TO NHHEHHLIE ONEPATOPLI, NEiICTBYIOLIKE
B X, CyTb MaTpulibl B X n.

flycte A — xBaapaTHas n X n Matpuua. Marpuna Al nonyuennas
TPAHCTIOHUPOBAaHMEM K KOMIUIEKCHBIM COMpsiKeHHeM A, Ha3bIBaeTcs 3p-
mumoso conpaxcennoii X A. Ecin A = A!, To Takylo MaTpuuy Ha3biBalOT
9pMHTOBOW. Matpuua A Ha3sbiBaetcst yHumapnoii, ecnn AA' = A'A = E.
Credom Tr A Matpuubl A Ha3bLIBAETCS CYMMa €€ JHarOHAILHbIX 3JEMEHTOB.
Uncno A Ha3biBaeTCA cobcmeennbim 3naqenuem A, eciiv HailaeTcs BekTop v # 0
TAaKOH, 4TO Av = Av, NpUYEM U HA3bIBACTCH COOCMEEHHOIM 6EKMOPOM MATPH-
ubl A, COOTBETCTBYIOIUMM 3HaueHHI0 A. MHorounen |AE — A| Ha3biBaeTcs
XAPaKmepucmu4eckum MHO204NeHOM MATPULIbI A.

[locienoBaTeabHOCT KBAAPATHBIX MATPHLL

Ah---;Am,Am+ly~~-

ORHOTO M TOTO Xe IMOPAAKA HA3bIBAETCA CX0O0Auelic K MaTpHile A, eclu cxo-
AUTCA 1N0CAEN0BATENBHOCTD COOTBETCTBYIOLIMX MATPHYHbLIX 3JeMeHToB. Oue-
BHIHO, YTO eciin MaTpullbl A, # By, cTpemstcs K A n B npu Bo3pacTaHnu m,
10 Apy+ By, v A, B, cTpemaTca coorBeTcTBeHHO K A+ B 1 AB. B yactHocTn,
ecau T — HeBLIPOXAEHHAA MaTPHLIa TOTO Xe€ MOPAAKa N U MaTpHibl A, NpH
Bo3pacTaHuu m cTpeMmsitca K A, to T-'A,, T ctpemurca xk T 'AT.

Hpamoii cymmoii matpuLl Ha3biBaeTCA GJ0MHO-AHATOHANBHAS MATPHLIA

L Aa0] 0 ... o

2
A=ea%.  ea=| 0 [42].. o

8 Inasa 1. Juneiinoie onepamopot

rne AY) — xBagparHbie Matprubl nopsiaka n), crosmme BRoRb AMaroHany A,
a BCe MNpouMe 3MEeMeHTH A paBHB Hymo. IlycTs ag + g/ A + @A + ... +
amA™ +... — dopManbHEIi CTEMEHHOI PsiL OT KOMILIEKCHOH nepeMeHHOi A.
PaccMOTpUM COOTBETCTBYIOIINM CTEMEHHOM PAA OT MaTpULibl A:

aE +aA+ad’+... tap A"+ ... . (1.1)

OGosHauum f,(A4) = agF + a1A + aA? + ... + a,A™. Pan (1.1) Ha3biBa-
€TCA CXOASIMMMCS, €C/IH MOC/NEN0BATENBHOCTb YacTHUHLIX cyMM fi(4),...,
Jn(4), ... nMeer npenen. Dot npesien Ha3bIBAETCA CYMMOIl psida.

Ecan A He paBHO KakoMy-/1HGO0 COBCTBEHHOMY 3HAYEHHIO A; MATPHILbI A,
T0 Matpuua A — AE ofparuma. O6paTHas eil marpuua Ry = (A — AE)~!
Ha3blBaeTcs pezonsvgermoil. [log vHTerpajoM ot MaTpvulbl MOHMMAaETCs Ma-
TPHUA, COCTABJICHHAA M3 WHTETPAsioB OT MAaTPUYHLIX aneMeHToB. [lycth @ —
NPOU3BONbHAA KOHCTAHTA, KoTopas Goabwe Bcex |A;|. Torma cnpapensinbel
paBeHCTBA

A'":—E;—l: A"RydX, m=0,1,2,..., (1.2)
|Al=a

CNEAyIOlINe U3 PalIOKEHUS Pe30abBEHTH
B P& npy |A| > a:

1 A A
RF_-(E+_+._ )

W3 (1.2) cneayer, 4yro mns mo6oit dyHK-
uuu f(A), onpeneneHHoH CTENEHHbIM PAAOM
npu |A] < @, BLINOHAETCA PABEHCTBO

£4) = - § 100Rar

{Al=a
Puc. 1.1. KOHTYp HMHTErpHpoBa-
Hua |A] = a B kommaekcHoit  ITa dopmyna aeasercs o6o6LeHHeM GopMy-

NIOCKOCTH CNEKTpabHOTO napa- npl Kowmu Ha ciyyait GyHKUMM OT MaTpHll.
MeTpa A CrsiHeM Tenepb KOHTYP MHTEFPHPOBaHHS

TaK, 4YToGbl OH mpeBpaTM/Cd B HaGOp Maibix
KOHTYPOB, KaX/blil M3 KOTODHIX OKPYXA€ET TONbKO OLIHO COGCTBEHHOE 3Haue-
uue (puc. 1.1). Toraa dpopmyna (1.2) npu m = 0 naer

: (A;-)
P=E, Pj=— Ry d),
zj: J T i f A

rae cMMBON (Aj—) 0GO3HAaYaeT KOHTYP MHTETPUPOBAHMA, OXBATHIBAIOLIHA
COBCTBEHHOE 3HAaYeHHe A; B OTPHLATE/IbHOM HanpaBnewuu (no 4acoBoil
CTpeiKe). HO He OXBATBIBAIOIIMIA MPH ITOM HUKAKMX JIPYTHX 0COGBIX TOYEK



1.2. Dynxuuonano u obobuiennnie dynruuu 9

NoAbIHTErpanbHOR yHKUMKU. MaTpulia P; ABAAETCA ONEPATOPOM RpOeKmipo-
ganun (npoexmopom) Ha NMOANPOCTPAHCTBO, COOTBETCTBYIOHIEE COBCTBEHHOMY
3HAYEHHIO Aj, T.€.

t— 2 _
P;=P;, Fi=F

Jlio6oH NMHEHHDBIA 3pMUTOB ofiepatop A MOXHO Pa3iOXHUTb 110 MPOEKTOpPaM:
A=Y A;P;.
J

1.2. ®yuxkuymonans: u obobutennbie QyHkymu

Dynxyuonasom, AACTBYIOIIMM Ha JaHHOM TpocTpaHcTBe A (yHKUMiE
7. MEPEMEHHBIX, HAa3bIBACTCA OTOOpaXeHHE ITOTO MPOCTPpAHCTBA B KOMILIEKC-
HYIO NJIOCKOCTB
¢:={f(z), zeR"} - C.

O603HayuM 3HaucHHE QyHKUMoHana ® Ha ¢yHkuuu f € M uyepes ®[f].
DYHKUKOHAN HA3LIBAETCS AUHEHNNM, €CIU OTOBpaXeHHE NHHEHHO:

®laf + Bg] = a®[f] + pP[g).

3aech o, § — KOMILIEKCHBIE uMcha, f U g — dyHKUMK. [To 3anaHHO#H DyHK-
umyn F(z) Bceraa MOXHO MOCTPOHTDL NMMHEMHBIH DYHKIMOHAN, ACHCTBY WM
Ha HEKOTOPOM MMOAMHOXeCcTBe (PYHKHHMOHAIBHOIO MPOCTPaHCTBA

#elg] = [ dz Flo)g(o). (13)
Rt
OnHako He BCAKMIA MMHeiHBIA (DYHKUMOHAT MOXHO 3aiiMcaTh B BH-
ae (1.3), npuMenss Tonbko rnagkue GyHkunu F(z). B obuiem cryyae MOXHO
1o raHHoMy pyHKuvoHany ¢ onpeaenurs obobuennyio pynxyuro F(x), Tak 4to
$[g] Boipaxaercs B Bune (1.3). Ecnin & spnsieTca npenenoM nocnesoBaTeNib-
HOCTH DYHKUHOHANOB @, Kaxaelii U3 KoTopbix uMeeT Bua (1.3) ¢ rnaakoi
dyHkuued Fr(z), To 06obuieHnas dynkuus F(z) MOXET paccMaTpMBaTbes
KaK npeaen nocnefopatensHOCTU {Fy(2)} M eit MOXHO NpUNHUcaTh HEKOTOpbiE
noTo4eyHble cBoitcTBa (Kak GYHKLUM apryMeHTa ),
BaxHbiM 118 NIpHAOKECHUH npuMepoMm oGobuieHHOH (BYHKUMMK SBAS-
erca §-pyHKuus Jupaka, cOOTBETCTBYIOWIANA JUHEHHOMY QyHKUWOHANY Dy,
AeiicTByloweMy Ha raaakux GyHkumax g(z). o onpenenenmio,

B4lg] = f dz 5(z)g(z) = 9(0)
J

Ans N6oH rnankod GyskuMy g. OTO PaBEeHCTBO SKBUBAIEHTHO CENYIOLIEMY
onpeaencHNIO 6-pyHKUNH:

6(z) =0 npu =z #0, /dm&(m):l,
Q
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roe §)y — mobas obnacTh n-MepHOTo npocrpaHcTsa R”*, comepxailias TOYKY
@ = 0. lponssoaHbie 0QHOMEPHON §-DYHKINK OnpeneasnioTcs yepe3 (hyHK-
HHOHabi

[z %26 = g0, [ 42 229 50) - (g

dz"
P R

rae ¢byHkuua g(z) noapasymesaercs avuddepeHuUHpyeMoil KOCTATOYHOE KO-
JINYECTBO pas.

Bcerna cneayeT NOMHMTb, YTO PaBEHCTBA, COAEPXKALIHE &-DYHKUMIO
H €€ NPOH3BOHBIE, O3HAYAIOT TONBLKO PABEHCTBA 3HAYEHHII COOTBETCTBYIOLLIMX
DYHKUKHOHANKOB Ha AOCTATOYHO CAAAKMX (DYHKLMAX.

1.3. lunu6epToBO NPOCTPAHCTBO M NOAHOTA

JlunerHoE rpocTpaHCTBO £ HA3LIBAETCS 2uab0epmossiM, eCIH:

1. lnst xaxpoit mapsi f # g €ro 3/1EMEHTOB ONPEAENEHO CKAAAPHOE Mpo-
usgederiue (f, g) co 3navenusmu B8 C, yroBAeTBOpAIOLICE CHEAYIOWMUM
CBOMCTBaM:

(a) nMHeHHOCTH MO BTOPOMY apryMeHTy

(f» agy +ﬁg2) = a(f:gl) +ﬂ(f)g2)
st I06bIX f?gl,l € L, ayﬁ € Ca

(6) spmMuTOBOCTH

(£,9)= (g, 1)

(B) HeorpuuatensHocTn Hopmsi || FI12 = (£, ) > 0,
npuyeM u3 (f, f) = 0 cneayer f = 0.

2. B npocrpaHcTBe £ WMeeTca CUETHBIH GEeCKOHEWHOMEpHbBIN 6a3uc, T, e,
CYETHOE MHOXECTBO JIEMEHTOB

{fn? n= l""’m}1

TaKoe, YTo N1060H 31eMEHT g € £ MOXHO TIPEACTABHTb B BUAC JIHHEHHOM
CYNepno3nLnm fn: =3 cnfn.

[1b6epTOBO MPOCTPAHCTBO ABAACTCS JMHEAHBIM (BEKTOPHBIM) NPOCTPAH-
CTBOM, NO3TOMY €r0 3/1eMEHTHl MOXHO HA3LIBATh BEKTOPAMH.

JhioGoit 6a3uc MOXHO NPEBPaTHTL B OPMOHOPMUPOSAHNGIE OTHOCHTENL-
HO JAHHOTO CKaIsIPHOTO TIPOM3BENEHHsI, HCONb3ys npoueaypy [pamma—
WImuara. OcHoBHO#i npuMep runbGeproBa NpPOCTPAHCTBA — NPOCTPAH-
ctBo L3(Q2) dynkumit f(z), sanaHHbix B o6nactu 2 npoctpatctsa R™ u unTer-
PHpYeMbIX ¢ KBanpaTom Moayns. CkanspHoe npovsseneHue GyHKumii f u g



1.4. Camoconpaxicernoie onepamopsl 11

ONPpeneNIeHO CllefylommuM obpazom:

(f,9) = [ dz f*(2)g(z)
Q

W, OYEBHIHO, yaoBieTsopsiet yenosusim (1(a)—(B)). B kypce maremaruueckoro
aHaMN3a NOKA3BiBACTCH CYIIECTBOBAHHE CHETHOrO Gasuca B L2().

PaccMoTpuM B Lz(Q) GUKCUPOBAHHYIO OPMOHOPMUPOBAHHYIO GECKOHEeY-
HYIO NOCNEN0BATELHOCTh (DYHKUHIA

{fm n:!,...,oo, (.fm.fm)zénm}-

Ona sipnsietcst 6asncom B L2(§2) Toraa M TONbKO Torna, KOTAA BITOMHSETCS
CREHYIOLLEE COOMHOWEHUE NONHOMbE

o0

> 1@ faly) = (@ - y). (1.9

n=1
91y hopMyay HYXKHO MOHHMATb KaK paBeHCTBO 06061UeHHBIX DYHKUHI, A1~
60 KaK paBeHCTBO MHTErpajoB OT npou3BeneHuii obeux vacrteidl ¢ rmiankoi
dbyHkuued ns L2(Q), imbo kak npenea NocaeqoBaTe/IbHOCTH PaBEHCTB ¢ 06e-
MMM yacTaMu, npuHamtexaummu L2(Q2). IMocnensee BO3MOXHO NOTOMY, 4TO
xoTa cama 6-dpyHkumua 6(z) ¢ L*(2), HO B 3TOM NPOCTPAHCTBE HMEETCH
NOCAeAOBATEBHOCTL 3MIEMEHTOB, MMEIOIAsi CBOMM TpeAesoM &§-DyHKLUIO
(cM., HanprMep, 3ana4d K 3TOH riase).

1.4. CamoconpsaxeHHble oneparopbl

[ox sureiinocmoro oniepatopa A NOHUMAETCs CBOICTBO
ANf+pg)=MA f+pudg,

rae f ¥ g — BeKTOpBl r'MnbLGEpTOBa MPOCTPAHCTBA, 3 (1 U A — KOMIIEKCHbBIE
yucna®).

Besakuit nimHedHbINM onepaTtop, AeficTBYIOLNA B NpocTpaHCcTBe DYHKUMIA,
MOXHO 3anvcarb KaK uHmezpaasiuil Onieparop, T.e€.

Af(z) = [ K(z, 9)f(y) dy,

rie K{z,y) Ha3biBaeTca adpom MHTErpanbHoro oneparopa A. flapo K(z,y) —
obobuienHan pyHKUMA ABYX nepemeHHbIX. B yactHocty, ecniu K(z, y) npen-
cTaBifeT co00i AvHeHHyI0 KOMOMHalMIO &-byHKUMM K ee MPOMIBOAHBIX

n -
K(z,y) = 3 c6%)(z — y), T0 A HasbIBAIOT dugbhepenyuatbHbim ONEPaTOPOM

k=1
flopsiaKa n.

*Y Aumuauneanum HasbipaeTCs onepatop Z 1Sl KOTOPOTO A(A f+ug)= xa I+ /J'Z g.
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PaccMotpum nuHeiHblll onepatop A, nelcreyomuit B ruanbepToBoM
IPOCTPaHCTBE. DTO 3HAYMT, YTO 3aiaHbl JMHEHHOE MPABWIO COOTBETCTBUSA
J — Af wn ofinacmb onpedesenun D: f € D. [lociennss MoxeT GbiTh 3HAYM-
TeLHO MeHblue Beero npoctpakcrsa L2. Hanpuwmep, B L¥0,1) (npocrpancrso
MHTETpUpYeMbIX ¢ KBaapaToM yHKuuit Ha orpeske [0, 1]) onepatop 3"; Mo-
XeT, 04CBHIHO, ACHCTBOBATL TONLKO Ha T€ (YHKLMH, Y KOTOPBIX CYILECTBYET
MepBas MPOM3BOAHAs. AHAIOTMYHOE YTBEPXKIEHHE MOXHO CAEAATh H MPO di:y.
Kpome toro, mns anddepenumnanbubix oneparopos noapasyMesaeTcs 3aiaHHe
KaKuX-7H60 rpaHUYHbIX YCNOBMA. B nanbHelimem npu yYKa3asuHu obnactu
onpenenetuss D Gynem ABHO NPUBOAHTHL TOALKO TPaHMYHBIE YCIOBHS MK Xe
YCnoBUA, UM IKBUBaleHTHbie. Hanpumep, B L*(R) neitcrByer

2
%2—, D= {f € I}(R)}. (1.5)

WHaye rosopa, ans dyskumit w3 L2, onmpenesieHHbiX Ha Beelt BElECTBEHHOI
OCH, TPaHHYHBIM YCIOBHEM MOXET CAYXMTb KBaAPATHYHAS MHTErpUPYEMOCTh
GyHKUMH, B YACTHOCTH, 3T0 O3HauaeT f (z) — 0 npu 2 — +o0.

Onepatop AT, conpaxcennmii LNaHHOMY ornepatopy A, onpeaensercs pa-
BEHCTBOM

(v, Eu) = (E"v, u). (1.6)

Ora_cdopMyna duKcHpyeT Takxe obmacTb onpeenenus D* s oneparo-
pa A!. Ona cocrout us TaKHX BEKTOPOB v, 4TO W14 Jo6oro u u3 obractu
onpeneneHns D onepatopa A ckanspHoe npousseneHue (v, Au) Moxer GbiTb
nepenucaHo B Buae (w,u). (3HaYWT, eciM TakoH w CyLlecTByeT, To w
u ectb Atv.) O6nactb D*, BooGiue roBopsi, He cosnajaer ¢ obnacroio D.

B kauectBe npuMepa paccMOTpHM B L*(0,1) nuHenHmM oneparop

i;,"; ¢ of/acThio OonpeleneHUs, COCTOSLICH M3 dyHkumit, o6palnalomHxcs
B Hy/lb Ha KOHLAX OTpe3Ka:

D = {u(0) = u(1) = 0}. (1.7)
CKamtpHoe npou3neacHue

i
- d d * -
(v, 4u) = /v* i;i;u dz = /(zav) udz + iv*u|:) = (Av,u) (1.8)
0 0
nmeer ua (w, u) = (Av, u) 419 mo6bIX v. To ecth

Al = ia, D* = rpaHUyYHbIX YCAOBHIA HeET.

3HauuT, B 3TOM cayyae conpsikeHHbiii onepatop AT nMeer To Xxe npaBUiao
COOTBETCTBUS, YTO M A, HO Gosliee WHPOKYIO 0643CTh OMpeEEHeHUA.
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Oneparop A HasbiBaeTCs camoconpaxcennoim (3pmumosoim), ecnn At co-

BriagaeT ¢ A BMecTe ¢ o61acThio onpeaeneHns. [puMepsl caMOCONPAKEHHBIX
OfepaTopoB:

d
i D ={1(0) = f(1)}; (1.9)
d2
ot D= {f(0) = £(1) =0}; (1.10)

- A+V(r), D={fe LR} (1.11)

B nocneaHem npumepe noapasyMeBaeTCst, YTO PacCMaTpPUBAIOTCS TaKHe (ByHK-
UMM, ATl KOTOPBIX HHTErpail

/V(r)lf(r)|2 dr

CXOAHTCA.

Onepatop U Ha3blBaeTCAd ynumapHsiM, €ClM OH COXpaHSAET CKaJIsipHOe
TPOU3BEAEHHE: 1iA JIOOBIX U U ¥ U3 ODNIACTH onpeaeacHus:

(Uu,Uv) = (u,v)
HIH
vlu =1,
rue I — enHU4HbBIH onepatop.
Cnenyer 3aMETHTb, YTO IPMUTOBOCTb M YHHTAPHOCTb OMpPENeNeHbI MO OT-

HOWEHHIO K IAHHOMY CKalSPHOMY IPOM3BEAEHHIO M He 00513aTEIbHO COXpa-
HSIIOTCA MPU APYTOM OMpEHENEHHH NOCIEIHETO.

1.5. Ker- n 6pa-BexTopbl

Nousatue nuneliHoro gyHKuUMOHANA MOXHO BBECTM HE TONBKO B (YHK-
UMOHANBHOM, HO M B aOCTPAKTHOM TMJILOEPTOBOM MpPOCTPaHCTBE: 3TC OTO-
GpaxeHMe BEKTOPOB rHnbGeproBoro npoctpanctea B C, ynomnersopsioliee
OOBIYHBIM COOTHOLIEHWSAM AHHENHOCTH. Jl1o6oMy BEKTOpY U TMasbepTOBOTO
npocTpaHcrsa H MOXHO COMOCTaBUTb JIMHEHBIH DYHKLUMOHAN CleoyIomUM
obpasom: ans noboro u € ‘H

®,(u] = (v, u).

M3 onpenenenus ®,[u] cnenyer, yro 3TM dyHKuMoHans camu o6pasyloT
JIMHERHOE MPOCTPAHCTBO:

Povipu = a'@,, + ﬂ'q’w-

HMHbiMK crioBaMuU, 3TO NpocTpaHcTBo W3oMopdHO H. DTo npocTpaHcTo H*
Ha3bIBACTCs# MPOCTPAHCTBOM 3NEMEHTOB, COMPAXEHHBIX K 3JieMeHTaM M.

14 [nasa 1. Jluneiinsie onepamopui

B ¢busnueckoit nurtepatype ero 3jieMeHTbl Ha3blBaloT 6pa-BeKTOpPaMH M 060-
3HayawT P, Kak (v]. Anementsl H Ha3bIBAIOTCA NPH 3TOM KET-BEKTOPaMHK |u),
4 CKalsipHOe MpOM3BefeHUe v M u — AeiictBve dyHkumonana d, Ha Bek-
TOp ¥ — 3anuchbiBaeTcA Kak (v|u).

B TepMUHax KeT- ¥ Gpa-BEeKTOPOB

I. TIpoexTop Ha BeKTOp ¥ MOXHO 3anucath Kak P, = |v) (v].
2. CoOTHOLHEHHUS TOJHOTH 3aKCHIBAIOTCH KaK

D fun) (ual =1

3. PaznoxeHue BeKTOpa {v) No NOAHOIN OPTOHOPMHUPOBAHHON CHCTEME |U,)
BLIFJISIAMT Kak
[v) = lun) (unlo) .
n

JleranbHoe U3M0XEHHE TEOPHH THALGEPTOBBIX [POCTPAHCTB MOXHO Hafi-
TH B yyebHuKax [KI51, KP72]. O606weHHble GYHKIIHY PacCMOTPEHbI, Ha-
npuMep, B kuure [Bra88]. CamoconpsxenHbie onepatopbl 06CYXAA0TCK
B MoHorpaduu [Co666].

1.6. Npumepnsl

L. Joxazams, umo auneitnoe npeobpazosanue U eexmoprozo npocmpar-
cmea V ynumapro moeda u moasko mozoa, xozoa U ne mensem Orun 6eKxmopos.

Pewennue. [lyctb ¢,b € V. Tlonoxum Ua = a', Ub = V. Io ycnaosuio
A no6oro YKUCAa o UMeeM

(a+ab, a+ ab) = (U(a+ab), U(a + ab)) = (a' + a¥', a' + abd').
Boinonuas yMHOXeHHE W Hcnonb3ys (a, ) = (@', '), (b,b) = (¥, V'), nony-
e a’(b,a) + c(a,b) = a’ (b, ') + a(d', V).

Mpua=1
(b,a) + (a,b) = (b, @) +(a', }'), (1.12)
nojaras & = { ¥ COKpallas Ha £, nojy4yaeMm
~(b,a) + (a,b) = —(¥', a') + (a', V).

Mocnennee paBerctBo BMecte ¢ (1.12) naet (e, b) = (@', V). >

2. Myems A, B, C, D — xeadpamnsie mampuysi nxn, AC = CAu A,C —
HesbiposcOeHHbie Mampuysl. Jdokazams, umo

AB| |DcC
cp|=|Ba|=14D-CBHI,
AC| |DB

IBDlzch‘leA—BCI.
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Pemenne.
AB| ,...|collaB|_ ., ._|cA cB|_
CDI"MCI |0AHCD|—'AC| IAC AD'—
_ -1|/CA CB .
= |4C] l o up -cp|=14D-CBI. (1.13)
Jlpyrue paBeHCTBa IOKAILIBAIOTCS AHANOLHYHO. >
3. Joxazams pasencmeo:
a+a:| a a
det A = a a+ a _
a a a+z,
a a
=a:,»:z:2-..‘-z,,(l+——+...+———). (1.14)
T Ty

Pemenne. BseseM AMaroHanbHylo MaTpuLy
X =diag(z,22,...,2,)

M MepenuiueM Onpeac/MTeNlb HCKOMOR MaTpHilbl B Buae det A = det X x
det (I+ JX '), rae Bce MaTpuuHble 3AeMEHTH MaTpuubl J paBHbl a, a I —
ervHu4Has matpuua. PaHr matpuust JX ~! pasen eaununue, noatoMy enmH-
CTBEHHOE OT/INYHOE OT HyJIs COGCTBEHHOE 3HAYeHMe 3TOM MaTPHLIbl PaBHO €
cneny (Bce ocTanbHble COGCTBEHHBIE 3HAYEHMS PaBHbI HYIO):

_ a a a
M=TdJX '=— 4+ — ... +=.
L TR % Tn

Otkyna det (I + JX~') = | + A, a onpeaenurens

a a
det A Zm|‘32'...'.’Bn(l+—'+...+-—). >
T x,
4. fiycemoe H — 3pmumosa mampuya. Hoxasams, wmo U = exp (iH)

YHUMApHA.

Pewensne. Ham HyxHo mnokasars, uto UU' = E. HerpyaHo noxasarb
(cM. 3amauy 19), uto paaw

1
U=E+(iH)+5(iH)2+...

1
U'=E+(-iH) + 5(—:’1{)2 +... =exp(—iH)

cxonsrca. Mostomy
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vut = [E+iH+%(iH)2+...] : [E+(—5H)+21!(—m)2+...].

Menss nopaaok cyMMMpoBaHHS, MONyuaeM TpebyeMoe paBeHCTBO
o0 . ] :)
T ﬂ -N"c™ = m_ ¥
vut=3 == (-)"C] =E, ¢ = G =y
i=0 m=0
MOCKOJIbKY

z]:(—l)”‘c;" = (1= 1) = 8. >
=0

5. Joxazams, umo dan npouzsosvhoii mampuyw A
det e? = exp (Tr A4).

Pewenne. CHavajla 3aMETHMM, YTO PaBEHCTBO, KOTOpoe Tpebyercsa JoKa-
3aTh, UHBADHAHTHO OTHOCHUTENIbHO NpPeoGpa3oBaHHil NOKOOHUR: eCin

det e? = exp (Tr 4),

TO

det(cxp (QAQ_')) = det (E+ QAQ™' + %(QAQ")Z +) =
= det (Q (E+A+%(A)Z+...) Q") =

= det e? = exp (Tr 4) = exp (Tr(QAQ")),

rae (@ — npon3Bo/ibHAA HEBLIPOXIEHHAst MAaTpUliA. 3HAYMT, AOKA3aB YTBEp-
XACHHE B KaKOM-HUOyab GHKCHpOBAaHHOM 0a3uce, Mbl KOKaXeEM €ro cpasy
s Beex 6asuco. Ecnu A nuaroHanusyema, To NycTb @ — MaTpHLa Nepexona
K auaroHaibHomy ans A 6asucy: QAQ~' = diag (A, ..., A,). Torna

det (e*) = det (exp (QAQ”')) = det diag (e, ..., et) =
=exp (M +... +A) =exp (Tr(QAQ_')) = exp (Tr A).

B o6iem cayuae @ MoXHO BHIOpaTh Tak, uto QAQ ' GyneT npsAMoit cyMMoii
KOpAaHOBBIX KJETOK. T1pou3BosnibHag XopaaHosa kietka Jy,

Al 0. 0
aw= 020000,
0 ... ... ... 0 A

MOXeT GbITh MpeacTaBieHa B Buae Jy, = Aly, + Jy, rae I, — eanHuuHas Mma-
TpHua, J,, BEpXHETpPeyroabHas HUAbMOTEHTHas (Bce COOCTBEHHbBIE 3HAYEHMS
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paBHbl HyMo) MaTpuua. Tak KaK eAMHWYHAs MaTPHUA KOMMYTHpYeT ¢ Nio6oit
Apyro#, To _
exp Jp, = exp (Aly,) exp (Jm).

HenocpencraenHo yGexaaemcs, 4to exp (J,) — BepXHeTpeyroibHas MaTpuua
C eAMHUYHBIMU DEMeHTaMH Ha auaroHaau. CrefoBarenbHo,

det exp J,, = det exp (M) det exp (J.,) = det exp (AL,) = exp (Tr Jn).
Mo ceoiicTBy ciena W AETEPMHHAHTa
det exp (Jm, @ I, ® ... ) =
= det(exp Ju, D expJn, @ ...) = det exp Jm, det exp Jp, ... =
=exp (Tr o, + Tt dm, +... ) = exp (T2(Jm, ® I, & ... )),
YTO JOKa3bIBAET paBeHCTBO Uid 000 MaTpHubi A, >

6. Joxazamv, umo ons awboii mampuus A Haiidemcs maxas ynumap-
Has mampuya B, wmo mampuuya A' = B~'AB sesremca eepxnempey20nbHoii
(meopema [lypa).

Pemwenne. [lycts T — Matpuua, npupoasiias 4 K xopaaHoBoil ¢op-
Me (1.e. T'AT sapnsiercs npamod cymmoit xopaaHoBbix knerok (1.15)).
OproroHanusyeM croabust Marpuubl T', ucnonssys npoueaypy Ipamma—
HImuara. TlonyTHO 3aMeTHUM, YTO HPOLIECC OPTOTOHANH3AUMYU 3KBUBAIEHTEH
YMHOXEHHMIO MaTpulbl T Ha HEKOTOPYIO HEBBIPOXIEHHYIO BEPXHETPEyroAb-
Hylo Matpuuy S cnpaBa. Hanpumep, mns toro, utobel K j-My ctonluy
matpuusl T' NpHGaBUTD ee i-i cTonbell, YMHOXEHHbIH Ha o, AOCTATOYHO Ma-
Tpuiy T yMHOXHUTH CMIpaBa Ha MaTpully S’, y KOTOPOil MaTpH4Hble 31EMEHTBI
Sp=1L1=1..,mn, Sfj = a, a ocTajibHbie paBHbl Hymo. Ecin S — Takas
BEPXHETPEYrofibHas MaTpuua, To cronbust T'S ABNAIOTCA OPTOHOPMUPOBAH-
Hoi cHcteMoi 7 BektopoB. CrnegoBatenbHo, U = TS yHutapHa. Martpuua
S™(T-'AT)S smnsiercs 1pOM3BEAEHMEM BEPXHETPEYTONbHBIX MaTpui S~',
T'AT, S. Tloatomy UTAU = (S~'T~!)A(TS) — BepxHeTpeyronbHasi. b

7. Paccmompum mampuyy Q suda

A B
2= (pe):
20e A, B,C — mampuytt n X n, npusem A u C 3pmumossi. [lockonsky
Q# 0l

mo ee colcmeeHHbie 8eKMOpHl yyce He Oyoym OpmocoHaRbHbI OMHOCUMENbHO
OOBIMHO20 CKAAAPHOZO NPOU3BE0EHUR, G e COOCMEBEHHBIE 3HAHEHUR MO2ym He Obimb
gewecmeennsimu. Hycmos mampuya ¥ umeem eud

I, 0
== (6 %)

2de I,— edunuunas n x n mampuua. oxazame, umo
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(a) ecau cobecmeennvitt sexmop e maxoii, umo (e, Le) # 0, mo coomeem-
cmeyiouee cobcmeentoe 3navenue 6euecmeentoe;

(6) das a0bbix deyx cobemeennwix éexkmopoe €, u e, onepamopa 1
ley =Me1, Qey=Aes, A # Ay,

npu (e),Xe,) # 0 u (ez, Xe;) # 0 evinosneno yciosue «obobusennoiiy opmozo-
HaAbHOCMU

(e1, Zeg) = (e1)r(T)ej(er); = 0,
Pemetne. (a) SIBHO NpoBEPAIOTCA COOTHOLUEHUS
=5, o'=xa8 aoz=3a
U3 Qe = Ae ¥ 3pMuTOBOCTH L Cleayer, 4To
(Ze, e) = A(Ze,e), (e, Te) = A'(e, Te).
C yuetom Q'Y = £Q nonyvaem:
(A= A")(e,Ze) =0,

otkyaa nipu (e, Te) # 0 umeeM A = A*.
Pemenne. (6) Ucrionbsyem paseHcTna

(eh E‘Qel) = /\Z(eh E‘32)*) (eh QtzeZ) = AT(eh EeZ)‘
BobiunTas 3TH paBEHCTBa OAHO M3 APYToro 1 ucnonsdys 'Y = TN, nonyyaem:
(A2 = Ai)(e), Tey) = 0.

Mo ycnosuio 3apauv (e;,Xe;) # 0, i = 1,2. IMoatoMy A; — BEILECTBEHHM,
M H3 A} # Xy cnenyer, yto (e, Lep) =0, >

8. Haiimu npoexmop mampuusi

0 0 1
A:(l 0 0)
010

Ha noonpocmMpancmeo, omeedaiouiee cobemeenHoMy 3Hawenuro Ay = 1.

Pemsenne. Hailnem cHauana pe3onbBeHTy:

| A1
Ry, = 51 A A
=20 a0
Toraa npoexTop naetTca MHTErpanoM
Y L1
Pi=— ¢ Rydd=—-ResRy=- |1 1 1| >
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9. floxazams, umo € abom zursbepmosom npocmpancmee EHNOAHAEMCR
HEPAgeHC MO ¢MPEY2OAbHUKGY:

A+ ligl = 11 + gll-

Pemenue. Ecin 0Ha M3 HOPM paBHa HYIO, TO HEPABEHCTBO CTRAHOBUTCH
Toxaectsom. Mycrs {IFHl > 0, llgll > 0. Tak kak Hopma sexrtopa h =
W flig — llgll f HeorpuuaTensHa, nonyyaem

271 -llgh > (£, 9) + (g, ).

Orciona caeayer, YTO

e+ gl = WP +lall + (£, 9) + (g, ) <
S NN+ gt + 2070 - llglt = (1N + Nlgih) .

U3paexan xBanpaTHbLl4 KopeHsb, nonyyaeM TpeGyeMoe HepaBeHCTBO. >

10. Mosunoms Yebuiuesa anpede/:euu cnedyrouium obpasom:

To(z) =

Hoxazams, ymo cemeiicmeo ¢ynxuuu

fa(z) = %(] - a:z)me,,(m) =

f(l Wcos (rarccosz), n=0,1,...,00,

obpa3zyem opmonopmupoeannwii 6asuc ¢ L (—1,1).

Pemenne. Bocnonbayemcs noiHOTOM TpHroHoMeTpuueckoro 6asuca (cm.
Jamauy (a)):

— Z cos (nx)) cos (nzy) = 6(zy — ), 0< 2, < 7.

u=0

CaeaosarenabHo,

memw

e, 4
m (E 2) w(i - yz)—hf‘t Z cos (n arccos ) cos (r arccos y) =
n=0

= (1 - mz)*m(l - yz)”mé(arccosm — arccos ) = 6(z — y).

[Mocaenree paBeHCTBO NOAYYAETCH C NTOMOLLBIO DOPMYALI

b (f(m)) = 6(:; $0)1

!f’( o)l
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rR¢ ¢ — €eAUHCTBEHHOE pewieHWe ypaBHeHHWs f(zg) = 0 B paccmarpuBsa-

eMOM uHTepBane (cM. 3agayy (24)). OpTOHOPMMPOBAHHOCTbL MPOBEpAETCH
HENOCPEACTBEHHBIM BLIYMCIEHHEM MHTETPAIOB. >

11. Mosunome: Spmuma onpedeneni credytomum obpazom:

ad
H,(z) = (-1)"e® pre

Hoxazams, umo ynxyuu
2

= W exp (~%)Hn(-’v)

obpasyiom opmoropmuposannuiii 6azuc ¢ L2(~—00, 4+00).

$u(z)

Pemenne. 3ametum, uto H,(z) — nonnHoM n-it cTeneny no  co crap-
KM yiaeHom 2"z". CxansipHoe rpoH3BeaeHHe

Nom = f dZPn(z)Pm(z) = gnjim'm / dzH, (z)—-——e 2

_ 1 i g d” H
- ,/12n+mn!m_ ze dz™ ,,(:l:)
-0

MIpPH M > 7. pABHO HYJO, HOCKOAbLKY M-A NMPOH3BOAHAA OT JI060ro NoIMHOMA
cTeneHu, MeHbleit m, papHa Hyo. [lpu m = n, yuyutniBas, yTo

a
—Hy(z) = 2"z = 2"n!,
dz" dz"
n BuiuHCaAa MHTerpan [lyaccona, nonyyaem N, = |. Tak Kak m v 1 BXOGAT
CUMMETPUYHO, TO
Nmn = 6mrn

T. €. OPTOHOPMUPOBAHHOCTb I0KA3aHa.

lpu nposepke mMoaHOTH (HeoGxonuMmo# Ans Ga3uca) Bocronb3yemcs
CNeNyIOUIHM PaBEHCTBOM:

+00
da d 2
- ze ™ = ﬁf 2—: (ip)" exp (—% + z'pm) ,
-00

KOTOpPOE MOXHO NONYYuTb NpAMbIM npeobpasoBaHneM Mypbe NeBoil yacTH,
N-KPaTHbIM MHTErPUPOBAHMEM 10 YACTIM U BIITMEM OCTABILICIOCH rayccOBa
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uurerpana. Pan

2 00
Z Pn(T)da(y) = —= exp (3 T yz) Z : ﬂ 6_1:2ﬂ e_y2 =

\/_ 2 = 2'n! dz” dy"
+00
z2 4+ 92 dp P = (ip)® d*
=ex — —— +1 4
"( 2 ) n °"p( 4“”"’)Z Tl dy ©
“o n=0
cyMMHpyetca Kak pan Teiinopa:
[s.¢]
g;;;y—f(y) f(y+a)

TakuMm o6pazom,

00 2 2 +md 2 3 2
3 ta(@)dav) =exp (m wl )/5,1‘: exp (‘%“””" (sze) )=

n=0

—00
+00
xl-y*\ [ dp .
=exp ( 7 ) / 55 P (ip(z—1)) =b(z-v),
—00
4YTO W TpebOBaANOCh HOKA3ATh, >

12. foxazams, umo onepamop

A=cxp (a2
- p adﬂ? )

2de & — Gewecmaennoe wucro, ywumapen ¢ L (—oo, +00).
Pemenne. A QeiiCTBYeT Ha GYHKLHIO f(z) cneayomnm obpasom:
A {(@) = f(z +a).

B 3TOM MOXHO yGennThCsA, panaras B BbipaXkeHHH A f(x) axcnouenTy B pan
W CYMMHpYA nonyduBlIHACA pan Teitnopa ans f(x). Takum obpazom,

(A1,Ag) = [ dzf(z + a)g(z + a) = [ dy ' Wew) = (f,9). »

13. B L*(0, 1) deiicmayem onepamop

d? )
H——d——2+G6 (22—5),
D={f(0)=f1) =0, feL’(0,)}.

Haiumu ezo cnexmp u cobemsennste hyrxuuu npu pazaruunbix 3uaienusx G.
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Pewenne. CobeTseHHbIE QYHKLIMK OonepaTopa — " , obpatsatoniecs B 0
B TOMKE T = ;, ABNKIOTCA COGCTBEHHBIMU U aag H:
4m?x? 2rm

Hpm = —7— Ym=sin——z, m=1,....

Jipyraa cepusi cobcrseHnbix (yHkumit He obpamaerca B 0 npn = = %
M YJIOBAETBOPSET YCIOBKIO CUIMBKH:

l l l

! ]

-+0])~ ——0)=Gy| =

#(340) ¥ (5-0)-o+(3)

nofyyaolieMycst U3 ypaBHeHus Hyp = M) WHTErpHpPOBAHHEM IO MANOMY
WHTEPBANY, BKAIOUAIOIEMY TOYKY T = % Ecnu noactasuthb

. { . l 3
Py =sink,z, T< =, Yup=sinky(l-2z), 2>, A=k,

2 2
TO YCIOBME CUIMBKH [aeT ypaBHeHHEe Ha HabGop k,:

kol
2k, ctg % = ~G.

BeulecTBeHHOMY A COOTBETCTBYIOT KaK BELIECTBEHHbIE, TaK W UYUCTO
MHuMbie k. Tlpn k, € R cywectByer HeckoHeuioe MHOXECTBO PEUICHUM,
OnpelensioNX BTOPYIO CEpHio COGCTBEHHBIX 3HAUEHHWA. LA HccneroBaHus
YUCTO MHUMBIX Ky, CAENaeM MOJCTAHOBKY

k, =1, x€R,

KOTOpast NPUBOAMT K YPABHEHHNID

cth xl _ G
2] w

310 ypaBHEHWE WMeeT peuleHune Juwb npy G < 0 # HauuHag nUlb C He-
KOTOpOro mnoporoporo 3Hauenus |Gl Ileﬁcmmenbno acummomxa NeBoi
wactu npu ¥ — +0 pasHa 3 u npu |G| < 7 dyukuna cth (% ') npoxonut
Be3je Bbillle, YeM 15,—) TOYEK MEepecedeHns HeT, TO ecTh HeT peileHunii. Ecan
IG] > ? TO MpaBast 4acTb YpaBHEHUsl IPU Masbix ¥ Gonbilie, YeM NeBas 4acTb,
2 Ipn GONBIIKHX X HAoOOpOT. 3HAUUT, MMeeTCs O4HA TOYKA MepecedeHts U,
CNedOBATE/IbHO, ONHO OTPHLIATE/IBHOE coﬁcTneHHoe 3HavyeHue A oneparopa H.

3amerun, uto npu G < 0, |G| > 7 MHHHMANBHOE BElIECTBEHHOE 3Haye-
nue k, Gonble, yeM ZT" (ner nepeceyenus runep6onbl ¢ NEPBON KOTAHTEHCO-
101t), TO3TOMY COOTBETCTBYIOWAs eMY () MeeT Hynu Ha unTepsane (0, l)
Mo ocuMNAUHOHHON Teopeme®) 4, He eCTb OCHOBHOE COCTOSIHME, U A = k
He ABAAeTC HAMMEHbIIMM COOCTBEHHbIM 3HauyeHHeM. OcHoBHOe COCTOSIHMC
OMUCBIBAET PELEHHE C OTPHUATENLHBIM A, >

*) Cu.. nanpusep. |74, §21].
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1.7. 3apaum

14. Tycrs A,, ..., A;, — KBagpaTHBIE MaTpPHLibl OMHAKOBOTO pa3Mepa,
Jloka3zaTb, 4TO

Tr(A - Ay-... A)=Tr(4y-... - Ax- A).
15. [lyctb cobcTBeHHbIe 3HAUEHHUA MaTPULLl A pasMepa m X 1 paBHbI
A Az, A,
a I — eavnnyHas martpuua. [loxasats, 4To
det(Z+A)=(1+A)-(0+A)...-(1+ )

16. BuiuncruTh XapakTepucTH4YecK1il MHOTOWIER U coOCTBEHHbIE 3HaYe-

HHUA MATPHULEBE
cosa sina
—sina cosa .
17. Mycrb
p 1 0 ... O
a=|2p 1 0 (L15)
6 00 ... p

- knerka XopnaHa nopsaaka n. Ilokasarb, 4TO AAS BCEX HATYPalbHBLIX T
nMeeT MecTo popMyaa

pm C’Inpm—l C'?npm~2 . Cr’rll— lpm—ﬂ+l

. 0 g C']npm—l . C::"—me—n+2
A"=1%0 0 pm . C:’l‘-—Spm—n+3
6 ...... 0 ......... 0 ................ pm ......

1r¢ GuHOMManbHBIE KODDUUKeHTH CF,, k < m onpeaensiorca dopmynoii

r mm=1)...(m-k+1)
Cn = o )
anpuk>m, Ct =0

18. MNyctb f(A) = @p+a A +... + axA*¥ — HekoTOpHIil MHOTOUNEH OT A.
Jloka3atsb, uto ecnn A — xopaaHosa knetka {1.15) nopaaka n, To

£6) 11B) A170) . Gt Gp)

1 0 10 110 - )

D=1 0 0 10 . G
o 0 0 1(p)
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19. flyers f(A) =ap+ajd + ... +apA™ + ... — GopManbHbii cTe-
HEHHO/ psilil OTHOCHTENbHO MepeMeHHolt A. [loka3aTs, 4yto, NS TOro 4TOOBI
CTEMeHHOM pAll OT MATPHLibt A CXoAMACs, HEOOXONMMMO M JOCTaTO4HO, YTOObI
Kaxnoe coGCTBeHHOe 3HaueHHe p; Matpulbl A ubo HaxoauJIoCh BHYTPH
Kpyra CXOMMMOCTH COOTBETCTBYIOLLErO cTeneHHoro psida f(A), aubo nexano
Ha rpauuile Kpyra cxogMMmoctd. Ecam p; nexur Ha rpaHuue Kpyra cxo-
JMMOCTH, TO TpebyeTcs CXOAMMOCTb psaa, fonyueHHoro (n; — 1)-KpaTHbiM
nudpepenunpoBaHueM psiga f(A), tae n; — MOPANOK XKOPNAHOBOW KIETKH,
oTBeYalouIeH 3HaAYEHHIO p;.

| =
In (m l)’ jz] < L

21. Joka3aThb paBeHCTBa:

20. Haiitu

| £
(a) {—lwowm £ (:1:)

+
©) tim 2—ZE = b(a);
£—+0 ® (SB + £ ) ’
.02 TE di(z)
lim £-——">53=—-—f5";
(s) e—'-To"r(z +¢€%) e

0 i gz oo () =t
(1) = 92 = —s(e);

1 — cos (nz)
—
T

(e) lim = §(x).

n—o0

22. loka3atb, 4TO
l [v ]
I f dp exp (ipz) = &(z).

23. Jloka3aTb, 4TO AN J1060# rnankoil GbyHkuMu f(&) MmeeT MecTo

dé(z —a) dé(z—a) df(z)
f(@) —7— = fla) ——— bz -a) = —
24. Jokasats, 4to ecav f'(a,) # 0, rae {a,} — MHOXecTBO HyjeH

dyukumnn f(z): f(a,) =0, 10

(@) =3 WI«TST 5(z — a).
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25. JJoka3atb, 4TO ABYMEPHYIO §-DYHKIIHIO MOXHO 3aIIMCATh B MOJAPHBIX
KOOP/IHHATaX Ha MIOCKOCTH CJEAYIOUM 06pa3oM:

1

!

ar—r)=pau—r3ﬂ¢—¢y

3neck (r, ¢), (', ¢') — nonspHBIE KOOPAHHATHI TOUEK T, T’ COOTBETCTBEHHO.

26. Joka3aTb, YTO B TPEXMEPHOM CJIyuae

# & 9N\ 4ns
oz2 oyt 52 ) 7 = )
27. TlpoBeputsb, o6pa3yior Au 6a3uc rMaL6EpPTOBA NPOCTPAHCTBA Cledy-
I0IIHE NOCAEA0BATENBHOCTH QYHKUMEA:

(a) B npocrpaHcTee L?(0, ¥) MMeeTcH OpPTOHOPMHPOBaHHas M0C/IE10BA-
TeNbHOCTb hYHKLIM

Jo(z) = \/; (@) = \/gcos (nz), n=1,...,00;

(6) 8 npoctpanctee L(0, 27) uMeeTcs OPTOHOPMUPOBAHHAS MOC/IEAOBA~
1¢JIbHOCTb PYHKIIM I

Inlz) = \/gsin(nz), n=1,...,00.

28. Haiitu no onepatopy L conpsxeHHblit onepatop Lt, a Takxe:

(a) onpenennTsb, KAKUM OTPAHMYEHHMAM AONXHBI YAOBIETBOPATL BYHK-
UMK p, q, T ¥ Ko3bPrLMeHTH a, § B KpaeBoil 3afaue ¢ yCJIOBUSAMMU TUMA
llypma:

Ly =p(z)y" +q9(2)y' + r(z)y, z€lo,1],
aoy(0) + Boy'(0) =0, eyy(1) + Biy'(1) =0,
4100 onepatop L Gbin caMOCOTIPAXEH

(6) nokasarb, 4TO ec/iM rPAHUYHbIE YC/IOBMS HAa 3AMKHYTOM MOBEPXHO-
(1M S UMEKOT BUI
u
ulg =0 wumm -1 =0,
on|g
1€ 11— HOpMalb K MMOBEPXHOCTH, To onepatop Jlarnaca L = A camoconps-
ACH,

(B) BBIACHHUTb, KAKHM OTPaHMYEHMSAM JOIXKHBI YIOBICTBOPATD aij, b, c
orieparopa
2

a
—-—813,'33]' + bi(z) 'é—m“: + ¢(z)

i kpaeBo# 3amade wujg = 0, yro6b1 onepatop L 6bl1 caMOCOMpPSAXKEH.

L = a;(x)
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29. Mpu Kaknx orpaHuueHusX Ha KoaddHumeHTH oneparop LlitypmMa—
Jinysunns

d d
= o (@) o + (@)
C NIMHENHO HE3ABUCHMBIMM KDaCBLIMH YCIOBUAMH
a,y(a) + B,y (@) = 7,3(0) + 6,3’ (0), n=1,2,
ABJISETCH CAMOCOMNPSKEHHbIM Ha OTpe3ke Z € [a, b]?

30. SlsiseTCS M 3PMUTOBLIM OTIEpaTOp MMMYyAbca P = —-},% Ha OTpe3Ke

2 € [0, 27] c rpaHUYHBIMH YCIOBUAMM:
(a) w(0) =u(27)=0;
(6) u(0) = u(2m)?

31. Toka3aTh, 4TO Mt YHHTADHOCTH AOCTATOYHO COXPAHEHMS HOPMBI:
ecau ana moboro y: (Uy,Uy) = (¥, ¥), 10 U yHuTapeH.

32. Moka3aTb, YTO YHHTAPHBIC OTIEPATOPbl OOPA3yIOT rpyniy, T. €. NIPOH3-
BelleHUE YHUTAPHBIX OTEPATOPOB ARIAETCS YHHTAPHBIM onepatopoM. YMeercs
JIH AHAJIOFMYHOE CBOMCTBO LIl 3PMMTOBBIX ONEPaTOpoB?

33. MNoka3aTh ABHO, YTO OTIEpaTOp

e d ) ibz
a— €
P dx

yuutapen B L3(R) npu a,b € R.

34. JlokasaTh paBeHCTBO

d\ _ d\ . .
exp (—aﬁ) e "% exp (aa—;) e = ',

35. MokazaTh ABHO, YTO ONMEPATOP

d2
U= ia —
exXp (za dmz)

yuutapeH B L3(R) npv a € R.

1.8. OTtBeThbl

14. Vxazanue: Vcnonbs3oBarh onpencicHUe ciefa MaTpHll,

15. Ykazanue: CobeTBeHHble 3Hauenus Matpuusl I + A pashbl (1 + Aj),
i=1,...,n

16. M2 —2Xcosa + 1.

17. Vxasanue: Bocnonb3osBaThCst METONOM MaTeMaTHYECKOW MHAYKUMH.
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18.
19.

20.

21.
22.

26.

7.

Ykazanue: Bocnonb3oBaThCa pe3y/bTaTOM MpPEAbIAYLLEHA 3alayuH.

Ykazanue: JlocTaTOYHO J0oKa3aTh TEOPEMY ISl KOPAAHOBOH KIETKM, TaK
kak f(TAT ') = Tf(A)T~'. Ans 3Toro BOCNOMAB3YEMCH PE3YNLTATOM
3anaun 17.

Yxazanue: BoIYMCIWUTL CHayana pe3oJibBeHTY Ry

1 1-A -z
R*:(A—l)Z—aﬂ( = I-A)

M BOCMOABL3OBaThCsl 0B606HieHneM ¢opmyny Kowru ans matpuu. B pe-
3y/ibTaTe NMPUXOAMM K OTBETY

I {In{1-2%) In{E
Py 1+ n |-
2 In = In(1 - z?)
Yxazanue: Ucnonbs3osars onpejeneHue §-GyHKUUN.

Yxazanue: PaccMoTpeTh HHTETPAN B AeBOH yacTH Kak npeden npu ¢ — +0

abCOMIOTHO CXOsIIerocs HHTErpaia
l oG
lim — | d ipx — aipl) = 8(x).
Jim o | dp exp (ipz — alpl) = &(z)

—00

. Yxazanue: cnonp3osath onpeneieHHe Npon3BoaHoit §-byHKLUNH.
24.
28.

Vxazanue: Ucnions3opath onpefieieHHe §-QyHKIHUH,

Yxazanue: Paccmotpers murerpan [ dr or ofenx uacteil paBeHCTBa
B NOJAPHBIX KOOPAHHATAX.

Yxazanue: 3anucath nanjacuad B chepUuecKUX KOOPAMHATAX W B3ATh
unterpan [ dr or obenx yacTeil paBeHCTBa.

(a) Ykazanue: Cymmy

i cos (nz) cos (ny)

n=1

HAd0 BbIYMCAATH KakK npeaen npyu o — +0 aGcomoTHO cxoasiierocs pana

i exp {—an) cos (nz) cos (ny).

n=1
O6pa3syer.
(6) He ofGpasyer. basuc obpasyeT nosHblit Habop

{\E sin (nz), \/; cos (nz)} .

PainoxeHue no 3toMy 6asucy — pan Oypbe nanHol GyHKUMH.

28 Ihaga 1. Jlunelinsie onepamopo

da;;

28. (8) a;; = aj;, b; = —2.

( ) 1) '] 1 32}1
29. g(a) (7162 — 1281) = q(b) (@18, — @afB) .
B yactHocTH, nonyyalorcs Kpaeble 3agaun 1, 11, 111 poaa v nepuoauye-
cKas KpaeBas 3aiaya:
1° y(a) = y(b) =0,
2 y'(a) =y'(¥) =0,
3° nuHeiinas koMGuHaums 1° u 2°,
4 y(a) = y(b), ¥'(a) = ¥ (b), g(a) = q(b).
30. (a) Her.
(6) da.

31. Ykazanue: s MoGBIX % M ¥ MO YCAOBUIO COXPaHAETCS HOPMA JIHHERHOM
KOMOMHAUMH Au + pv, T1€ A U 4 — MPOH3BO/IbHbIC KOMILJICKCHbIE YHCNA
(cm. 3apauy 1),

33. Ykazanue: TloaeitcTBoBaTh OMEPaTOPOM Ha MAPOU3BOJIBHYIO (YHKIHIO
f(z), npoBepUTb COXpaHEHUE HOPMBI, U BOCTIONL3OBATLCS PE3YALTATOM
npesiayilei 3anaum.

34. Vkasanue: PaccMoTpeTh AeiicTBHE JIEBOM 4aCTH HA NMPOU3BOJIbHYIO QYHK-
uuio f(z).

35. Ykazanue: Nokazatb pasencrso (U f,U f) = (f, ), ucnons3ys npencra-

BieHne pyHkuun f(z) B Buae unterpana Pypee,
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MeToA xapaKTepuUCTUK

2.1. OaHopoaHbie u HEORHOPOAHDIE ANHEHHBIE YPABHEHHUA
B YaCTHbIX NPOU3BOAHDbIX

YpasHenue
Ou du du ou
a—=a —+a— +... +ap— =0 2.1
oz ox, 0z " 8z, ’ (
tie BeKTOp @ = (@y,...,@,) U HEH3BECTHAsA GYHKUHS u(r) 3aBUCAT TONb-
%4 OT N NEPEMEHHBIX £ = (T, ..., Ty), HA3LIBACTCA OOHOPOOHBM AUHEHHbIM

Y/XIANEHUEM 8 HaCMHBIX Npou3odHbiX nepeo2o nopadka. BpeneM napametp i, 3a-
"MCUMOCTB OT KOToporo ¢dyHKumi 2;(t) 3anaeTcs cHCTEMOI 1 06bIKHOBEHHbIX
trhepeHUHMANBHBIX YpaBHEHHH NEPBOTO MoOpsaKa:

dz; .
Fti=a,-(a:), i=12,...,n (2.2)
lanas cHCTeMa Ha3biBaeTCH ypaswenusmu xapaxmepucmux. J1:06oi nepsblit
wiicrpan cucreMsi (2.2), T.e. dynkuua F(x), ana Kotopoi
dF
at
1 1akxe npoussoanHas ¢yHxkuus g(F, ..., Fi) OT nepBbiX MHTErpajioB CH-
«1cMbl OGBIKHOBEHHBIX AnGdepeHUManbHbiX ypaBHeHuit (2.2) sipisieTca pe-
HICHMCM YPABHEHHS B YaCTHBIX NPoM3BoAHbIX (2.1). AelicTBUTEnBHO, NpsiMas
HOCTAHOBKA ¥ = ¢ B (2.1) TIPUBOAKMT K LieNoYKe paBeHCTB
du 8g OF; dx; 8g OF; dF; 8g
¢ ¢, — — =" ———————— = —— — =
8z ' OF; 8z; dt 8F; 8x;  dt OF;
! i€ N0 NOBTOPSIOWMMCS HWHAEKCaM NOAPA3yMeBaeTCA CYMMHPOBAHHE.
ABTOHOMHaAl CHCTEMa (2.2) HMeeT n— | NepBblit HHTErpan, He 3aBUCA LU

o1 ¢ Pelenue
u(m) = g(F|($), ree )Fn—l(m)) (23)

n PMAC NPOH3BOALHOM QYHKLMH OT BCEX MEPBLIX MHTEIPANOB HA3LIBaeTCA 06-
weiuM petenuem (06ujum unmezpasom) ypasHering (2.1), 3aecs pyHxumsa g npea-
NONATAETCSA ABAXAL HenpepbiBHO AudipeperipyeMoii. (Huxe Mbl s KpaT-
»OUTH He 6yJeM YTOYHATH TpeGoBaHHs MIaIKOCTH BCTpeyaoluxesa QyHKImii.)

0,
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YpasHenue (2.1) HUMeEET MpPOCTYIO TEOMETPHYECKYIO HWHTEpIIPETALIHIO.
Cunrtas ko3¢hduUMeHTD! a(Z) KOMITOHEHTAMH BEKTOPA B 71-MEPHOM IIPOCTPAH-
cTBe, ypasHeHue (2.1) 03HauaeT PABEHCTBO HY/MO NPOWU3BOAHON BYHKUMU U
BIONL HanpaB/JeHUs BeKTopa a. TakMM o6pa3oM, pelieHHe ypaBHEHHUSI METO-
IIOM XapakTepUCTUK CBOAMTCS K BOCCTAHOBIEHHIO MHTErpajibHbIX KpHBLIX I
MO KacaTe/JbHbIM K HUM BEKTOPaM @, 3aJlaHHbIM B KaX10it Touke . Bnonb Ta-
KMX KpUBbIX peletne u(z) nocrosHHo. Ecan nepefiTH B OKPECTHOCTH TOUKH
HeocoObiM rpeoGpa3oBaHiMeM® K HOBOH CHCTEME KOOpPAMHAT

T7FI,F2)"-;F'H-I;

fle 7 — mnapaMeTp BAOJAb MHTEIPaJibHOM KpPHBO#M (XapaKTepUCTHKH), TO

ypaBHEHUE B 3TOH cUCTEME mnpuobperact Bui z—‘r‘ = 0, a OOIIMM pelICHHEM
6yaer npousBonbHas dyHkuus n — | KkoopauHat Fy, Fy, ..., F,,_, — nepBbIX
MHTErPaOB ypaBHEHHIA XapakTepucTHK (2.2).

lTpumep: Haiinem xapakTepUCTMKH ONHOPOAHOIO YpaBHEHUS
du + ou
oz "”ay -

YpasHeHust xapakTepuctuk & = I, § = y uMelor pewenne (z(t) =t + Cy,
y(t) = Cye') v onuH nepsbifi MHTerpan

0.

T

F(z,y) = ye~ " = const,

nosromy w(@,y) = g{ye*), 15—y
Tae g -— nNpou3BoJbHas ¢yH-
KLus, ecTh obulee pewenuve. Ha
puc. 2.1 nzobpaxentl xapakrepu- 10
CTHKH — JIMHUW YpOBHA (yH-
Kuuu g. Ctpenkamy ofo3HayeHbi 5|
HanpaBJEHWUS! KacaTeJibHbIX BeK-
TopoB ¢ = (l,y) K WHTerpaib-
HbIM KpuBbIM. CaMu uHTerpaab- 0 0,5 1 LS 2 25 3
Hble KpHBbIE Yy = const - e* noka- z
3aHbl CTUIOMIHBIMY AUHUAMHU. Pe- Puc.2.1. UnTerpanbHbie KpuBbie W KacaTelb-
WeHMe ONHOPOAHOTO JHHEAHOro HbE BEKTOPHI K HAM ISl YPAaBHEHHA §f = Y
YPaBHEHUA [TOCTOAHHO BIONb XapaKTEPHUCTUK.

3adaua Kowwu craButcs K ypastenuio (2.1) cneayiomnm obpasom: Tpeby-
eTcst HAaTH pellleHne u(z) ypaBHEHUs, YIOBAETBOPSIOLIEE HAUANbHOM YCAOSUAM

w(T);e5 = f(@o), (2.4)

rie § — HEKOTOpas TMMEpPNOBepXHOCTb (pasMepHoctH n — 1), f(zp) — 3a-
IaHHAA PYHKLUHMA «HAYalbHBIX» NepeMEeHHbIX To. 3amada Komu oaHo3HauHO

* Ocoboi mouxoir npeoGpaionanna Ha3biBAETCA TOYKA, B KOTOpO# o0patiaeTtcs B Hy/b AKOGHAH
Nr.F,Fr..... Fu-1)
Nryp.ry,....rpy
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patspelIiMa No KpaiHei Mepe B HEKOTOPO# OKPECTHOCTH HayanbHOM rumnepro-

nepxHOCTH S, ecan S He KacaeTcsl XapaktepucTvk. PeuieHue ypaBHeHH#t a8

vupakTepucTHK (2.2) ¢ HavanbHbIMU yoiaoBuamH (2.4) © = (g, t) npeacra-

wineT coboit 3aMeHy rnepeMeHHbIX. B 3TOM cMbIC/ie METOA XapaKTEPUCTHK €CTb

NC YTO HHOE, KaK TIPUMEHEHWE BIIONHE ONpEAEACHHOH 3aMEHbI NEPEMEHHBIX.

B ToM ciiydae, Korma yaaeTcs nofyuuTs obiuee peuieHue (2.3), 3ama-

vy KOWMW MOXHO TaKkKe peluTh, Haxons ¢yHkuuo g(F) M3 HA4aIbHOFO
yenonus (2.4).

Heoduopodnoe nuueiinoe ypaBHeHHe

ou

@ dr

tne b(z) — 3amaHHas GYHKUWA, UMeeT, KaK 0ObIYHO A1A JIMHEHHBIX ypas-

HeMni, peLieHHe B Bide CyMMbl obmero peuenus (2.3) oJHOpoORHOrO ypas-

nenust (2.1) M YaCTHOrO pelIeHUA HEORHOPOAHOTO YPaBHEHHS (2.5). Urobhi

nal M mocaeaHee, yaoGHee TepeiiTH Ha XxapakTepuMcTHKH z(t), Torda nepas
wacth (2.5) nepenuuiercs B BUIE HOAHOH NPOU3BOAHONA

du Ou du’
a— = t— = — = b(z(t)).

az ox dt

Waunt, GyHkuus b (z(t)) ecTb NpoM3BOAHAA NO «BPEMEHN» ¢ IPH ABHXKEHUM
WLO/Ib XapaKTEPMCTUKH, OTKYAA MOJNyYaeM MCKOMOE YacTHOE pelleHHe

Uinh = f b(z(r)) dr.

ty

b, (2.5)

# OTAMYKE OT PEHICHMA ONHOPOJHOrO YpaBHEHUS, 5T0 PellieHHE yXKe He Mo-
 TONHHO BAOJIb XapaKTepHCTHKH [

2.2. KsasunuHenHble ypaBHEHNA B YaCTHbIX NPOU3BOAHBIX

Ecau ko3 duumenTsl a u b ypasHeHus (2.5) 3aBUCAT He TONBKO OT KO-
OpPAMHAT &, HO M OT HcKomol dyHKuud u(z): e = a(z,u), b = b(z,u),
10 ypaBHEHME HA3bIBAETCH Kedazutunelinoim. K KBa3WINHEHHOMY ypaBHEHMIO
1AKKC NPUMEHUM MeTol XapakTepucTuK. ONHAX0 ero pelieHHe yXe He eCTb
( YMMa pelieHuit 0OAHOPOAHOTO U HEOAHOPOIHOIO ypaBHeHHWi. EnMHCTBEHHAA
MOIMDHUKALUA METOJA XapaKTEPUCTHK AJIA KBa3HWIWHEHHOIO YPaBHEHUA —
pACIIUPEHME TIPOCTPAHCTBA, B KOTOPOM MIMYTCH HHTErpaibHbie KpuBbie I
Kpome n KOOpAKHAT T;, ¢ = 1,.,., n sBeaeM n + -0 koopauHaty u. B pac-
WHPCHHOM MPOCTPAHCTBE BAOAL XapaKTEPUCTUK & = a(Z, u) ypaBHeHue (2.5)
( BOANTCA K OOBIKHOBEHHOMY. B pe3ynbTaTte nmostyyaem CHCTEMY OOBIKHOBEH-
nix nuddepeHtHaNbHLIX YPaBHEHHMIT NEPBOro nopaaka Ha QYHKUHW Z;, U

o1 napameTtpa i:
z; = a;(z, u),
{ = b(ft, 1;,). (2.6)
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Obuwiee peiieHne u KBA3WIHHEHHOTO YPaBHEHH: NaeTC HESIBHO ypaBHEHHEM
Q(FHFZ}'”)FR) ““‘"0:
rle g — NPou3BObHaA (YHKUHA 1 NEPBLIX HHTerpanos F, ypasuenuii (2.6).

fipumep: Hafinem pewienne ypasHeHns Xonda

du + du 0
P WU =
ot F;
ONMUCHIBAIOUIErO OAHOMEPHOE TeucHHE o6aKa HEB3aMMOACHCTBYIOIIMX Tibi-
NMHOK {4 MMEEeM CMbICH CKOPOCTH MbiNH). YpaBHEHHE JUIA XApaKiepHCTHKM
HMEET BHL
E=u,

a ypaBHEHHE Ha XapaKTepHCTHKe
4 =0
C HAYATBHBIMH YCIOBHAMH
Tli=o = Ty, lt=0 = ue(Z).

Orciona HaxoauM, uto GyHKUKA & = ug{To)t + Zp 3a1aeT HEABHO IABHCHMOCTD
Ty = To(x,l), NPU MONCTAHOBKH KOTOPOH B u = uy(Tg) AT MCKOMOE
peienye 3agauy Kowmu nna ypasnenus Xondga. B vessHoM BHae

u = up{x — ut). (2.7)

flycto npn ¢t = 0 u(z, 0) = up(1 — th z). Pewrenue 3ankcHIBaeTCs B HESIBHOM
BUAE: U = uo[l -~ th(z ~ ut)]. Orclona yacTHas NPOH3BOAHAA PEWIEHMSA NO T
pasHa:

T —
" ch?f — ugt

BuaHo, uto npu ¢ < £* = - pewe-
u(r.t) HHe oaHosHayHo. IMpu ¢ — * mpo-
HU3BOAHAA U, CTPEMMUTCS K BeckoHed-
.................................................... HoctH npH § = z — ut = 0 — npo-
UCXORUT onpokudeiéanue Bonwbl. Pe-
UIEHWEe CTAHOBHUTCH HEOAHO3HAYHBIM
npu ¢t > t*. TlpuuyHa ONpPOKKILI-
BAHHA COCTOMT B TOM, 4TO ObiCTpbie
TIBIAMHKY JOTOHAIOT MELIEHHbIE, YTO
NPUBOAUT K YKPYUCHMIO npoduns
Bonubl. [lnoTHocTh nbinuHoOK n(z, t),
onpenenseMasl U3 YpaBHEHHUs Henpe-
PbIBHOCTH 7y + %(nu) = (, MOXeT

T
Puc. 2.2, «ONpoKnAbIBaHHE» pEILCHUS
ypasreHus Xonda (8 > t; > 1))
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ObITH ABHO HailaeHa uepe3 HayaNbHYIO IUIOTHOCTBE W AKOOMaH 1peobpasoBa-
uusa z = z(zg, t):
n(a, ) = 20420)

a2 |
B momeHT BpeMeHu t = t* mioTHOCTE OoOpallaeTcs B 6ECKOHEYHOCTb B TOUKE
onpokuabiBaHua £ = 0.

TMosineHue GeckoOHEYHOH NPOU3BOAHON B NpodHie CKOPOCTH, a Takxke
obpauteHHe NJIOTHOCTH B TOYKE ONPOKUABLIBAHUA B 6eCKOHEYHOCTh 03HayaeT,
4yTO B OKpecTHOCTH t = t* ¢pusnueckas Moneilb — ypaBHeHue Xonda —
TepseT CBOIO IPUMEHHMOCTD.

2.3. Cuctemb! ypaBHEHHA B YACTHLIX NPOHU3BOAHBIX
MerToi XapaKTEPHCTHK B HEKOTOPBIX CAy4asgX MOXHO OGOOIIHTH Ha CH-

cTeMbI U3 M ypaBHEHHWiA Ha m pyHkuuit u;. Ecan nepeMeHHBIX BCero Ase,
u {, To cHcTeMa JIWHERHBIX yPaBHEHU T UMeeT BHA

Au; + Bu, = f, (28)
rae A(z,t), B(z,t) — marpuubl nopsaka m, u(x,t) — BexkTop-cTONGEU
HeHu3BecTHRIX ¢yHxkuuit, a f(z,t) — BekTop-cTonGen 3anaHHEIX MpaBbIX
yacreit pasmepHocTH m. Ecim w — peuteHHe CUCTEMbl, TO NpHpalleHse
GYHKUMH % NPU CMEUIEHUH Ha GecKOoHeYHO Manbiit BekTop (di, dz) cocrannser

du = udt + u,de. (2.9)

3nas nuddepeHunan du, MBI MOXKEM HAWTH TPON3BOAHBIE U W Uz U3 CHC-
TeMbl 2m JWHelHbIX ypasHeHuit (2.8), (2.9). Onnaxo paspelinTb cHCTEMY
MIPH NPON3BOJILHOM NPaBOil YaCTH HEJb3d, €CJIM €€ onpenennTeb obpailaercs
B HYJb:

A B

Edt Ede|= % (2.10)

me E — eavHnuHas Marpuua nopsuka m. [eiicreutenpHoie peleHus z(t)
06LIKHOBeHHOTO nudbepeHUMaIbHOTO ypaBHeHHs (2.10) Ha3biBalOTCA Xapak-
TEPUCTHKAMH cHcTeMbl (2.8).

YpaeHenue (2.10) npencrasisier coGoil MONMHOM CTEMEHH M OTHOCH-
TebHO MPOU3BONHBIX ‘ft—f. Ecivm = 2, a NOMHOM HMEET 482 N€HCTBUTENbHBIX
KOpH$1, To cucteMa (2.8) HasbiBaeTCs cHcTeMO#t 2unepBoruveckozo Tuna. Ecamn
Xe DeHCTBUTENIbHBIX pelleHUi HeT, cucTteMa (2.8) oTHOCHTCA K 3aaunmuuec-
xomy TUny. [TpoMeXyTOUuHbIii ciyyaii, B KoTOpoM (2.8) HMeeT BBIPOXIEHHbiM
KOpEHb, OTHOCUTCH K napaboiuveckomy THIY.

I runepGonuyeckux CHCTEM C ABYMS nepeMeHHbIMU (Z,1) MOXHO
UCTIO/b30BaTh METON XapakTepHcTHK. Pewenne cuctembul (2.8), (2.9) cyue-
CTBYET HA XapakTEPUCTHUKaX, TOJbKO E€CAW PaHI MaTpHLIbi CHUCTEMbI paBeH
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PaHry paciuupeHHOH MATPHL B

A B \_ A B |f
rank (Edt Edz )—“"“‘ (Edt Eds du)' @1

D70 PaBEeHCTBO HA3bIBAETCA COOMHGIERUAMY HA Xapakmepucmuxax, OHO JONX-
HO BBINOJIHATCSA IPY IBUXEHUH B0/ XapakTepucTHK. Gopmysnst (2.10), (2.11)
MOTYT ObiTh IPUMEHUMbI HE TOXBKO K AMHEAHLIM, HO M KBAIUIAHHEHHLIM -
1epOOAMUECKUM CHCTEMAM.

flpumep: YpaBHeHHA ABMXKEHNS OAHOMEPHOIO GapoTponHoro rasa

8 8 v v c? dp
—8—£+§;(m})—o, ?§t_+v£~—; oz’ (2.12)

/4
rae c = 35; — CKOPOCTb 3BYKa, P, p ¥ U — [aBACHHE, TIOTHOCTH M CKOPOCTh
rasa. [lns atoit xBa3suAnHEHHOR OAHOPOAHOMN CHCTEMDI

w=(2) 2=(39). 5=(22).

®opmysa (2.10) no3BonsieT HallTH YPaBHEHMA XapaKTEPHCTHK
t=uvte, (2.13)

a (2.11) — coornowenus dv + ‘—‘;“5 = 0. HnTerpasinl cooTHomeHH Ha Xapak-
TEPHUCTHKAX, B JAHHOM TpHMEpPE
Jo=vz [ £% (2.14)
p
Ha3biBaIOTCA ungapuarumamu Pumana. Ha wnBapnantsl Ji 13 (2.12) caenyior
ypaBHEHUs
aJ. aJ, aJ. 8J.
-b;t—+(v+c)—5;— =0, -Biw+(v~c)~5;~ =0.

Hyas B npasoit uacTu o3Hauyaer coxpaneHue HHBapuaHToB Pumana Bions
xapakrepuctuk. Haitti ofiiee peuwieHne 31oil CHCTEMBI He yaaeTcs, NOCKOb-
KY ¢ W ¢ BHpaXaloTCs Kak uepes J,, Tak ¥ uyepes J_. OpHaKko B YacTHOM
crlyyae, KOTAa OAMH W3 MHBApMaHTOB (Hanpumep, J.) He 3aBHCHT OT KO-
OpJHHATHE (HanpUMepP, B CHY Ha4YalbHBLIX YCNOBHH), TOTA OH HE 3aBUCHT
H OT BpCMEHM B CHJIY BTOpOTO YpaBHeHusi. OCTaeTcs OfHO KBalwiMHER-
Hoe ypasHenue ana J,, pelieHue KOTOporo MOXHO Hadt. Takoe pemieHue
Ha3LBaeTCa npocmoii goanoii Pumana.

IoHATHE XapaKTePUCTHK MOXHO OBOBILMTL M HA HEKOTOPLIE CHUCTEMBI
N HEKRHBIX ypaBHEHH I B YaCTHBIX MPOU3BOINHBIX C YHCJIOM NePEMEHHBIX, 60J1b-
UM OBYX. XapakTePHCTHKH TAKHX CHCTEM CYThb MOBEPXHOCTH MW TMIEpPHO-
BEPXHOCTH, TAKHE, YTO YACTHLIE NPOM3BOAHBIE OT PEHICHKA B HATNPABICHMSAX,
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OPTOrOHANBHBIX 3THUM HOBEPXHOCTAM, HE MOryT ObiTh BHIpAXEHB! Hepe3 Ha-
yanbHble faHHble Kouwiu Ha HUX, 38 3HAUUT, He MOXET OLiTh HallAcHO U caMo
peleHue.

PacemoTpuM CHCTEMY m YpaBHeHHI Ha QYHKUUEM OT 1 + | nepeMeHHoil:

ty fi
Aﬂg—%Biﬂzi-}—... +Bn'll;‘~"'-f, U = : , J= : s (2.!5)
Um S
rae A, B; — wmarpuus nopsaka m. TlycTe KpacBbie YCAOBUSA 3ajaloTcs
Ha runepnosepxHoctv ¢(f, zy,...,%Ty) = 0 B % + |-MepHOM nNpocTpaHCTBE.
Baegem B npoctpaHctse (i, Z,,...,&%,) HOBbe KoopAMHaTH. B KauecTBe
onHoO#l KoopauHathl Bo3bMeM QYHKHMIO ¢ a octanbHbie ay(l, Ty, ..., &y), ...y
an(t, zy, ..., Tn) OTPAHHYEHB! TO/ILKO YCJAOBHMEM HEPABEHCTBA HYNIO IKOOHAHA
npeobpazopaHun;
D(qs’ah-“ aan) ¢0
D(ti Eyy - 3mn)
Cuctema (2.15) 3anuiieTca B HOBBIX IEPEMEHHBIX B BUAE
= du
(A¢‘+23s‘¢z.~)55+-~ =1, (2.16)
i=t

rae ToYKaMK 0D03HAYEHBI CAaraeMble, HE COAepXallue %g. Cucremy (2.16)
HEAbL3A paspelliuTh OTHOCHTCABHO g%, €CAn oﬁpamaeTcxi B HYJ1b ONPEACHHATCD

|Ag: + Bigs, +... + B, | =0. (2.17)

Xapaxmepucmuku s (2.15) onpenensiorcs Kak NOBEPXHOCTH YPOBHA
pelieHM HeNHHEAHOTO YPaBHEHNA B YaCTHBIX rpoM3soaHbix (2.17). Bexrop
rpanueHTa 310l byHKuny (¢, @;,, ..., $;, ), OPTOTOHANLHBIN XapaKTEPHCTH-
YeCKHM HNOBEPXHOCTSM, Ha3blBAETCS XAPAKMEpPUCmMuvecKoil HopMablo.

HetansHoe M3N0XeHUE TEOPUH THHEHHLIX ¥ KBA3WIHHEHHbIX ypaBHEHUH
B YACTHBIX TPOM3BOIHBIX MOXHO HaiTH B Kuurax [Apu97, ApH84, ApH78,
Tpu57, Met61, Kyp64, KI'51].

2.4. NMpumepsbi

36. Haiimu u uzobpasums wa naockocmu (x, y) xapaxmepucmuxu caedyio-
Wjux 0OHOPOOHBIX YDPaBHEHUI:

fu ,0u

S P
du Bu

© 25 ¥ =0
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(8) Yy=—— —x— =0.

Haiimu obwue pewenus u nposepums ux npamoii nodcmanosxoi.
Pewsenve. (a) Beesem napamerp ¢ u BhinMiem YPaBHCHHMA XapaKTep-
CTHK:
dz dy 2
- = lr =Y
dt dt
Hx peuienye

I
) =t-t, yit)=_ —
t-t,
3a[acT MapaMETPUYECKH CeMEHCTBO XapaKTEPHCTHK Ha TLIOCKOCTH (Z, y). OHK
H300paxeHbl Ha pHC. 2.3. YpaBHEHHS XapaKTEPUCTUK HMEIOT OIMH NepBbli

MHTErpan

1
Fz,yy==z— v = const .
Moatomy w(z, y) = g{z - 5), rle g — NMpoM3Bo/ibHas GYHKIMSA, ecThb obilee

PELICHHE, ﬂCﬁCTBMTeJleO, BbIYHCIISASl TIEPBbI€ NMPOH3BOAHLIC

du(z,y) _ , Odu(z,y) |1
oz 9 oy

!
?

BHUIHM, YTO YpaBHCHHE MpPEBPALIAETCA B TOXACCTBO NPH M060i byHKLUHH g.

T
y(z) y(z)
6
4
2
Y e
-2
—4
- —-6
-10 -5 0 5 10 -10 -5 0 5 10
T T
Puc. 2.3, Cemeiicteo xapaktepuctuk  Pue. 2.4. CeMeiicTso XapPaKTEPHUCTHK
B 3anaue 36(a) ( — const = ~5; B 3anawe 36(6) ( — const = O;
- const = 0; --- const = 35) - const = — 1}

Pewenne. (6) Peuienue ypaBHeHuit xapakTepucTHk

x-—-C[e', y=C2e—‘
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1a72€T NAPAMETPUYECKHU CEMEHCTBO XapaKTePUCTHK Ha IIOCKOCTH (Z, ). OHu
n3obpaxeHsl Ha puc. 2.4. Obuiee peileHHE HMEET BUA

u(z, ) = g(zy).
Pemenne. (8) Bseaem napamertp { ¥ BhNuLieM

YpaBHEHHS XapaKTEPHCTHK: y(z)|
dz dy
—Jt— =Y ‘E{ =
Hx peiucHue e

z(t) = Asin(t — t;), y(t)= Acos(t—1¢,)

3aJaeT NapaMeTPMYCCKM CEMEHCTBO XapakTepH-
CTHK Ha MAOCKOCTH (2, YY) (OKPYXHOCTH), KOTOpbIE
n300paxeHbl HA pUC. 2.5. YpasHeHus XapakTepu-
CTHK WMEIOT OiHH NepBLIf MHTerpan

Puc. 2.5. CemeiicTeo xa-
paKTepuCTHK B 3asaue 36 (s)

Fz,y)=2"+ ¥’ = const,

noatomy u(z, y) = g(z? + y*), rae g — npoussonsHas GyHKumMs, ecTh obliee
pelesme. »

37. Pewums 3adauy Kowu

du _ 0u #(0, y) = cos
ax - yay ' Y = v
Pewenne. YpaBHEHUA XapakTePUCTHK & = 1, § = —y HMEIOT pelleHue

(z(t) =t - t;, y(t) = exp(—t + t;} ) v onvH nepsbiil HHTETPaN

F(z,y) = ye* = const .
IMoaTomy

u(z,y) = g(y exp (),
rae ¢ — npoussonbHas GyHxkuus, ectb obuiee pewenue. [lpamas z = {,
Ha KOTOpOil 3aJaHbl TPAHUYHBIE YCAOBMA, HE KacaeTcsi XapaKTEPHCTHK (y =
exp (—z+xy)). Noaromy, noactaniss obiiee PELLICHHE B IPAHUYHBIC YCIIOBHA,
HalifeM yacTHbi Bua dyHKUMN ¢ 1aa 3azaun Kown:

u(0, y) = g(y) = cos (y).
Orkyaa ulz, y) = cos (y exp (2)). >

38. Pewums 3adauy Kowu 04a ypasnenus 36 (8) npu u(l,y) =

Pemenne, flpamas z = |, Ha KoTOpoil 3ajaHbl FPAHUMHBIC YCHIOBUS,
kacaercs B Touke (I,0) XapaKTepHCTMKM, 3aaBaemoii ypaBHeHHeM 2 +
y? = | (cm. pewsenue 3anaun 36 (8) u puc. 2.5). To ectb, peuieHus 3anaum
Komu MoxeT He cyuiecTBoBaTh. OfHAKO, C HALUMMM FPAHUYHBLIMH YCIOBHAMK
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peuieHue 3anaud Kowu cymectpyer. B 3ToM HeTpynHo yGeaAuThCs, NOICTABHB
obulee peurenve 3aaa4d 36 (B) B rpaHUUHBIE YCIOBHS.

w(l,y) =g(l+9") =y’, orkyma g(z)=z-1

B pesynetate u(z,y) = g(2? + ¥?) = 2% + y* — 1. D10 peLieHne ONpeseseHo
M eMHCTBEHHO BHE eAMHNYHOTO Kpyra 2 + 32 > |. BHyTpH Kpyra peuieHHeM
3afauu ABNSETCS MPOM3BOABHaAA AudbdepeHMpyeMast QYHKLUMA TepeMeHHOM
£ = z? 4+ y?, paBHast HYJIO HAa OKPYXHOCTH €IMHHYHOTO paanyca.

3amevanne. Pemienue 3anaun BHe Kpyra Haiunoch 6aaronaps CUMMETPUM rpa-
HUYHBIX YCAOBHIt OTHOCHTENLHO NpeobpasosaHua y — —y. Tak, 3anaya Kowu
npu u(l,y) = y yXe He MMeeT [NAaLKOro pPeLIeHUs Ha BCEH MUIOCKOCTH. >

39. Moxazame, umo ypaguenus xapaxmepucmux 6eccmoAKHOGUMEAbHOZO
KuHemu4eckozo ypaeHenus (ypasrenus ./Iuyaumm)

af  of af

= 4 v-—-~ +elEB+~-|vxH =0

ot ( * [ ]) op

0aa ¢ynkyuu pacnpedenenusn 3apaxcennvix yacmuy f = f(p,r,t) ¢ gazosom
npocmpancmee co6nacaron ¢ ypasHenusMu OBUNCEHUS HACMUY 8 3AEKMPUHECKOM
U MA2HUMHOM ROAAX.

Pewenne, Cunrasi { napaMeTpoM, NOAyYacM YpaBHECHUSA XapaKTePHCTHK
. vx H
t=1, r=v, p=e<E+v[---E-!),

KOTOpbI€ COBMNAAawT ¢ YpaBHCHUAMM JABHUXCHUA HYacTHLL B CKPEUICHHBIX
MoJfAXx. >

40. IToxaszames, umo daa ypaenenun Juysunan

Y vwmn=

20e H — ¢yuxyun I’a.uwrbmona, a {,} — cxobxu IHyaccona, ypaeHeHuamu
xapaxmepucmux sgasomcs ypasnenus famusomona.

Pemenue. BcnoMuHas onpeneneHue ckobok [yaccoHa, nepenuiueM ypas-
HCHHUE ﬂuynmum B BHEC

df OH 8f OH df _

3 “ap or or op

TNo3ToMy ypaBHEHHsl XapaKTEPHCTHK

)
~ ap’ P="%
COBMANAIOT C YpaBHEeHUAMYU [AMUILTOHA. >
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41. Pewums 3adauy Kowu 0nn neodnopodnoeo ypaexenun
du du
oz "oy

Pewrenne. O6uiee pellicHne OAHOPOIHOIO YPaBHEHHA HOAYYEHO B 3aia-

ue 37: u(z, y) = g(ye®). YacTHoe pemieHNE HEOAHOPORHONO YPaBHEH U
du dz dy
@ a T a T
UMeEET BHIL
1 t

z/d'ry('r)z/drexp(—~'r+tz)=~exp(—t+t2)+c| =¢ — Y,

rae ¢; NOCTOSHHO BAOJb XapakTepucTuk. TToNHOe pemeHne ARISETCA HX CYM-
woli: u(z,y) = g(y exp(z)) — y. (MocTosHuan ¢, BmOYeHa B GYHKUUIO g.)
MoacTannsn €10 B TPaHU4HbBIE YCAOBHA, HAXOAUM

u(0,y) = g(y) —y=sin(y), orkyma g{z) =sin(2) + 2,

=y, u(0,y)=siny.

u — yuy = y(t) = exp (-t + ),

H u(z,y) =sin (yexp (z)) +yexp(z) — . >
42. Haiimu obuee pewenue ypasnenus
du o 8u
— =0
25 " Vay +2(2% + %) — 3

u pewums 3adavy Kowu npu u(z,y, Z)‘$z+y2__.; =1 -z ¢ obnacmu ¢ + y* > 1,

Pemenne. B cuny cuMMmeTpHy 3anaus, npeobpasyeM ypaBHeHMe B iH-

JNHHAPHYECKHE KOOPAHHATHL g, P, 2!

Bu 28u

+2p = 0.

Bp 8z
OTteyTcTBHE NPOM3IBOAHON MO ( O3HayaeT, 4ro KoadduuHeHT nepen Heit
paBeH HyMoO. YDaBHEHHS XapaKTepMCTHK p = p, ¢ = 0, 2 = 2p° pewa-
iotes {9 = o, p = ppexp(t), z(t) = p? + zg) W uUmelOT ABa MHTErpana
ABMxeHUA: Fy = ¢ = const U Fy = p° — 2z = const. XapakTepHCTHKaAMK
ABAI0TCA noAynapabosn (nepeceveHue rapabonounos spamieHus Fy = const
M noAynaockocTed Fy = const). 3Haumr,

2
u(p, p,2) = g(p, 0" - 2),
Tae g — NpOoM3BOJLHAS (GYHKUKS ABYX apryMeHTOB, ecTh ofliee pelleHMe.
Unannap (p* = 1), Ha KOTOPOM 3aNaHbl IPAHWYHBIE YCNIOBUA, HE Kacaercs
xapaktepuctik. [oncrasans obliuce peuleHUe B rPAHRYUHbLIE YCIOBUR, HAX0AUM
KOHKpetTHbiil Bua pyHKuny g:
“(laﬂ"az):g(‘i’:l"z):"‘z: OTKyAa g(F3)F2)=F2

wu(z,y,2) =z’ +y’ ~znpn 22+ 2 > 1.
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D 3amevanue. OOiee pelicHHEe MOXeT GLITh MPOAOIKEHO 1O BCEX TOYEK, KPOME

TOUKH p = 0, rne YPaBHECHHC BbIPpOXIACTCA. >

43. s ypaenenus Xonga
du Ou
ot tu oz
(a) Haiimu Momenm «OnpoKuds8anus eonHbi», nocie KOMOPO2O HAPYWAIOMCH

YCA08UA npUMEHuUMOCMU ypaeuerfuﬂ Xongha ons onucanus 00HomepHoeo deuxcenus
obaaxa nouunok, ecau u(x,0) = 5 — arctg z;

=0

[0 ¢}
o _nl
6) Haiimu momenm «onpoxudsieanus goanei» npu u(z,0) = —= fdne.
p 7= J e
z

. Pewenne. (a) CornacHo (2.7) obulee pelenne ypapHeHus Xornda uMeer
Bl u(z,t) = g(€), £ = z — u(z, t)t. MoacTasnss ero B rpaHNYHBIE YCAOBHS,
NOJNYYaeM pelicHUe B HESABHOM BHIE

u(z,0) = g(m) -2— — arctg z,

u(z, t) = g(¢) = - — arcg(x — tu(z, t)).
MoxHo HallTH ero YacTHYIO NPOU3BOAHYIO TIO Z:
_— (1 - -t
l+(m tu)? 1—t+ (z—tu)?
Buano, yto u; < 0o and Beex x npu ¢t < ¢* = | U pelieHHE ONHO3HAYHO.
lNpu £ — {* npousBonHast u, CTPEMHUTCS K GECKOHEYHOCTH B TOYKE Z* =

u(z*, t*)t* = 3, u npoucxoant onpoxudmeanue — GopMupoBaHHe yIapHOIi
BOJIHBbI.

Pemenne. (6) OGuiee peuwenue ypaBHenus Xonda umeer Bua (2.7):

u(z,t) = g(£), £ = 2 — w(z,t)t. Noacrasnsas ero B rpaHHYHBIE YCIOBHS,
TONYYaeM pelieHUe B HESABHOM BUE

u(z,0) = g(z) = % [ ne™, ulz,t) = g(6) = 7} / dn e
P 4

MOXHO HalTH €FO YaCTHYIO npOHSBO}IHyK) no x:

Yy = tu,) =

[ _ -1
\/—( I)“—J;?efz_t'

BunHo, uto |u,| < co u peleHne onHosHayHo npu ¢ < * = /m. [pu t — ¢*

MPOU3BONHAR U, CTPEMUTCH K ODECKOHEUHOCTH H MPOUCXOAUT onpoxudueanue

npu £ = 0. Otkyna v* = g(¢') = }. ¢* = w't* = 1/5‘; >

Uy = —

(2.18)




2.4. [lpumeput 41

44. Haiimu pewenue ypaenenuii oOHOMEpHbX Konebaruii X0100H020 Inex-
MPOHHO20 2030 OMHOCUMENLHO OOHOPOOHOZ0 HENOOBUNCHO20 UOHHO20 chona naom-
nocmu ng. Ilpu Kakux Hauasbheix 3naverunx amaumyos ckopocmu 3nexmponos Vy
npoucxodum onpoxuduiearnue? Havaroroe pacnpedenenue ckopocmi U U n10mMHO-
cmu n 21eKmpoHo8 umeem 8ud

u(z,0) = Vycoskz, n(z,0) =ng (k= const). (2.19)

O0nomepHbie KoAEBAHUA XOR0OHO20 IAEKMPOHHOZ0 243G ONUCHEAIOMCS YPABHEHUEM
Henpepuerocmi a8 RAOMHOCHU 31eKkmpoHos n(T, t),

g + (nu), = 0; (2.20)

ypagHeHuem Diinepa Oas ux cKopocmi u,
e
w+uu, = ——F, (2.21)
m

2de e m — 3(1]1}1() U Macca 3AeKmpoHa coomeemcmeerHto, F — aeKmpurecKoe
noae, U ypagHenuem Hyaccoua,
lig
— = 4rme(ng — n). 2.22
= = dre(ng — n) (222)
Pewenue. Boipaxaa n u3 ypasHenus (2.22), noacrasnss ero B (2.20) u
WHTErpHpyda Mo & oT —OC A0 T NONYYHUM!:

By +uB,; = 4rnpu. (2.23)

[MocTosiHHAA WHTETPHPOBAHHMSA PaBHA HYMIO, IOCKONBKY Ha GECKOHEUHOCTH
IEKTPOHBI MOKOATCS W MOJIC PaBHO Hymo. dast pemeHust KBasHJIMHEHHOMN
crcreMsl (2.23), (2.21) Bocnonb3yeMcs METONOM XapaKTEPHCTHK.

WMeetcs ABYKPAaTHO BbIPOXIEHHOE CEMECTBO XapaKTePUCTHK, 3alaBae-
MBIX YpaBHEHHEM

z = u(z,t)

¢ HaualbHbLIM YCIAOBHAM Ti—p = Zo”. COOTHOUIEHHS Ha XapaKTEPUCTHKax
3andIuyTcs B BRAE

e
uy=——FE, E =4mnu.
m

[MoxyepkHeM, YTO MPOUIBOAHBIE MO BpEMEHH BBIYHCIAIOTCA MPH NOCTOAHHOIM
koopauHare xy. JduddepeHunpya neppoe ypasHenue no ¢ ¥ Bhipaxas E)
M3 BTOPOro, CBEdEM €ro K ypaBHeHMIO KojiebGaHWit ¢ nna3MeHHO# YacToToit

_,/4'_"06_’.
w,,_ m -

Uy = —w;u.
Moacrasnsas HavaibHbie JAAHHBIC, MONYYHUM:

u = Vp cos (wyt) cos (kzo).

*) B runpoanHaMiKe 3aMeHy NEPEMEHHBIX .t K Tg, £ = t HA3HBAIOT NEPEXOIOM OT 3itnepo-
BOIO ONMCZHHUA K JarpaHKEBOMY.
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Wuterpupys 310 BhIpaxcHHe, HalideM TeKYUyl0 KOOPAMHATY & 3JEKTPOHa,
MMEBLIETO HAYANbLHYIO KOOPIUHATY To:

Vi
z=29+ ;9 sin (wpt) cos (ko). (2.29)
P
[Tpu amnnutyne Vy > Vo, e V,, = ‘fkl, BCerla Haiinercs Takoli MOMEHT

BpemeHu ¢t = ¢,, Korna npousBogHas 3% o6paTHTCS B HYJIb B HEKOTOpPOI
TOYKE & = T,, a 3HAYUT MPOH3OHIET OTIPOKHALIBAHUE BOJHDI. >

45. Haiimu obuue peusenus K6a3ununeiinbix ypasHenuis:

(a) uy + uu, = —z;

(6) w +uu, =~ npur >0,

Pewenne. (a) YpaBHeHHs XapaKTepUCTHK B PaCIUMPEHHOM MPOCTPAHCTBE

& = u, @ = —z pewaworcs (z() = Asin(t — @), u(t) = Acos(t — 9)).
BuaHo, yro aMniuTyaa u dasa

A2=u2+m2, ¢=t—arctg(£),
u

TNOCTOAHHBI BROJAbL XapaKTEPUCTHUK. HOSTOM)’ pEWI€HUE HEABHO 3anaeTcs ypaB-

HeHHeM
T
g(u2 + mz,t— arctg (;)) =0,

rae g(§,7) — npousBoabHas GyHkuus. Obuiee peleHe MOXHO Nepenucarh
B uHOM Buae ( f(§) — rnpoussonbHas dyHKuus)

T
t — arcig = f(u.2 + zz), WIH u==z ctg(t - j’(u2 + :z:z)).

Pemenne. (6) YpaBHeHHs XapaKTePHCTHK F = u, & = "';ly pelalorcs
B PAacIUMPEHHOM IPOCTPAHCTBE {BCMIOMHMM 3alayy KIaCCHYECKOH MeXaHMKH
0 CBOGOHOM ABHXECHHMH B ChepPHYECKHX KOOPAMHATAX C HEHYJIEBbIM MOMEH-
TOM):

1
u? - ps =E, ur=E({-1),

rae E # ly NOCTOAHHBI BAONL XAapaKTepUCTHK. Ob6liee pelieHHe MOXHO
BBIMIUCATb B HEABHOM BHAE Yepe3 NPOHU3BOJIbHYIO GYHKUMIO ¢BsA3K E M £y:

, 1 ; ur? 0
- =, t————1]=0.
g r?’ rlu? — | >
46. Pewums 3a0auy Kowwu 0sn ypaewenus uy + wu; = | npu u(z,0) =

1 —thz.
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Pemenne. YpaBHeHUS XapaKTePHCTHK B PACITMPEHHOM TIPOCTPAHCTBE

2
¢ = u, & = | umeior pemenme (u(t) = ¢+ u, 2(t) = L2 + 2;). Be-
MMYUMHEL

Tg=T— iuz =const, %y =u —¢ = const
h% ~tut-2z) =0
MOCTOAHHBl BAOJIb XapakTepMCTHMK. YpaBHenue g(u — ¢, u x , rae

g(&,m) — npoussosbHas GyHKUMSA, HEABHO AA€T oblllee PeuieHHE, KOTOPOE
MOXHO fiepenucarb B 6osiee yio6HOM BHUIE

u’(z, 1) = 2z + f (u(z, t) — t),

rae f(£) — npoussosnbHaa QyHkuyg. Tloacraenas rpaHUYHbIE YCIOBHA B pe-
uIeHHEe, NoNy4aeM ypasHeHHe Ha QYHKIMIO f:

u(z,0) = /22 + f(u) = | —thz,

f(w) =’ - 22 = u? - 2arth (1 — u).
B peaynbTate pelteHue 3anauu Ko nonyyaerca HesBHBIM:
u¥(z,t) = 2z + (u(z, t) - t)2 —2arth (1 - u(z, ) +t).

Ero MoxHo Nnepenucars B Gonee NMpOCTOM BHIE

OTKyIa

#2
u(z,t)=l+t—th(z—tu(m,t)+—2—). >

47. Haiimu xapaxmepucmuxu cucmems, COOMHOUIEHUS HA HUX U @biNUCaMb
obuwee pewenue:;

(a) Uz + v +uy — 3v, =0,
Uz + vz — uy + vy = 0.

z— Du - D =0,
© {g"’ + 1)):“! ‘((24—_ l))vl-t:z =0,

Pemenne. (a) [Mepenuitiem cMcTeMy B MAaTPHUHOM BHAE

rae Marpvlbl UMEIOT BUI

() e-(4)

Marpuua 4 BbipoXieHa, a Matpua B — HeT. YMHOXHM CHMCTEMY CleBa
Ha B~'. [ina 3T0ro yMHOXMM nepBoe ypaBHEHHME Ha 3 M NMPHUBG2BMM KO BTO-
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POMY, a TaKXe YMHOXHM BTOPOE ypaBHEHHE Ha 3 ¥ NMpu6GaBUM K NEpBOMY.
HonyunBlunecs ypaBHEHUA moaeauM Ha —8:

uy U, _ R __"_"'_l_ 11
E(vy)+C(vz)— ce=pa=2(] 1)-

YpaBHeHus Ha XapaKTePHCTHKH onpenensiorcs u3 (2.10), Kotopoe nepenuiem
B BUAE

|Edz — Cdy| = 0.

Orkyaa Z—; = Az, tae A_ =0, Ay = —1 — cobCcrBeHHble YMCaa MaTpH-
usl C. 3HAauMT, CeMEHCTBA XaPaKTEPUCTHK 3alalOTCA YPABHEHMSAMH T = ¢
M £+y=c¢. Tak xak Matpuua C CHMMETPHYHA, He 3aBHCUT OT mepe-
MEHHBIX, H €€ COOCTBEHHBbIE YHCIa PazIHYHBI, €¢ MOXHO AMAarOHAJIH30BaTh
C — T~'CT, cnenaB noscTaHoBKy

()-(2). 7

rae T' — Matpuua cocTaB/ieHHasl N3 cOGCTBEHHBIX HOPMHPOBAHHBIX BEKTOPOB
MaTpuusl C, 3anMcaHHbIX B BUste cTon6uoB. B pesysibTate cucTeMa npMHKUMaeT

KaHOHHUYECKMI BUAO
fy = 0)
gz — Gy =

YpasHeHua Ha dyHkunu f u g pacuennsiorcs. Otkyma f = f(z), g = g(z+y)
¢CTb obwee peiweHue, rae f(z), g(z) — npoussoabHbie GyHKuUMH. (PakTu-
YECKH MbI NONY4HAM, YTO f = const ABAAETCA COOTHOWIEHNEM Ha XapaKTepH-
CTHKE T = ¢j, a g = CONSt Ha XapaKTEPUCTHKE Z + ¥ = ¢3.) Bripaxasa u n v
yepe3d f ¥ g nojyyaeM

u(e, ) = (%) (f(2) + 9z + ),

SIL S| -
Sl=Sl-

v(z,y) = (%) (~1(@) + 9la +1).

3ameuanne. DTOT cnoco® — AMATOHAIM3AaLUWHM — MOXHO NPUMEHATHb, Aaxe
ecny Marpula C 3aBHCHT OT MEPEMEHHBIX, FaBHOE, YTOOb OT NEPEMEHHbIX
HE 3aBHCesa JHaroHajiu3ylouas Matpuua 7.

Pemenue. (6) IMepennuieM cucTeMy B MaTPHHHOM BUAE

U Uz \ -1 —2-1 {1 0
A(v¢)+B(v,)_0’ A_(m+l l—z)’ B_(O —-l)'

YpaBHeHHs Ha XapaKTepHCTHKH onpeaensiiotes u3 (2.10), koTopoe nepenuiieM
B Bule

|Adx — Bdt| = 0.
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Otkyna %% = —% ISt OHOTO W %% == %m IS Apyroro ceMeifcTsa Xapakrepu-
cT¥K. Pewias 3TH ypasHeHMs, NOAYMaeM, YTO /Ba CEMENCTBA XapaKTePHCTHK
3a0310TCA ypaBHeHusiMu 2z + £ = ¢;, =2 ~t = c;. ®opmyaa (2.11) nosponsier
HaliTH cooTHOLIeHUs Ha xapaktepHcTHKax. [Moacrasass b Hee 2de + dt = 0,
noayvaem, uro dv + du = 0 Baonp xapaxrepuctuk 2z -+t = ¢;. 3Hauur,
v+ u = fi(2z +t), rae fi — npon3BoibHasA QYHKUMA. AHAOrMYHO BAOMb
BTOPOTO CeMEHCTRA XapaKTEPHCTHK 22 — £ = ¢ OCTACTCA KOHCTAHTOH BhIpa-
xeHue v — v = fr(x? —t), rae f; — Apyras nponssonbHas Gyrkuus. Obuiee
pellleHHEe NONYYAETCH M3 COOTHOWIEHMI Ha XAPAKTEPHCTHKAX:

u(e, ) = 3 (122 + 1) + 1la - 1),

oe,t) = 3 (12 +) - 1la? - 1),

48. Haiimu ycrosue zunepboauunocmu, xapaKmepucmuKku u cOOMHOWEHUA
Ha XapaKmepucmuxax cucmemyl

Uy + aty + by, =0,
n+cuy, +dv, =0,
e a,b, ¢, d — xoncmanmeor.

Pemenne. [lepenuuieM cucteMy B MaTPHUHOM BHAE
Uy U \ _f{fab
m(5)ra (i)-o 2-(50)
®opmyaa (2.10) no3BossieT HARTH YPABHEHKA XapaKTEPUCTHK

d
|Edz — Adt] =0, :e:,\tz“; i%,/(a_d)er%&

Cucrema apaseTcs runepbonnyeckoil, €C NOAKOPEHHOE BhlpaxXeH e HGonbilie
Hyas:

D ={(a~d)’+4bc>0.

Ecam D = 0, 1o cucrema napaBGonuueckoro THRAa W B3 CeMeHcTBa Xa-
PAaKTEPUCTHK BHLIPDOXAAIOTCA B OAHO, ecad Xe D < 0, To cucreMa umeer
SAHATHYECKU THA ¥ XapaKTepHCTHK He cyutecTByet. COOTHOIIEHHS Ha Xa-
paKTepuUCTHKax B runepboanyeckoM cnyvae onpenensiiores dopMynoi (2.11).
JiBa ¥3 BO3MOXHBIX NPEACTARNCHMH UHTErPANOB UMEIOT BHI

vb+u(a — Ay) =const wam  uc+ v(d — A;) = const. >

49. Haiimu uneapuanme Pumana (2.14) 942 noaumponnozo 2a3a, y Komo-
P00 daenerue u NAOMHOCMb CAIAHH Cmenennoil 3asucumocmsio pp~7 = const.
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Pemense. B nionuTponHoM raze (pp~7 = const) CKOpPOCTb 3ByKa He 3a-
BUCHT OT CKOPOCTH CPEAbI

dp P
2

cp ———7—-.
) dp P

Buiurcnss uuterpan B BbhipaxeHuu (2.14), nonyyaem A8 MHBapMaHTOB Pu-
MaHa

Jizvi7_l (c(p)ch)’ 7> 1 (225)
e ¢y — KOHCTAHTAa WHTETPHPOBAHHA, KOTOPYIO YAOOHO MOJOXMTb PaBHOM
CKOpPOCTH 3BYKA NPpH v = 0, p = pp B NOKOALUEMCA raie. >

50. Haiimu ycaoeusn, npu xomopwix pewerue ypagnenuil o0HoMepHoil za-
300uramuru (2.12) oxazviaeaenica maxum, 4mo cKopocmb v 3aeucum om I, 1

monvko & eude pynxuuu p: v(z,t) = v(p(z,t)). Taxoe pewenue nassieaemecn
npocmoii éonnoi Pumana.

Pewenne. Buipaxass B ypaBHeHusX (2.12) yacTHbie TIPOM3BOAHBIE OT ¥
KaK [POM3BOJHBIC OT CNOXKHOMN GYHKLMH, TOJYYHM CHCTEMY M3 ABYX nubde-
PEHLHANbHBIX YPAaBHEHNH Ha OaHY QYHKUHIO p:

ap dv\ 9p

i —_—) <=0
at " (”+”ap) oz
3v dp v cz) dp
dp 8t 8p p) Ox

OHa nMeeT HETPUBHANbHbBIE PELICHHS, €CIH MaTPHLLA M3 KoddupHLIMEHTOB TIpH
YACTHBIX TPOH3BOAHBLIX OT p MMEET HYJEBOA OMNpeNe/iuTeb, YTO TPHBOAMT

K yCNnOBUMIO
( )2 —
= -3

Ha3snekas xpanpaTHhI KOpEHb W HHTETPUPYS, BHINM, YTO JOJDKHO BbITON-
HUTbCSA OJHO M3 PABEHCTB

v+‘/@dp=const, v—/f—(fldp=const.

Takum 06pa3oM, OKa3bIBaeTCsl, YTO NIPOCTasi BOMHa PHMaHa BO3MOXHa, TOJIBKO
€CNM B HaualbHblii MOMEHT BpeMeHu v(x, 0) U p(z, 0) cornacoBaHbl Tak, YTo
OOMH M3 WHBapUaHTOB PuMaHa MMeEET OOMHAKOBOE 3HAYEHHE JUIA BCEX TOYEK
TEYECHMA. >

(2.26)

51. Mycms 6 2aze 3a0ano Hauasvroe pacnpedesenue nromnocmu p(z,0) =
R(z) u ussecmuo, umo go3nuxuiee mewerue npedcmaansiem coGoi npocmyio 60aHy
Pumana ¢ 3a0anneoim 3navenuem unsapuanma I.. Haiimu pewenue p(z,t).
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Peweune. B cnyyae npocroit BonHbl PUMaHa ypaBHeHHs B cucTeMe (2.26)
3KBHBAJIEHTHBI, M IS ONWCAHMSA TeYeHUS] MOXHO BbiOpaTh J1060OE W3 HUX.

YyuTthiBas, YTo
v = I+ — f M d ,
P

npeobpa3yeM NepBOe U3 HUX K BUAY

(L [Pap-cn) 2=

D710 KBa3WNUHEHOe ypaBHEHHE PelIaeTCs METOAoM XxapakrtepucTHk. Ero
pelieHHe NOAy4aeTcs HEABHBIM:

p=R[z—(I++[C(Tp)dp—c(p))t]. >

52. Cnpasa om nopuna npu x > 0 na-
xodumcs noaumponnuiti 2a3 ( puc. 2.6). ITop-
wenb deuxcemca ¢ yckopenuem a. Haiimu cxo- o
pocme 2aza v(x,t) do Momenma o6pazoearus z=0
yOapnoii eonns npu a > 0.

8y

Puc. 2.6. Tlopuwienn B TpyGke ¢ ra-
Pemenne. Ilyctb ¢ > 0. B atom cay- oM

Yae Ha MAOCKOCTH x,¢ (puc.2.7) ras Haxoautcs B 061aCTH, OrpaHH4YEHHOM

€ OJHO# CTOPOHB noayocslo ¢t = 0, = > 0, Ha KOTOPO# rPaHUYHBIC YCIOBHSA
WMEIOT BHIT

v(2,0)=0, p(z,0)=po
3Ha‘lHT, BAOJib XapaKTCPUCTHK, MNEPECEeKalOMIUX 3Ty FpaHully, WHBapMaHThI

Pumana (2.25) Ji = 0. YpaBHeHus xapaxtepuctuk (2.13) B o6nactu, rae o6a
MHBapHaHTa PaBHbI HYJIO, CTAHOBATCS TPMBHAIBHBIMM H HHTETPHPYIOTCA

T, =ct+To, T_=-ct+z, =,z >0.

Otciona BUAHO, YTO 3Ta 06AaCTb OrPaHHYEHA NPAMON £ = cgl, oHa 0B03Ha4eHa
Ha puc. 2.7 undpoit 1, a pewiensie B Heil UMeeT BUIL

u(z,t) =0, p(z,t) = po.

1.5 ¢ Puc. 2.7. CeMelicTBO XapakTEPHCTHK & =
’ c(p) + v (nyHkTHp) ana 3anauM o noam-
i TPOIHOM Trale Mepeld PaBHOYCKOPEHHOM

N e noputHeM: Yy =3, a =1, ¢g =1L I —
T s nokosuiica ras; Il — asnxymmiics ras.

0,5}l smenna ey s Cnesa oBnacts II orpaHn4eHa nosoxXeHHEM
e i T 1 nopuma z(t) = "-;—1-, a cnpaBa — (POHTOM

ot i Bo3amylieHus z(l) = col (cnaommbie aH-

0,25 0,5 0,75 | wuum). Touka t’ =0,52, 2* = 0,5 — Bpema
x ¥ KOOPAHHATA ONPOKHABLIBAHHS BONHbI
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XapaKTEPHCTHKK Z_ FEPECEKAIOT MPAMYI0 & = Col M TIEPEHOCAT WHBAPHAHT
J_(z,t) = 0 c rpanmnusl (¢ = 0) B obnactb £ < cot. 3HauuT, Bo Beei obnacty 11
Ha puc. 2.7 BbITOJHAIOTCA COOTHOLICHHA

i 1 (C(p(w, t)) - o) =

J_(z,t) = v(z,t) -

fr

c(pl@,t)) = o+ 1o iz, 8.

Otkyna

Ji(z,t) = v(z,t) + o 3 l (clp(z, 1)) — c) = 20(=, t),

av= !f— YAOBNETBOPSAET KBa3HAWHEHHOMY YPaBHEHHUIO

8
B o) = (o T ot 52,
obyee pClUIEHHE KOTOPOro UMeEeT BU
f(v(z,t)) =2 - (co + 1 ; ! v(z, t)) t, (2.27)

rne f — npou3BosibHaA (YHKUHS.
C apyroiif cTOpOHBI ra3 orpa}mqen I'lOpl].lHCM = —5-, rpaHHuYHbIE YCIIO-

BMS Ha KOTOPOM WMEIOT B, v(T,t) =af, ¢ = E- IMoncraBnas ux B obuiee
pewenue (2.27)

2
oty =" = (cor Tyat) 10 =—(0+5)%

nony4aeM pewenne 3anayd Kown B obnacru 11

2 (e,
(C(H- L o(a t)) Wz(:’t)—q)(:t),

(v + )at — 2¢o (v = Dat+2¢\’ 22 (  af
v ) = 2y +\/( 2y ) 7(m 2)’

rae 3HaK AIOC NIEPEX KOPHEM BbIGPaH B CUJY IPAHMYHOFO YCIOBHSt ¥ = at Npk

= — . PacnpeneneHue MAOTHOCTH p(Z, t) HaxoanTcs U3 ypaBHeHust J_ = 0.
MOMeH'r o0pa3oBaHUs yaapHoil BOJHBI MOXHO HaifTH, auddeperunpys
TIONyYeHHOE pelueHue
dv c a{y+ 1)t
— —o0 npy v = —-— 4 ———.
dz 2y
MocKonbKY CKOPOCTb Fa3a B HalleM cNyyae MONOXHTEAbHA, a v* CTAaHOBUTCH

2eoly+ 1
6oJIblie HYs TONLKO FipH £ > ¢ = "’—‘Zf—), TO t* ecTb MOMEHT 06Gpa3oBaHus
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yAapHo#H BOAHBL, Npu 3ToM v* = (. U3 pemieHns BHAHO, YTO yIapHas BOJIHA
obpasyercd B Touke T* = ¢yt*, T. €. Ha GPOHTE pacnpoCTpaHEHNA BO3MYLICHHS.

Mpu ¢ < 0 xapakTepuCTHKH Ha IUIOCKOCTH &,¢ BLILASAAT MO APYTOMY.
OnHako cHOBA CyllecTByeT 0OJacTb HEBO3MYLIEHHOTO rasa, a B o0aacTH,
rA¢ Ta3 ABUXKETCA, MPHMEHMMbI NOJAYYCHHBIC QOPMYJIB, B KOTOPHIX 4 HAgo
3aMeHUTb Ha —|a|. [TonmpoByiite caMH HapHCOBaTh TPadUKH XapaKTEPUCTHK
u peiende v(z) npu ¢purcrpoaHHoM ¢, TToKaXHTe, 4TO B MOMEHT BPeMeH !

= I—E%’:ET) IUIOTHOCTD Fa3a BOMK3M NoplUHA obpaiaercs B Hylb, a ripu £ > t*

20 1)
ra3 OTCYTCTBYeT B 06acTH £ < z* = z—c-“%l—L - :_f) crpasa OT MOPIUHA. P

53. Haiimu obwsee pewienue cucmems: ypaenenuii
{ u — Uy = uv,
v+ v, = —uv.

Pemenne. CnenaeM 3aMeHy nepeMeHHbIX £ = £+t, 171 = ¢ —¢, B KOTOpHIX
CHCTEMA YpaBHeHMIt NIPUHUMAET BUI

uv
u, = 5

uv
w=g

MockonbKy 4, = v¢, MOXHO CAENaTh NOACTAHOBKY % = f¢, v = f, 1 nepeiitn

OT CHCTEMbI ABYX YpaBHEHUH MepBoro mopaiaka K OIHOMY YpaBHEHHIO BTOPOro
MopAIKa:

fog = ‘qufe"

Pa3nenus 310 ypaBHEeHNE Ha f; ¥ MHTETPUPYS €TO 11O 77, NOAYYaeM

In(fe) = ~§ +1n (d%(&)) ,

rae G(£) — npoussonbHasd bydHkuua. HMHTerpupys 310 ypaBHeHue no £,
nojy4aem

2exp (% 1€, n)) = G(§) + H(n),

rae H(n) — npou3BonbHas GyHKuMa. OTKyda

L (G+H @ . '@
f‘z'"( 2 ) =g+ mm "2 a0 "

54. Haimu xapaxmepucmuweckue Hopmanu 048 cucmeM ¢ 4emoipoMs nepe-
MEHHOMU:
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(a) ypasnenuii Qupaxa

o _ 0y _ 8y _ By

| . _~
-7= —_— = — +ifmy =0,
c f)t-{-al 82:+028y+a382+'ﬂ v
20e T — edunuunas mampuya,
0 0 0 1 0 0 0 —1
. _fo o 1o _ 0 0 i 0
“=1o 10 0] ©2=10-i 0 o}
1 0 0 0 i 0 0 0O
o 0 1t 0 1 0 0 O
~ _{0 0 0 -1 = {0 1 0 0}
B=11 90 0 o] P=lo o-1 o]
0 -1 0 O 0 0 0 -1
(6) ypaenenuii Maxceeana
(18H, OE, OF,
.._+_._..___:07
c Ot Oy 0z
10H, O8FE, 08B,
et - " =)
c ot oz oz !
108, 0B, 0B _
c Ot oz 8y
10E, oH; 0Hy _ .
c ot By 0z
18E, O6H, 0H,
ot ol N Wik A |
c ot 2z T oz !
13E3 8H2+8HI_
l ¢ ot oz 8y

Pemenne. (a) Xapaktepucruyeckue HopMmamm §, = 38—% 3agatorca ¢op-
myJiodi (2.17)

i gl
‘—T¢t+a|¢z +52¢y+63¢z| = AC A¢‘ =0, (228)
c Q T
[
rne T*— ¢ANMHNUYHaA MaTpHlia, a

Q =0¢z + 02¢y + o1,

a=(14) @=(80)r »=(s1)



2.5. 3adauu 51

— marpunsl Mayau. [Moaw3yacs paseHcTBoM (1.13) M3 3amaum 2, ypaBHeHMe
(2.28) MOXHO YNpPOCTHTD

N
IIC—2~Q =0.

Mockomsky @F = T(¢% + ¢3 + ¢2), nonyuaem ypapHeHue (f; — Ppi—

2
q&f, — ¢§) = (, peuiasi KOTOpBIE, MFOY4aeM, YTO XapaKTEPUCTUYECKUE HOP-
ManM aias ypasHeHus JIMpaka B YeTbIpeXMEPHOM TIPOCTPAHCTBE HUMEIOT BUI

(d’ta ¢1, ¢y1 ¢z)a rae ¢t = :i:CAV ¢3: + ¢§ + ¢%

Pemenne. (6) [Mepenuiuem cucteMy ypaBHeHH# MakcBessia B MATPHYUHOM
BHAE
l - Hl -~ Hz - Hy “ Hz
Z‘I(Et)-'-AI(Ez + A, -Ey + A; E, =0,

rae T—- CAUMHUYHaA MaTpHla, a
/0 0 0
= (o 0 1) ,
0 -1 0

- 0 E.‘

AI—(_ii 0)1

/0 0 -l ~ 0 1 0

L2=(0 0 0), L3=(—l 0 0).
1 0 ¢ 0 0 0

XapakTepucTHYECKHe HOpMaNH &, = gf’; 3apalotes dopmynoit (2.17):

- & A

PSP - - I— Q

‘z I+ Arp: + A2¢y + Azp;| = E_ -y =0, (229)
-0 TZ

c

roe Q =1, ¢+ Z2¢, + Z;qﬁ,. Monbaysace dopmynoit {1.13), nepenuiueM stoT
ONnpelenuTeb B BUIE

NS
l[*c‘i'—i-Q = 0.

2
OnpeneanTenb noayuusLieifcs MaTPULbl TPETHErO NOPAAKA paBEH (f} — ¢k~

2 42
d’; - ¢§) % = (. Xapamepucmqecxue HODMaJI® onpeacndarTca BEKTOPAMH

(0, 62, 80, 8:) 1 (20y/ 63 + 03 + 01,02, 01, ¢.).

2.5. 3apaum

§5. [lns xakuxX HavanbHbIX ycnosuii u(z, 0) = f(z) peuieHue ypaBHeHUs
Xonda ocraercd riaikuMm, 1.€. |uz| < oo npu t > 0.
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56. Haittu obuiee peileHHe ypaBHEHHS:
U -+ Uy = U.

57. Haiftn xapakKTepHCTHKH CUCTEMBI, COOTHOILEHHSA HA HAX W BbINKCaATh
obllee pelleHue:

z
{“t+vt—'t‘(u:+vz)=0,
u - +t(u, —v)=0.
58. Omnucare pacTeKaHHeé TOHKOTO CNOfl MACATBHOW XHIAKOCTH IOCHe
nonHATHA 3acioHKH. Tlpouece ONUCHIBACTCA Caelylolieit cuCTeMOlt ypaBHe-

HH#;

8h ri] dv 8v Oh
2t e =0 5 +v o= (hv) = -9 o,

3nech h — TONWKHA CJOS, ¥ — TOPWM3OHTANBHO HarpaBleHHas CKOpOCTh
XHMAKOCTH, KOTOpasi CUMTAeTCsd ONWHAKOBON O BEPTHKAJIBHOMY CEYEHHIO,
g — yckopeHue cBoGonHoro nanenns. HavyanbHas ToauuKa h.

2.6, Orsernt

df(z)
55. Tlpu = > 0.

56. u(z,t) =g(z —t) - e*.
57. YpaBHEHUS Ha XapaKTepUCTHKH

dx dx z

— =t B —=--

at dt t

CooTHOILEHMA HAa HHX
du-v)=0 un d(u+v)=0.
Ob6ulee pelieHME
tl
u=f(zt)—g($—-2-)v
t2
v=t@) +o(=-3),

rae f ¥ g — NpoON3BObHbIE QYHKUHH,
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58.

h(z,t) =

v(z, t) =

0,

1 [z
E’,!’;(?_}_2,/9110), —2y/ghpt <z < \/ghot;

hO)

2

3
0,

(

x

t

T < =2y/ghot;

T > \/ghot;
\/gho), —2/ghot <z < \/ghot;
T > \/ghot.

lnasa 3

JiuHeNHble ypaBHEHUA
B YaCTHbIX NPOU3BOAHBIX
BTOPOro NOpPAAKa

3.1. KanoHuueckui sup

Haubosee obliuee uHelHOE ypaBHEHWE B YaCTHBIX NPOH3BOAHbIX BTOPOTO
NMOPAAKA ¢ AByMS HE3aBUCUMBIMH NEpEMEHHBIMM HMEET BUI

Gy Uzz + 2G12Uzy + A0ty + biug + b2"y +eu+ f=0. (3.1)

3nechb Bce KO3pDULMEHTH 3aBUCAT TONBKO OT T U Y.

O6paTuMbiM NPEOGPa3OBAHHEM TIEDEMEHHBIX YPaBHEHHE MOXET ObiTh
ynpouuero. Tun ypaBHEHHSI W €10 KAHOHUYECKHI BHIl ONPEACHSAIOTCS 3HAKOM
NUCKPUMHWHAHTA

D= a%z — a8z

3aMeHa nepeMeHHbIX, fpHBoAsLiad K KAHOHUYECKOMY sudy, BBINOJIHACTCA
¢ NOMOLLbIO pelliCeHHA ypasuemm Ha XapaKTepPUCTHKH!

dy _an+ VD (3.2)
dz a) ’ )
9y _ a_‘?“_[_é (3.3)
dxr a ’ )

Vpashenus (3.2) u (3.3) nmetot B obuieM cliydyae pasnvyaiollnecss HHTErpajbl

. (x,y) = const, _(x,y) = const. (3.9

Mpu D > 0 ypaBHenue (3.1) Ha3biBaeTCaA 2unepOOAUMECKUM. B HOBbIX
riepeMeHHbIX

{21/)4.(33,3[), 7]="/’—(3"y)
OHO MPUBOOUTCA K MEPBOMY KAaHOHMYECKOMY BHAY
Ugy + biug + by +cu + f =0 (3.5)

O603HaueHus Ko3dpHuMeHToB B ypaBHeHHH (3.5) ocTaBieHbl Te Xe, 4TO
1 B ypaBHeHun (3.1). xoTa caMu KOIQHHUMEHTH MOTYT HIMEHHTHCA MOCTE
3aMeHBl TIepeMeHHbIX. DTO 3aMedaHue CJIeAyeT YUMThIBaTh U nanee. Dna
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ypaBHEHMH runepbONMYECKOro THMNA MPHUHAT €llle W BTOPOil KaHOHHWYECKHI
Bun. Caenas B (3.5) 3ameny

§+7 §-n «
a= =, f=3,
NoAy4Ynum
Ugq — Ugp + byu, + byu.g +ecu+ f=0 (36)

Tlpu D = 0 ypaBHeHWe Ha3bIBalOT napaboauveckum. Ypasherus (3.2), (3.3)

M WX MHTErpaibl ¥, W 9. B 3TOM Cilydae COBMaZalT. 3aMeHa
E=v-(z,9), n=9¢(y),
rae ¢ — mobas QyHKUMSA TaKadA, YTO ¢ W 9 QYHKUMOHANBHO HE3aBUCHMBI,
npuseser (3.1) K KAHOHMYECKOMY BUIY NMapaGonuueckorop THMa
Uy + Drttg + Doy +cu+ f=0.

IIpn D < 0 ypaBHeHHe OTHOCUTCA K 3arunmuvecKkoMy THINY. YpaBHe-
His (3.2) u (3.3) B ITOM Clly4ae KOMIUIEKCHO COMPSXEHbI, UX UHTErpajbt P,
u P_ ToXe, 3aMeHOH NepeMeHHbIX

£ = RC ¢+(z,y), 77 = lm '(II+($, y)

YpaBHECHHE NPUBOAUTCA K KAHOHHYHECKOMY BUIY 3JUIMNTHYECKOro THNa
Uge +u,,,,+b1'u€ +b2u,, +cu+f=0.

HAns nanbHeilLero ynpouweHus ypaBHeHHs N1000ro THNa HYXHO MCKaTh
pPCIEHNE B BIe

u=F( v
Takasd 3aMeHa He MCMOPTHT KAHOHUYECKOTO BHIA, HO IIPH 3TOM MO3BOAWT
NONYYUTh YCNOBHS Ha ¢yHKUHKIo F', npy KOTOPLIX ypaBHeHWe Ha v He GyaeT
COAEPXATb ORHY WIN 00€ NPOU3BOOHBIE Ty W Ty,
Ecnn koatdhdpuumeHTs B ypaBHeHMY MOCTORHHBI, TO, TTOACTABASAN

F= e»\€+nu

¥ noabupas A ¥ g, MOXHO NMPHUBECTH YpaBHEHHUs FHUNepGonHUecKoro, napa-
60MMYecKOro U INAVNTHYECKOTO TUIIOB COOTBETCTBEHHO K BUAY

vn +7v + f =0,
v£€+bzv,,+f=0,
Ve + Vg + Y0+ f=0.

Ecnau ko3dduuneHTsl ¥ U f ypaBHeHUs THUIepOOAHYECKOTO THTIa OKa3aluCh
paBHBHIMU HYJ/IO

'Ug,, = 0,
TO ero ofiuee peleHHe Ha Beed mockocTh (€, 17) HMeeT BUA,

o(§,m) = £1§) + f2(m)-
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3aecy fi n f; — npousBoasHble GYHKUMHU. Bosspawmiasch K HMCXOZHBIM
nepemMeHHbIM (T, ) U GYHKUUM u, MOay4aeM

YactHoiil Bua byHkuuii f| u f; ang 3agaun Kouin Moxer ObiTh onpeneiieH
MO HayanbHbIM YC/IOBHSIM, 3aJaHHBIM HA IMHNH B TUIOCKOCTH (I, ¥).

3.2. KpusonuueiHsbie CHCTeMbl KOOPAUHAT

B oproroHanbHOi xprBonMHeiiHON CHCTEMe KOOPAMHAT B TPEXMEPHOM
MPOCTPAHCTBE SMEMEHT JIMHBI MOXET GbITh 3aMMCaH B BUIE

ds® = hldg’ + hidg} + hidg}.

8z\> [oy\’ [0z\°
() () (@)
(Bq.-) 0g; 0q;

Ha3bIBaloTCa ko3gduyuenmamu Jlame. IpanneHT, AMBEpreHIHA U POTOP BhIpa-
XKaloTCs B KPMBOJIMHEMHBIX KOOPAHHATAX dopMyIaMu

1 8¢ 1 3y I 9y
grad p = eih—la—ql +82h—23—qz + 632;53;,
1 (3(’12’1301) N d(hyhsa,) 4 3(h|h203))
hihyhs 9q, 3¢ 0g3 '
rota=| 8 i) il
3 3q; B
hia; hya; ha;

Bennunust

diva =

3oech €, €3, €3 ~— JIOKAJIbHbIE OPThl 3alaHHOW CHCTEMb! KOOPAMHAT.

3.3. Paspenenne nepemMeHHbIX

Merton pasdeserun nepementsix COCTOMT B TOM, YTO pellieHHe rPaHHYHOH
3ana4y /UK YPAaBHEHMSI B YACTHBIX MPOU3BOAHBIX UILETCS B BHIE MPOU3BEAEHHS
GyHKUMiA, KaXAas M3 KOTODHIX 3aBUCHT TOJIBKO OT ONHOH KOODHMHATHIY.
B GonbuioMm wyucie NpakTHYECKH BaXHbIX C/y4aes 3TO MO3BOJAET CBECTH

3alady K fOMCKY pelleHU HECKOJbKUX 0ObIKHOBEHHbBIX AU depeH IHabHBIX
YPaBHEHUH.

*) B HEKOTOpBIX CYYASAX pellieie HILYT He B BHAE NpPoOHIBeneHus. Hanpumep, B ypaBHEHHH

Tamiibrona —AKoGH nepeMeHHble MOTYT PasfenuTbCs, €CH HCKaTh pellieHue B BHAE CYMMBI
VHKUNI OT OTHEABHBIX KOOPIHHAT,
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N KOHKPETHOrO ypaBHEHMsA MepeMEHHBIE MOTYT Pa3le/iATbCS B ORHUX
CHCTEMAX KOOPOMHAT U HE pa3acAaTLCA B OpyruX. Hanpumep, B cTalilMoHapHOM
ypaBHenud LHpéauurepa

—-;—A¢+U¢=E¢

NMEPEMEHHBIC PA3NCAAIOTCS B TOH CHCTEME KOOPAWHAT, B KOTOPOIl NMOTEHLIH-
an U MoxeT ObiTh 3a1HCaH B BHAE

3
Un{qm)
U= T
m=1 m

roe h, — xoadpduurents Jlame.

3.4. NMpocrenwune ypaBHenun, pewaemsie merogom Pypoe

Mpocteinee ypaBHEHHE rHNEPOOIMYECKOrO THIA (TaK Ha3biBaEMOE Ol1-
HOMEpPHOE BONTHOBOE YPaBHEHHE) UMEET BHJL

2
Uy — € Uz = 0.

B 4acTHOCTH, OHO OMUCHIBAET MJIOCKHE CBOGOAHBIE He3aTyxaloliue Koseba-
HHUst CTPYHBI. MBI GymeM Monb3oBaThCS ITOM HATIAAHON HHTEpnpeTalHeil.
Torna 4 — OTKJIOHEHHE CTpYHBI OT PAaBHOBECHOTO TIOJIOXCHMA, & = % —
KBaIpaT CKOPOCTH BOJIHbI, BBIPAXEHHBIH 4yepe3 HaTsXeHHe CTPYHH T M ee
JNHHEHHYIO IIOTHOCTL p. J1s 3T0r0 ypaBHeHHs Mbl GyaeM HCMONb30BaTh ABa
THIA TPAHHYHBIX YCAOBHI no koopauHate. [paHuyHoe ycrosue u(a, t) = 0 Mo-
AeNUPYET KOHEU CTPYHBI, 3aXatslil B TOuKe @. [paHnuHoe ycnioBue u (a,t) = 0
MOREJUPYET KOHEL CTPYHbI, 3aKpeNIeHHDbIl Ha HEBECOMOM KOJIblIE, KOTOpOe
6€e3 TpeHHs] CKOMBL3UT MO IUTAHTE, MEPreHIUKYIAPHOH PaBHOBECHOMY MMOJ10-
XEHHUI0 cTPYHbI. HayaibHoe OTKIOHeHHEe CTPYHbl M ee HayanbHasg CKOpPOCTb
3a4al0TCA YCJIOBHAMM

uz,0) = p(z), wl,0) = 9(z).

[pocteitmiee ypapHeHHe napabonmueckoro Tuna (ypasHeHmne anddysnu
WIH TE[UIONPOBOAHOCTH)

U = @ Ugs

ONMUCHIBAET, HaNpUMeEpP, PacNpOCTPAHEHHE TEMNA BAOAL OAHOPOJHOro Mpsd-
MOTO CTEPXKHS, TENIOH30JAMPOBAHHOrO MO Beeil AnHHe ¥ ofMeHWBaloILerocs
TEMJIOM C OKpYXaloWleil cpefoH TOJIBKO Yepe3 ero KoHiibi. B 3TOM cCiy-
Yae % COOTBETCTBYET OTKJIOHEHHMIO TEMMEPATYPbl CTEPXHA OT TEMIEPaTyphbl
OKpyxaloiie# cpennl. [pannunoe ycnosue u(e,t) = 0 o3HayaeT coBnageHune
B TOYKE ¢ TEMNEPATYPbi CTEPXHS C TEMIEPATYPOi oKpyxalouieil cpeabl. Iha-
HUYHOE YCNOBHE %,(a,t) = 0 MOZENMPYET KOHELl CTEPXKHA, HA KOTOPOM HET
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Temloo6MeHa ¢ oKpyxaloued cpenoit. HauanbHoe pacnpesiesieHne Temnepa-
TypsI 3afaercs ycnosuem u(z, 0) = p(x).
IMpocTeiitiee ypaBHEHNE UTMITHIECKOTO THNA (AByMEpHOE ypaBHEHHe
Jlannaca)
Uge + Uyy = 0

OIIMCBHIBAET EKTPOCTATHYECKMI MOTeHUMal B 061acTH WM CTallMOHApHOE
pacripefiefieHHe TeMepaTypsl. Mbi GyaemM paccMaTpuBaTh FPAHUYHbIE 3a4a4H
IBYX BHMIOB: 3afa4yy JIMpHXJe, KOraa Ha rpaHKue 06/1acTH 3alaHO 3IHAYCHHE U,
v 3agayy HeliMaHa, Koria Ha rpaHmile 3aaHO 3HAYEeHWE NPOM3BOLHOH OT u
no BHyTpeHHed Hopmand. Puanuecku 3amaya [upuxie CTaBMTCH, KOraa
Ha TpaHMlle 3alaH TMOTEHUMAT WIM TeMIepaTypa, a 3ajaya HefimaHa, korna
3aaHa HOPMaJIbHas TPaHHIE KOMHOHEHTA HANpPsKEHHOCTH 3JIEKTPHYECKOTO
T0Jisl WIH TUIOTHOCTb TETUIOBOTO TIOTOKA.

MeTtoabl pelieHMs AuddepeHIIHANBHBIX YPABHEHHWI BTOPOro MOpsAika,
OCHOBaHHblE Ha NPHBEAEHWM K KAHOHMYECKOMY BMIY, WIOXKEHBI, HarpH-
mep, B [TC72, Ton71]. Wcnonb3oBaHne KpUBOJIMHEHHBIX KOOPAHHAT ONH-
caHo B [M®60). Pasnenexne nepeMeHHbiX M MeTon Pypbe paccMOTpeHbl
[KIC62, Apc84, Cmusl].

3.5. Mpumepni

59, Onpedenums mun ypaeHenus u npueecmu €20 K KGHOHUHECKOMY 8udy:
(a) Uz + Uzy — 2uyy — Juz — 15uy + 272 =0;

(6)  Uzz + 2ugy + Suy —32u =0

(B)  Upr — gy + Uy + Uz +uy —u =0

Pemenne. (a) YpaBHeHHe Be3le MMeET THIEPOONMYECKHI THII, NOCKOND-

Ky D = % > 0. UMeeTcs aBa ceMeilcTBa XapakTePHCTHK, 3a1aBacMblX ypaBHE-
HUAMM: P p
_y_ =2 ¥ ._y. —
dz dz
OGune pellleHHa ITUX YpaBHEeHUH UMEIOT BHI

-1

y=2+§{ n y=-z+9

COOTBETCTBEHHO. 3aeck §, 1) — MPOU3BOJBHDBIE MOCTOAHHbLIC. Boipaxaa ux
yepes T U Y

§=y-22 n=y+z
BHUAUM, YTO OHH ABNSIOTCA HWHTErpalaMu XapaKTEepUCTHUECKUX ypaBHCHMﬁ
M KX MOXHO MCIOJb30BaTb B KayeCTsBe XapaKTePUCTUHUYECKHUX NEPCMEHHDIX.
Bripaxas npou3soiHbie OT % N0 T M Y 4EPe3 NPOUIBOIHRLIC MO Eny
NOMY4aeM KAHOHW4ECKHiH BHI

ugy + g + 2uy + 3(€ — 1) =0.



3.5. Ilpumepoi 59

Pemenne. (6) YpasHeHHe BCIODY MMEET JAHNTUYECKHA THTI, ITOCKO/IBKY

D = —4 < (0. KoMniekcHoe ypaBHEHNE HA XapaKTEPUCTUKH

dy

— =142

dx
HMEET pelleHue

y=(1+2)z+ (£ —in)

Boifupasi IefiCTBUTENIbHYIO £ = ¥ — & U MHUMYIO 7 = 22 4acT¥ MHTerpaia
B KAYecTBE HOBLIX MEpPEMEHHBIX, MONy4aeM KaHOHWYECKHI BHUA

Uge + Uy — 8u=0.

Peurenne. (B) YpaBHeHue Nnapabonnyeckoro Tuna. UMeercs oaHo cemeid-
CTBO X&PaKTEPUCTHUK, KOTOPbIE 3aaI0TCS ypaBHEHHEM

dy
dx
OHHa U3 HOBBIX MEPEMEHHBIX ABAACTCA €0 KHTETPAIOM f = m+y. B kauectBe

BTOPO# MOXHO B3ATh JIIOGY0 He3aBUCHMYIO (byHKLMIO, HanpuMep 77 = Z. [1pn
TakoM BLIBOPE MOJYYNTCA KAHOHMYECKUl BUA

Uy + 2ug + uy —u =0.

HanoMHKMM, 4To ycioHe GyHKIHOHANBHON HE3aBHCHMOCTH COCTOMT B Hepa-
BeHCTBE HY/IO 9KOBHaHa nepexoia OT NepeMeHHbIX &, ¥ K NepeMeHHbIM £, 7.
Ipu HHOM BLIGOpE NepeMeHHOl 1) KAHOHHYECKUH BUI OyneT ApyruM. >

60. Haiimu o6aacmu zunepboauvnocmu, napabosuurocmu U 3A8UNMUYHO-
CMuU U npugecmu 8 HUX K KAHOHUYECKOMY UOY:

(a) Vpasuenue Tpuxomu uzz + ytyy = 0;
(6) 2tz; + 22Uz + (T — Duyy = 0.

Pemenne. (a) B 3ToM ciyyae TMN ypaBHeHHMs Pa3jiMyeH B pa3HbIX obia-
CTSIX TUIOCKOCTH. BbIMMCASAS QMCKPHUMHHAHT M XapaKTEDHCTUKH BHMIWM, UYTO
ypasHeHue napaGonuMyeckoe Ha ocu z. TunepGonuueckoe npu ¥ < 0 U uMmeeT
BUA

Ugy + (ug —uy) =0

1
A6 -
B KoopadHaTax £ = & + 2\/~9y, 1 = £ — 2/~y. Dnnuntudeckoe npn y > 0
¥ UMeeT BUA

1
Uge + gy — gu,, =

B KOOpAMHATaX § = &, 1 = 2/¥.
Pewenne. (G) YpasHenue runepbosimyeckoe npu ¢ > 0

1
ey + (g —uy) =0, £=y—z+2VF, n=y-z~2V3,
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ajuIMnTHYeckoe npu ¢ < 0
1
Ugg + Upy ~ Eu,,zo, E=y—-z, 7p=2v/-2,

napabonuyeckoe npu & = 0 U MMEET KAHOHMYECKHUH BUA uy, = 0. >

61. Pewums 300a4y Kowu:
Ugg — 2Ugy — 3ty =0, u(z,0) = 3z?, uy(z,0) = 0.

Pemenne. YpaBHeHue vMeeT THNepOOIHYECKHI THII M B NEPEMEHHBIX
& =y— =z, 7 =y+ 3z NpUBOINTCH K KAHOHHYECKOMY BHOY u¢; = 0. Ero o6-
wee peweHue uMeet Bua u = f(£)+g(n), rae f, g — npon3ssonbHbie GyHKUnHK.
Yro6Ll onpene/NTy KX BUA B YaCTHOM ciydyae, HEOBXOANMO BOCNONL3IOBATHCA
IPaHMYHBIMH YC/IOBHSMH, KOTOpbIE YIOGHO MepenucaTth B NepeMeHHble &, 1.
B nnockoctu £, 7 rpaHudHbIe YCIOBHSA 3aflaHbl Ha NMpaMoit n = —3§, nonyya-
lolteiica U3 ycnosus y = 0;  xak dyHkuus £ Ha 3Toil NpAMON Bblpaxaercs
dopmynoit =z = i}—" = £. Orcioga MojyyaeM TMepBOE PAHMYHOE YCIIOBHE

B BUAE

u|,_o = 1(6) +9(=3¢) = 3¢ (3.7)
BTOpOC TPaHUYHOE YCJIO0BHE HUMEECT BUL

uyl o= 1'€) +4'(-36) =0, (3.8)

IOe LITPHX O3HAYAaCT NPOHM3BOLHYIO TIO apryMeHTY QyHKUMH, a B cKobKax
CTOMT TO €ro 3HaueHHe, NPH KOTOPOM OHA BbIYMCISETCH.
Inddepenunpys ycnosue (3.7) no £, uMeeM

7'(€) - 3¢'(-3¢) = 6¢.
M3 ypasuennis (3.7), (3.8) nomyunm
! _ 3 — 2 2
I'O=5¢ n 16)=3¢
U3 ypasHenns (3.7) Haitnem
9 2
9(=3§) =, ¢
Boappaiasch kK nepemeHHo#l 7 = —3§, noayyaeM

7]2
gtn) = -

HckoMoe yacTHoe pelicHHEe UMEET BUI

3 i
“(‘B,y)=Z(y—$)2+z(y+3m)2=y2+3zz. >
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62. Hokazams, uwmo & chepuseckux Koopounamax onepamop Jansaca
Moxcem Gbims 3anucan € eude

10 /,8 1.,
A‘ﬁb’%’(’%)‘ﬁ"

2de I — onepamop somenma umnyasca:
I=—i[rxVv], P=—[rxV]rxv]

Pemenne. 3annieM BexTopHoe npoussesctme [r x V] B chepuyecknx
KOODAHHATAX, UCHOJb3Ys ero npeacTasaeHue B GopMe onpeneInTens:

€, €y €,

T 0 0
rxvl=\ 5 |5 18

r r 88 rsing 8y

3aech
e, = (sin @ cos , sin 8 sin p, cos §),
ey = (cos 8 cos @, cos 8 sin @, — sin 6), (3.9)
e, = (sin g, cos p, 0)

~~ CAMHHYHBIE B3aNMHO-OPTOFOHANIBHBIC BEKTOPH! NOKaILHOTO Ga3uca, Kaca-
TENBHbIC IHHUAM 7, 0, (. PacKpbiBasi ONPENEIUTENh, HMEEM

0 1 8 ti] I @
x VP = — — g ——— — ——ey — — ] . 10
[rx¥] (e” 80 % sino fhp) (e" 86 sind oy (3.10)
3necs HeoBXonMMO yuecTh, 4ro anddepeHUMPOBaHHA JleBoil cKOBKM aeit-

CTBYIOT W Ha €AMHMYHBIE BEKTOPH €., €5, €, NpaBoii ckobku. M3 onpenene-
HU# (3.9) nonyyaem

de de

—2 =y, —* = ¢os ey — sin Oe,,

il fy Gl
B_eg_ = cos fe deq = —e )
dp v 8

Packpsisas BbipaxeHue (3.10) u yuuthiBas dopmynn (3.11), nonydaem, uto
OTJIMYHB OT HYJIS TONBKO TPH CJaraeMbiX, AAIOIMX YIIO0BYIO YacTh oneparopa
Nannaca;

3 cosd 8 1 &

Z—M A——— ——— ———rrr:
Irx V¥ = 55+ v 96 T 5n®5 oyt

»>

63. Pasderumv nepemennsvie ¢ ypaenenuu Illpédunzepa, ecau nomenyuan
uMeem aud
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(a) ¢ yuaundpuvecrux koopdunamax

U = 1)+ 58+ ho)

(6) 6 ceputeckux xoopdunamax

)  Mhy)
=10+ 55+

Pewenne. (a) OTbicKuBas peiliecHHE B BUAC
¥(p, ¢, 2) = R(p)®(9)Z(2),
neaum ypasHeHue Lllpénunrepa Ha ¥(p, ¢, z) n npeobpasyeM €ro K BUIy
1 8 bR 1 89 g((p))
(pmp? 3+ 10) + (a5 ) -
1 8Z
=( h(z))—l—E’:c,A

27 827
SICHO, 4TO PaBeHCTBO BO3MOXHO, TONBLKO €CJIM ¢, — MOCTOAHHAs BEANYMHA,
AHANOTHUHO, pa3ienssa TMepeMeHHbBIE p U (o, FloNyyaeMm ypaBHeHust Ha ¢ n R:
1 d2®
T34 +9(p)® = 9,
1 d

dR 2 2
-,z 27 R - R = —qR,
LTI +f(P)p'R-cipR=—c

rae ¢; — TOXE MOCTOAHHAS BeAMYMHA,
Pewenue. (6) Ecau uckate peweHue B Buae ¥ = R(r)P(8)P(y), 10

Ha R, P un ® nojiyuuTca cHCTeMa ypaBHEHHiA
1 d*®
R +h(p)® = c?,

I d dP P
% [sineZ 6) P =P,
2sind do (s'" do) +9OP+ oo =@

| d [,dR\ &R
a5 el L )
272 dr (r dr) + r2 !

rae ¢;, ¢y — NOCTOsIHHbIE. >

64. Pazderumv nepemennvie @ ypasneruu Illpéduneepa dnn npocmpan-
CMEEHHO20 OCUUAIAMOPU ¢ HOMEHUUAOM 8Uda

U_k'r2
T2

(a) 6 dexapmoewix Koopdunamax;
(6) & cpepuneckux koopdunamax.
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Pemenne. (a) Eciu uckars pewterive B Buae ¥(z,y, 2) = X ()Y (y)Z(2),
TO ypaBHEHUe PAa3feisACTCs Ha TPU YPaBHEHHs LI ONHOMEPHOTO rapMOHHYE-
CKOTO OCLHMAATOPA:
2

d 2 .
a—;Xﬁ-kﬂ: X——C]X,
2

d )
Z+k*Z=0QE-¢ —¢)2.

Y+ ky Y = &Y,
2
d2?
Pewmenne. {6) Ecau uckarh peuieHue B Buae
¥(r, 8, ) = R(r)P(6)2(9),
To Wis R, P, ® nonyunMm ypaBHeHHs

42
_d—;i +6d =0,
. .4 (. 4P .
sin OE (sm 9@) —{¢y sin 29 4 &)P =0,
d [ ,dR 2 s
E(TE)+(2ET +C|“kT)R-—0. »

65. Pasdeaums nepemennne ¢ ypasnenuu Illpédunzepa, ucnoasvsys napabo-
Audeckue xoopounamasi, ecau nose npedcmasnnem coboii cynepno3uyuo 00Hopoo-
HO20 U KYAOHOBCK020 NOoAeiE:

1
U= -~ +az.
T

Pemienne. YpasHenne IlipéamHrepa B napaGoiMuyecKUX KOOPAMHATAX
MMeEET BHA (cM. 3anavy (B))

6117[86 (‘%) _( W)] &lna?: ”[E““e%"“ ”)]

OTthicKHBast pCIIEHHE B BUIC

¥ = [i(§) f2(n)2(p),

MONYYaeM ypaBHEHMSA

d?
+¢d=0,
dy?
g L
£()1 (g o heae
d [ df; E ¢ 7 1 _
i (%) + (Gr-g e ri-a)n=o >
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66. Haiimu evipaxcenue s onepamopa Jlanaaca & xpueonuneiinoii neop-
MOo20HAAbHOU cucmeme Koopouram.

Pemenne. 3agaua Ha colcTseHHBIe 3HaYeHHust oneparopa Jlannaca Ay =
A ¢ HyNeBbIMU MPAHUYHLIMM YCIOBUAMHM Ha OECKOHEUHOCTH 3KBHBAIEHTHA
BapHauHoHHOMY npuHumMny S[yY] = min as dyskuroHana

stol = [ [vw? + 207 @

np0H3BCJlCM HEBBIPOXAEHHOE npeobpaszoBaHue KOOpAMHAT, T.€. nepeinem

OT MEPEMEHHBIX T K HOBBIM MEpPEMEHHBIM ¥: Z; = Zi(v1, ..., Yn), & =
1,2,...,n. [loa HEBLIPOXAEHHOCTHIO MOHHMAETCA OTIMYME OT HYJISl AKOGUAHA
npeobpa3oBaHus:
ey, 22,y ...,2,)
= #0.
Y1, Y2 --- > Yn)

Ksanpat miMHbl HHTEPBAia M KBAAPAT rpadHeHTa npeobpasyloTcs clenyioum
obpasoMm:

dzx; Oz; dy; 8y, Oy Y
ds’ = da;da; = — 'd  d vg)t= 2 S ZE
[Mockoneky, ¢ npyroﬁ CTOpPOHBI, MO onpeaeieHUIo MeTPUUYECKOro TeH3opa
ds? = 9ix4Y;dy;, Mbl MOXeM BLIPa3HTb METPHYECKHH TeH30p g,; uepes

YyacTHbIE NPOU3BOAHBbIE DYHKLUMKIH T;,
3.'1:.- 033,'
dy; oy

3HayuT, KBaapar rpagMeHTa GYHKUUM ¥ MOXHO 3anucaTh yepe3 TeH30p,
o0paTHbiit METPHYECKOMY:

gix =

_y OY Oy
('P)—;:Ea—y‘

a onpeneiauTenb METPUYECCKOro TeH3opa paBCH
g = det (g;1) = |JI~
B HOBOI cUCTeMe KOoOpaAHHAT ¢)yHKuHOHaJ| JanHUIueTCst Kak
00 ay )
S = i St SRS N d"y.
S (o 5 e+ 2#7) va

Ocraercs ero NpoBapbHUpOBaTh, CYHTasA, YTO BapHauus GyHKUHN P obpaiia-
€TCA B HYJIb HAa BECKOHEYHOCTH, U NPHUPaBHATH BAPHALIMIO RYIIO:

. l 8 -1 2?_ n —
65_2/6¢ [_Ea_y.- (gikﬁayk) +,\¢] vgd'y=0.

ITpu BbIBOAE MOCEAHErO PABEHCTBA Mbl IPOMHTETPHPOBATH 1O YACTAM, a BHE-
UHTErPaIbHBL 4neH obpaTHICA B HYAb M3-3a IPAaHHYHBLIX yCaoBWit. B cuny
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APOM3BONLHOCTH BapHauuy 6¢(z) AoMXHO OGpalHATLCH B HYJID BHIPAXEHHC
B KBaZpaTHBIX ckobkax. Orcioaa noayuaetca GopMyna And AalUIaCHaHa
a o

A:-—-——--——.-—l — »
x/ffayigk gayk

67. Pewums zpanunnyro 3adauy
Upy ~ gy = 0,
0<z<L, w0,8)=u(l,t)=0, u(z,0)=0p), ul(z,0)=y(z).
Paccmompems wacmuwil cayyais

2
u(z,0) =0, wuyz,0)=sin —:E

Pemenne. PereHue 3azauu MetogoM (Pypse pacnagacTcsd Ha ABa JTana.
Brauane HaxoIWM YaCTHBIE pelieHHs, U1 KOTOPHX BLIMTOAHRIOTCSH TOMb-
KO rpaHWYHBIC YCAOBHA NO koopaunHate . Oreickusas u(z, t) B BHIC

u(z, t) = X{(z)T(t)

B paiiensis nCpeMEHHbBIC, HMEEM

X”(m) T"(t)
X@) - T - A, (3.12)
rAe A — NpoM3BOJIbHAA nocrogHHas, Obilee peuieHne ypaBHEHHS
x"(z)
A= .
X&) + 0 (3.13)

npu A > ( uMeeT BuI
X = AcosVAz + Bsin Viz.

IMotpeSyeM, urobul nas X{z) BHNOAHANUCH Te XK€ IPAHNYHBIC YCAOBHS, YTO
¥ Ha peureHue 3anauu u(z, t):

X{0)=X(L)=0. (3.14)
3T0 BO3MOXHO, €C/iH
A=0 u ViL=nr, n=12,....

Orciona nonyyaeM CAEKTp JOMYCTUMbBIX 3HAYCHHUI XA U [IPOCTPAaHCTHEHHYIO
$opMy peuieHUS HOMED n:

2
nx . nET
An = (———L ) ,  Xa(z) =sin A
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Hapucyiite ux rpadmku npu n = 1, 2, 3. [oacrasnas A B ypaBHeHue (3.12),
HaxouM 3aBUCUMOCTDb OT BPEMEHH PEUICHUS HOMED 7.
nnct . nnrct
T.(t) = 4, cos I + B, sin I
rae A,, B, — Npon3BoabHblE MOCTOSHHBIE.
CobcTBeHHbIC pelueHUst X, (z) o6pasyioT nonuHbiit 6a3uc. O6mee petue-

HHUE 3aa4M MOXeT ObITh 3aTMCAHO KaK JAMHEHHas KOMOMHALMA GA3HCHBIX
peweHnit:

o0
u(@,t) =Y X (z)Tu(t). (3.15)
n=|
Ha sropom stane amruntyapt A,, B, BhipaxaoTcs 4epe3 HadanbHble YCIIOBHS

w(z,0) = o(z), w(z,0) = ¢(z). NMpu t = 0, ucnonsaya NipeacTaBieHHe
peuterus (3.15), umeem

e(@) = ) AuXu(2), (3.16)
n=|
o .
Y@= ABuXa(z). (3.17)
n=|
CoGcraerinbie pemenus sagaun (3.13), (3.14) B3aHMHO OPTOrOHANBHBL:
L
L
f Xo(@) X n(z) do = 3 8- (3.18)
0

YMHoxas paseHcta (3.16), (3.17) Ha X,,(x), mHTerpupys or Hyns ao L
M YUHTBIBAs OPTOTOHANBHOCTL COOCTBEHHBIX PelLeHHH, HMeeMm

L
2

L
A== / o(2)Xm(z) dz, By = X:_L / @) Xn(z)de.  (3.19)
0

h
=

YacrHoe peuieHHe paBHO

L | 2xct | 2wz
u(z, t) = 2xg Sin —7— sin -4 >

68. Pewums 3adauy
ty — Ctigz = 0,

0<z< L, u(0,t)=u(Lt)=0,

Snz T
0) = sin — = sin —
u(x, 0) = sin T u(z, 0) = sin TR

. T
Honumaiimeco pewums 3my 3adasy npu ycaosuu u;(z,0) = cos 3L
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Pemienne. PeiieHue 3aJayH BbLINOJHAETCA B TON Xe nocjegoBaTelbHO-
CTH, 4TO KU PpELICHUE 3ada4H 67. Otanume MMeeTcs TONbLKO fipn peUieHUH
CreKTpalbHOl 3asa4u Ha GyHKUMIO X (Z), U3MEHMBLUEHCA H3-38 TPAHUYHbIX
yCHOBHHA

X"+2X =0,
X0=X"(L)=0
M3 obuiero pewieHHs
X = Acosx/Xa:+Bsin\/Xm,
UCTIONBL3YS FPaHUYHbIE YCJIOBHS, NONyYaeM YpaBHEHHME Ha A:

VAcos VAL = 0.

Ero penteHus paBHb

—1 \?2
,\,,*:(zn 1r) , n=12,....

2L
CoorsercTByoliie cOGCTBEHHBIE GYHKIIUM UMEIOT BUA
C 2n—1
X, (z) = sin 5L T

Hapucyiite ux rpaduku npu n = 1,2, 3. Yucno A = 0 He sapiasercs co6-
CTBEHHBIM 3HAYCHMEM, MMOCKONLKY €My COOTBETCTBYET HyleBoe peuwreHue X.
Peutenne paercs dopmynamu (3.15)—(3.17). B yacTHOM ciiyyae, BBHIYHCAS
Ko3¢QhHuUHeHThl, NoJy4aeM
Sact | Swx 2L wct T
u(z, t) = €08 —7= sin 57 + ——smﬁsmi
IMpu w(z,0) = cos (rz/(2L)) 3anaua He umeer pewenus. [puunna B ToMm,
YTO TaKO€ HAYaNbHOE YCNIOBHE HE COINIACOBAHO C [PAHWUYHBIM YCIIOBHEM
u(0, ¢} = 0, n3 KOoTOpOro ciaeayet, 4To HOMXKHO 6bITh u:(0,t) = 0 ana moboro
MOMEHTA BpeMeHH. >

69. Pewums 3adauy
Ut — Uz = 0,
0<e<L, u(0,¢t) =u(L,t)=0,
u(z,0) =2, w(z,0)=1.
Onucams dsuicerue cmpyHs.
Pewenne. CnekTpaibHas 3agaya
X"+AX =0, X'(0)=X'(L)=

UMEECT HCTPUBUAJIbHBIC PCLICHUA
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nr na\?
Xu(z) = cos -2, Ay = (—L—) , n=01,....
B atom ciyyae A = 0 sBasgercst cOGCTBEHHBIM 3HaYeHreM, KOTOPOMY COOT-
BeTCTBYeT coGcTBeHHan GyHKUUS Xy = |. 3aBHCHMOCTb 3TOT0 COGCTBEHHOIO

PEUICHHA OT BPEMEHK HOCHT HekonebaTebHBblil xapakrep, TaK Kak U3 T" = 0
cneayer T = Ap + Bot. O6uuee pemreHne 3aaauu HMeeT BUL

nw nx nrT
u(z,t) = Ag + Byt + A, cos —i£ + By, sin —t |} cos ——.

(@)= 4o + By z( ncos "4 Bysin 27t ) cos ™
Hcnonbsys HauanbHble ycnoBMS, BUIMM, YTO Ag, B, apasiotes Ko3¢hohUIM-

CHTaMM PaoXeHHA B pAn Pypbe ITUX HAYANbHLIX ycaoBHit. Beraucnss ux,
noJiyyaem

L (2n+ m 2n+ )=
u(z, t)—~t+ Z (2n+ 1)2 7 t cos I z

CrpyHa kone6eTca OTHOCHTENIBHO CPENHENO MONOXKEHNUS, KOTOpOe cMelilaeTcs
€ TMOCTOAHHOA CKOPOCTBIO. 3aMETHM, YTO HaYaibHOE YCIOBHE HE YAOBIETBO-
PHET IPAHUYHOMY YCIOBHIO: 1, (0,0) = u,(L,0) = | # 0. Xota pang cxomutcs
K PEIUEHHIO, A BHIYMCACHHA RPOH3BOAHOW MO = ero Henbisa AuddepeH-
LUMPOBaTh NOY/IEHHO. JIEHCTBUTEABHO, PAA, MOMYYAIOWHIACA TIPH MOUNEHHOM
InddepeHHUPOBAHMH, pacXoaUTCH nput =z =0. >

70. Cmpyna oaune I ¢ 3axpenenssmu Konyamu 68 Hauanbuiii Momenm
GpEMERU uMeem napaboaudecKylo (opmy ¢ MaKcumMaabHbiM OMKAQHEHUEM & ee
cepedune, pasuoim h. Hauanvnas cxopocms cmpymot pasha vymo. Haiimu 3a6u-
CUMOCMb OMINOHEHUS OM EPEMEHU.

Pemenne. Kpaepas 3amaua umeer Bun
Uy — czuzz =0,
u(0,t) = u(L,t) =0
4hz(L — z)
L2 ’
O61uee peweHne 66110 NoayueHo B 3anaye 67. HUa pPaBeHCTBa HYJIIO Hayaib-

HOIl CKOpocTH creslyeT, 4T0 BCe B, pasHbl Hymo. Kosdpduumentn A4,
BLIMHC/AKTCA pawiokeHneM u(z, 0) B pag Pypee:

u(z,0) = u(z,0) =0

4h.'1:(L a:) ZA nre

,,m——

Otcloaa nmeem

32h 2n+ Dwet . (2n+ 1
u(z,t) = Z(2n+l)3 (n L)W sm( " 7 )1r:z:.
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T1. B navansnsiii Momenm gpemenu cmpyHy ¢ 3aKpenIeRHbMU KOHYAMU Oau-
net L omrnonuau na paccmosnue h 6 mouxe xy u omnycmuau. Chopmyauposams
2paHUMNYIO 300any U pelums ee.

Pemenne. [paHuyHad 3agavya OTAMMAETCH OT Npeasigylicd TOALKO Ha-
YaJbHBIM YCIOBHEM

T

;—h, z < Zg;
(]
u(:t: 0) = L—z
h, x>z
L - Tp

Pelienne Moay4aeTcsi pa3jlokXKeHHEM HA4YallbHOrO OTKNOHEHUA B psll (Dypbe

(1) 2hL? f: 1 G "% nAc, 0T (3.20)
e, t) = —eu Y — €OS et Sif —— 2. .
! 1\'239(L - 20) pyr n? ! L L L

MMocTpouM Teneph KayeCTBEHHYIO KapTHHY XBHAKEHNA CTPYHbI. Peiienne ne-
PHOSHMYHO MO BPEMEHH C NMEPUOLOM T = -ci Mpu ¢ = 7 OTKIOHEHHE CTPYHM
OT paBHOBECHOIO TOJOXEHMs paBHo Hymlo. TTonydum QopMy CTPYHB TipH
0 < t < 7. Beipaum npou3seleHMe TPUTOHOMETpHYecKHX dyHKumMi yepes
cyMmy

nrc nw 1/, nn . nr

cos — t sin %= 2(sm 1 (z — ct) +sin 7 (a:+ct)). (3.21)
Peurerine, 3anapacmoe ¢opmynoit (3.20), cnpaBeniMBo Ha Bced TIpaMoi
W aepHoAWYHO ¢ nepuolioM 2L no xoopaukare. 310, OYEBHUAHO, OTHOCHTCH
M K HaYaibHOMY OTKJIOHEHMIO CTPYHbI, XOTS OHO 3aJaHO TOALKO Ha OTpesKe
0 < z < L. Slcho, oaHako, 4ro cymMa psana (3.20) HeyeTHa OTHOCHUTENBHO
toukn £ = 0. Tlpu ¢ = ¢ 3T0T paa aBisieTcR pasnoxXeHUeM (YHKURH,
HOAYYCHHOM HEUCTHDBIM TIPOAOKEHHEM HAaYANBHOIO OTKIOHEHHS ¢ OTpE3Ka
0 <z <L yepes Touky = = § Ha orpesok —L < z < 0 ¥ nocreayiomnm
NEPUOANYECKUM TIOBTOPSHHEM HA BCIO MIPAMYIO. YCAOBHMCS Janee HalbiBaTh
HAYaNbHBIM OTKIOHEHHEM MOAYYEHHYI0 DYHKIHIO.

Ecnu suipaxexue (3.21) noncrasuts B paa (3.20) u cobpatsb cnaraemsie,
cogepxaume = — cf, TO nONYYHBLIANCA CYMMa MpelcTaBiaset cobo# pasno-
KEHUE HAYATBHOFO OTKNCHCHNA NONOBMHHONK AMIUIMTYIbI, CABHHYTOE BIpaBo
Ha paccrostue ¢f. Ocrasuiiecs caaraeMbie JAlOT NOAOBHHY HAYa/IbHOTO OT-
KJNOHEHUA, CHBUHYTOTO BAEBO Ha TO Xe paccTrosHue. Takum oGpa3om,

u(z,t) = %(u(z - ¢ct,0) + u(z + ct, 0)).

Hanpumep, ana z¢ = {;— HayaibHOE YCAOBHME npeacrasaser coboit nuao-
obpasnyio dyukumnio. paduueckn, cxnanpiBaa ase nwioobpasHbie caerka
CABMHYTblE KPHBbIE, JIETKO MOJY4HTh, 4TO NpH ¢ < 7 CTpyHa MMmeeT (opmy,
n306paxeHHyto Ha puc. 3.1, TopU3OHTAIbHbIH} YHACTOK CTPYHEI, PACIIUPAACSH,
OfIYCKACTCA CO CKOPOCTBIO paBHOM 4-,—".
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u
h

/o~ P

R SO I N

bl ‘. P, LTI % !
0f—= < S

R . L Puc. 3.1. dopma cTpyHsl: -~ — HayanbHoe

yenosue u(z,0); — — u(e, c); -
1 L
T — ju(z££,0)

»

72. Pewums zpanuunyro 3a0auy 013 HeoOHOPOOGHOZO YPaGHEHUR
Uy — Uz = b shz,
0<z <L, 1) =u(L,t)=u(x,0)=u(r0) =0

Pewensne. PetieHne HEONHOPOOHOTO YPABHEHUA, TaK XK€ KaK M pelliCHUE
OXHOPOAHOTO YpaBHEHMS, MOXHO WUCKATh B BHAE Pa3NOXEHHUA MO Ga3HCHBIM
pellieHUSIM TPaHWYHOIM 3a/a4yH, KOTOpble A/isi BAHHBIX TPAHHUYHBIX YCROBHH
ObINK monyyYeHb B 3agaue 67. PeuleHne B Buae

u(z, t) = i A,(2) sin %—f (3.22)
n=1

YAOBAETBOPAET TPaAHHUHLIM YCI0BMAM. YToGnl onpenenuth A,(l), pastoxmum
bshz B paa no 6asHCHBIM peLICHUAM!:

00

(-)"nwshl nmz

bshm=—2b5 3 5 sin . (3.23)
e~ (nm): + L L

Noacrasnian Beipaxewus (3.22), (3.23) B ypaBHEHHE U YUUTBIBAsi OPTOTOHANB-

HOCTB QYHKIMIE sin (QEE) , NMofayyaem cUcTeMy OGBIKHOBEHRBIX 1M depeHUH-
AJIbHBIX YpaBHEHMIl:

d*A, (mr)zA _ 2b(—l)"rm'shL

—_— Ty =12,... 3.24
di? L (nm)? + L? (3:24)
C HAuaNLHLIMHM YCIOBHAMH, CNEYIOWMMH U3 HaYaIbHbIX YCI0BHI Ha u(z, t):
dA,
4,(0) = =0, n=12,.... (3.25)
dt ji=p

Pewas 3anauy (3.24), (3.25) u noacrasnaa A,(t) B (3.22), nonyyaem

ary2 = (-n" nnt . nAT
u(z, t) =2L"sh L Z m (COS *—i— - l) sin T (326)

n=1
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Hnoil cnocoG peuteHns 3a1a4u COCTONT B pa3GHeHHH ee HA ABE 3aAa4u.
BHayane peisM CTALMOHAPHYIO IPAHHYHYIO 3a5auy

—wy, =bshz, w(@)=w(l)=0

3arem MeToaoM Dypbe HallieM pelicHMe rPaHMYHON 3alla4 ¥ Uisi OLHOPOAHOIO
YPABHEHHS!

Uy — Yz = 0,
v(0,8) = v(L,t) =0, v(z,0) = -w(z), v(z,0)=0.

MNonctaHoBko# ybexnaemea, uto u(z, t) = v(z,t) + w(z) ynosnerpopaer kak
HA4anbHLIM, TAK W FPZHUYHLIM YCJIOBMAM MCXORHON 3agauu. OKOHYATEAbHO
HMeeM

wl(z,t) = b(f- shL —sh a:) +

3.27
+ 2L sh Z (-n" mrt . AT (3.27)
s e — i ——

an((nm)? + Lz) L
C du3nyeckodl TOMKH 3PEHHE 9TO pellieHHe O3HaYaeT cleayioiiee: w(z) 3anaeT
CTauMOHapHLIH Nporu6 cTpyHsl noa AeificTBueM BHewHed cuibl bsh z; v(z, t)
OlHCHIBaeT KoneBGaH U OTHOCHTEILHO CTAllMOHAPHOTO TIpornba. 3aMeTHM, 4To
CTaUMOHAPHBIA TIPOrnG cTpyHbl B (3.27) noslyueH B sBHOM Buae, a B (3.26)
B BUAE PaliOXeHHUA B AL >

73. Pewums kpaesyio 3adauy na ompesxe 0 < ¢ < L:

w = 6 U,
z, z< i,
u(0,t) = w(L,t) =0, wu(z,0)= i’
L~z >3
Cpagrums pewerue 3moit 3a0awu ¢ 3adaveit 71.

Peutenne, Pa:menﬁﬁ MCPEMCHHBIC, BHARM, 4TO CNICKTpaiibHag 3anavua no-
Jly4aetcs TaKo# Xe, Kax # B 3aja4ye 67. 3aBUCHMOCTh OT BPEMEHH fofydactces
U3 YpaBHEHMHA

Ty = ATy

¥ TENeph HOCHT 3KCTIOHEHLIHATBHO 3aTYXAIOWMi XapakTep:

;
T. = A, exp [— (ELE) azt} .

Pasnoxenne HauwanbHbiX ycnosuit B pan Dyphe COBNANAET € NOAYHEHHBIM
8 3agaue 67. B pesyabTare umeeMm

e m+)x\? ,1 . m+i
u(z,t)‘ 2(21; +)1)2 P[—(Ln—;wm) azt} sin n;» xz.

72 Thasa 3. Juneiinvie ypaenenua emopozo nopadxa

3aMeTlrlM 49TO0 pCUHICHHE CUMMETPHYHO OTHOCHUTEIbHO CepeldHHbLl OTpe3Ka:

u(z,t) = u(L — z,t) U 3T0 CBOHCTBO €CTb C/IEACTBUE CHMMETPHH HAYATBHBIX
YCNOBHMI. >

74. Pewsums xpaesyio 3adauy
U = a’ Uzz — Pu,
T
0<e<L, u0t)=u(Lt)=0, u(z0)=sin L
Pemenne. 3anauy MOXHO pelliaTh, Tak Xe KaK M 3a1aqy 72, pazioxXeHUEM
B psia 1o 6a3ucHBIM hyHKUHAM, [Ipyroit cnoco6 cOCTOUT B TOM, YTOGI Cle/IaTh
MOACTaHOBKY ¥ = e P!y u ana v nonyuuTs ogHOpOIHOE ypaBHeHUe nudby3un

C TEMH Xe IPaHUYHBIMH M HayalbHBIMU YCHOBMAMH, 4To M 1ns u. Pewas
3agaqy s v MeTogoM (Pypre, noayyaem

2
u(z,t) = exp [ Bt — (Z—I_,) azt] sin ;%. >

75. Pewums xpaesyio 3adauy

T
u = azuu — Bu + sin —,
0<z <L, u0,t)=u(L,t)=0 wu(x,00=0

Pewenne. 3anauy MOXHO pelaTh, TaK Xe KaK M 3a1auy 72, pauioXeHHeM

B pan 1to 6asucHbIM pyHkuuaM. Ipyroit cnocob cocTouT B TOM, YTOGBI HCKaTh
peuleHue B Buje

u = v(z,t) + w(z),

rie w(x) — pemleHue 3ana4u WIS CTALHOHAPHOTO YPABHEHHS TEIIONPOBOA-
HOCTH:

) . T
a“wz; — Bw + sin = 0, w(0)=w(L)=
w(z) 3azaeT CTaUMOHAPHOE pacnipefeNeHHe TEMIMEpPaTyphl BIOJb CTEPXKHS.

YacTHoe pelieHne THHEHHOTO HEONHOPOAHOTO YPaBHEHUS, YAORIETBOPSIONIEe
TPaHHYHBIM YC/IOBHAM, HMEET BUA

ra\’ - £
w:((f) +ﬂ) smf.

Moacrasass v+ w B UCXONHBIE YPaBHEHUSA ¥ TPeNebHBIC YCIOBUA, NONyYaeM
ans v(z,t) sanauy

v = alv— Buv,
v(0,t) = v(L,t) =0, wv(z,0) = ~w(z),
pelas KoTopylo TeM xe criocoGoM, YTo U 3amauy 74, nonayyaem

(3) ) ool o ()] -
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76. B nauansmoiii momenm epemenu @ wape umeemca cheputecku cumme-
mpuunoe pacnpedesenue memnepamypw u(r,0} = f(r). Haiimu saeucumocmo
pacnpedenenus memnepamypsl Om GPeMeHU, ecall memuepamypa nosepxHocmu
wiapa pasua wyaw. Paccmompems caywaii f(r) =

Pemwenne. YpaBHeHHe TeNnaonpoBogHOCTH
= a?Au
B cpepHUECKHMX KOOPAMHATAX 3aMMUChIBAETCH B BHIC
a2 8 ,8u
U = ﬁ —a—'; T *51':'
B oneparope Jlannaca yuTeHo OTCYTCTBHE 3aBMCHMOCTH B 3aJaye OT YIJIOBBIX
nepemeHHbIX. [PaHHUHbBIE U HayanbHbIe YCIOBUSA UMEIOT BUI

uw(R,t) =0, u(r,0)= f(r).

BHavane umiieM 6a3ucHbie PELLCHHUA pa3ic/icHUEM NEPEMEHHBIX B BURE

(3.28)

u(r, t) = P(t)Q(r). (3.29)
Moncraeaaa (3.29) B ypasuerne (3.28), nonyyaem
P 11 , dQ

== —7 = —A. .
a?P() Qr? d'r dr (3.30)
Hns GyHKUMM Q RONXKHBI BHINOJAHATECA MPAHUUHbIE yCaoBHA. OIHO M3 HHUX
chenyer HEMOCPENCTBEHHO W3 IPaHUYHOIO YC/MOBHA Ha (OYHKUMIO ¥ Ha NO-
BEPXHOCTH HIapa:
Q(R) =0. (3.31)

Bropoe rpaHMvHOE YCNAOBHE He CTONb OYEBMOHO W NOPOXACHO TeM, YTO
ypaBHeHHe Ha Q(r)

#Q 2dQ

e + = ey +A@ =0 (3.32)
MMeeT 0cOBEHHOCTb B ToUKe r = (), H NO3TOMY €ro oBiee pelieHHE PacXOaUTCs
B 3Toi Touke. [TOoCKONIBKY HAC HHTEPECYIOT TONBLKO OTPAHNYEHHbBIC PELIEHHA,
noTpe6yeM BbIMONHEHUA BTOPOro IPAHHYHOIC YCOBHS!

Q(0) < oo. (3.33)

Pewenne ypasHenust (3.32) moxeT 6bITh HaHACHO CAEAYIOLIMM CrOCOGOM.
byaeM uckarb ero B Bune

Q(0) = p(r)q(r) (3.34)

M nocrapaemcs noaoGpatb p(r) Tak, 4roGel B ypaBHeHuM Ha g(r) He Gbino
mepsoi npoussonHoit. Moacrasnss (3.34) B (3.32), nonyyaem ycnosue Ha p(r)
1 ypaBHeHHe Ha q:

! 2
p’+;p=0, pd" + (p“+;p')q+f\pq=0~

74 [naea 3. Jluneiinvie ypasnenus emopozo nopadka

VpaBHEHUE HA p ONHOPOZHO M MMEET pelleHWe p = :. YpaBHEHHE Ha ¢
yIpoIlaercs o S1eMeHTapHOro:

¢"+Ag=0.
O6uuee pewieHne ypapuenus (3.32) npu A > 0 nMeer Bua
Acos VAr + Bsin Vr
Q(r) = . :

Co6CTBEHHbIE PEllIEHHMs, YAOBACTBOPAIOILME [PaHK4YHbIM yonoBusaMm (3.31),
(3.33), 1 cooTBeTCTBYIOUINE UM COBCTBEHHBIE 3HAUYCHHUS PABHbL

nar nw
Q,,(’P) —Sll’l?, An:f' n=!,2,....
CobGcerperinble sHaveHus A < 0 #eBoaMOXHbI (noyemy?). 3aBHcHMMOCTbL OG-
CTBEHHOTO pelieHHs OT BPEMEHM MoiyyaeTcst U3 ypasHenus (3.30):

To(t) = an exp [—(?)3],

a obulee PECIICHHEC UMEET BHI
%0
u(r,t) = Z aa T (£)Qu(r).
n=|

KosdodpuiumeHTsl a,, onpeaeNsoTcs U3 HA4aIbHbIX ycnosHit. YToObl 1A UX Bbl-
YUCICHUS BOCMONb30BATLCA OPTOTOHANLHOCTBLIO TPUTOHOMETPHUYECKUX (bYHK-
LUK, yMHOXUM pAa Ha 7 U noaoxum ¢ = 0. Toraa

R
- 2
rf(r)zz:a,, sin %ﬁ, e e, = E,/ f(p)sm—dp
n=1 rd

B yactaom cnyyae f(r) = Ty HHTErpan BLIYHCASETCA U PEICHHE BMEET BHIL
2RT0 (-t nra\’] . nxr
= -t — )t —_ >
u(r,t) = "E_ exp 7 sin —

77. Haiimu pacnpedenenue memnepamypw @ uiape, €cau 6 HA4AALHYIU
MOMEHIM 6PEMEHU @ €20 KEeHMmpe BKAIOHAEeMCR MOHeNbil UCMOYHUK UHMEHCUs-
nocmu Q. Hawanvnan memnepamypa wiapa u memnepamypa €20 NoGepxXHocmu
PasHul HyAIo,

Pemwenne. PacnpocTpaHeHue Tenia B MPOCTPAHCTBE ¢ pacrnpeie/ieHHbIMA
MCTOYHHMKAMH ONHCHIBACTCS YpaBHEHHEM

X F
T.Lg:—'-‘A'H-'*'—.
C c
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3neck ¥ — TeMmeparypa, ¥ — TEIIONIPOBORHOCTb, ¢ — TEMAOEMKOCTh €1M-

HULb! 00beMa BelllecTBa, F' — WHTEHCHBHOCTDH TEIJIOBbIIEAECHHUS B eAMHHLIE

o6bema. B HalleM yacTHOM cayyae MONYYaeTCs TPaHMYHAs 337a4a C MAOTHO-

CTbIO TEN/IOBbLAC/ICHHS, KOTOpasA OMHUCHIBaeTCH O-(yHKuueil lupaka:

| Q6(r)
c

up=—A , u(r,0)=0, u(R,t)=0

Pasnenum 3ajia4yy Ha ABE: CTallMOHAPpHYIO

Aw= ~—9—%(-r—), w(R) =0, (3.35)

¥ HECTAUHOHAPHYIO
x
n == Av, v(R,t)=0, v(r,0)=-w(r).

WX cymMa asisieTcst pelieHWeM MCXoaHOM 3anaud. PewiMM cTaumMoHapHyio
3apaqy. Tlpu r # 0 ypaBHeHWe Ha w OXHOPOAHO. 3anuchiBasi PamMANbHYIO
YacTh oneparopa Jlannaca, HMeeM

d ,dw
— 1‘ —
dr dr
HMHTerpupys nBaxibi, nojayyacm
€
w=—+40.
r

KoHcTanTy ¢ onpenenuM, uHTerpupys ypaeHenue (3.35) no wapy pamuyca
r < R. Wurerpan ot ero npaBoit 4yacTu paseH —g, a MHTErpam OT JeBOH
npeobpasyercst B MHTerpan no cdepe or grad w HCROIBL3OBAHUEM TEOPEMbI
Taycca—Octporpaackoro, nockonbky A = div grad. Otciona nmeem

_Q
t— 5
4
€2 ONpeseNseTcs U3 rpaHuyHoro yenosns w(R) = 0. OkoHyaTe bHO Noayyaem
R~r
w(r) = L .
4tx Rr

HecraunoHapHas uacTbh 3a1aud peluaeTcst pasie/leHHEM TMepeMeHHbIX, Kak
W B 3aga4e 76. B pesynbrarte nonyyaem

' 2
u(r,t)-—iR——— Q Zlexp[w(m) t]sinn—;’:. »

—~n R

78. Pewums kpaesyio 3adauy
uzz+“yy=0, 0<.’L’<L, 0<y<w,

L-
u0,9) = u(L,y) =0, u(z,0)= 4 L2

7 u(z, 00) = 0.
Cpasnums ¢ 3adavamu 70 u 93.

76 Thasa 3. Jluneinwe ypasrenus emopozo nopadka

Pewenwe. OTbickuBas uacTHoe pewieHHe B BHie u(z,y) = X(x)Y(y)
W pasfenss mepeMeHHbIE, MOAyYacM

xv V4
= = -
X Y
CﬂeKTpa.ﬂbHaﬂ 3aaaya no KoopauHate x noaydyaercs Takoi X€, KaK U B 3aja-
ye 67. 3aBUCMMOCTD OT ¥ NOJIYYAETCS W3 YPABHEHHSA
”
Y, = AnYa,

PCLUCHHUE KOTOPOro NpeacTaniseTcd B BUIE CYMMbl 3KCIIOHEHT:

o= tuesp [ (7 )] + Buown [ (2)a].

3anuceiBas peuleHME B BMAE CYMMbl pPsSila, M3 TPaHHYHOFO YCHOBMS NpPH
Yy — oo nmeeM B, = 0 una scex n. U3 rpaHMyHOro ycnosus npu y = 0
BBIYHCIAEM A; ¥ OKOHYATENbHO HMEEM

u(m,t)— Z (2( :_):)3 exp [__(in;_i){y] sin 2n; : wE. >

79. Haiimu pacnpedeaenue nomenyuana mexcdy coocnwmu yunundpamu
paduycos a < b dan 3a0auu Jupuxae:
ula,p) =c, u(b,p)=hcosgy.

Pewenue. 3anauv ¢ UWIHHAPHYECKOH CHMMETPHEi y106HO pemaTh B Li-
JIMHAPUYECKHX KOoOpAnHaTax. YpaBHeHHe Jlannaca MMeEeT B HUX BU

8 ou N 1 8%u
—_— 1
or Or r? Bp?
3aech YYTEHO OTCYTCTBME B 3ajadye 3aBHCHMOCTH OT KOOpPOMHAThl z. Wiem
YaCTHHIE pelIeHHS B BHJIE

(3.36)

I
r

u = R(r)®(p). (3.37)
Paznendas nepeMeHHble, fOAyYaeM ypaBHeHHd Ha ® u R:
" + 28 =0, (3.38)
d 1 dR
— 4+ =-——-A=0. 3.39
dr? + r dr (3.39)

Ob6uiee pewenune ypaBHeHus (3.38) umeer Bun
¢I>=Ac05\/X(p+Bsin\/ti npu A >0,
O =Ae’ ¥ { Be VM npu A<O0.

IMockonbKy pelieHUe © ACIKHO GbITH ONHO3IHAYHBIM, M3MEHEHHE ¢ Ha 271
HE JO/KHO MeHATb 3HauyeHHd ®. Tlpu A < 0 nepuoaMyHo TONBKO HyAeBoE
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pewienue. fpu A > 0 dyHkuus ¢ nepMonHyHa ¢ NEPUOAOM 27, ecan A = m?
e m=0,1,... . CobcTBeHHBIE PELIEHHS UMEIOT BUJ,

®,, = A cos me + By, sin mep.

YpasHenue (3.39) onnopoaHo. OTHICKHBAs €ro pelleHHe npu A = m? B Buae
R = r%, nony4aem

a = tm.

Ipn m # 0 umeercs nBa NUHEHHO HE3ABHCHMBIX PEIICHUS: T™ U 7™,
Ilpu m = 0 obiuee peileHHe NOAYYAETCH MPAMBIM HHTETPHPOBAHUEM:

Py = Aginr + By.
Takum obpasom, obliiee peuleHHe MOXET ObITh 3aMMCAHO B BUAE CYMMbI

u(r,p) = AgIn+ + By+
00
A B.m\ .
+ g [(A,,,r + r—":") cos mi + (er"' + ,,._mm) sin mtp] .

KosdpduuneHTsl A, By, BRIUUCHAIOTCH PA3NIOXEHUEM TPAHHUYHBIX YCJIOBHIA
B paabl Pypee.

Jlns 3a1aHHBIX TPaHMYKHBIX YCAOBUI Pl YIIPONIAETCA 1O BUAA

A
u(r, ¢) = AgInr + By + (A|r+ —'r—) cos .

Mpu r = a uMeeM

A_
Aglna + By=¢, A|G+T]=0.

IMpu r = b uMeem

A,
Agind+ By =0, Ab-{-"'*a—:h.

Boiuncnsis koaddbHLiMeHTH U3 NOAYYMBLIEHCS CMCTEMBI YpaBHEHHM A, OKOHYa-
TEALHO NOJy4YaeM

Inb—Inr N b(r? — a?)
c .
Inb-1Ina (b — a?d)r cos e >

u(r, @) =

80. Haiimu cmayuonapuwii npozu6 npamoyzonsnoii membpansi pazmepa ax b
€ 3akpennennoi 2panuyeil, ecau Ha memGpany delicmeyem 00ropooHoe dasaerue P,
a ee Hamaxwcerue paero T.

Pewenne. YpaBHeHue pasHoBecHs MeMOpaHbl MMeeT BUL

P
- Au= —.
= (3.40)

78 [nasa 3. Jluneiinste ypasuenus emopozo nopaoka

CMelneHHe ¢ Ha FpaHULie MPAMOYroibHMKa paBHo Hymio. Hanpasum och &
B/OJ1b CTOPOHBI [VIMHBI @, 3 OCb Y BAOAbL BTOPOK CTOPOHbI.

Bysem ucKaTh pelieHue B BUle pa3jioXeHWs B pAA MO COOCTBEHHbIM
dbyHkuusM onepatopa Jlannaca ans sroil rpaHuuHoit 3atauu. Hatmem cob-
cTBeHHble QyHKUMK. Janauya Ha cobCTBEHHbIE 3HAYEHMSA

—Au=2u, ur=0 (3.41)

peuiacTcd pasacicHUEM TICPEMEHHBIX. CobeTBeHHbIE GYHKUUK H CoOCTBEHHbBIE
3HAYCHHA paBHbI

. nmT | may nx\?2 mr >
Upm = Sin —— sin v Agm=l—) +l—],
a b a b

rae n, m — Uelble MOoN0XKHUTENbHbIE YHCa.
Packnanbisas npasyio yacts ypasHenus (3.40) B aBoiinoii pax Pypoe:

z Cn,mUn,m) (3.42)

nm-
MNOJNY4YUM HeHyneBble KOI(DDULUHMEHTD
4 P 2 2
T 2k+1) A+1)°

WUuiem peinenne ypaBHeHust (3.40) B BUe TAKOTO Xe padioXeHUs

Cxhept A1 =

l=0,1,....

U= Z G mUn,m- (343)

nm—

Moncrasnas paznoxenud (3.42) u (3.43) B YpaBHEHHE H UCTIONL3YS BIAHMHYIO
OPTOFOHANBHOCTE QYHKUMHU Uy i, TONYUUM dp 1, = "" OxonaneanO HMeeM

(2L+I)1z . (2+D)xEy
b

P = sin
T Y e ey s (Y]

3.6. 3apaun

81. OnpenenuTh TUN YPaBHEHUA Y NPUBECTH €r0 K KAHOHUYECKOMY BHUIY!
(@) uer — (144" uyy — 29(1 + y%)uy = 0;

(6) tyy — 28inT Uy — cOS 2T Uy, — cOS T Uy = O:

(B) (l + I'Z)zu:x + Uyy + 2.’17([ + mz)ux =0;

ou 1 du
- _ —— =
() ( 3m)+m2 dy?

(n) Tiup, + 2xyuy + yzuy_,, —2yu, + ye-”/’ = 0.
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82. Haiitn obmacTi runepGoAMMHOCTH, MapaBOAMYHOCTH W BANUNTHY-
HOCTU YpaBHEHHsI
TUzz + YUy + 2uz + 2uy, =0
Y NPUBECTH B HHX K KAHOHWYECKOMY BHAY.

83. Haiitu ycnoBue aIMNTHYHOCTH ypaBHeHus Yannsiruua

9 )
—_ —_ = 0,
P (poz) + oy (py)

rae p = p (\/<P%+so§)-

84. IlpuBecTH K KAHOHHYECKOMY BHIY M M3GaBHUTLCHA OT NEPBHIX NPOU3-
BOOHBIX:

(@) uzz — 4uzy + Suyy — 3u; +uy + u = 0;
(6) Uzz — tUyy + Uz + Uy —du=0.
85. Haiitu obuice peiseHUe ypaBHEHHsI
( — Y)uzy — uz + uy = 0.

86. Peiunts 3anauy Koiwu:
2y
2 2 _
Wu + 21—y )“::y - Uyy —1'::“?;'2' 2u; — u,,) =0,
u(z,0) = p(z), uy(z,0) = ¥(2).

87. Hanucars BbipaxeHwe WA oneparopa Jlamiaca 8 OPTOroHaibHOMN
CHCTEME KOODAHHAT.

88. MonyunTs BHipaxenust ans oneparopa flannaca:
(a) B UMAKHAPUYECKHMX KOOPAMHATAX (2, p, @)

zT=pcosp, yYy=psing, z=uz,
(6) B cheprueckux koopannarax (r, 0, @)
z=rsinfcosyp, y=rsinfcosy, z=rcosb;
() B napaGonounanbHbix koopanHatax (£, 7, ¢):
0€€<00, 0€<n<00, 0 <2n
T= \/ﬁ_ﬂCOS‘P, y=+{nsing, z= %(E" n);

(r) B anauncomnanbHbix KoopanHartax (£, 1, p):
1€€<o00, -1, 0 < 2n

VE- D0 -mesy, y=3 /- D01-m)sing,

1
z—ign.

xr=

L e
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89. TMonyyuTh BeIpaXKeHUs! IIS [PATHEHTA, ANBEPreHLMH, potopa
(a) B UMAHMHIPHYECKMX KOOpAWHATAX;
(6) B cepuueckux koopanHaTax.

90. [lpeoGpasosaTh B LUMAMHAPUUECKHE M COHEPHUECKHE KOODAMHATHI
OflepaTop NPoeKLMH MOMEHTa UMNYILCA Ha OCh Z:

I——i(ma 8)
£ oy “ox/)

91. Paazenutb nepeMeHHble U HAHTH COBCTBEHHDBIE PELICHMS ypaBHe-
Hua IUpéaunrepa ans csoGonuoro aBuxenns (U = 0) B npsmoyrosibHOM
napanienenunene ¢ pasMepaMu No 1€KapTOBLIM KOOPAMHATaM a X b X ¢ 1pu
YCIOBHH PaBEHCTBa PEIUCHHSA HYAIO HAa rpaHMLE Napanneienumneaa.

92. Haiitit Ko1e6aHMs CTPYHBI, JIEBBIH KOHEL KOTOPOIi 3axperiieH, a rpa-
BbIH, cBOGOAHO, 6€3 TPEeHUs CKOAB3AWHEA Mo TaHTe, B HaYaJibHBIH MOMEHT
OTKJIOHEH MO ITAaHIe Ha pacCTOsHUeE h.

93. Pewwtb kpaesyio zanauy

Uy =a2uz:n
L -
0<z<L, w0,t)=ul,t)=0, ulz,0)= &(LT_”_)

CpaBHUTL pewenye 310l 3a1aun ¢ 3amayeii 70,
94. Pewnth Kpaesyo 3anauy
W = azuz:n
0<z< L, u0,t)=u (L t)=0, u(z0)=Az

95. Haiitu pacnpesenenue noteHiumana B nonynonoce O < x < 0o,
0<y<L

w(z,0) = uy(z, L) =0, u(0,y) = f(y), wu(co,y)=0.

96. Haiitu pacnipenenenye noTeHUMaNa MEXAY COOCHBIMH LUMAHHAPAMH
paauycos a < b ansa 3anauu Jdupuxne:

u(a,p) =0, u(b,p)= Ab’sin’p.

3.7. Orsetnl

81. (a) YpaBHeHue MMeeT runepbONMYECKHil THIT HA BCeil MIOCKOCTH M npu-
BOJMTCA K BUAY Ugy = 0 B nepeMeHHbix § = T +arcigy, n = x — arctg y.
(6) YpasHeHue BCIoy HMeeT runepGoAMUECKMit THIT 1 MPUBOINTCSH K BUARY
gy = 0 B KOOpAMHATAX £ =T+ Y — COST, 1) = —T + Y — COS &.
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82.

83.
84.

(8) YpaBHeHHEe MMeeT JIMNTHYECKMI THI ¥ NPHBORUTCA K BUAY Uge +
Uy = 0 B MepeMeHHbIX § = ¥, 1) = arctg T.

(r) YpaBHeHue umeer anauntudeckuit Tun. Tpusoaurtcs K BULY U +
Uy, = 0 B KoOpauHaTax { =y, 7 = Inz.

() Ypasuenue napaGonuyeckoe BCIORY W NMPHBOANTCA K BUAY

2
1
uqfr+2€ u£+ —e _0
7
B KoopovHartax £ = y/z, p=y.

YpaBHeHve runepbosnueckoe BO BTOPOM W 4YETBEPTOM KBajpaHTax
(zy < 0) u MmeeT TaM BUI

3
Uen = g7 z(ﬂ"e uy) =0
B KOOpAMHATaX

=Viel+ vVlsl, 1= Il-Viyl.

DUIMNTHYECKOE B NIEPBOM M TpeTbeM KBaipaHTax (zy > 0) u umeeT Tam
BHUI

1 i
U + U +3(-—u +—u)=0
(33 m 55 n ]

=vWl, 7=+l

Ha ocsix KoOpAKHAT, pasaefsaownx o61acTH napaboaHuYecKoro U runep-
60JIMYECKOro MOBENCHHS, YPaBHEHHE BLIPOXKAAeTCA B MapaGonuyeckoe.
KaHoHnyecKu# BUI MOAYYaeTcs HejleHHeM Ha HeHYNEBYIO KOODAWHATY.

(p+p'\/<p% + 93 )p>0-

(a) TlpuBoas K KAaHOHMYECKOMY BHAY M OTHICKMBas u [epeMeHHbIX
§=2z+y, 7= B BUIE

B KOODAHHATax

SE+3
u = w(¢, n) exp 62 i3

nonyyaem
1
Wee + Wyy — Y =0,
(6) B nepeMeHHBIX £ = Z — ¥, 7 = T + ¥ BO3MOXHA 3aMeHa

u = w(§, n) exp (—g—) ,

NPHUBOAALLAA ypaBHEHHE K BHIY

Weg —w = 0.
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85. H3baBbTech OT NEPBBIX NPONU3BOAHBIX.

M rne f U g — NpON3BOJIbHBIE PYHKUNH.
86. u(z,y) = ( ————)+— [ ¥(z') dz'.
-2
o h2h3 ) bi] (h3h| 3) by (h 1ha 8)
87. A = o [ 22— )+ .
[3 “hy 9g O \ hy Oq g \ hy 9g;
2 2

o all? (10), 10 0

r or 1'2 Bgo 3z2

(G)Auli(z_) ! i(nga)_*._.__.lm___g_z_
;] or + snoos \"" o0 r2sin20 dp?’

R ) e
(

]
) A= 1) - 2——)]+
) [ @ =)+ 2 (1=
+—
& - -7% 3¢
U u 18U
89. (a) — e, —. —
gradU = e, 92 +e, — 8p paw
( laA)
tA=e¢, —f L)
p O¢
1 04, 84, 04,
(; )w(az )
3.4 1 84
di .4_ A+ —L + - —L£
v 8z +p ** B0 b 0y
1 18U
(6) gradU = e, U+ea o

or r 96 " rsino 8y’
cigd 104 1 8A,)

( Ap + r 86 rsin® 8y
]A A, N

€ rsing 8(p r ¥ or

(l

84 18
Ao+ 5 =~ )
T r 80

ot 4 =e,

+ e,
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. 2 04, «ctgd 1 04g 1 04,
dWA—;A' or ¢ F 50 +rsinl:? 8y
i)
90. lz = —Zﬁ.

91. HenopMupoBaHHbIe BOJHOBBIE GYHKUUM HMEIOT BUI

. (mrm) . (mwy) . (hrz)
Ynmg =sin{ — }sin{ —= }sin{ — ).
a b c

CooTBeTCTBYIOLINE UM IHEPTHU PAaBHbI
B w? [ n? N m? N 12
1=={5+==+=]
T 2\ a2 B 2
Yucna n, m,! — uenvie NOAOKATENBHBIE.
92. 3agaya MoXeT ObITh pelleHa CTAHIApTHO# NOC/JeN0BaTeIBHOCTBIO AcHi-
CTBUI — pEIICHUMEM CIEKTPAJbHOW 3aayM, MPEACTABICHHEM PELUCHUS
B BHJie CyMMbl COBCTBEHHBIX KoNlebaHUI1 H BhIYMC/IeHHEM KoadduuneH-
TOB Pa3IoXEHUA MO HavyaibHbIM AaHHBIM. OTBeT nonyyaetTcs U3 Gopmy-

abl (3.20) samenoit BHayane L Ha 2L a 3aTeM AOACTaHOBKOM zy = L.
[Touemy?

93. u(z,t)= Z(an)s [(9_1;_91) t] (2n4;1)n

8AL i n+1D)r\? 2+l
94. u(x,t)= 2(2(n+)l)2 [ ((_"2%_)1) azt] sin T;L .

2L

/f(y) m( l)wy) dy.

Ab’ InT—Ina  Ab*(r* — a*)
2 Inb—Ina 200 - a%)r?

o 4 i
95. u(z, p) = Z o, exp [_( n+ ) x] sin Gntir

96. u(r, ) = cos 2¢p.

lnasa 4

ABTOMOAENBbHOCTb ¥ HEeNAUHEeHHbIe
YPaBHEHUA B YACTHbIX NPOU3BOAHLIX

4.1. ABTOMOAEABLHOCTL

fopopar, uyto anddeperunanrsHoe ypaBHeHHE B YACTHHIX IPOU3BOAHBIX
Ut (bYHKUMM ABYX HE3aBUCUMBIX NEPEMEHHBIX T,f HMeeT asmomodersHoe
pelisenue, €CIM CYLLECTBYIOT Takue GYHKIMH BpeMeHH A(t) 1 I(t), uto pewenne
u(z,t) MoxeT GbITh MPECTABIEHO B BUAE:

u(z, t) = A(t) f(l(t))

PeleHne 3ana4u cBOAUTCA K 0O6bIKHOBEHHOMY NuddepeHUMATBHOMY ypaBHe-
Huto 1 f(€). B busnueckux 3ana4ax o6LIYHO MOXHO HANTH ABTOMOAEAbHYIO
NOACTAHOBKY, HCTIOAbL3YS aHANH3 pa3MepHocTel.

BaXHbiM YaCTHBIM CTy4yaeM aBTOMOAE/IbHbIX PeLleHni IBRAI0TCH Bezyuiue
8041HbL, T. €. PCUIEHNA BUIA

u(z,t) = f(z — Vi), (4.1)

rae f — oyHkuus oaHoii nepemeHHoi, a V = const. JeAcTBUTENDLHO,
noactaHoska { = €%, 7 = e' npusoaur (4.1) x Buny u(¢,7) = g(¢7~Y), rne

1(8) = g(€b).

4.2. HenuHeiHble YypaBHEHUA B YACTHbIX NPOU3BOAHBIX

[ToMUMO aBTOMOZEABLHBIX PELIEHHH, WUIPAIOLINX BAXHYIO pojib B GU3N-
Ke, LI HEJIMHEHHbIX YpaBHEHNH B YaCTHBIX TIPOM3BOLHHIX, BOOGILE rOBOpS,
HE CyLUecTBYeT o0 UIMX METON0B peleHus. OxHaKo HHOrIA yaaeTcsl HalTh M-
POKHIi Kiacc peleH Haun Aaxe obliee pelleHue HEMHERHOTO ypaBHeHuU,
MpeBpaTUB €ro 3aMEeHON TIepeMEHHBIX B JKMHeHHoe. Takux npeobpazoBaHuii
WU3BECTHO HEMHOTO,

Ilns HexoTOpbIX BaXHbIX B (H3MKE 3BOJIOLUMOHHLIX YpaBHEHWH yaa-
eTcs ONpEeAeiNTh 3aBUCHMOCTb OT BPEMEHH HWHTETPaIbHbIX XapaKTEPHUCTHK
peweHnii 6e3 ABHOTO MX MOCTPOEHHS. IT0, B CBOIO OYepeAb, NO3BOAAET YBH -
AETh CYUIECTBEHHLIEC YEPTH pellleHHit, Tak1e, KaK 06pa3oBaHHe 0COGEHHOCTH
3a KOHEYHOe BpeMs.



4.2. Henuneitnoie ypasHeHun 6 4acmubix npou3eooHsIx 85

OcoGoe MeCTO 3aHMMAIOT HEJAMHEHHbIE YPaBHCHMA B YAaCTHBIX APOU3-
BOAHLIX MepBoro mopsjaka. OkasbiBaeTcs, 4TO peileHMe 3agayd Kowwu ans
TAKOTO YPAaBHEHMS CBOAMTCS K HAXOXEEHMIO OOLIEro pelieHus HEKOTopoii
cucTeMbl 06BIKHOBEHHbIX nuddepeHUUMANIbHLIX ypaBHEHUIl. PaccMoTpHM Mg
MPOCTOTHI Ciyyal IOBYX MEPEMEHHBIX £ M Y. YpaBHEHME PacCMaTPHUBAEMOTO
THTIA 3aTIHCHIBAETCA B BUJE:

F(u,p,q,z,9) =0, 4.2)

rae F' — Hexoropas 3agaHHas ¢yHKUUA, TIpeanoaracMas 10CTaTOYHO Thajl-
Koll, u = u(z, y) — UCKOMOE PEIiCHUE, H P = Uz, § = Uy.
HnddepeHumnpyn paseHctso (4.2) Mo = U y ¥ YUUTHIBasA, YTO

] 8%u p]

9z 17 dxdy - 3y P
MONYy4YAM COOTHOUICHHSA:
Op dp
Fp5;+ " 5y = ~F; - pF,,
s 0 (4.3)
q q N
Fy3q + Fog, = ~Fy—dFe

M3 Hux ceayet, uTo BAOIb Moboit kpusoit {z(7), y(7)), ynosnersopsioweit
YPaBHCHHUSAM:
t=F, §=0F, 4.4)

rie TouKa oBo3HauaeT TPOM3BOJHYIO MO NapameTpy 7, QYHKUUH p U ¢
M3MEHSAIOTCA TaK, YTO

p=—-F-pF,, §=-F,~qF,. (4.5)

[poussonHas GyHxuun u(z,y) Baonb KpuBoil (4.4) Takke MOXeT GbITh
BbIPAXEHA Yepe3 U, P, ¢ U T, V.

U= ugk + uy g = pFy + qF,. (4.6)

YpasHeHus (4.4)—(4.6) o6pasyloT yXe 3aMKHYTYIO cucTeMy. OHa onpe-
JERseT CeMEHCTBO KPHBHIX B NATUMEPHOM MPOCTPAHCTBE C KOODPAMHATAMH
(v, p, ¢, 2, ¥). ITH KPUBbIE HA3BIBAIOTCHA XapaKTEPHCTUKAMH ypaBHeHus (4.2).
OGwee pewerne cuctembl (4.4)—(4.6) 3aBHCHUT OT NATH TNPOM3BOJILHBIX FO-
cTostHHbIX. ONHa COOTBETCTBYET NpPOM3BONY B BLGOpe Hauyana OTCHYeTa napa-
MeTpa 7 U uKeupyercs U3 coobpaxeHuit ynobersa. HauanoHbie nanHbie s
ypasHeHus (4.2) 3analorca Ha Kakoi-HUGyab kpusoit ' B nnockocth (z,y).
Tpn 3TOM ONpeAcsIcHO KaK 3HaYeHre camoit hyHKuMK w(z, y)ir, Tak 1 npous-
BOHAA BJONL 3TOM KPUBO#M, TO €CTb HEKOTOPaN JUHel Had KOMOWHALIMA P U §.
Taxum 06pa3oM, Haya/ibHbIE YCIOBHS YCTPAHAIOT POH3BOJI €lile B JBYX NOCTO-
sHHbIX. HakoHell, yueT WCXoIHOro cooTHoweHus (4.2) octaBnseT cBoGoaHON
TONbKO OfHY KOHCTaHTy. [lonyuMBiieecs OJHONMapamMeTpHYecKoe cemeicTBO

86 InaBa 4. Asmomodessrocmb U HeauHellHbie ypasHerus

KPUBBIX MPH MPOEKTHPOBAHWHM Ha NMORNpocTpaHcTso (u, z,y) obpa3yer rpa-
$HK HCKOMOFO PELIEHHS, TO €CTh ITOBEPXHOCTb ¥ = %(Z, ¥). AHAIMTHUYECKDE
BbIpaXxeHHe MOXeT ObITh Half/IeHO HCKIIIOYEHUEM MapaMeTpa T U ocTaBLIeiics
MPOKU3BOJIBHON FIOCTOSAHHOM.

HexoTopble METOABI peLueHus ypaBHEHHE C MOMOILBIO Ipecbpa3oBaHHi
nopoGus onucanbl B [3P66] Ha npuMepe 3aay rasoBol anHamuku. Hauanb-
Hbl€ CBEAEHHS MO aHANUTHYECKON TEOPHM HEMHEHHBIX BOJH MOXHO HaitTH
B [Yu377]| u npuseneHHoi TaM 6ubnuorpadpum.

4.3. Npumepni

97. Tpebyemca pewsums ypasnenue menronpogodnocmu
U = XUy (4.7)

Ha gewecmeennol ocu (—oo < T < 00) npu t > 0. Huwem peuenue, ydoeremso-
PARIOEE MOYEHHOMY HAYANBHOMY YCAOGUID

u(z, 0) = Qi(x) (4.8)

u ybwearwiyee Ha 6ecKoHeMHoOCMU
u(+o0,t) — 0. (4.9)

Pemwenne. PeuleHue 3aBHCHT OT 00EMX HE3aBUCHMBIX MepeMeHHBIX &, ¢
W OT napaMeTpoB 3afauyv X, (). PazMepHOCTM 3THUX BelIMUMH CACHYIOLLHE:
[t} =T, [x] = L*T', [Q] = [u] - L, {z] = L. 3nec T, L, {u] — envuuun
Pa3sMEpHOCTH BpPEMeHH, IIHMHBI ¥ BEJMYHUHBI % COOTBeTCTBeHHO. Haitnem
Ge3pasMepHbiii napameTp 3anaun £ = {"zx*. Ha nokasatenu creneHu uMeem
ABa ypasHeHust: n — k = 0 u 1 + 2k = 0. [laa noACTaHOBKH ClieflyeT B3fTh

n==~%= -—%, otkysa § = 7”;—1 Toraa pelieHUe ypaBHEHUS TEMIONPOBOAHOCTH
MOXHO MCKATh B BUIE
Q T
wz,t)= — fl — ], (4.10)
vxt vxt

rae f(£) — 6eapasmepnan GyHKuMA GespasmepHoro aprymesta. [loacraHos-
Ka (4.10) B ypaBHeHue (4.7) nossonser onpeaenntsb f(£):

f(§) = ﬁ exp (—a—z)-

XapakrtepHas wupHHa | aHeproconepxaleit o6racTu (rne u BEAMKO) pacteT
co BpeMeHeM Kak I(t) ~ /xf, a MakcuManbHOe 3HaYeHWE BEAMYMHLI U
yObiBaeT kak A(t) ~ %

Croco6 MoCTPOeHHst aBTOMONETbHLIX PELIEHHI MOXHO COPMYTHPOBATH
M B HeckolbKO Gonee obuieM Buae, 4eM aHATW3 pa3mepHocTei. MMeH-

HO, aBTOMOIC/JIbHAA NOACTAHOBKA [POXOAHT 4Y€pe3 ypaBHCHUE, €CJIH OHO
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MHBapHaHTHO OTHOCHTCE/IBHO COITACOBAHHBIX MacWITabHLIX NpeobpazoBaHui
[ApOCTPaHCTBEHHDLIX MEPEMEHHBIX I M BpeMeHH t. [IpH 3ToM aBTOMOAEALHOM
nepeMeHHON £ ABseTCS MHBAPMAHTHAA KOMOMHauus r u ¢. 3aKoH Xe npe-
00pa3oBaHHst HCKOMON (PYHKLIMN MOXET AMKTOBAThCA KaK CAMUM ypaBHEHHEM,
TaK M TpeOOBaHHEM MHBAPHAHTHOCTH HAYaJbHBIX H TPAHMYHBIX YCIIOBHI.

HavansHoe ycnosue (4.8) 3amaHo B sume 8-dbynkuun. Ecnm 3amath
HEHYJIeBOE HAYaNbHOE ycnoBMe B 00/MIAaCTH KOHEYHOH WIMPHHLI, HanpuMmep
B BUJE rayccoBoOi (PyHKLHH

2
u(z, 0) = % exp (—2’—2),

B 3a1a4e MOABUTCA BTOPOil MaciuTab a, 1 aBTOMOzENbHOE peilieHue (4.10) yxe
TepecTaHeT G6bITh TOYHBIM pelieHHeM 3anaun KoliM, HO oCTaHeTcs BepHbIM
ACHMNTOTHYECKH Ha GOMLILUMX BpEMEHAX, KOria

1(t) = /xt > a,

M KOHEYHOCTBIO @ B CPABHEHHM C XapaKTEPHON LIMPHHON pEIEHHA MOX-
HO npeHebpeyb. BmecTo rpanyHoro ycnosus (4.9) B 3amayax Takke MOXeT
BCTPETUTBCA TpeGoBaHMEe OOpalueHMs PEIIEHHUA B HYb Ha KOHLAX HEKOTO-
poro KoHeyHoro uxTepsana: u(+L,t) = 0. B 3anaye Toxe nosiBATCA BTOpOi
MacuITab, NosToMy aBTOMOZE/IbHOE PellieHUE NEPECTaHeT YAOBIETBOPSTS Ipa-
HUYHBIM YCI0BUAM. OAHAKO aBTOMOIE/BHOE PellleHHE CNPABELIMBO HA MAJIbIX
BPEMEHAX 0 TexX Mop, MokKa

I(t) = /xt < L.

Taxum o6pa3om, B 3anayax, re XapaKTepHbie MacIuTabbl HAYANLHBIX H TPaHUY-
HBIX YCIOBHH CYMIECTBEHHO pasnnyaiorcst (@ < L), aBTOMOAENBHOE pelieHue
npeacraBnset coboi npomexcymounyio acumnmomuxy. >

98. Haimu aemomodensnoe peuienue OOHOMEPHOZO YpasHeHus menaonpo-
800HOCMU

Uy = Ugg

npu ycao6uu, 4mo 6 HA4aibHuli MOMERm epemMenu

0
/u(m,O) de =1,
-0
Pewenne. M3MeHeHue MacuTaboB BeeX nepeMeHHbIX
t—put, z-— Az, u—vu

ROMXHO OCTABAATL MHBAPHAHTHBIMH YPaBHEHHE M HAaYaIbHOE YC/IOBHME, OTKYAA
v v

- ==, 4.11)
BoA

A= 1. (4.12)
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W3 (4.11), (4.12) nonyuaem A = p'/2, v = u~'2, Tosromy MOXHO MCKaTh
HEH3BECTHYIO (PYHKIMIO B BUAE

u(z,t)=—f| — -
( ? ) \/E \/E
HMoacrasnsis B ypaBHeHME TEILUIONPOBOLAHOCTH, NoAy4aeM 06LIKHOBEHHOE AH -
depenunansHoe ypaBHeHHe AN byHKuMK f:

1"+ 3 €' =0,

KOTOpoe HUHTerpupyerca f' + £§ = const = C. O6luee peleHHe HMeeT BUI

£
£(6) = €11 (c. o [ a ev’/‘).
0

®yukuua f unterpupyema 1oabko npu C = 0; nocrosinHas C; HaXOmWTCA
M3 HOPMHMPOBKH HayalbHOTO ycnosua. Mbl BHIOMM, 4TO B 3TOM Cliyyae
YCNOBME aBTOMOAEABHOCTH OOHO3HAYHO onpenenseT peieHue u(z,t), H,
CllefoBaTeNbHO, OHO COBMANaeT ¢ pellieHUeM Ipeablaylteil 3anauu npu Q = 1:

! x?
u(z,t):mexp —E . >

99. Haimu aemomodeasryio nodcmanoexy 1a 00HOMepHO20 ypasHeHus
mennonpogodrocmu Ha noayocu 0 < x < 00 u pewums 3adawy Kowu, ecau

(a) u(z,0)=0, u(0,¢t) = 1;
(6) u(z,0) =0, u(0,t) =t

Pewenue. (a) Bmecto (4.12) wnajiinem BTOpOE ypaBHenMe WIS A, ft, V
u3 ycnosuit 3anaun. [panuuHoe ycnosue cukcupyer v = 1, Torma aBro-

MOJIE/IbHas OACTAHOBKA
x
u(z,t)=f (W)

IaeT ypaBHEHUE

1
I'+5e =0
¢ rpaHn4HbIM yenosuem f(0) = 1, f(oo) = 0. Ero uHTerpuposanue naet:
o Jon ()
= —= e - .
u(z, t) 75 Xp y
g
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Pemenme. (6) [paHuuyHoe ycnoBMe maeT ¥ = p, OTKyda [oJyyaeTcs
aBTOMOJe/IbHasA MOACTaHOBKa

umﬂ=w(%)

[10CNie KOTOpPOil HAalo PElIMTH 3amady
1
P4t -1=0, JO =1, f(+o0)=0.

2
OnHo pemenue fi = 14 % JEFKO YFAJaTh, HO OHO He YAOBIAETBOPAET YCJIOBUIO
Ha OecXoHe4YHOCTH. BTOpoe peLicHHE MOXHO HANTH ¢ MOMOLLLIO TOACTAHOBKH
f = fifa, tne f — HoBsas Heu3BecTHas dyHKuMs. Takum obpasoMm,

oo

exp(-n°/4) dn ! =2/ exp (—1°/4) dn

) =C(z* +¢)
u(z, t) (z }‘/ﬂ (2+712)2 (2'*"72)2

100. Haiimu aemomodeasnyio nodcmanosky u aemomodensnoe peuienue
HeAuHeliHo20 YPagHeHUR menaonpoeodHocmu

[o o]
du 8 nOu /
— = e — ,0dz =1, u(-z,1) =u(z,i).
= (v5). [us0d=1 w-mn=ue
-
Pewenne. B HenuuelinoM ypaBHeHuu TeruonposogHoct (Man auddy-

3un) BMecTo (4.11) U3 MHBAPHAHTHOCTH YPaBHEHHA OTHOCHTENILHO Mpeobpa-
30BaHHIt PaCTSIKEHHUs MONYYHTCH

v Vﬂ+|
~ = YRR
Orciona u u3 (4.12)
A= ul/(n+2), U= [l,_'/("+2),

M, cJlIeloBaTENBHO, ABTOMO/IE/IbHASA TIOACTAHOBKa WMEET BHI
u(z’ t) - t—l/(ﬂ+2) ) f(mt_l/("ﬂ)).
YpaBHeHHe NPUBOAUTCA K OOBIKHOBEHHOMY M depeHUIUATBHOMY
i
n pl\/ !
+ — =0,
(Y + — €
KOTOpPOE MOXHO TNPOUHTErPHPOBATH
1
n gt
—E&f =C,.
I"f+ =54 =C

B cuny rpaHuuHbix yciosuit f'(0) = 0, nostomy C; = 0. [lepeMeHHbIe
pa3eAsioTcs, a BTOpAas KOHCTAHTA WHTEIPHMPOBAHHUA HAXOAMTCS M3 YCIOBHA
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u(z,t)
1

Puc. 4.1. AsTroMozenuHOe pellieHHE HElH-
y HEHHOIo YpaBHEHHsl TEIUIONPOBOAHOCTH

npy n = 2. Crpenxoli NoKa3aHo Harnpasne-
4 HHUE pacnpocTpaHeHus BoAHbl ( — ¢ = I;
T -t=2; -- t=4)

HOpMMpOBKH. lNonyyaeTcs pemrenne THNA TeNI0BOH YAaPHOH BOMHBI C PE3KUM
nepeaHuM dpourtom (puc.4.1).

22

 2(n + 2D
wz,t) =0 npu z*>2n+2)t¥"D  p£o;
co [n(n +2) T2 (L + %)]"/‘"”’
87 T(3) '

B yactHocTH, npu n = 2: C = ;. lpn n = 0 cM. 3anauy 98. »

l '[ﬂ
u(z,t) = e [C ] , nNpwu < 2(n + 2)t2/("+2);

101. B noaynpocmpancmee x > 0 Gowro 3adano nocmosnnoe nose mem-
nepamyp w(0,z) = uy > 0. Hauuras ¢ momenma epemenu t = 0 u dasee

memnepamypa Ha aesoii zpanuye T = 0 noddeprucueaemcs pasnoii u(t,0) = —uy.
Ypaenenue ssonouuu memnepamyprozo noas u(z,t) umeem eud
ay(?)
U= XUor = Q = 8(z —y(t)), (4.13)

2de ynxuun epemenu y(t) onpedessemcs ycaoeuem: u(y(t),t) = 0. Haimu
u(z,t) u y(t) npu ecex t > 0. Paccmompems, & uwacmmocmu, acumnmomuxy
Q — +oo".

Pemenue. Jlepas yacTb ypasHeHus (4.13) npu npeobpasoBaHun nomoGus
T — Az, t =+ At u — u, He MeHSOIEM TPaHHYHLIX W HaYaJlbHbIX
YCROBHUH, rpuobpetaeT o61IMH MHOXHTENbL le Mpasas yactb (4.13) Syaer
Npeobpa3oBbIBATLCA MO TAKOMY X€ 33KOHY, €CIH MBI TNOJIOXHM

y(t) = 2a+/xt,

*) Taxas NOCTAHOBKA SIBMAETCH YACTHBIM cnyyaeM 3anaud CTedaHa 0 ABMKEHHM GPOHTA
KPHCTaJUTH3AlHYM XKNIKOCTH, OXjlaxiaeMoi Ha nosepxHoctd ¢ = 0. ®yukuus y(t) onpeaenser

RONOXEHHE NOBEPXHOCTH pa3inena ¢a3, W BennuMHa ) MPONOPUMOHANBHA YAEABLHOR TEMnoTe
TJIaBACHHS.
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rae ¢ — Gespa3MepHas MOCTOSAHHAA, 8 MHOXHUTENb 2./X BblIeNieH Ala yao6-
CTBa. DTO 03HAYaeT, YTO pelleHHe 3aJa4y MMEeT aBTOMONE/IbHbIH BUA:

u(z,t) = f(z), z= (4.14)

z
vt
Mocne noacranosku (4.14) ypasrenue (4.13) cBoaKTCS K 0GBIKHOBEHHOMY:
2
f'(z) + 3 f +aQé(z —2a) =0. (4.15)

Acnumnrotuka GyHKUMH f(2) npu 2 — +00 cleayeT U3 HAYaIbHOro YCJo-
Bus: f(z - 4+00) — uy. [pyrum rpaHuuHbIM ycroBueMm nis f(z) ssasercs
J(0) = —up. OGuiee peuteHue ypaBHeHus (4.15) B obnacrax z < 2a M z > 2a
HaxoauTcAa be3 Tpyna:

2z

f(z) = A + B, /ds e"'Z/‘, z < 2a;
0

x

f(z) = A+ B, / ds e"’zﬂ, z>2a.

z

Koucrauthl 4,3, By 2 K @ onpeaensiorcs HenmpepbiBHOCTLIO f(2) nipn 2z = 2a,

cxaukom mnpoussogHoit f'(2a + 0) — f'(2a - 0) = —aeQ u TpeboBaHneM
u(y(t), t) = f(2a) = 0. B pesynbrate noayanm
A =-u, A=u, B = = o

y Bim ——————
v erfa 2T Vr(l —erfa)’

a
_ 2 —s?
roe erf @ = 7 J ds e™® — unTerpan BepOATHOCTH, M KOHCTAHTA & HAXOANTCA
0
H3 TPAHCHEH/EHTHOro YpaBHEeHHS:

u 1 1 o
vT\erfa | —erfa =aQe”.
[lpn Q — 0 ypaBHeHue Bbipoxnaetcsa B erf ¢ = 1';, TaK YTO B 3TOM npejele

a~0,48 uy =0, 96yxi. Mpu Q — +0co nonyuum a = %,/ﬂ, TO ecThb

2ugx
Q

Bonbitoe TenioBbiAEEHHE 3aMeINAET ABHXKEHHE GPOHTA KPUCTAMIU3ALIUU. B

y(t) = t.

102. Ypasnenue Biopeepca

Uy + YUy = YUy, —00< &< 400 (4.16)
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onucweaem crabbie ydapHvie goans & cpede ¢ duccunayuei dnepeuu. Haiimu
peuierue muna yOapHoi 8OfHbL, M. €. yOBEAEMBOPRIOUEE YCAOBUAM

lim u(z,t)=u, lim u(z,t)="1u.
Z——00 Z— 400

Pewenne. Tlonctanonka (4.1) B ypaBHeHHe Bioprepca NpuBOAMT K OGbIK-
HOBeHHOMY nuddepeHUHANIBHOMY YPABHEHUIO

pf'=1-V) (4.17)

¢ TpaHMuHBIMH ycroBuaMH f(—00) = u|, f(+00) = up. UnTerpupys (4.17)
oT —00 10 +00, TIoNy4aeM

|
~V(u - ui) + 3 (u% —ul) =0,

orkyna V = @ MO3TOMY CKOPOCTh YJapHOH BOMHBI 3aBMCHT TOJNBKO
OT rPAHWYHBIX 3HAYEHUIT U He 3aBHCHUT OT NapameTpa j (Bsi3KOCTH cpenbl).

DNanee, unTerpupys (4.17) oauH pas or —oo Ao £ ¥ Y4UMTHIBas siB-
Hoe BbipaXecHHe ckopocTH (poHTta V uepes ©; M up, NOAYYHM YpaBHEHHE
C Pa3feNsIOWNMHCA NePEMEHHBIMU:

pf = 5 (= - ).
Ero peieHue
wi +upexp [(wy — 1) §/2p] _ pom-w ((ul - u2)5)
1+ exp [(uw) —u2) €/2p] 2 2p

YIOBJICTBOPSAET IPAHUYHBIM YCIOBHAM TOJIBKO TIpH U > U (B mpoTHBHOM
ciyyae npoduab CKOPOCTH Hayal Obl «pacrpsMAsTLCA», W ynapHas BOJIHA
vcueana). OHo M306paxeHO Ha puc.4.2 mpu u; = 0. llupuna pouta
yAapHOW BOJHBI (KuHKA) YBENHYMUBAETCS C POCTOM BA3KOCTH CPElbl [.

1=

flz—W)
2
l .....................................................................
..................................... . Puc. 4.2. PeuteHne ypasHEHWA
R Bioprepca THNa yaapHO# BOJIHbE
u; = 2, u; = 0. 3nauenns Bu3-
0 -4 koet g2 — 01, --- 03

- 0,5. C ymeHblueHueM p (hpoHT
BOJIHBI CTAHOBUTCA Kpy4e

»
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103. Moxazams, umo ypasnenue Kopmeaeza—de Ppusa
U + 6uly + Ugpy =0

umeem peuteriue ¢ gude bezyweii éonnvi. Hatimu wacmuoe pewernue, obpawarouieecs

Ha BECKOHEHHOCMU @ HYAb 6Mecme CO CBOUMU Nepsoll U emopoii Npou3e0dHBIMYU
no x.

Pewenne. Mocne noxacraHoBku u(x,t) = f(z — Vt) ana dyhkuun f
nony4aercs ypaBHeHWe TpeTwero nopsaxa f" + (6f — V)f' = 0, xoropoe
MOXHO [IBa pa3a MPOMHTErPHPOBATD:

1 1
["+372-Vi+C =0, §f2+f3ﬂ—§Vf2+C.f+sz().

Y1066l NpH ¢ — 00 dyHKuMs f, ee nepsas U BTOpas Npov3BoAHbIe 0bpatia-
JMCBb B HYJb, caedyeT BuiOpatk C| = C; = 0. Toraa ypaBHeHNEe UHTETPUpYETCA
B 3/1€MEHTAapHLIX QyHKUKAX. PelucHue

v/2
ch? [VV /2 (z - V)]

npeacTapaseT coboi yeIMHEHHYIO BOJTHY
(corumon — o anrn. solitary wave), 3Kc- flz—W) 1
NMOHEHUHANbHO 3aTyxalollylo npu £ =
-Vt — +o00 (pHC. 4_3)_ XapaK'rep- ,,,,,,,,,,,,,,,,,,,,,,,, s 4 b OOTUPRUPRUN
Has WMpHHA coanToHa 66 ~ V™2 on-
HO3HaYHO CBfi3aHa C €ro cKopocThio V
n amn}[wrynoﬁ ‘-2’- ...............................
VpasHenve Koprepera—ae Ppusa
OMNUCLIBAET BOJIHY B cpefie ¢ aMcnepcueit,
rie $¢a3oBasi CKOPOCTb 3aBUCHT OT [UIMH b
BOJHB. [lif BOAHBI JIOCTATOYHO 6onb- —3 0 5
WOl aMIUIUTYAB PAacUILIBAHHE BOJHO- r—Wt
BOTO TIaKETa M3-3a JUCTIEPCUM MOXET
CKOMMEHCHPOBATLCA YKpyYeHHeM BoiHbl  THe-4.3. Comuronnoe peuieHme ypas-
3a cyeT HenuHeiHocTH. CoAMTOH — 3TO ';,e';"T7K°pTcmra_m Dpusa npw
pelieHHe, B KOTOPOM MCIEPCHSI U He- ’
JIMHENHOCTb B3aUMHO CKOMSIEHCHPOBAHLI, MOTOMY OH M DAaClpOCTpaHAeTca
0¢3 HaMeHeHUst GOpMBI. »

u(z,t) =

104. Haiimu pewenue muna yedunennoit Gezyuieii 60AHbI ypaeHeHUs Henu-
Heilroit cmpyns

2
Ugp = Uz + (“ )u + Ugzzr = 0.

Pemenue. [Moncrasus Gerymyio poady u = f(xz — Vi) B ypasHeHue He-
JIHHENHON CTPYHBI, MONYyYUM 0ObIKHOBEHHOC AH(epeHIHANBHOE YPABHEHHE

f”(Vz - ]) + (fz)ll + f(lV) — 01
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KOTOpoOE /1Ba pa3za HHTErpHpyerca
APV D=0

®ynkuust f obpawaercs Ha GECKOHEYHOCTH B Hy/lb BMECTE CO CBOUMH
MPOU3BOAHBIMH, No3ToMy C) = C; = 0. Torna ypaBHEHHE MOXHO YMHOXHTH
Ha f' W eute pa3 npounTerpuposath. [Monyuurcs

1 ! !
5f’2+§f3+§f2(vz—|)=C;.

TpeTbsl KOHCTAHTA TAKXKE paBHa HYNIO MIA yeAHHeHHo# BoaHbt. Mosyunnocs
ypaBHEHHe MePBOro MOpPsaKa ¢ PasaensolMMHCS fiepemeHHbIMU. Ero peue-
HMeE cyluecTByeT ToabkKo TipH |V} < 1 (wiu B pa3MepHbIX eAMHHMUAX CKOPOCT
BOJIHbI IOAXHA GhITh MEHbLIE CKOPOCTH 3BYKa):

3 1-v?

=317 Vi-Vig-g) "

105. Odnomepnoe deuncernue nonumponnozo 2aza onuceieéaemca cucmemoii
ypaeHenuii

— =0, (4.18)

Haitmu aemomodenvhsie peuienus 01s dayx pazHbix HAYAALHBIX YCAOGUIL,
(a8) B nawasvnoii Momenm niomuocme umeem cxaxox npu T = 0:

z >0
p(m) 0) = g:)’ z < 0’

cxopocms pasta wyaro: v(z,0) = 0.

(6) B nauanbnwii momenm umeemcs nopuus 2a3a, COCPEOOMOUEHHAA 6 MouKe
x = 0. Ta3 pacmexaemca 6e3 uameneHus NOAHOW Macchl.

Pemwenne. Buinonnas npeobpasoBanve noaobus
t—put, z-—Az, uv—au, p-—vp,

TIOAYYAEM, UTO YPABHEHHUS HE U3MEHATCA, €C/iU

a? oyl
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B areii cucteme ypaBHeHuit uMeeTca fiBa ceoGoanbix hapametpa. MX uncio
YMCHBIIACTCS 10 OBHOIO Pa3HbIMH CHOCOOaMM B 3aBHCHMOCTH OT HAYAJBHBIX
ycaoBuit.

{a) B 3tom cayuae HyXHO BhiGpath & = 1, NOCKO/IbKY Ha 6ECKOHEUHOCTH
# = po. Pewiasa {4.19), nonyuaem

a=1 A=p.
Huiem peuteruie cucremsl B suse

p=flat™), v=glat™).
Ha f, g nonyuaetca cucremMa oGBIKHOBCHHBIX ANGMPEPCHUNANBHLIX YPABHEHUH
(9-8f + 14 =0,

(f)

“—f"f'-*-(g"i)g' =0,

rae £ = zt™!, a WTPHX 03HAYaeT NPOM3BOAHYIO NO €.
TpusnanbHOE aBTOMOIENBHOE PEliCHHE TTONYYaETCH, ECNU ONpPeeanTeND
anHeliHoi cucTeMhl ypasHenult otHocuTeasHO J', g He pasen Hymo. Toraa

I'=g=0, .21

(4.20)

T.€. f, § NOCTOAHHBI.
Ycnopue paBeHCTBA ONpEJE/NTENS HYJIIO JAET CBA3L MexXay f M g:

(9-€* =)
Orciofa NOAYYaeM, YTO IUIS HETPHBHANBHBIX pelueHui
g=E£c(f). @)

Ecau ycnosus (4.22) BLINONHEHO, TO ypaBHeHMA B cucteme (4.20) craHo-
BATCH IKBUBaNEHTHBIMU. HallieM peureHue, COOTBETCTBYIONIEE BbiBOpY 3HAKA
«MUHYC» 8 ypasHenun (4.22). Toraa

. i)hﬂ)/z
=< co(Po ’

Toncrannag swpaxenue Uia ¢ B ypasnenue (4.20), nonyuaem ypasneHue

PEREL (I_)""”},:O
2 \po !
HHTCTPHPYA KOTOPOEC, HMEEM

(r-1/2
v+ 1 ( I ) v+
A co — et C = A + N 4.23
e (s T = A+ (4.23)
rne A — npoussoasbHas nocrosnnas. [loactasnas (4.23) B (4.22), nonyyaem

-1 2
T4+ ——c¢
7+1 Y+ 1

g=- (4.24)
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PelieHue, COOTBETCTBYIOLIEE BHIOOPY 3HAKA «[LUTIOC» B ypaBHeHuH (4.22), nony-
yaetca uameteHueM B opmynax (4.23) 1 (4.24) 3Haka nepen { Ha obpaTHBbIi.

CKOHCTpYHMpPYEM PCILICHKE HaYaNbHOMl 3aJa4yM M3 aBTOMOAENBHBIX pe-
weHn#t (4.23), (4.24) u (4.21). Ipeanonoxum, yro peuenue (4.23), (4.24)
C pocToM £ CTpaBeIUBO N0 TOYKM & ¥ AoTpebyeM, urobbl HAYMHAA C Hee
OHO HenpepbiBHO nepexoaunao B pewenue (4.21) ¢ f = po u g = 0. Ycno-
BME HENpEepHLIBHOCTH [AeT CHCTEMY YpaBHEHHiH Ha A, ), peias Koropylo,
noJjiyyaem

2
§0=cﬂa A=_C0
¥v—1

MHrepBan, Ha KOTOPOM cripaBedinBo peiueHue (4.23), (4.24), cnepa orpaHu-

yeH yciosueMm f > 0, KoTopoe BhInonHseTca npu § > § = — 35,. OkoHya-
TENbHO HMEEM B MOMEHT BpeMeHHu ¢ > 0:

— npu z < &t HaxonuTca Bakyym; v =0, p = 0;

— npu §it < T < ¢yt ckopocTs v = —-;E—l(co - %), a TUIOTHOCTb oTipeiens-
etca u3 (4.23);

— TIpH T > ¢yl HAXOAWTCA HEBO3MYLIEHHBIN ra3: v =0, p = py (pHc. 4.4).

p Apu t — +0 210 peulenue cTpeMuTCcs

pJ K HaYaJibHBIM YCJIOBHSM,
0 3aMeTHM, 4YTO MOJYyYEHHOE IOJE CXO-
POCTH pPa3phiBHO HAa rpaHHlie ¢ BaKyyMOM.
QopManbHO 3TO He TMPOTHBOPEYMT YpaBHe-
/ Husm (4.18), Tak Kak CKOpOCTb BaKyyma
.y 0 ¢ @ He onipenesieHa. MU3UYECKH XK€ ITO O3HAYAET,
410 BO/N3M IPAHMLIbI Fa3—BaKYyYM CTAHOBATCSH
Puc. 4.4, AsTomomenbHOe pewe- CYWECTBEHHBIMU AHCCUNATHBHBIE MPOLIECCH,
uvie 3anaun 105 (a) ¢ HauanbHbiM  HE yuTeHHbie B crcreme (4.18). UM cootBer-
npodunem MIOTHOCTH B BUIAC  CTBYIOT WICHB! B YPaBHEHHAX BONIOLKH, CO-
CTYTIEHHATOH QyHKLHA AepXallne NPOCTPAHCTBEHHbIE MPOU3BOAHbIE
BTOpOro nopanka. ECIM MX NMPHHATL BO BHMMAaHUE, TO Pa3pbiB C1anMT-
ca. Takas TOHKas CTPYKTYpa YOApHOW BOJIHbI 1S OQHOMEPHBIX NABHXEHHMH
MoXeT ObiTh onpeneleHa B paMkax ypasHeHus bBioprepca ¢ HekoTOpbIMM
3¢ dexTHBHBIMU NapaMeTpaMH. 310 3aMevyaHUe OTHOCHTCA KO BCEM 3alayaMm

noao6GHOro TMna.
(6) W3 coxpaHeHHs Macchl noayyaeM

vA=1 (4.25)

Bripaxas MaciutaGHbie KO @HUUNEHTDI Hepe3 {1, UMEeM

(|—7)/(l+1)’ -2/(l+1)' i+

a=p V= A:lu,

OTbicKkUBas peliCHHE B BUIE

p= t»Z/(l+'r) f(mt'y“”)), v = tu—7)/(|f7)g(mt—2/u+7;)’
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Ha QYHKUMHM f KU ¢ nosyyaem CHCTeMy 06blKHOBeHHle andrpepeHnaIBHBIX
ypasHeHui

=7 8 + (e =0,
(4.26)
—1)g+2¢g') +99' + 17 =0.
7“[(7 )g+28¢'] +99' + 17 =
Wnterpupys nepsoe ypapHeHHe, noaydaem, 4ro npu f # 0 sxauenue g(0)
PaBHO HYJIO, KOFJa NOCTOSHHAR um‘erpupoaauuﬂ paBHa Hymo. Toraa umeem

g(8) = 7+l

HHTerpupys BTOpOE ypaBHeHwe, nojaydaeM

2 -1
1= {c+(’ : } ,

(y+1)? ¢
rae € - npou3BoibHadA MNocTosHHas. Bropoe pewenue cucrembi (4.26)
TPUBHANBHO:

J=9g=0

K coxanenuio, pelieHns, NoiyyeHHbie B npeanonoxeHuu (4.25), soipaxa-
I0ILEM COXpaHEHHE MacChl Ta3a, CaMy ONUCHIBAIOT ABMXEHHE GecKOHeuHOil
an6o HyaeBoll MacChi rasa. >

106. Hocmpoums asmomodeavhoe pewenue, onucweawuiee pacmexanue
2a3a ¢ compuyamenbruiM OaeneHuem>:

?;; + —-(pv)
v 813 ap

—_— - y— - =
at o9 Oz ’
ecnu 8 HavaabHtii Momenm écs Macca M easza maxodusdcs ¢ mouxe x = 0.

Pemenne. BHauane peiicHue TOMHO noBTOpAeT pewenue 3anauu (6) mns
v = 2. Bmecto (4.26) nonyvaercs cucrema

2 ' !
- 308 + U9y =0,

| (4.27)
-3 le+2%d] +90'- 1 =0,

petias KOTopyio, HMeeM
2 1,
== =C ~ = £

Bropoe peutenue TpHBHA/IbHO. f = ¢ = 0.
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6 Pewenne, onucoiBaoliee pacnibiBaHUE KO-
: HEYHOI Macchl BEllleCTBa, UMEET BHA,
4 - gf C 1213
oz,y={ 3¢ [F<3VCER,
) 0, |z|>3vCHM,
......... 61 22
iy pzty={ " (C_ 9t“/3) lal <3vEEP;
0_1 i 0, |z| >3V T3,
2/3
Puc.4.5. Konnanc napaGonu- C= _Ai .
4ecKoro npodunst MOTHOCTH, 4

th=2(—t=0;, - t=1;

—- t=175 — t=195) 3aMeTHM, YTO 3aMeHOl t — t; — ¢ mosyuaer-
CSl peliieHHe, B KOTOPOM TNJIOTHOCTh OBpaLaeTcs

B GECKOHEYHOCTE B MOMEHT ¢ = ty. Takoe sBAeHME HA3bIBAETCA KOANGNCOM

(puc.4.5). >

107. Haiimu acumnmomuxy npu t — +co pewenus f(z,t) neoonopodnozo
YPasHEHUR 360MI04UU:

I
:z:2 1 + 22

0 N
af—- (1+m)f

€ HYneabimi HAYANbHHIMU YCA0BUAMU,

(4.28)

- 2
Pewense. Onepatop £ = %z(l + x2) 3pMUTOB B TUABGEPTOBOM mnpo-
CTPAHCTBE CO CKAJISIPHBIM TPON3BENEHHEM

+0

(f,9) = f dz (1 + 2 f'g, (4.29)

—00

M €ro COOCTBEHHDbIE 3HAYEHHUS OTPHULIATEMbHBI. DTO 3HAUMT, YTO EC/IM pelLEeHHE
Haleii 3a1ayi Kol NpUHauIeXuT TakoMy rHIbGEPTOBOMY NIPOCTPAHCTBY, TO
B ACHMNTOTHKE ¢ — +00 OHO He 3aBUCHT OT BpemeHn £. [IpeanonoxuM, uro
MCKOMOE f HODMHMPYEMO OTHOCMTENIBHO CKAlsipHOro npousseeHus (4.29).
Toraa npu ¢ — +00 OHO YAOBJIETBOPAET CTALlHOHAPHOMY YPaBHEHHIO:

— d? i
Lt = g Ty
dz’ 1 + 2
MMmeowemMy obuiee pelleHne ¢ ABYMA HeonpeneaeHHbIMY KOHCTAHTAMH:
I C|$ C

f=_

+ + .
(1+2)? 1+2?  1+a?

OHyu MOIyT ObITH onpeaeieHbl U3 Ha4YaibHbIX JaHHbIX 6€3 pelleHMsi NOJHOR
3BOJIIOUHOHHON 3anayu, a ¢ NOMOWILIO COOOpaXeHUi CHMMETPHHU H 3aKOHa
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coxpanexns. JlelicTBuresbHo, ypasienue (4.28) u HayanbHOe yCIIOBHE MHBa-
PUAHTHBI OTHOCHTEABLHO OTPAXEHHA £ — —2. Takol Xe cHMMeTpHeil AonXHO
obiagatk M pewieHue, 4To cpasy dukcupyer C; = 0. Hanee, npounrerpu-
poBaB ofe uactu (4.28) mo Bceit NpAMON Z, MBI NONYYHM, YTO HHTErpan

+00
[ d=z f(z,t) ot t e 3aBucur. TlockonbKy npy ¢ = 0 oH Gbi PaBEH HYMIO, TO
—~00

i
TKUM JIOMKEH OCTaBaThCA M Nipy ¢ — +00. Orciona onpeaeasem, yro C = 5.
WUTaK, HCKOMAA aCHMITTOTHKA HMEET BUI

1 i
TUre) TATEy

f(ﬂ!,t)——’f:

Hopma 310l dyHkumun oTHOCHTENLHO (4.29), OMEBMIHO, KOHEUHa. >

108. Jsaroyus noas ¥(r,t) e dsymepnom npocmpancmse onpedessemcs
Heauneiineim ypasneruem lipédunzepa

i+ AY + [P =0. (4.30)

(a) doxazame, umo Gynxkyuonasvi

|
N =/dr|1/1|2, H =/dr(IV1/:I2 -3 |¢I4)

AGAROMCA unmezpanamu Geucenus.

(6) Jloxasamb, wmo OaR AGKAAUIOSARHOZ0 € NPOCMPAHCMEE HAYANLHOZO

BOIMYHCHIUR BEAUHUHT,
I= [ dr iy,

yOoenemeoprem ypasHenio:

Hcnoasays 3mo coomuowenue, noKaams, 4mo npu neAoIcumensiom snavenuu H
8 pewenuu Y(r,t) 3a Koweunoe spema obpazyemca cunzyasptocms (Kpumepuii
Tasanosa). Husmu croeamu, cywecmeayrom makoi Momenm apemenu t* u mouxa
npocmpancmea t*, umo nput — t* ur — r*: P(r, t) — oo.

Pewenne. (a) Boinmuem Bmecte ¢ ypasHeHuem (4.30) KommekcHO co-
NpsKEHHOE!

- i} + AY' + [yl =0, (4.31)

ymHoxuM (4.30) Ha ¥* u (4.31) Ha ¥, BBIYTEM OZHO M3 APYIOTO U NPONHTE-

TPUPYEM 1o npocTpancTsy. Jns ¥{r, t), 40CTATOUHO BHICTPO YOLIBAIOIIMUX [TPH
r — 00, OAYYHUM ‘%- = {,
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Hanee, noaeiicteyem onepatopom V Ha ypasHeHHe (4.30), ymHOXHM pe-
3ynbTaT Ha V§*, U3 NONYYEHHOro PaBeHCTBA BLIYTEM KOMITIEKCHO COMNPSAXEH-

HOE {1 NPOHHTETPHPYEM MO NMPOCTPAHCTBY. Pe3ynbTaToM 3THX npeobpazoBaHuit
OyIeT COOTHOLIEHHUE:

d
iz [ arioyp =/dr(¢A¢* ~ ¥ A .

YmHoxeunune xe (4.30) Ha %*|¢|?, BoiUMTAHKE KOMIUIEKCHO CONPSAXEHHOrOo
M HHTETPUPOBAHME MO MPOCTPAHCTBY AACT

. d
53 [ drwl* = / dr($ Ay -y Ay PP,

3%0 BMCCTE € NpENbIAYILWM PaBEHCTBOM [IPUBORUT K 3aKOHY COXpaHeHHs
5 =0.
dt

Pewenne. (6) [leiictBue onepatopom %d'—: Ha I W ucnonb3opaHue ypaBHe-
Hus 3BoMIoUMH (4.30) macT paseHcTEBO:

i:_tI = / drr' (P Ay" —y' Ay) =2 f dr (P(rV)" —9*(rV)9).  (4.32)

HNosropHo anddepenunpys no BpEMEHN, NONCHCTBYEM CHavalla OfepaTopoM

a1 Ha nepBoe cnaraemoe B (4.32). Micnonb3ya sieHO NpOBEPAEMOE NepeCcTaHo-
BOYHOE COOTHOILIEHHE

A(Y) = (V) A 424,
TIONYYHM

d
2 [ e =2 / ar (pP o)yl - 20" A ).

Ecnu k atoMy Buipaxenuio NPUGABHTb €ro KOMIUIEKCHO CONPAXEHHOE, TO 3TO
U O6yner peayabraT AeHCTBHSA ;—‘: Ha ;i: 1, 10 ecTh:

2

ad 2, | 4) _
—&?I—8/dr(lV¢| + ()Yl ) — 8H.

Ans nepexona k nocneaHeMy paBeHCTBY HYXHO MPOMHTErPUPOBATH MO YACTAM
H y4€CTb, YTO B ABYX M3MepeHnsx divr = 2.

Unrerpan H uMeeT cMbICH raMunsTOHMaHa Haueil KOHTHHYAJILHOM CH-
creMbl, N — uWcna Bo3GYXOEHHBIX cTeneHeit cBoGombl. IMocTosiHcTBO H
NIPHBOLUT K TOMY, YTO ypaBHEHHE 3BoIOUMHM (yHKiMoHana I erko pelaercs:

I(t) = I(0) + Ct — 4H¢. (4.33)

3aecb C — HexoTOpas MOCTOSHHaH, onpexesiemMas HauyanbHOM KoH$pUrypa-
uueH nosist Y. [PeanonoxuM, YTo Ha4yaNbHLIE YCIOBUA TAKOBH, YTO FAMMJIb-
TOHHaH nonoxureneH: H > 0. Toraa npu 11060M KOHeuHOM 3HaueHUH C
HacCTynUT MOMEHT, koraa I(t) oGpatutcs B Hyab. OaHaKo GyHKUMOHAN I(t)
N0 MOCTPOCHHUIO TIONOXKHTENeH. EnMHCTBEHHBIN BbIXOA M3 MONy4YMBLIErocs
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NPOTHBOPEUHA — ITO HENPOAGIKUMOCTh PElileHHsl HEOTPAaHUYEHHO 10 Bpe-
MEHH, TO €CTb OOPA3OBAHUEC CHHIYASPHOCTH, Ha3biBaeMoe Kosancom. na
CHMMETPUUYHOTO OTHOCHTENLHO BPALLCHUN HAYaNbHOTO pacnipeacjieMus nong
obpaiteine I(f) B KaKoil-TO MOMEHT BPEMEHHW B HY/ib O3HA4YaeT, 4TO BCR
IOTHOCTb |3(r, 2)]? B 3TOT MOMEHT cOCpeOTOueHa B TOuKe r = 0, e OHa,
B CUJly COXpaHeHUst HHTerpana N, GeckoHeuyHa.

HennnedHoe ypaBHenue LlIpénmirepa omuceiBaeT, B 4acTHOCTH, pac-
NpocTpaHeHHe CBeTa B HennHeiHoM cpene. Kpurepuit TanavoBa naer ycaopue
caMoOKYCHPOBKH CBETOBOTO Nyuka. HenHeiHOCTD yBeTMYHBAET ITOKA3aTe b
MpeIOMIEHUA HA OCHM NyukKa M JeHcTBYyeT Kak cobuparowas aunsza. Komnanc
MPOUCXOANT, KOIIA HENMHEHHOCTE MEPeCHINBACT PACNbIBAHME MYUYKa H3-3a
aundpakuuu. >

109. Ypasnenusn (4.18), ONUCKEAIOuUE OOHOMEDHOe deudcenue bapompon -
HO20 2a3a, Keasununeinws. Kaxcdoe wacmnoe pewienue oaemca deyma ynxuus-
Mu p, v d8yxX nepemenHbix ¥, t:

p=plz,t), v=v(z,i). (4.34)

Ilepemennuie p, v Mo2ym 6ums ucnoav3oeans emecmo T, Kaik Hoswie He3a8uUCHU-
Mbie KoopOouramui, ecau Axobuan npecfpazoeanusn ne pasen Hymio. Hokxaxcume,
4MO 6 NepeMeHHIX P,V ypaeHenus Ha gynkyuu ,t 6ydym auneiino® .

Pewenne. Inddeperunpys ypasHenus (4.34) mo p u v v npeanosnaras,
uTo 2, ¢ ABNAIOTCA QYHKLUMAMH p, v, TOJYYAEM CUCTEMY

dp Oz 8p8t_l 0p_(_9_a:_ Bpﬂt_o

:0p O0tOp ' Ocbu otouw
8u3:z:+8u8t_0 @8m+8u_8£_l
oz 8p Ot 8p Oz du Ot Bu

Peutast 3Ty CHCTEMY OTHOCHTENIBHO YACTHBIX MPOU3BOAHBIX, BXOASIUMX B Ypas-
HeHus (4.18), nonyuaem

9 1 ot op 1 8z Bu 1 8t Bu 1 9z

8z Jou ot Jouw o8z Jop ot Jop
e J = %‘;’; . g‘; - % . g,i, — sxobnaH npeobpalosanua. [loacraengs »tu

BLIDAXEHUA B ypaBHeHus (4.18), moayuaeM CHCTEMY JMHEHHBIX ypaBHEeHMIl
Ha GYHKUMH &, T epeMeHHbIX p, v:

i at _B_t_ _
du +P 8p YouT
oz ot Z(p) ot

<o

% "% p ou

*) Takan 3ameHa HAIWBAETCH NPeobpazosaniiem eodoepaga.
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ecau J # 0, 0o. flcHo, yTo TakuM criocoGoM j106as KBa3uiuKHetHag cucTeMa
IBYX YpaBHeHHH Ha QYHKLUM OT ABYX NEpEMEHHbIX MOXET GhITh npeobpaso-
BaHa B IUHEHHYIO, ecii KO3DHUIIMEHTH B UCXOAHON CHCTEME 3aBUCHAT TOJNKO
oT petiieHUs. T1pH PU3NYECKH BaXXHBIX IHAYEHUSIX ¥ = Z"ﬁ obiiee peilieHHe

i
ITON NUHEHHOI CHCTEMbl HAXOIMTCA aHanuTHYecku [J1J188]. >

110.

(a) Ioxaszams, wmo ypaenernue biopzepca (4.16) nodcmanoexoii Koysa—
Xongha

ij
U=-24 o Iné{z,t)

npeolpazyemcs & AuHeiinoe ypaeHenue Ha 8.

(6) C nomowpio maxoii nodcmarnosku raiimu nepuoduseckoe & NPOCMPGH-
cmee pewierue ypasnenusn bropzepca.

Pewenne. (a) Ha @ nonydaercs ypabueHue

WUnrerpupys no z, umeem
0, = 10, + .f(t)av (435)

rae f(t) — npoussoabHast ¢yHkuua. Ee MOXHO NOJAOXKHTL paBHOH HyIIO.
He#icreutensHo, ymHoXeHHe 8(x,t) Ha 1106yi0 He 06palIAIOUIYIOCH B HYJb
($yHKkuMIO TONBKO BpeMeHM ? He BauseT Ha 4, C ApYro# cTOpPOHbI, Nerko
yGenuTbea, YTo, OTHICKHUBAs peilieHHe ypaBHeHus (4.35) B suae 8 = p(t)d(=, t)
W BHIGMpas B KauecTBe @ pelleHHEe YpaBHEHMS

dy

£ =t
Ha ¢ nomyuaem ypaBHeHue (4.35) ¢ f(f) = 0.

Pewenne. (6) OnHo U3 NpocTeiLIMX NEPHOAHUECKHX pellleHHit ypaBHe-
HUA 6, = b, umeeT UL O(t, ) = A+ e " 'sinkz, rne A — KoHcTaHTa.
CootBetcryioias QyHK1INA
e Pt cos ka

A+ et gin kx

He 6ynet umeTs ocobeHHocTelt npu A > |. Cnenosatensto, (4.36) npn A > 1
SIBNSETCS NEPHOAUYECKHM pelileHHeM ypaBHeHus broprepca npu Bcex t > 1. »

u(t,z) = —2ud, In8(t, 2) = —2uk

(4.36)

111. Ceecmu ksazuauneinoe ypaenenue
Au—(Vu)l =0

K AUHEIIHOMY 30MEHOU Heu3eecmHuoll (YHKRUN.
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Pemenne. INoacratoska # = w(v) nNpuBOAMT X ypaBHeHmo (w" ~ w'?)x
(V)2 + ' A v = 0. Bubupas dyHKumio w(v) Kak perieHHe OBbIKHOBEHHOIO
auddepeHUMANBHOIO YPaBHEHNA

W' - (o) =0, (4.37)
nonyyaeM s v ypasHenue Jlannaca. Ypasuenue {4.37) vuMeeT fipHoe pelue-
Hue: w = C;, —injz — Gl >

112. Haiimu 6 cucmeme xeasuiuneinsix ypaenenuii smopoeo nopadxa

A6 —sinfcos8(Vp) =10,
Ap+2ctgd VoV =0
pewenue suda 6 = f(v), ¢ = g(v), 2de v — Hoeas neuzeecmuas ¢ynxyua. Ho-

Kasame, umo npu ycaosuu HAv = 0 cucmema ceodumca K cucmeme o6bIKHOGEHHBIX
dughdpepenyuanviivix ypasuenui va f, g. Peuus ee, naiimu 6, .

Pemenne. 3amcHa HeussecTHbIX yHKuMi 8 = 6(v), ¢ = @(v) npusoaur
K cUcTEMe

6"(Vo)’ + 6’ Av —sinBcos8 (Vo) =0,
¢"(Vv) + ¢ Av+2ctg 8 '8 (Vo) = 0.

Ecnu v — rapMoHH4ecKas yHKUKA, TO NOJYIHTCH CHCTEMA OBBIKHOBEHHBIX
YpaBHCHK I

0" ~ sinfcosfp” =0, (4.38)
¢+ 2ctg8p'd’ = 0. (4.39)
VYpasnenue (4.39) nocne AeacHUs Ha ' OLKH Pa3 HHTETPUPYETCH:
s Q
Y= Gnig
Toraa MOXHO NPOMHTErPUpoBaTh ¥ ypasHeHue (4.38):
2
0’2 i s
tsntg =@

TRE ¢, & > 0 — KoucTanTH. [loayueHHoe ypaBHeHHE CHOBA MHTEIpUpYETCH.
B pesynbTate MMeeM peliicHHe

| + 42 ctg?(c1 fv) 1g(ci Bv)

L =arctg\/ Ao , p=arctg T’
rae 8 = 3? 2 |, a v — ppou3ssoasHan rapMoHuuyeckas JyHKumMa. Dra
CHCTEMa YpaBHEHMA UCNOAb3yeTCA B TeOpHU (heppoMarHeTuka., »
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113, Haiimu pewernue u(z,t) ypasnenun
Wty —u =0, (4.40)
yoosaemeopatouee ycaoeuro ulx, 0) = 2.

Pewmenne. [lepennceiBas (4.40) 8 Bune: F = pq — u = 0, Mbl npuxogum
K YDPaBHEHHAM 1N XAPAaKTEPUCTHK B NpocTpaHcTse (u, p, q, &, t):

;)’;:szq, t.qu:pa p=-F, —pF,=p,

. X 4.41
§=~Fi—qFy,=q, u=pF,+qF,=2pq. (4.41)

OGuiiee pewlenne 3TOH CHCTEMbI COIEPXHUT NATh NPOU3BOALHBIX KOHCTAHT Cj,
i=L...,5

p=Ce, ¢q=Ce’, z=Ce +C;,
t=Ce" +Csy, u=CCie" +Cs.
Hauano orcueta napamerpa 7 3adukcupyeM ycnoueM £(0) = 0. Dro macrt

ceasb Cy = —C). PabeHctBO F = pg — u = 0 onpeaenser Cs = 0. Jaee,
M3 HAYaAbHOTO YC/IOBMA ciienyeT, 4o npu 7 = 0: u = 22, p = u, = 2z,

4To paer cpasu: C,Cy = (C, + (3'3)2 , Ci1 = 2(C; + C3). Bee 310 nossonser
BbIPA3NThL NOCTOAHHbIE (BAONB XapakTepuctuk!) C;_4 uepes C):

(4.42)

1 1 1
= Ce’ == (e, ==Ce +-C
P 1€, 9 3¢ z=g0 + il
1
t=Ci(e"~1), u= ZCfezr.
Boipaxenus (4.43) wnst u, £, £ — HU YTO UHOE, KAK APAMETPUUYECKOE 3anaHHE

MOBEPXHOCTH u = u(x, t), rae napaMeTpamu cayxat 7 u C). B nawem cayuae
MX MOXHO HCKIIIOYUTb U NONYYUTH SIBHOE BbipaxeHue s u(zx, t):

£\ 2
u(m,t):(m+z) . >
114. Haimu pewenue 1p(z, y, t) ypasnerus muna Iamursmona—Hxobu
WY -9y =0, (4.43)
ydosaemeopaouiee yci08uio
Y(z,y,0) = vVl + 32 (4.44)
Pewenue. O6o3navas py = o, py = ¥, U p; = ¥, NepenuwieM ypas-
Henue B Buae F = pl — p? — p} = 0. Ero xapaxtepucTukn — KpuBbie

B CEMMMEPHOM MPOCTPAHCTBE, onipeneseMble YpaBHEHUSAMMH:

Po=p=pr=0, £=2p, &=-2p, y=-2p, %=0.
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TpeBys, uTobhl 3HaueHHIO riapameTpa T = 0 cooTBeTcTBOBANO ¢ = 0, NONYYHUM
pELIEHHE 3TOi CUCTEMbI C LIECTHIO MPOU3BOJIbHbIMH MOCTOSHHBIMM:
p=Co, p=C, pr=GC, oP=0Cj,
t=2Cr, ==-2C,7+ B,, y = -2C,1 + B,.

Mpu t = 0 MbI 3HaeM BbipaxeHus ¥, p; = P, M p; = 9, yepe3 = u y. o-
ckonbky ¢ = 0 npy 7 = 0, TO OTCIOAa CACAYIOT CBA3M MEXAY KOHCTaHTAMM C;

H Bji
/ B B
C; = B|2+B§, C =—-2—l-, C2=——2"2-—.
\/ B} + B} \/ B} + B}

Ycaosue F = 0 paer Cy = i\/C,2 + C22 = x1. Takum obpazom, peinenue
Hawe#t 3a5a4n KoOWM He €AMHCTBEHHO; MMeloTcs aBe GyHKunu Pi(z, y,t),
YAOBJETBOpsIOWHE ypaBHeHHIO (4.43) U HayanbHOMy ycrosuio (4.44). Tlo-

BEPXHOCTH ¥ = . (z, y,t) MOTyT 6bITh 3amaHbl B NMaPaMETPUYECKOM BHIE
€ NOMOLLbIO ABYX napaMetpoB B, u B;. Ecin ux McKnouuTs, TO MOAYYHTCA

AIBHOEC BLIpaXCHHE:
Py =t + /22 + ¢ (4.45)

4.4. 3apaum

115. Peurnts 3anayy Kolu 115 O1HOMEPHOTO ypaBHEHHSI TEMNOMPOBOL-
HOCTH Ha noityock 0 < z < oo, ecn u(z, 0) = 3, u(0,t) = 0.

116. Haiiti aBTOMORENbHYIO NOACTAHOBKY A/l HEAWHEHHOTO YpaBHEHMS
WpéanHrepa
By 8%y

2
13{—m+|¢| P.

117. Pewuts 3anayy Kown mis HeaMHEHHOro ypasHeHMs MepBOro mno-
psiaKa:

1
ut+5'u;z, =0, u(z,0)= z’.

4.5. Oreersi

7
116. 1p=-‘~}_;f(—%).

m2
142t

115, u(a:,t)=t3/2f( )=z3+6tm.

117, u(z,t) =

[nasa 5

CneyunansHble pyHKyUK

5.1. Ocobbie TouYKH

Jlio6oe iHeHOE OAHOPOOHOE OGBIKHOBEHHOE nnddepeHUHaNBHOE YpaB-
HEHHE BTOPOTO NOPAAKA MOXHO NPHBECTH K BUAY

d’y dy
F s P(Z)E; +gq(z)y = 0. (5.1)

OcoGbIMM TOYKAMH 3TOTO YPaBHEHMS HA3BIBAIOTCS TOYKH, Ile p(z) uam
q(z) obpawaiorcs B 6eckoHeunocts. Ecnn p(z), g{z) aHanuTHuHBl B Kpyre
|z — 2j| < R KOMMNIEKCHOM NAOCKOCTA NEPEMEHHOM 2, TO B OKPECTHOCTH z
CYLIECTBYET JBa NMHEHHO HE3aBMCHMBIX pelieHHs ¥)(z), ¥2(z), obpasyomnx
GyHIaMeHTanbHYI0 CUCTEMY peweHHit, O6luee pelicHHe ypaBHEHMS (5.1)
BbIpaXaeTcs yepe3 UX JIMHeHHYI0 KOMGHHALIMIO

¥(z) = 4 41(2) + By(2).

M3 (5.1) cnenyer, uTo BPOHCKHaH IBYX pelieHHH

W), 120} = u(2) T2 _ () D 52)
YAOBJIETBOPSIET YPaBHEHHIO
W - s (e, (53)
KOTOpPO€ HUMEET peUICHHE
W(z') = W(z) exp (— / dt p(t)), (5.4)

H

obpalnaiomeecs B Hy1b TONBKO TOFAA, KOTAA Y (2), y2(z) NMHENHO 3aBNCHMBI.
Oba pewieHns MOXHO aHANMTHYECKN NPONONXKHTL W3 z, BIOAbL KOHTYpa C,
He npoxoasiero yepe3 ocoboie To4KH. TNpuyem m3 (5.3) cneayet, 4To nNuHei-
Hast HE3aBHUCHMOCTb pell.lCHPlﬁ COXpaHsaeTcA.

yctbh 2y — M3onupoBanHas ocobas Touka. PaccMOTpHUM ABa JIMHeiiHO
HE3aBUCHMBIX pewenus y)(z),y2(z), 3adaHHbIX B OKPECTHOCTH HeocoGoi
TOYKH 2, Haxoosueicss BONU3Y Zp. AHaJIUTHYECKH NPOROIXHM 3TH pEeLIEeHHA
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H3 TOYKH Z B TOUKY 2, oGoHaf Nno 3aMKHYTOMY @
KOHTYPY BOKpYT 2z {puc. 5.1). [lpu atom pewe-

Hua y;(2) nepexonsat B Hobie dyHkumuu y; (2),
KOTOpbIe SARISAIOTCS JIMHEeHHBIMH KOMOHHALIUA~
MK petreHuit y;(z):

+
%(2) — ¥/ (2) = ai55(2). 2
Ecau dpyHkumm y;(z) MOXHO BHIGpaTh Tax,
4To0GB MaTpHUA @;; ObiNla AnaroHanbHoil: Puc.5.1. KoHTyp B nnockoctv

N KOMILIEKCHOH NepeMeHHo z
¥; (2) = Aj9;(2),

TO aCUMIITOTHKA PELUIEHUIt B TOUKE 2 = Zy UMEET BUL

oG

yil(2) =(z-2)" Y dlz—z)". (5.5)

k=-oc

Yucna p; = 5—- In(A;) Ha3bLIBAIOTCA XAPAKTEPHCTHYECKMMM TMOKA3ATEAMM.
B HesnipoxacHHOM cayuae (A # Ay) Pa3sHOCTD gy — Py HE ABASETCH HENBIM
YHCTIOM.

Ecnu MaTpuua a;; He IHAarOHAalTH3yeTcsl, NPUBENEM €€ K JKOPAAHOBOI
dopwme, 1. ¢, BeibepeM pellleH s, KOTOPBIE NPH 0BXO0E N0 3AMKHYTOMY KOHTYPY
{puc. 5.1) npeo6pa3yioTcs No 3aKOHY!

¥ (2) = A (2),
¥3 (2) = Apa(2) + mi(2).

ACHUMNTOTHKA DEUWICHUS ¥ B Touke 2 = 2z umeeT Bua (5.5) ¢ py =
Y1o6s1 HailT ACHMOTOTHKY ¥, 3aMETUM, 4T0 ByHKUMA

wz) 1

W(z) = wi(z)  2mir

In(z — z9)

fipH aHANKHTHYECKOM TPORO/IXKEHMH BAOAHL KOHTYpPa {puc. 5.1) niepexonuT cama
B ceba: W*(z) = W(z), 1.e. acumntotnka W(z) 8B Touke z = z; HMeeT
Buza (5.5) ¢ p = 0. AcumnToTHKa ¥;{2) CONEPXUT NOrapudMUUECKHE BKIAADI.

Ecnu paa Jlopana B seipakenun (5.5) obpbiBaetca cHusy (1.e. e = 0
npu k < ko), TO 2o Ha3bIBAOT peayaspHoii ocoboii mouxoii. Ecaun xe puan
He OOpBIBACTCH, TO Zg ~ UppeYARpHAR 0CcoDaR mouka. YpaBHeHWe Ha3biBaeTcs
ypaBHeHHEM Kiacca (Pykca, ec/li OHO MMEET TONBKO PEryASpHbIE 0COoBbie
ToukH. OcoBad TouKa zg # 00 ABAAETCA PEryNAPHON B TOM M TOJNBKO B TOM

cayyae, ecau KoapduuneHTor ypasHenus (5.1) npu z — z; yIOBASTBOPRIOT
YCTIOBUSIM

[p(2)(2 — 20)| < 00, |g(z)(z — 20)?] < c0.
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[Tyctb 24 = 00, KOHGpOPMHa% 3aMeHa z = % a"; = —? j‘; NMPUBOAUT

ypaBHeHHe (5.1) K BUAy
d y
+p(t) +q (t)y =0,
rae

iy = 220 gy gl

OTkyaa ciemyer, 4T0 25 = 00 ABAAETCH perynﬂpﬂoﬁ ocoBolt TOuKo#, TOAbKO
€C/IN NpH 2 — 00 R
Ip(2)z] < o0, |q(2)2?] < oo
Touka 2y = 00 siBAgETCA HEOCO6OIL, TONBKO €CH npx 2 ~ 00
|z[2 - p(z)z]} < oo, |z4q(z)| < 0o.

Caenosarenbto, Ko3b@HUMEHTH ypaBHeHHs (5.1) kiacca Pykca ¢ n + |
PETYNAPHLIMH 0COOBIMM TOYKAMH (ONHA M3 KOTOPHIX Ha GECKOHEYHOCTH)
MOXHO TTPUBECTH K BHAY

p(z) = Z T qm-z R

(z—z)’

rae Ag, B, Cp — q)uxcnpoaauuble KOMIINEKCHbIE YKCIIA, NTPpUYEM
n
d.ci=0.
k=1

5.2. Tunepreomerpuueckue GyHKUnM

YpaBHEHHE C TpeMs PeryasApHBIMH OCOGBIMM TOYKAMH HA3LIBAETCA 2ii-
nepzeomempuyeckum ypaerenuem. Ilyctb 2y, z), 2; — ocobbie TOUKH. 3ameHa
nepeMeHHok

_ (z = z0) (21 — 23)
(Z - 22) (Zl - Zo),
KOH(OPMHO 0TOGpaXKaloilash KOMIUIEKCHYIO NJIOCKOCTb NEPEMEHHOM Ha cebs,

NIEPEBOANT peryaspHble ocobbie Touku B 8y = 0, ¢; = 1, ¢, = oco. Tlpu 310M
KO3 HLIMEHTH ypaBHEHHK A (5.1) ZONXKHB APHUHATD BUA,
AO A] C Bo B|
)= — + ——, )= —— 4+ — 4 ————,
=T +a-y -1 2 -1y

Kospduunentst B npu l[ (l—t)’ MOXHO CACNaTh PABHbLIMU HYIO

€ MoMOLUBIO cTeneHHOH 3ameHbl ¥ = t¥(t — 1) F. B pesyabTare nonyuyuMm
KaHOHWYECKUH BUI FUMEPreOMETPUYECKOrO YpaBHEHHS

-1 + [(a+p+ 1)t —v] = dF

7 + afF =0, (5.6)

d’F
ra
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B KOTOpPOM @, f3, % CBA3aHBI NMPOCTHIMM COOTHOWIEHUSMH c Ax, By, C.
Pewensem ypaBHeHus (5.6) cnyxar eunepzeomempuseckue ynxyuu faycca. Bo
BCEX PEryasipHbiX OCOGBIX TOUKAX PCUIEHHS MMEIOT CTerieHHbIe aCHMNTOTHKH.
Hx MoxHO HailTu, nojcrasnss B ypaBHeHue (5.6) dyHKumIo BGIN3M 0co6oi
Toukn ¢ B uae F ~ (t - ')*(1 + O(t — ¢')) u ot6pactipas Manmie no t — ¢!
YEHbI:

F 7 npu £—0: =0 1-1;
Fr{t—1)" npn t—1: n=0v-a-p0;
FNE‘_’:’ nmpp o o0 Vo =a, B.

PaanoxeHue B Hyae peluenns ¢ ¥y = 0 B pan Teiinopa uMeer BuA

_ o af t  ala+1)p(B+1) #
F = Fa, B t) =1+ m pwa) TR
M3 painoxeHus BUAHO, YTO eC/IH @ WK § — LENOE HEMONOXUTEALHOE YUCIO,
TO psx o6pbiBacTCA, a 3HAYHT F NipeBpaiiacTcst B NOAMHOM.

BoipoxieHHOE THNEpreoMeTpUUYECKOe YpaBHEHHE TIONYYACTCA H3 THIED-
FEOMCTPUYECKOIO B pe3yisTare CAMSHMS JBYX DEryAfApHBIX OCOOBIX TOYEK.
CpenaeM B THTICPreOMETPHYECKOM YPaBHEHMM 3aMeHy § = % B yctpeMuMm G
K GecKOHeuHOCTH, Torma &g = tff = 0, ) = £, — 00, Ty = ¢, = oo, TaK
YTO JiB¢ 0COOBIC TOMKH I|, T; CAMBAIOTCS B ONHY. B pesyiabrate noaysum
BHIPOKACHHOE THNEPIeOMETpHYECKOe YPaBHEHHE

2
xd—€+('y-z)%§—ai’=0, (5.7

dmz
B KOTOPOM TOUYKA T = 00 fiRJAETCR MpperyaspHoit ocoboit Touko#t, Acumrn-
TOTHKa 8 Hyae T — O crenennan: F~z», rae vy =0 mnn vy = | — 4, a npu
& — 00 — IKCOOHCHUMaANBHAN: F ~ € ¥ creneHnas: F ~ z~2,

Paanoxenne B vyne pewenus ¢ vy = 0 atoro ypasHenun B paa Teitnopa
HMeeT Bu

. T
Fi(es s 2) = lim oFy (a, B 5) =
o ala+1) 22 ala+1){a+2) z?
TR 2T g e+ 3T

W3 pasnoXeHus BUIHO, YTO €CAM O — HEJOC HENOMOKHTEABHOE YHCIO, TO
pan obpsiBacTcs, a 3Ha4YKT, | F} CTAHOBHUTCA NMOAUHOMOM.

z
1

5.3. OpToroHanbHble NOAUHOMDI

Tlonunomnl, 3anaBaembie o6obiennoit dpopmyno Poapura

& T o) [Re)]", (5:8)

Pul2) = W(z) dz*

10 Inaea 5. Cneyuanonsie gynxyuu

rae n — creneHb MofiMHoMa Pu(z), a R(z) — nONMHOM, OPTOTOHAIbHBI
¢ Becom W(z):

f do W (2) Py(2) P(2) = bumhn,  W(2\)R(x))=W(22)R(51)=0 (5.9)

Ha WHTepsale (Z;, ), OrpaHWYEHHOM TOYKaMH, B KoTopbix W (x)R(z)
o6pautaercs B Hy.Ib (cM. 3amauy 124).

CyluecTByeT TpH KIaCCHYECKHX THRA OPTOrOHANbHbIX TOTHHOMOB (CM. 3a-
aady 123), otauyalomuxca 061acTbio onpeneieHus.

I. MonuHoMsi, 3anaHHbie Ha BCelt YMCNOBO# ocu (—oo < = < 00),

R(z) =1, W(z)=exp (—b*(z - a)?). (5.10)

CuBHrom v pacTsKeHHeM TepeMEHHOM TAKME MOJHHOMbI CBOAATCS K TIO-
NUHOMaM 3pMUTa:

A, i
H,(z) = W e exp (—z7). (5.11)

2. HonuHombi, 3anaHHble Ha noayocH (e < = < o0),

Rizy=z-a, Wo(z)=e""z-0a)*, a>-1 (5.12)

CoBMIOM M pacTAXEHMEM MEePEMEHHON TaKWe TOAMHOMBI CBOIATCA
K 00001eHRbIM nonuHOMam Jlareppa:

A & ain 2
etk CIE (5.13)

3. MMonnHoMmel, 3anaHHBbIE Ha oTpeske (@, < T < a)),
R(z) = (z - ar)(a2 - &), W*(z) = (z - ,)"(a; - 2)°,
a>-1, g>-~1.

CaBHrom u pactTakeHHeM MepeMeHHOoH TaKMe NOAMHOMbI CBOASTCHA K MO-
JnHOMaM HKoOu:

Ly(z) =
(5.14)

s =7 d" g
Pﬂ. —_ — I a+n l _ +Yl. 5' l5
WO = G e e e CH DT (5.15)
MNpu a = § = A noanHoMsl Ake6u cBoasTcs k noavHomam lerenGayspa,
a apu A = 0 — k noauHoMam Jlexanapa.

[onuHoMbI Beex Tpex THNOB ABAAIOTCH COGCTBEHHBIMM (PYHKUMAMH OfepaTopa
(3anava 125)

1 d d
7 da (VORI ERE) = o)

z € (xi,22), W(x\)Pulz)) = W(z2)Palza) =0,

fP,,(a:) =

(5.16)
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rac secosas ynkuus W(z) u nonunom R(z) umeor sua (5.10), (5.12)
uan (5.14). Onepatop L aBaseTcs 3pMHTOBBIM B rUas6epTOBOM NPOCtpak-
CTBE CO CKaAPHBIM NPOU3BEACHHEM, 3aAaHHbIM (opmynoit (5.9). Ypabtenue
(5.16) ans nonuHomos fkobM cBOLMTCH K THIIEPreoMeTPUUYECKOMY, a s
noiuHoMoB 3pMuTa u Jlareppa — K BbiPOXKIACHHOMY THTIEPTEOMETPHYUECKOMY
ypaBHeHHIO (3agaya 154).

AHANUTHYECKas TEOPHS OOBIKHOBEHHMIX AHBEPEHUNANLHBIX ypaBHEHUH
XOpOILO H3/IoXeHa B KHUrax [Cmn74b, M®58, Kam76) Ynrartensm, uHTepe-
CYIOLUMMCA Teopuedt crneudanbHbiX GYHKUMH MBI MOXKEM TNOPEKOMEHAOBATD
TpexToMHuK [BD73, 374, b267, OnB90]. Tabauitsl 1 rpadMKH CREUMANBLHBIX
dyHKUNE MOXHO HAallTH B CPaBOYHMKAX [ACT79, s3A77].

5.4. Mpumepni

118. Joxaszame, umo ecru ocobas mouxa zy # oo ypaesenun 5.
AGAAEMCA pecyanproil, mo Kodppuyuenmes (5.1) umerom eud

_ _pa) =@
plz) = @z’ (z) = @ =z’

2de pi(x) u qi(x) — anarumuuecxue & oxpecmuocmu « = Ty Pynxyuu.

Pemenne. He Tepaa o6MHOCTH, MOXHO HONOXHTSH 2o =0. Ecnmaz=0
perynspHad ocobast TOYK2a ypaBHEHHH, TO ACHMITOTHKA pewicHMi {5.5)
¥ BpoHCKuaHa (5.2) npu 2 — 0 B HEBBIPOXACHHOM CTyYae MMEET BUI

yi(z) = 2", W(z) > (pr - p)z?t7 ",

Buipaxas p(x) u g(x) uepes y(z) u W(z) ¢ nomowsio ypasHenuii (5.1)
¥ (5.3), HaxonuM acUMNTOTHKY npu £ — O:

_ adW(z)/dz A

p(z) = “W - z’ .
_ _Pyle)de® | dy(z)/dz B

olz) = v;(z) Pa) yilz) . 2

119. Haiimu peeyaspusie ocobwe mouxu u xapaxmepucmuneckue noxaza-
meau ¢ ypasnenuu beccean:

dy dy

2 2 LN

z &},’2““”;{;“’"(“’ - vy =0.

Pewenue. [lepenuchisas ypaBHeHWE B Buge (5.1), naxonum plz) = %,

2
9(z) = | ~ 5. Wimeerca onHa peryaspHas ocobas Touka ¢ = 0 M omma
upperyspias T = 00. ACHMIITOTHKY B PEIyaspHoil ocoGoll Touke Hajo
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uckarb B crenelHom Buae. Ioacrasnss y(z) ~ P B ypasHenue u ot6pachiBas
MaJible 0 T YMEHB, oJyYaeM npu z — 0

2
(plp—1)+p—v")zf =0,
JHAYHUT, XapakTepuCTHUYECKHE noxazarenu PaBHbLI
Pt = +v.

B BbipoxaeuHoM ciydae (p, — p_ =20 =n, THe n — LIeI0€) B ACUMIITOTHKE
BTOPOTO PCLICHUA MOTYT MOABIATHLCA JiorapHpMHUYecKHe uneHbl. O603HauYUM
3a Juy2(x) ~ x™? perynsipHoe B HyJe pewenue 1 3 0. ACHMNTOTHKY BTOPOFO
pelicHust HaitaeM ¢ TTOMOIIBIO MOJCTAHOBKH

¥2(@) = Jo () / dt 1(t).
Ha f(z) nonyuaem ypasnenue

n J’I
s 41 (st ot

) 1@ =0,

pelterHue KoToporo
1
fz) = ——
xJ? ) (2)

Pa3NoXHuM B pald o & BOAM3u ¢ =0
o0
fz)y =2 E apz®.
k=0

MHTErprpyn No &, HaXOAMM acCHMHATOTHKY ¥;(T):

%(z) > agin(z) npu n=0,

n/?2

yfz) — apx” npy n>0.

Ecin koadduunent e, # 0, 10 B pasnoxeHuu y,(x) obsszarenbHo GymyT
JorapuMHUYECcKue YICHBI, BOIHHKAIOLIME MPH MHTErPUPOBaHHH f(x).

ACHUMTITOTHKY B HPPETYAsPHON ocoGol Touke GyneM HCKaTh B BUAE
y(z) — exp (Az?) npu £ — oco. HoncTapnsis ec B ypaBHeHHe U oTGpachiBas
Majbie 1o ;i YJ€Hbl, NONYYAEM, YTO NPH T — OO OCTAETCH TPH WIeHa.

Ao22¥ £ act2’ + 22 = 0.

INMpennonaras, 4To NMONPYIOUIMMH AWISIOTCA NEPBbIE 1Ba YieHa, TPHPaBHHU-
BaeM HX Apyr Apyry u nonyyaem ¢ = 0. Ho nockonbKy rnocneaHuil wieH
PacTeT MpH T — 00 ObICTpee, Mbl 3aKJTIOYAEM, YTO MPEANONOKEHHE HE BEPHO.
lpeanonaraem Tenepb, YTO JIMAMPYIOWMMH ABIAIOTCA MOCNENHHE IB2 YJIEHa,
NPUPABHUBAS WX ApYT APYTy, nojayyaeM ¢ = 2. Ho nockonbky B 3TOM ciayvae
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NEpBbiit WIEH PacTeT Npu £ — 00 GbICTPEE, MBI 3aKJI04aEM, YTO MPEANONO-
XCHHE OnATL He BepHo. Hakoweu, pacCMOTPHM MOCTEAHIO BO3MOXHOCTS
M [PUPaBHAEM NEPBbI U MocaeiHMI uneHbl ypaBHenus. OTKyna nonayyaewm,
yto 0 = 1, A = i, y(z) — exp (kiz). >

120. Bwpasume ¢ynxuuu Beccean J,(T) uepes aspoxcdennyio zunepzeome-
mpuneckyio (ynKio,

Pemenne. Ocobbie Touku ypasHeHuns Beccens {[1.14) u BmipoxaexHoro
THIIEPFEOMETPHYECKOrO ypaBHeHns (5.7) coBnanaloT, a acHMNTOTHKY B HHMX
orauvaiorca. Peiienusi ypaweHust Beccens npu x -+ 0 crpemsarca k z*¥,
aMpH T — 00 CTpeMsTes K exp (1iz) (3amaua 119). Bolaenus 3T acHMNTOTHKH

Ju(z) = " exp (—iz) f(2),
Ha f(z) noayyaem ypaBHeHHE

af 2 df
xm+[2v+l—-2czldz

Cpasuupas ¢ ypaBHeHHeM (5.7}, nonydyaem

-H{2w+1)f=0.

_ (=" exp(—ix) I ) )
J,,(a:)_(z) T+l Wy (v+2,2u+l,2tz .

KosdpduumneHT nponopuHOHaIbHOCTM HalileH W3 CPaBHEHHS palloXeHHit
spaa (5.7)mu (M.15) npu z — 0

(;) ) Jv(z) — i‘-(;-l-m, |F;(C!;7;O) = |, »

121. Haimu xapaxmepucmuvecxue noxazamenu s pezyaspruix ocobux mou-
xax ypasnenun Jlemandpa (ypasnenue na cobemaennvie ynkyuu yenosoil yacmu
onepamopa Jlanaaca e cgpepuneckux Koopdurnamax):

1 d dy) B mly

e Bl L = —ApY. 5.17

sin6 dé ) sing ™Y (5.17)

Pewenne. [Tocae 3aMeHbi nepeMEHHOI T = cos § ypaBHEHHe PHHHUMAET,

€ TOYHOCTHIO 10 NiepeoGosHaueHus A Ha I(I + 1), sua (11.36), B xoTopom TpH

peryaspubie ocobpie ToukU £ = £1, z = co. MiueM acuMnroTukn nipu z — +1
B CTEMEHHOM BHUe:

yle) ~ (1-2)",  y(z) ~ (1 +2)™
[Moncrasnss ux B ypasrenue (I1.36) u otGpacsisas manwie no 1 + x uneusl,
nonyyaem

m m
= o =%,
41 iza 7] 2
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ACHMINITOTHKY NPU T — 00 WINEM TAKKe B CTEMNEHHOM BHOE TP~ W nng
XapaKTePUCTHYECKOrO MoKa3ares Moly4aeM KBaJIpaTHOC ypaBHEHHe

Poo(Poc + 1) = A, >

122, Bupazums Qynicyuu Jexcandpa F"(x) uepes eunepzeomempuyeckyio
dyrkuuro laycca.

Pemenue. Ocobbie TOYKHM ypaBHEHHs Jlexannpa (I1.36) zg = 1, 2, = —1,
T2 = OO M runepreoMeTpu4eckoro ypasHeHust (5.6) otnnuaiorcs. Chenaem

KOH(DOPMHYIO 3ameHy | = '—33, TIEPEBOAAIRYIO PETY/IApHLIE OCOOBIE TOYKM

l,~1,00Bt =0,¢ =1, t; = 0co. B HOBBIX NEpeMEHHEBIX YPaBHEHHE MPUMET
|

d’F daF m?
t(t'— l)—d*—t'2—+12t— IIE— (m -f—l(l—f— l))F:O

Boiaenss acumMntoTukn (yHkunu Fty=P*(1-2t) npu t — 0, ¢t — 1
(cM. 3anauy 121), nonydaem, 4to dyHKuHs
F(t)
f(t) - tm/2(t - 1)m/2

YAOBJICTBOPAET rHNEPICOMETPUUYECKOMY ypaBHeHH!O (5.6):

d? df
t(t - 1)~&t—2+[2t~ l](m+l)E—- @+ 1 -mm+1))f =0,
f@)=AFm-l,m+1+ L,m+15¢).

Octanoch HaliTh KO3D@ULHEHT MPONOPUHOHATBHOCTH A. MNockonbky npu
t — 0 (z — 1) runepreomeTpudeckan dynxkuns ,F, cTpeMuTest K 1, a PyHK-
uuu Jlexanapa (I1.37) crpemsares k

P"(z) (1 +m)
(1—-22)m2| .~ i~ m)!’

nonyyaem

(I +m)! m |-
ﬁm(m)=m(1-z2) /22F.(m—z,m+l+1;m+1;T). >

123. Haimu, npu raxux W(z) u R(x) ¢ynkuuu P,(z), 3adasaemvie
o6obennoii popmynoii Podpuza (5.8), aersomen nosunomamu n-ii cmenenu.

Pemenne. Buipasum nonnHoM nepsoit crenenn P (z) = A,v(p— ) yepes
W (x) u R(z) ¢ noMowsio 06061eHH0M hopmyast Poxpura (5.8):
P(z) R(z) dW dR
vp—x) = —= = — o —,
(-2) A, W(z) dz + dz
Paccmotpum (5.18) xak andpepenumnanshoe ypasHerue pia byHKuMK W(z)

MPH PaIMYHBIX cTeNeHAX k noauHoma R(x): k= 0,k = 1 u k > 2, PemweHus
3TOro YpaBHEHWA UMEIOT CACAYIOWHHA BHA;

(5.18)
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1. Mpuy R = | BecoBas GYHKUHUA pPaBHA ¢ TOMHOCTBIO A0 HOCTOSHHOIO

ol
MHOXHTeNA W () = exp (—~ "—(52—11) MoacTasassa ee 8 popmyny Ponpura,
yBexpaemcs, 4TO

Pu(z) = Auexp (L‘”;ﬁﬁ) ;i%": exp (_ v(z ; u)z)

— TTOMMHOM n-ik cTeneHu. CIBUIOM M pacTAXeHHEM nepeMeHHOH Takne
NOJIMHOMBI CBOAATCS K MONMHOMAaM DpMuTa.

2. Npu R = = — a Becosan dyukuns W2(z) = (z — a)? exp (—v(z - a))
3aBUCHT OT napamerpa @ = (i — a) — |, KOTOPBIi Mbl 3aNUCalK B BUjE
BepxHero uHAcKca. [loacrannas ¢e B dopmyny Ponpura, yGexnaemcs,
4TO

Pi(z) = Ag(z — a) “exp (v(z - a)) l

- (@ - 0)"" exp (—v(z ~ a))

— NONHUHOM n-# creneHu. CABUFOM M pacTAXEHHUEM MepeMeHHOM TaKue
[IOIMHOMBI CBOAATCS K 0606iIeHHBIM noaxuHoMaM Jlareppa.

k
3. Mipu R(z) = [(z — a,), roe k > 2, a Bce a, npeanonaralOTCa payiuy-

r=1
HbiMM, ypaBHeHHe (5.18) nas W(z) nepenvumem B BUIe

I dW v(p-z) 1| dR <~ a
W(z) dz  R(z) R(z) dz

3aech o — k03 PULIHEHTH Pa3NioXeHUs Ha NpocThie pobu. PeweHue
3TOro YpaBHEHHUS 1Al BeCOBOH QYHKLIMH MOXHO 3anucath B Buae W{x) =

el T — Gy

k
[1(z — a;)*. Npamoit noacraroBKoit Becosoi dyHkuuu W(z) u R(z)
r=1

B 06061eHHyI0 opmyny Ponpura noayyaeM, 4To creneHs NofuHoMa P,
paBHa deg P, = n(k — 1). [lo ycnosuio 3anaud Heo6X0AMMO, YTOGHI
deg P, = n, noatoMy k Moxer GbiTh paBHO Tosibko 2. OB603HaumM
@) = a, ay; = § WU OydeM yKa3biBaTb 3TU NapaMeTPbi B BUIE BEPXHUX
HHAEKCOB

W™ (z) = (z - a,)" (a2 - 2)°,

dﬂ
PrP(z) = A% (z — a)) (2 — 2)™°

dz"

a+n

(ag - :Z:)[H" .

COBHIOM ¥ pacTskeHHEM NMepeMeHHOH Takye NOJAMHOMbE CBOASATCA K 110-
JTUHOMaM SikoGu.

(z-a)

»

124. Joxazams, 4mo nosunome, 3adasaemie o6o6uiennoii popmyaocii Poo-
puea (5.8), opmozonansuwt ¢ secom W(x) na unmepsane (z,,x,), oepanuyen-
Hom moukamu, é iomopux W(z)R(x) obpawaemcs e nyav: W(z)R(z)) =
W(z;)R(z,) = 0.
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Pemenue. Buipaxenue W(z)R(z) ans Bcex Tpex THAOB NONMHOMOB,
HaiineHHbIX B 3amave 123, o6pautaeTca B HYAbL B TOYKaAX;

1) ans (5.10) 2, = —o0, z; = o0
2) mns (5.12) z; =a, x; = o0}
3) mis (5.14) =z = a,, @3 = a,.

O6Go3navas W*P(z) secosbie dynxkumu Bcex Tpex TMoB (Becoas (yHK-
LISl MOXET 3aBHCETh TONBKO OT OAHOTO napamerpa (5.12) wau He saBuceThb
ot napamerpos (5.10)), 3ameuaem, uto

W™ (z)R(z) = W1+ (). (5.19)

flyctb n > m. [lomaras aas npocToTsl HOPMHMPOBOYHLIC KOHCTAHTH A,
PaBHBIMH EMHKIIE, IPOMHTErPUPYEM MO YACTAM CKANSIPHOE NPOU3BEACHNE

e - f dz WP (z) PAP(2) P9 (z) =

I

« a B dn-lwa+l,ﬂ+an—-l 7]
= W) mz) | ) T s
zy
73
d" ' WAPRR dPRP (x
- / da:( T ) ”;x( ), (5.20)

Zy

BhipaxeHue B KBAIPATHHIX CKobkax — noannoM P27 "*(z), 910, B uacr-
HOCTH, O3HA4YaET, YTO B TOYKAX i, T3, rae WPR = 0, B nynp obpamaercs
TAKXKe BHEMHTCIDANbHLIA 4wneH npu a > -1, § > —1. losropas unTterpu-
pOBaHKE 1O YacTAM n — 1 pa3 (BHEMHTErpaibHBIA yieH Kaxabiii pa3 Gyaer
obpallaThca B HYb, B CKAY Toro uto W8 (z\ ) R(z,) = W*¥(z,) R(z,) = 0),
noay4YacM

3 a,f
18 = [tz -y w @R @) [Qfgﬁ

z

]:0 npy m<n (521)

3/ech Mbl YYIH, YTO NPOM3BOAHAA N-TO NOPAAKA OT NONMHOMA CTENEHH M
papHa Hymio npu m < n. Ecan m > n, To A8 NoKa3zaTenbcTsa obpaiueHus
MHTEIpANa B HYAb HAJO TIOMEHATb . ¥ M MecTaMM. B peaynbrare 2=
REP by OPTOrOHANLHOCTD NOJMHOMOB A0Ka3aHa. >

125. Jokaszams, umo nosunome, sadasaemsie 06obuennot _popmyaoii Pod-
puea (5.8), seamomen cobcmeennvmu gynxuusmu onepamopa L (5.16), & xo-
mopom Pyrkuuu W(zx) u R(x) umerom sud (5.10), (5.12) wsu (5.14). Haiimu
cobcmeennsie nadenus A, onepamopa L.
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Pewenne. BocrionnayeMcs TeM, 4TO yMHOXeHME BecoBoit (yHKUHH Ha
nonuHom R(z) yBesnumnpact ¢¢ BepxHue MHAEKCH Ha eaunnuy (5.19). One-
patop

A3 = R(z) i Wa,ﬂ(m)

Web(z) dz ’
[Ae OnepaTop MHpPOU3BOAHOM ,ueﬁca*syer Ha BCE CTOAIMHe cnpasa (PYHKUHH,
YBEHUNBAET CTENEHD NoAnHOMa Po (a:) Ha eiMHULY, NepeBoas ero B OPToro-
HalbHbIA HabOp MONHHOMOB C HHIEKCaMU a, 3, YMEHBUICHHLIMK Ha eNMHHLLY:

afi b . aaf8 R(@) d*t' (W*H(z) nioa Y o
FR(e) = 4 w*B(z) da:"“( R(z) R ()) -
AP

= i PX P @), (5.22)

B+l

3aech Aﬁ’ﬁ — HOPMHDPOBOMHAs KOHCTaHTa, a4 NOAMHOMB! NPEANONAraloTes
HOPMHPOBAHHBIMH Ha 1. Onepartopbl, yBeJIMUHBAIOILHE CTENEHb HOAMHOMA
Ha C€AWHMUY, Ha3BIBAIOTCA nosbitnaoniuMu. O4eBMIHO, YTO oreparop ;‘4,—
NIOHKMXACT CTeneHb NOAMHOMA Ha eauHuuy. Bocronsayemcs nonHortol Ha-

6opa OPTOroHaLHBLIX NOAUHOMOB P,‘,'."’(m) M DaliOXHM O 3TOMY Gazucy
4o
TIOIMHOM 7i-H CTENEHH —%}‘-——«

f dzW*(z )(iﬂ'—*—"i)mﬁ(x) =

z;

ap
== f dz P @We P @) Pl () = ~bam—iy
: 41

3nech Ml MPOMHTErPUPOBANN MO YACTAM, M BHEWHTETPATLHBINA 4IEH obpa-
THICA B HYNb. TloNy4enHoe paBeHCTBO 03HAYAeT, YTO

dP:; i"ﬂ— - a,p Pa,p
dzx a— l,ﬁu (2)
An+|

MNoacrannss 310 BuipaxeHue 8 (5.22), noayyaeM, YT0 NOAHHOMBI YIOBIETBO-
PHIOT YPaBHCHHIO

d
W"!iﬂ(z) s (Wa’p(z)R(-'B) a5 I’v?ﬁ(z)) = —-,\"P:’ﬁ(m),

Aa+l,ﬂ+l
B ... -1
n

Mpu BuiGpaHHON HOPMHPOBKE NOAMHOMOB COBCTBEHHME 3HAYEHHUS /\:’p Bbl-
PaxaTcs 4epe3 HOPMUPOBOYHLIC KOHCTAHTBI, KOTOpble, B CBOIO OYEpEAb,
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CBA3aHbI ¢ HOPMHPOBOYHBIMH HHTEPAIAMH I,‘f,’.ﬁ (5.20). Hailizem co6erBenH-
HblE 3HAYEHHS ANA PaMIM4HBIX BecoBbiX dyHkuun W*(z) o Bcex Tpex
cayqasx (5.10), (5.12) u (5.14).

L. Jins nonunomos dpmura (5.11)

d
7= e (@) = exp (~o),

a HOPMHPOBOYHbBIE KOHCTAHTHI

[ o]
_ . a
(4= [ aat-1rexn(-a") 2
—-00
Otkyna A, = 2n.
2. Jns nonuHomos Jlareppa (5.13)

_ d -
qa = a+lez_zae a:'
dz

a HOPMHPOBOYHBIC KOHCTAHTHI

s o]

(Aﬁ{)_2=/dz( )n 2R zdi::; (z—nez&%ma+ne—:c):n!r(a+n+ l).
0
Otkyna A\§ = n.
3. as nonuxomos Sko6u (5.15)

" = (2 - a)' (@~ 2) P (2 - a)(@ - o),

a4 HOPMHPOBOYHBIC KOHCTAHTBI
(4297 =
1
= /dm(—l)"(m + l)n+n(l )ﬁ+n
-1

=" B+ LA+ n+ 1) x

n

n! Frn+a+ DI'(n+8+1)
xzl!(n——l)!I‘(l+oz+ DNr-l+8+1)
|2n+{1+2n+l F(a +n+ I)F(ﬁ +n 4+ l)
Ma+p+n+1)

ar (:B + k)"“‘(l _ m)ﬂ—Hl B
dz" (z+ D)=(1 — )P

Otkyna \? =n(a+f+n+1). >
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126. Boideaus acumnmomuxu e ocobox mouxax ypaswenun Hexcandpa

1 d dy mly
—_— inf— ) - = -A 2
sin@ 4o (s‘" da) sin 26 mY (5-23)
Haiimu xo3pduyuenme: pasroxcenua 6 pad no ¢ = cos 0. pu kaxkux Ay, pad

00puisaemca u uMeemcs 0zpaHuMeRHoe pewerue?

Pemenue. Bhisiensist creneHHble aCHMITOTHKH B TOYKaxX 2 = =] (cM. 3a-
Jady (121))
__ 3@
f(m) - (l _ zz)m/27

nojy4aem ypasHeHue Ha pyHkumio f(x)

2
(1-2°% g;é —2z(m+1) % +(Am —mm+1))f=0. (5.24)

00
[ToacraBum f(:t) = E a,.m" B BHIC CTCNCHHOrO psiia o B YPaBHEHHe
n=0
H ITPUPABHAEM HYJIIO CYMMY KOB(D(DHHHCHTOB NMPpH ORWUHAKOBBIX CTEICHAX Z.
Ha Gy NOJIYYaEM pEKYPPEHTHBIE COOTHOILUEHU S

n+m)(n+m+1)- A,
(n+ 1) (n+2)

KosbduuueHr ax,, obpainaerca B Hyab, a psl oGpLIBAETCA, TOALKO eCaH
Am=ll+1),I>2m, npuatomk =1 —m. »>

Qn42 = Gy

127. Moayuume us copmyav Podpuza (11.37) dns nosunomos Jexcandpa
urnmezpanstoe npedcmaenenue [llnegau (11.43).

Pewenne. [lo dopmyne naa Bhiuera B nonioce nopsasaka ! + 1, seiver
B TOYKE X paBeH
(z+)
f dz  f(z) 1d'f(z)

i (z—2)' U 4o

Monctasnsa ciona f(z) = 27'(z? — 1)}, nonyuaem uHTerpansHoe npencrapie-
HMe nonuHomoB Jlexanpa:

(z+)

z 22 - 1)
P = § s )

W+lgg (Z — m)l+| ’

KOTOpoe MOXHO Mepenucarh B Bile MHTErpaia Mo OTPe3Ky, CAE/IaB 3ameHy
nepeMeHHol z Ha ¢

z=z+iexp(ig)V1—2?, dz=(z-x)idg,
Zt -1 =:c2+2:1:(z—m)+(z—:c)2— 1 :2(2—m)(m+i\/1—a:zcos(¢)),
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x
d
Pcos ) = / g(coso+isin0cos ?). >
0

128. Haiimu npouzsodamyre dynxuuo (I1.41) dan noaunomos Jlewcandpa
Py(z) c nomowsro unmezpansrozo npedcmasenenus (11.43).

Pewenne. INoacraBuM B BbipaXeHue LIS NMpoM3Bojsuell QyHKUHUH HAH-
TerpanbHOe NnpejcTaBieHue st noruHoMoB JlexaHapa

2x

oo d 0 .
F(r,cos0)= Er'Pz(cos()) =/ —2§ Zrl(cosﬂ +isinfcosg), r<l,
1=0 4 1=0

[s o] ld o0 L .
F(r,cosa)=Er“"l’,(cosl9)=/—2-$z:r =Y (cos@+isinfcosg), r>1.
1=0 ) 1=0

[pocymMMupyeM reoMeTpuuecKyio nporpeccHio

2x

d¢ !
_ | t¢ , r<l,
F(r, cos ) /21r 1 —rcos@ —irsinécos ¢
0
2'd¢ i
- ae , r>1L
F(r,cos 6) /21r r —cosf — isin 8 cos ¢

0

Caenaem 3aMeHy nepemeHHol y = i exp (i¢):

dy -2 I —rcosé -
F(r,cos#) = f ——y———(z-—Z——————y—l) , r<l,

27 rsiné rsin g
lyl=1
dy -2 ; .T—cosé -
F(T,C059)= f -2—1I'—l m(y —2-*;;;1"-6——3/—] , r>1L

lyl=1

Binan B RHTCrpai naeT BHIMET B TOM M3 ABYX MOJIOCOB [MOALIHTEIPaJibHOIO
BbipaXXeHHA., KOTOPbIil HAXOAUTCA BHYTPH OKPYXHOCTH ¢AMHUYHOFO paduyca:

yi=l—rcosﬂ:i:\/-l-ZrcosG+rz’ rel,
rsinf
yi_=r—cos(9:i:\/l——2rcose+r2, .

sin @
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Hcnonb3ys paseHcrso yty~ = 1, Haxoaum, uto |y | < 1, a |y*| > 1. Tloatomy
BbiYeT Hano OpaTh B TOUKE ¥y = Y~
2 1 1
F(r,z) = — = , <t
(r,2) rsind ly* -y~ | /1 - 2rz +r2
2 1 | >
F(r,z) = r> L

sinf |yt —y| V1 —2rz + 12

129. Moayuums pexyppenmnwve coomnowenun (11.39) u gpopmyast duggpe-
penyupoearun (11.40) ¢ nomoupro npouzsodswei gyncyuu (11.41).

Pemenne. [InddepeHunpys nponssoasyio GyHKIHIO, NoAyYaeM
SF(r, z-r 8F(r, z r

(r x) = F(T, IC), ( ) = 2

or 1 +1r2=2rz i 1472~ 2rz

F(r, z).

YMHOXHM 3TH paBeHcTBa Ha | + r2 — 2rz. Painaras B pal MO CTEneHAM T
n npupaBHuBas K03 dUUMEHTbI TPU ONUHAKOBBIX CTENEHAX T, HAXOAHUM
(+ DP(z) + (= DPy(2) — 2zlP(z) = -B-.{z) + zh(),
d d d
— B —P_ - 2z—P(z) = P(x).
” '+|(x)+dx 1) S ) (z) = Pi(x)

Mepsoe paseHcTBo nepenuiuem B Buae (I1.39)
(I + D) Pr(2) + 1Py () = z(2 + 1) P(2).

Auddepeunpys ero 1 BLIYMTasA U3 BTOPOrO PaBEHCTEA, YMHOXEHHOro Ha [ +%
i | + |, nonyyaem (I1.40)

d

= Pale) ~ = B_i(a) = (2 + DR(z),

2 = (@) - = Pi1(z) = | B(a).

130. Zoxazame opmozonassrocms u ewipazums Hopmuposannvie cepuvec-
Kkue @ynxyuu Y, uepes P,

Pemenne. HopmMupoBanHbie oproroHansHbie ceprHyeckne pyHKLuM
Yim(8, ) = AP P{™ (cos 6) exp (imep)

BOJUXKHbI YAOBACTROPATL COOTHOUWIECHHIO

1
[ 40X, 0V (0,9) = 256 A7 A7 [ 2 F™(@) P (2) = b
2
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HHaue roeopsi, npucoeanHeHHWe OYHKUMK JlexaHapa AOAXHE GbiTh opro-
TOHAJIbHBI

1
F =;/‘. dz Pllml(z)P,I,ml(x) = & m

MNonoxum I' > 1. Bocrionssyemca dopmynoit Poapura mns dyHkumit
Jlexanapa. UHTerpupys no 4actsam, noaydaem

1
3 (1 - mZ)ImI di+ml 2 . dr' +imi ) ’
F'/ e \zzm @ )\ germi @ - D ) B
-1
1

(= 1) Himl(g2 — 1) [ gi'+imi | di+ml
- / A [ o ((1 ~ g?)iml W(“’z' 1)')].
-1

Tpou3senenne B KBaApaTHBIX CKOGKax OTJIMYHO OT HyAs TONbKO Mpu { = I

: ~1)™ (20 !

H PaBHO B 3TOM cayuae ) ,(__ )"ﬁ;,r =P TMpu I' < 1 Hamo MOMeHsTH 1, me-
CTaMH, TaKuM 06pa3oM, OpTOTOHANIBHOCTb J0Ka3aHA. Buluucaas octaBuimitcs
uHTerpan F, noiyuyuM BoipaxeHne mis koddpHuueHTos A

2 (+lml) . [@+ 1) = im)

A+ ((=|mp) T 4n(l + |mi)!

131. Hapucosams zpagpux 3aeucumocmu cepuveckux 2apmonux
{Yim|(cos 6)
om yzaa 8 npum =l unpu m =0, 1 > 1 (6 Keasuxaaccumeckom npubnuiceruu).

Pewmenne. flpy m = | n3 dopmyns Ponpura naxonum |Yy| ~ sinlé.
lMpu m = 0 npusenem ypasHewue (I1.36) X craHaapTHOMy BMAY onepaTo-
pa llitypma—JlvyBumia ¢ NOMOWBIO MONCTAHOBKM, HCKIIONAOWER YNeHb
C nepBoH MPOHIBOLHON:

1(6)
sin @

@ 1?2 1

Ipu siné > { MBl MOXEM npeHebpeub BTOPHIM WICHOM B KBaApPaTHBIX

ckobkax. Toraa, 3a UCKAIOUEHHEM OKpecTHOCTEH 8 <€ }, -0 K }, byHKUNA
UMEET BUA

Yo(6) =

r

- 0+ +3)
0 Vsin 8 ’
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®da3a § onpenensiercs u3 TpeGOBAHMA CUMMETPHH DYHKLHH
Yo (8) = (= 1)"Yio(m — 6).

Mpu @ — 0, 7 chepuueckasn GyHkuua Yio(8) = \/ (_2;:_1) PY(cos 6) crpemurca
K KOHEYHOM BenuumHe (puc.5.2).

| Yool Yoo

(=)

\] V VW Puc.5.2. Ipadbuku cepnueckux rap-

MOHHUK C OpOMTAILHBIM MOMEHTOM
I = 6. Ha nesom puHcyHke m = [,
4 Ha npasoM — m = 0

>

132. Hpusecmu paduasviyo wacme mpexmeprozo ypasnenus IHipédunzepa
01 wacmuyni, Haxodawelica e canzannom cocmonnuu (E < 0), 8 xyaonosckom

nose U = —} (amomusie edunuyw):
1
AY(r) + Z(E + ;) T(r)=0

K ypasnenwo Jazeppa (11.58), swdenus acumnmomuxu & ocobox mouxax.

Pemenue. [Mocne pasneneHus nepeMeHHBIX pafiaibHast YaCTh YpaBHEHUS
IlpénuHrepa npuHUMaeT BUI

li:—r\l'(r)+(§—l(lrL2l)+2E) ¥(r)=0

B 3TOM ypaBHeHHH 0cobbie TOUKH — r = ( peryaspHas ¥ r = 00 Upperyasap-
Hasi — COBMafalT ¢ 0COOBIMH TOYKAMM BHIPOXAECHHOTO TMIEepreoMeTpHyec-
KOro ypaBHeHHA (5.7), HO aCUMITOTHKH B HUX ApYrue:

npu r—0: U(r)~r wwm i

npu r — 0o V(r) ~exp (xrv-2F).

Buigenss acumnrtotkn ¥(r) = r exp (-rv-2E)f(r), na f(r) nonyyaem
ypaBHeHHe

gz_+ (2(1+1) _2\/__) df 2—2(l+rl)\/—2E

L £(r) =0,
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KOTOpoe nocie nepexoia kK HOBOW nepeMeHHo#l p = 2rv/-2F, cBoautes
K BblpO)KLleHHOMy THIIEPreOMETPHYECKOMY ypaBHEHHIO (5.7) ¢ v = 2(1 + 1)

Ha=1l+1- 7_2?:
f(p)

df (p)
K +(m-l—l)f(p)=0

Tpeﬁoaaune yObiBarug W(r) Ha 6eCKOHEYHOCTH NaeT YCIOBHE Ha

i
E=-;(-a+l+1),

MOCKO/bKY TO/IbKO MAPH LeRbiX @ < ( BHIPOXIEHHOE TMNEPreOMETPHYECKOE
YpaBHeHHe CBOIUTCA K YPABHEHHIO Jlareppa (T1.58), koTopomy ynosneTBOpsET

ctenennoe pewenne (1.59): f(p) = L¥+'(p), pactywmee Ha GeckoneunoctH
meaicHHee yeM exp (§). Otkyna

T 2r 1
v(r)=rlexp { —— 1?4, [ = = 2
(r) p( n) e\ ) A= S 2t >

133. Haimu nopmupoexy paduarsnoii sannosoii dynxuuu snexmpona e amo-
Me @odopoda:

Ri(r) = A\’ exp(—E)L” _i(=), z=?n—r.

Pewmenne. [To onpeneneHNI0 HOPMHPOBAHHAA BOAHOBas tyHkuns yno-
BJIETBOPSIET YPaBHEHHIO (B aTOMHBIX ¢AMHHMLAX),

00

1= [ rdr lRﬁ,(r)|2
/

3aMeHUM MepeMEHHYI0 HHTETPHPOBAHUA T Ha T = 2"', rae n= 2l+1

uesnoe, W, BOCMNojb3oBapwivch (Gopmynoit Poapura nns nommouoa Jlarep—
pa (11.59), nepenuuem B BHAE:

[o ]
3
_ n e i dan- —I-1 2
(4 2=/(5)z2dzz o ICXp(z)[( “1)i dz [z"“exp(—z)]].
0
WUHrerpupya no yactam, nonyyaem

( ) / P l():l ll !‘ ]ﬂ;e—z {di'::l " [ o |(zn+l —z)]}

BoipaxeHue B GUIYPHBIX CKOGKaX paBHO
D @R - -+ D -1- ) (n-1-1)),
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MO3TOMY MHTErpan Bhipaxaercs uepe3 ['-yHKIMM OT 1eNOro apryMeHTa:

3 [» <]
(4 )~2 (") /dw(:‘x_pﬁ )t [(n "t - —(n+D(n- l—l)a:"“]
_( ) (p=Dle+ 1+ D=~ (a4 Dn—1-1)(n+D)!
\2 (n—1-1)!

OtKyaa nosyyaeM HOPMHPOBaHHYIO QYHKUMIO

03T (i () -

134. Haimu cobcmeennvie pynxyuu u 3HEP2UI0 CMAYUOHAPHBIX COCMORHUI
ypasnenun lllpéounzepa oaa ocuuarsamopa:

—% (a‘% —z )\Il(z) EY(z).

Pewenme. Brinenas acuMntoTHKy npu z = oo, ypaBHenue IHpénunrepa
AN OCLUMANATOPA MOXHO CBECTM K ypaBHeHMIo Dpmuta. Mbi nocrynum
no-apyromy. Beeasi oneparopsl

a=-\;—§(d'i+z) a‘:%(%—z),

nepenuiieM ypapueHue Hipéaunrepa,
HY(z) = 8'a¥(z) = (E - %) ¥(z).

Hetpynno suaets, 4to onepatop H MOAOXMTENLHO OfpedeneH LA Beex
dbyukunit w3 L

/ de V(z)H¥(z) = / dz ¥'(z)alav(z) = / dz [a\y(z)lz >0

PasenctBo HYMIO 3TOrO BbipaXeHHs AOCTHTaeTCAa, TOABKO €CNH

aVy(z) = :/’——i (7‘% +z) Yo(z) =0, T.e. Tp(z)= A exp (_‘_‘;_)

1
Npu stoM Ey = 3. JIng HaxoXAEHHA BCEro CNEKTpa 3Hepruii paccMOTpUM
KOMMYTaLHOHHbBIE COOTHOLNEHHS

aa'¥(z) = a'av(z) + ¥(z),
a'a(a")"¥(z) = (@")a(a")" ' ¥(z) + (a")"¥(z) =
=n(@")"¥(z) + @") "' av(z).

126 [hasa 5. Cneyuansnste hynrcyuu

[MTockoneky ¥y = 0, H3 KOMMYTAUMOHHBIX COOTHOWICHHI ciaeayer, 4To
dyrkuua ¥, (z) = (a1)*¥o(z) ynosnersopser ypasHeHHIO

1 -
(E‘ - E) V. (z) = H,(2) = a'av, () = n¥,(z).
Otkyna BUAMM, 4TO cobGcTBeHHbIE yHKUMH W, (Z) cocTosHus ¢ SHEprueit

1
E,,=n+5.

BbIpaXaloTcs 4Yepe3 noiMHoMbl Dpmuta Hy(z) (11.50):

Vo(z) = An (_\;_i (;; - z))" exp (—f;) =
2 e(Z) o)

[l Mbi BOCTIONb30BANHCH OMEPATOPHLIM ToXuecTBOM (4 —z)e' /2 = e='/2 &
H3 cooTHOWEHHA OPTOrOHANBHOCTH ANs nonuHoMoB Ipmuta (I1.52) nonyqa-
€M BEIHYMHY HOPMHPOBOYHOFO K03¢dHlHeHTa

1
n'm
135. Haimu cobcmeennsie hynkuuu u SHep2ui0 CMautoRapHuX COCMOANUI

ypaenenusn lipédunzepa 0aa dsymeprozo (mpexmeprozo) ocyusrsmopa é dexap-
moesix Koopduxamax:

A, =

>

—%(A ~ r)¥(r) = BU(r).

Haiimu xpamnocmu evipoxcdenus cocmosmuii.

Pentenne. B nekaproBbiX KOOPAMHATaX MEPEMEHHBIE B 3TOM YPaBHEHUH
pasnensiorcs. [Lis ABYMEPHOro cay4as nojaraeM

¥(r) = 'Il'(m‘)‘lfz(zz), r = (z,,z3).
Ha W/ (x;) nonyuaeM oAMHaKOBbie YpaBHEHUs
| d? 2 i . . 1 2
—5 Ej*:tj ‘I’(:E]'):-E‘I’(I]’), i=41L2, E=E +E°.
7

370 ypasHeHue LUpéautrepa o1 OOHOMEPHOTO OCLHAIATOPA, COGCTBEHHbIE
(byHKuMHU 1 CNEXTP XOTOPOTO HallAeHbl B 3anaue 134. Takum obpa3oM, sHeprus
CTALIMOHAPHOTO COCTOAHUSA pPaBHa CyMMe 3Hepru# E) = n; + % OJHOMEPHBIX
OCHHUANATOPOB

Exy=n+n+1=N+1, Nn,n =012 ...,
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a MCcKoMbie cobeTBEHHbIE GyHKUMM ecTb Tipou3sencHue GYHKUMA W) (2))x
\113,,(1:;), fBHLIN BMA KOTOpbIX npuBeneH B 3amave 134. KpatHoctb Bhipo-
xaeHnss N-ro ypoBHA gp €CTb YMCIO AUHEWHO HE3aBUCHMBIX COOGCTBEHHBIX
dyHKUMH ¢ oauHakoBoi 3Heprvell Ey, T.e. ny + 57 = N. Tak KaK Kaxuo-
MYy 77 COOTBCTCTBYET TOJABKO OfHA COOCTBEHHas (BYHKLHUS, HAXOOMUM, YTO

N
gv= Y 6(ny+n;-N)=N+1.

ﬂ|,ﬂ2=o
B TpexmepHoM cayuae AeHicTByeM aHanoruuso. TMOCKOABKY aHeprus
CTallHOHAPHOTO COCTOAHHUS ONpEaeIseTCs Tenepsb cyMMoh TPEX HEJBIX YUcen

3 3
Ex=n+n+n+-=N+-, Nyn,n,n=012...,

2 2
TO KPaTHOCTb BLIPOXAEHHA YXe ApyTas:
N
N+1D)(N+2
gN = Z 6(n|+n2+n3—-N)=(—-———)—L~—). >
2
ny,n2,n3=0

136. Haiimu cobcmeennnie ynkuuu u snepauro cmayuonaprwx cocmo-
AHui ypasnenun llpédunzepa 0an mpexmeprozo ocyurramopa e cgbepuuecxux
Koopounamax:

—%(A - ) ¥(r) = EY(r).

Pewenne. B ceprueckux KoopauHatax nepeMeHHbie B ypabHeHuy Lpé-
AHHTEpa 419 TPEXMEPHOTO OCUHUIATOPa pa3fensiorcs

¥(r) = R(r)Yim(8, ¢)-

3pech Yin(6, p) — cdeprueckue GyHKLNH, BLIPAXAIOUINECA Yepe3 pelieHHs
ypasHenus Jlexanzpa (3anaya 130). Ha paauanshyio dyHkumio nonyuaercs
ypaBHeHHe

1d ,d , W+1) _
o R irm R(r)+(2E—r -5 R(r)=0.

ACHMNTOTHKA PEIIEHNs] B PETyISPHOil 0c06oii TouKe T — 0 3TOro ypaBHeHHs
Rir)~v®, plp+)-Wl+1)=0, p=1, p=-I—1,

a B HpperyaspHoit r — oo

R(r) ~ exp (:!:;)

Buinensis acumnrotuku  R(r) = f(r)r! exp (—'71), ana ¢yHkuuu f(r) no-

Nyyaem )
af  [2t+1) df 3) B
dr2+(_7_‘2')$+2 E-1-3)f=0.

128 Ihaga 5. Creyuansuwe ynxyuu

CnenaeM HekoHGOPMHYIO 3aMeHY MepeMEHHOl 2 = ri:

d2f(z) 3 df(z) E-1-3)2
d2? +(l+~2~—z) iz T 2

K4

f(z)=0.

370 BLIPOXICHHOE IHAEPreOMETPHYECKOE YpaBHeHH e (5.7) CBOIMTCH K ypaB-
veHuio Jlareppa (I1.58) ¢ nHaekcamu v = l+—;, 2n = E-—l—%, €CIH N — Llenoe
HeoTpuuateabHoe yucno. M3 ycnosus y6eiBatus R(r) npu r — 0o nonydaem,
yto f(z) paeHa o6oGuwenHomy nonuHomy Jlareppa LY(z), a coGCTBeHHbie
GYHKLUMH HMEIOT BHI

r?
bas(r) = Ao e (=3 ) Lm0, 0,
3 3
Ev==-+l4+2n=N+ 2

2

Hnsa BblYMCREHNS KPaTHOCTH BBIPOXIEHHSI gy YPOBHS ¢ 5Heprueit Ey Bcno-
MHHUM, 4TO NpH GHKcHpoBaHHOM [ umeerca 2l + 1 AMHelHO He3aBHCHMBIX
OYHKUHR Vi © Pa3UNHBIME T, NO3TOMY

v N N2

N+ 1) (N +2

9N=ZZ(2I+I)6(1+2n-N)=Zz(N—zn)+1=( + )2( )‘
n=0 (=0 a0

CpasHure ¢ otBeToM K 3amaye 135 ans TpexmepHoro cayyas. OueBHIHO, YTO
nonyyeHHole cobcTBertble GyHKUMH 18 N -FO YPOBHS 3HEDTHHM ABJSIOTCA
NKHEAHBIMM KOMOWMHAUHMAMHM cOBCTBEHHBX (YHKUMA ¢ TOM Xe SHeprueh
U3 3aaayu 135. >

137. Busecmu unmezpaasnoe npedcmaenrenue (11.66) dan nosunomos Ja-
2eppa, ucnoav3ya npeobpasoeanue Jlanaaca ypaenenun (11.58).

Peutenne. TMoncrasnss obpatHoe npeoGpasosanue Jlannaca

Lie) = 57 [t st

c

B ypaBxenue (I1.58), nonyunm

jdt f(t)e* [a:t2 +(@+1-2z)t+n)] =0
c

fr
ToxaecTBo ze* = %"ﬁ— NO3BOJIAET Nepenucatb NOJyYeHHOE YpaBHEHHME B BUe

[a10 [LE @ -0+ @+ niene] =0
C
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WUHTerpupys no 4acTamM, HAXOAUM, YTO

f i o [_‘W_;t‘)f(i)+ (v + |)t+n)f(t)] =0,
C

€CJIM KOHTYP HHTerpuposaHus C BbIOpaH Tak, UTOOb! BHEMHTEIPAJIbHBIC YIEHB
ofpallannce B Hy/b. BoipaxeHue B KBaJpaTHBIX cKoOxax aaet auddepeHun-
aibHOE YpaBHEHHUE MepBoro nopsaaka ana f(t):

d(# - )f(t)
dt
PELICHHNE KOTOpOrc UMeeT Byl

= ((v + 1)t + ) £(1),

sy =422

D1a QyHKUHS HMeeT nonioc Mpu ¢ = 0, No3TOMY KOHTYP HHTerpuposanus C
MOXHO BbIOPaTh B BHIE OKPYXHOCTH paauyca t < I, KaK yKa3aHO B TOACHEHMH
K ¢opmyne (I1.66):

(0+)
Y A (1=-t)" , dt
L"(ﬂ:) = % ——t" e —E-

HopMHpOBOUHAs KOHCTAHTa A He MOXeT GhLITh OnpeneicHa U3 YpaBHEHHH,
r I
a 3afaeTca JNOTIONHUTENbHbIM YCIOBHEM HOpMHUpoBkH L(0) = ﬁ(%, Ko-

Topoe cneayet u3 dopmynsl Ponpura (I1.59). Bouncasns unterpan npu « = 0,
noiyvyaeM MHTerpajibHoOe MpeicTaBneHue

(-" (0+)(1 "ty . dt
v -\ — tz =
Ln(m) = i / n e ;e >

138. Jdoxazams, umo ¢ynxyun Beccenn empaxcaemcs 4epes Konmyphuiil
unmezpaa (npedcmaenenue muna Ulregau)

(0+)

t dz rz T
Ju(z) = Imi f i (7 - E)’

-0

ede unmezpuposanue udem no KOHMYPY, HA¥UHGIOWEMYCR U 3AKAHHUBAIOUEMYCA
8 —00, 0bxodauemy mouky z = 0 & noaowcumenvnom vanpasaenuu (puc. I1.1).

Pewmenne. TMoacrasnss paznoxeHue GbyHKLHH

o (-5) S u(5)

130 [haBa 5. Cneyuaavnvie pynryuu

B KOHTYPHBIA HHTErpan, NOAYYHUM U -TO YWieHa paaa npu Re(n +v) < 0:

n! 27d ghtvel

—-00

(0+)
=D/ 1 fdt exp(t)

(- 1)/

= —TSin (Tr+v+))(-n-v) =

(=) (=/2)*
nll(n+v + 1)

Mocnennee pasercro cnemyer us dopmyant (I1.3). AnaauTuyeckoe npo-
AOTXCHNE 3TOTO BBIPAXKEHHA NO V JaeT n-blil YiEH palloXeHUs dyHKUMK
Beccens B psin no z (11.15). >

139. iloxasame, wmo ¢ynxuuu J_a(x) = (= 1)"Jy(x) auneiino 3asucumm
npu yeavx n.

Pewenne. BocrnionbayeMcs pasnoxenmnem tdyHkumit Beccensi B Hyne (11.15)
1 TeM, uto I'(m) = co npu uenbix m < 0 4 [(m + 1) = m! npu ueanix m > 0.

Toalz) = (;)i(:;ﬁ)*m _

k=0
z\" & (_22 )I 1
= —_— _ _l "J -
( 2) Z_:n 4 ) (I+n)T(+1) (—=1)"Tu(z)
3neck BBeaeHo nepeoGosHaueHne k =1 + n. .

140. rTokasame, umo pynxyus Heiimana Y, (T.21) ocmaemes runeiino
nesaeucumoii k J, (I1.15) npu v — n.

Pewenue. Hano BLIYMCIUTD BPOHCKHaH W{J,(z),Y.(z)} (5.2) u ycrpe-
MMTb V — n;

_ ZW{J,,’ J—U} _

sin (7v)
(4@ 22 5 ) -

dz T dr
v

"~ I(-v+ DD(v + 1) sin (xv)

3eck MBI BOCTIONB3OBANHCE TEM, YTO B City (5.4) BPOHCKMAH ABYX pellcHMUi
ypaBHeHus beccens nmeer Bua W(z) = L";‘ﬁ, a BBIYHCAATH KOHCTAHTY YROGHee
npyu x = 0. [lockonbky noayuusmascs koHeranta (cm. (I1.3))

v 2 2
T(-v+ HI(w + Vsin(xv)  T(1 - )T (v)sin(av) =
HEe 3aBMCHUT OT V, TO B Npefiefie ¥ — N BPOHCKHAH OCTAETCH KOHEYHbIM,
a 3HauuT Y, (z) u J,(z) aunelino HezaBUCHMBI. >

aW{J,(z),Y,(z)} =

im
z—0 sin (wv)

const =
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141. Bupasumo @yncyuu Beccers ¢ noayyensm undexcom J,, L1 uepes
2
Memenmapusie ynKuuy.

Pemenne. ina Jy/o(z) nmeem (11.15)

(—z?/4)* (—z2)* 2
o) = \/_Z ET(k + 3/2) \/_Z Gerrer -~ Ve @)

Tle Mbl HCTIONB3OBANH cooTHoweHue (I1.2)

r(u%) = Qk+ )2k —1)...3. LG/

zk

M 3HauekMe GyHKUHA F(i) £ Ana Toro, 4robst BLPasUTh Jomy ()
4yepes teMeHTapHble QYHKUHH, BOCIEOHBBYCMCH dopmynamu suddepenin-
posanus (I1.18)

i @ -
Jm+§($) = _g™ 1/2&; ( m“ﬂ-fmq/z) _

»
= (1) (z"*&%) 294

142. Hexodn us duippepenyuanviiozo ypaanenun (11.14), noaywums ¢ no-
Mowbio npeoGpasosanun Jlanaaca unmezpasvioe npedcmassenue muna Hyacco-

na (11.20) dan yuxuuu Beccess c yeanim undexcom. Yemy paser aansacoscxui
obpas Jo{z)?

Pewenne. ®ynkuna f(z) = £7"J,(z) yaOBIETBOPAET YPABHEHMIO
F @)+ nin 0
z 53@) + 2+ 1) — f(@) +2f(@) =0,

KO PHUUNEHTHI KOTOPOTO ABARIOTCA NOAHHOMAMY nepsolt crenenu. Moncta-
BHM B 3TO0 yYpaBHeHHMe obpartHoe npeoGpazosaHue Jlannaca

1@) = [ 5 exp (2t
[

TMociie unTerpupoBaHus Mo 4acTAM NMPUPaBHAEM NOALIHTEIPAILHOE Bhipaxe-
HUE HYIIO U NTOAYYHUM

_gi(f + Dg(t) + 2n + 1)tg(t) =

UTtoObi BHEMHTErpanbHbie UACHB He NaBaiv BKIala NPH HHTErPUPOBAHMM
No YacTAM, JOJIKHO BBINOAHATHCHA PaBEHCTBO

exp (zto)(t + 1)g(to) = exp (zte)(t2 + D)g(ts),

132 IhaBa 5. Cneyuanouwie hynxryuu

rae fo, ¢ — HayanbHAsd M KOHEYHas TOYKH KOHTYpa C. Peulas nonydusuieecs
anddepeHLHaNbHOE ypaBHEHHE Ha g(tz HaXOoHM

gty=a @+
KouTyp C Hazmo Bbibpath oGxonsainM o6e TOUKM BeTBieHHS ¥ = i PpyHKLMH

g(t), HanpuMep, 3aMKHYTBI KOHTYp, NpPOXOAsALMIt BAONb GeperoB paspesa
OT £ = —i A0 { = i B NoNOXHUTENAbHOM HanpasieHnu (puc. 8.1). B pesynbrare
n

Az -
Jo(z) = 2';"_ /dt exp (zt)(t* + 1)* /2,
c

roe A, — HOPMMpOBOYHAs KoHcTaHTa. [MoAyyeHHOe BbIpaXeHHE nepexoauT
B MHTerpanbhoe npeacrasienue (I1.20) nocae 3aMeHb nepemeHnoilt ¢ — ir.
Tak kak Jy(0) = 1, To, BbiuMCAAS HHTerpan, Haxoaum Ag = 1, a obpas
Jlannaca byxkunu Jy(z)

9o(t) = >

241

143. Henoavzys gopmyss dugpgpepenyuposanus (11.18), noxazams, wmo
npouzeodauwan gynxuua
x>
F(z,z) = E 2" Ja(z)

m=-—00
umeem eud (11.25).
Pemenne. Auddepenuupys F(z, z) no z ¥ nonvayack hopMynamu aud-
depenunpopanus (I1.18), nonyuum

[o <]

8F(Z, z) - 2 zmd‘lm(z) —

oz —e dx
= m;m ?(Jm—l(m) ~ Tnsi(2)) = % (2 - %) F(z,z).

Pewmas sto auddepeHunansHoe ypasHerune, Hailnem

F(z,z) = C(2)exp (2 [z - —:—])

KoHcTauty C(z) Haitnem u3 yciosus J,(0) =0 npun #0
C(z) = F(z,0) = Jy(0) = 1. >

144. Busecmu unmezpansnoe npedcmaénenue Beccean
x

do
Ju(z) = / cos (nf — z sin @) o
0
gocnoabavsasuiuch npouseodaueii dynryueii (11.25).
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Pemenne. Cnenaem 3ameHy nepeMeHHOW z = exp (i6) B KoHTYpHOM
HHTErpane, Bhipaxaiouiem dyukuuio Beccensn yepes npomspoasuyo GyHk-
uwmio (1.25)

ner =g f e (5[:-1]) -

< g L]
= / g exp (iz sin (§) — ind) = f ? cos (z sin (8) ~ n#).
° °

B nocneasem paseHCTBE Mbl BOCTIONB3OBANTUCH CHMMETPHEH M NEPHORMYHO-
¢TI0 hyHKumit sin (6) n exp (ind). >

145. Buwsecmu gopmyay

o0

Jo(lry — 7)) = Z Jo(r1)Ja(r2) exp (ind),

n=-00
20e 6 — yeon mexcdy eexmopamu vy u T, q
Pewenne. Moacrasus z = iexp (i) B Bui- N
paxenue min npoussoasiueit dynxunu (11.25), "

NOYYHM paBeHCTBO

o0
3" i™exp (img)Julg) = A
m=-00
= exp (ig cos ) = exp (ign),
rhe @ — yroa Mexay Bex'ropom g H EAHHUHBIM

sekTopoM n, n? = 1. Tonoxum ¢ = v’ — r,
oéoaﬂaqns 3a @ yron MEXAY BeKTOpaMu r
H v, asaa — yron Mexiy BeKTopamMH T

Puc. 5.3. Bextopm r, 7, g

u n (puc. 5.3). NpounterpupyeM nonyueHHoe an

PaBeHCTBO MO 7, 3aZaAHHOMY HAa OKPYXHOCTH
EMMHHYHOTO panuyca'

Jo(lr —r'}) = /2 z ™ exp (imp)J (Ir — ') = /——exp [i{r' —r)n}=

m=-—00

x o -
/ gg Y itexp(—ika)di(r) D i"exp [im(a+0)In(r')] =
0

k=—00 m=-0G

= Z exp (imO)Jm (r)JM(r')' g

134 IraBa 5. Cneyuanvnwe pyniyuu

y
146. Haimu ceepmry F(y) = [ dzJy(z)Jo(y — ).
0
Pemenne. BoinmosuuM npeobpasosanne Jlannaca, 4To6bI npeBpaTHTH
CBEPTKY B NpPOM3BelicHUE:
x>0
/ e o) = £()0(a), o) = {3 T2

KouTyp C HauMHaeTcs M 3aKaHYMBaeTCs B —00, OGXONS B MONGKUTENHHOM
HarpaBJieHUHM BCE OCOGEHHOCTH B KOMIUIEKCHOH NMJIOCKOCTH JariacoBCKOro
ofpasa g(t) dynkuum f(z).

(o 4]

F(y) = / dz Jo(z)To(y — 2)0(y — =) =

/——e”'go(t)/da:Jo(m) e / Imi 90 a(t)e”.

O6pa3 Jlannaca dyukuun Beccena go(t) naiinen B 3anaue 142. Moacrasnss

€ro, Haxoaum
dt e¥
Fly)= | — —— =35j
) /21ri gyg o
C

TX€ KOHTYPHBIH UHTErPat AaeTCH BHIYCTAMM B TOYKax £ == 1. »

147. foxasams opmozonansmocme gynxuuii Beccean (11.26).

Pewenue. 3anuwem ypasHeHue Beccens na dynkumio Jy(Amt) 4 ymHO-
XHM ero Ha Ji(Anl):

d d k?
Ji(Aq t)(t 7 E Je(Amt) + (/\127. - Ey) Jk(/\mt)) =

IMepennuiem 370 paBeHCTBO, MEPeCTaBHB MHAEKCH 7, ™. 3aTeM BHIYTEM ypaB-
HEHHUS Npyr U3 Opyra U NpoUHTErpupyeM pesynstat ot 0 1o 1| no tdi:

1
(A2, =A%) / t dt Jp(Aat)Tp(Amt) =

(w,.t) Temt) = Ty(Amt) & Jk(am)
1]

Ecnu A, ,,. sBnsiotcs nyaamu ¢yHxunu Beccens Ji(Anm) = 0, To unTerpan
obpaliaeTcs B Hyb NpU ™ # 7N, NOCKOJAbKY NpaBasi YacTh paBeHcTBAa 06pa-
waetess B Hyib, UHTerpan obpaiaeTcst B Hylb M B TOM cllyyae, KOMIa Ap.om



5.4, Ipumepw 135

d
ABAKIOTCA HYASMH TIPOH3IROAHOM —‘%%"l = 0. Yrobbi HaliTH 3HAaYEHHE HHTE-
rpana fnipx n = m, HeOGXOAUMO PACKPHITE HEONPEAENCHHOCTD:

{
/ t dt Jp(Apt) Jx{Apt) =
[

= lim —— (Aka()\ﬂ) %‘/\9.'1‘1 ~ Ande(Am) d";i"“)) -

_1 (dnnku,,.))’)r (, _ 53_) T2 ()
T2\ di, A2, 2

Orkyna caenyet nepsas wnu Bropas ¢popmyna (I1.26) 8 3aBMcHMOCTH OT TOTO,
ABNKIOTCH M A, RySsAMH dyskuuu Beccens wim nponssonHo# ot $yHKuMK
beccens. >

148. Haimu pewenue ypasnenus menionposodnocemu e wunrumdpe edu-

HUMHO20 paduyca ¢ mennousGAUDYIOWUME CMEHKAGMU U HAYGALHBIM YCA0BUeM
Uio = (1 — r)2

20,1, ,2) = AU(L 7,9, 2).

Pewenne. B LMAHHADHYECKOR CHCTEME KOOPAMHAT [PAHHYHBIC M Ha-
HaAbHbIC YCIOBHS HE 3aBHCHAT OT P Kz, NOITOMY PCUICHHE 6y11eM HCKaTh Kak
yuxumio Tonsko ot r ¥ ¢. [pumenas MeTon pasneneHns nepeMeHHBIX

U(r,t) =Y AR(r)T(),

i=0

Ha ¢yHkunn Ri(r) n Ti(t), nonyyaem obbikHoBeHHbie AuddepeHUMATbHBIC
YPABHEHNUA:

1 d

r dr

Pewenns 3THX ypaBHeHHIt KMEIOT BHIL
Ti(t) = exp (—Alt), Ri(r) = Jo(\ir),

rae Jp(z) — dyHkums Beccena. KoHCTaHTBI A; ONpPEAENSIOTCA M3 YCIOBHS
. _ a
OTCYTCTBHA MOTOKA TenAha HYePE3I CTEHKH m =0

d = 7 4 Bi(r) = MR (r
En(t)wx.?'f:(t), r = Ri(r) = -XRi(r).

d d
- e R = A = =TV (A).
0= ZR| =Nz do@| = -MA()
Huaue rosops, A; — Hynn QyHKumm gﬁ%—'\—) = —Ji(A). Koapduunenrs 4;

HailleM 13 HAYaTbLHOrO YCNOBUA, BOCHOML3IOBABLIMCE OPTOTOHAALHOCTLIO

136 Thasa 5. Cneyuansrwvie ¢hynxyuu

dynkunit beccens (11.26). Uurerpupya U(r, 0) ¢ byuxumeit Jo(Aj7), Haitnem
I

o 1
/r dr U(r,0)Jo(A;r) = Z A; fr dr Jo(Air)Jo(A;7) = 4; Jg(z)«j)‘
¢ i=0 0

Ortkyna

1 A
2 4
A = 7709 O/rdr (1 = r)2Jo(Air) = EW7TEW) 0/493 Jo(z).

Pewienue umeer suj

U(T, t) = i A,‘ €xp (—A?t)Jo(/\,'T).

i=0

5.5. 3apaum

149, Beipasute | Fi(a; a; =) yepes anemeHTapHbie GYHKUNM.

150. IMokaszatsb, uTO YpasHeHHe ¢ ABYMA peryasipHbIMH 0cOObLIMH TOUKAMU
MOXHO NPUBECTH K BUAY

dy Ady B
bl i A}
dz? + T dm+zzy

Pemute 310 YpaBHeHHe.
15). Hokaszars popmyny
1Fi(a; v, 2) = € \Fi(y - a;v; —z).

152. Buipasute nonunomsl Jlareppa LT (z) yepes BHPOXKICHHYIO THITED-
reoMeTpUYECKYI0 QYHKLINIO.

153. Buipasute nonunomsr Spmuta H,(r) uepe3 BLIPOXAEHHYIO -
nepreoMeTpuyeckyio byHkumio. Veazanue: Cnenatb HEKOHPOPMHYIO 3aMEHY
T = vt. B HOBbIX NnepeMeHHbIX B YPaBHEHHMH TIOABAACTCA peryaapHas ocobas
TouKa T = 0. OTAENABHO PacCMOTPETD MOJTHHOMbI YETHOM H HEYETHOMH CTeNneHH .

154. Tpusectu k runepreometpuyeckoMy suay (5.6), (5.7) ypapuerne

Py r@) by o
dx? ;(":5?4_:; sz(a:)y_ !

rie r(z) — NOJHHOM He CTaplie NepBol cTeneHy, a s(z) u o(z) — He cTaplie
BTOPOH CTENEHH.




5.5. 3adauu 137

155. [lokasarb, 4TO npucoeauHeHHble GyHKUHM Jlexanapa Pm", 3a-

napaembie opmynoit Poapura (I1.37), ynomnersopsior ypasHennio Jlexan-
npa (I1.36).

156. Haittu cobeTBeHHbBIE GDYHKUMHM M 3HEPTHIO CTALIMOHAPHBIX COCTO-

AHuvi ypasHeHus LlIpénurirepa mna ABYMEpHOrO OCUMANSTOPa B MOJSIPHBIX
KOOpPAHHATaX:

-% (A - r)¥(r) = EY(r).

Vkazanue: BbineanTh aCHMIITOTMKM B OCOBBIX TOYKAX PAAMAIBbHOIO YpaB-
HEHMA U, CIENaB 3aMeHy 72 = Z, CBECTH ero K ypabHeHHIo Jlareppa.

157. BeiBectv pexyppenTHoe cooTHowieHue (I1.54) u bopmyay mudde-
peHunposanus (T1.55) s noautomos Dpmura (11.50).

158. Haitti npoussoasuyo dynkumio (I1.56) a1s noaMHoMor Dpmurta,
MCIIOJIB3Ys PEKYPPEHTHbIE cooTHomweHus (I1.54).

159. Haittu npoussonsuyio dpynkuuio (I1.65) nonnHoMos Jlareppa ¢ no-
MOILbIO HHTerpasibHoOro npeacrasteus (I1.66).
160. Hatitu npoussoasiiyio GpyHKUMIO

o0

F(z,z) = Z iﬁl Lp(z),

n=0
rae Ln(z) = LY (z) — nonunomsl Jlareppa ¢ v = 0.

161. Haiity pasnoxenue B6ausu z = 0 dyHkumii, YIOBIETBOPH IOIHX
YPaBHEHHIO

dzy dy
z dmz+xdz+(m v)y=0

U1 HELENBIX V.

162. Boisecty Qopmyns nubdeperunposanns ma dynkumi Becce-
as (I1.18):

d
E(mi"J,,) = +2* J,.,.

Moxka3ats, yto dyHkuus Heiimana (I1.21)

Y, = J, cos {mv) ~ J_,

sin (7v)

YAOBNAETBOPAET TEM XK€ COOTHOWEHHAM,
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149.
150.

151,

152.

153.

154.

5.6. Orsernl

1Fi(a; a; 2) = exp (2).

YpaBHeHHE HMEET ABa IMHEHHO HE3ABHCHMbIX peuleHud g, = 2+ rne
A= (3)(1- 4 £ /(1 - 47 —4B).

Yrasanue: NojacraButs paBeHCTBO B ypasneuue (5.7). Bocnons3osatbes
TEM, YTO Npasas W JieBas YacTb PaBEHCTBA SIBAAIOTCA DPErYISPHHLIMH
B Hyse DYHKIIMAMHY,

" n + m)!
L, = (n +m)t m'n’) 1Fi(-n,m+ 1, ).
! 1
Hy(z) = ("l)k% 1Py ("k, 3 332) npu n = 2k,
n+ 1) 3
Hn(g)zﬁ(“l)kw§k+ i;’ ;F; (—k, —2',32) npun=2%k+1.

Yxazanue. PAcCMOTDUM TPH ciyyast.
1. Ecan s(z) = 0 umeer 1pa painmunbix KOpHs (Hanpumep, (11.36))
8(z) = alz - 5))(z — ),

TO YPaBHEHUE UMECT TPH DEIYAAPHBIX OCOBBIX TOUKH H NPHBOANTCSH
K Buay (5.6) nocne 3ameHbl nepeMEHHBIX

_-s)
t“(szmst)

W MOACTAHOBKH
y(t) =¥t - DIF(),

TOE V ¥ fi — XapaKTepHUCTHUECKME NOKA3ATE/IM B DPETyASIPHBLIX
ocolbix Toukax ¢t = 0, t = 1.

2. Ecnu xopHH TpexyiieHa s(2) COBNafaior, T. . MPOU3OLLIO CAHAHHE
ABYX OCOGBIX TOUEK T = $; = 83, TO HANO NEPEBECTH UPPETYIAPHYIO
0coBYI0 TOYKY T == 8; Ha 6ECKOHEYHOCTh ¢ NOMOLIBIO KOHDOPMHO#H
3aMEHBI IEPEMEHHBIX T —~ 8| = % B HOBbIX NepeMeHHbIX ypaBHEHHE
coxpaHsieT cBoi Bui, ofHaxko s(z) = z Tenepb NMONMHOM NEpBOM
CTENEHH.

3. Ecnu s(z) — TNONAMHOM INEpBOHl CTENEHM, CACnaeM NUHEHRHYIO
3aMeHY NepeMEHHbIX z == 3(), TOrAa ypaBHEHME MMEET OOHYy pe-
TYAsipHyio ocobyio Touky z = (0 ¥ OfHY MpperyasapHyio ocobyio
TOYKY 2z = 00 (ecnu 7(2) u o(z) ~— KOHCTAHTHI, TO TOYKa Z = 0O
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155.

156.

157.

SIBASETCA PETYNAPHOM, HO B ITOM Ciydae ypaBHEHHE HMEET CTETeH-
Hble pewterisi). C noMoibio noacraHosku y(z) = z¥ exp (uz) F(z)
ypaBHeHHE NPHUBOAHTCH K BURY

2

d d
Sl — bzl —F -aF = 0.
zdzzF—k['y z} sz aF=0

flpu b # 0 3T0 BHIPOXINEHHOE TUNEPrEOMETPHYECKOS YpaBHe-
Hue (5.7) B nepemenunix ¢ = bz. IIpu b = 0 acumnroTHKa
Ha GeckoHeuHocTH F ~ exp (+2v/az). CpasuuBas ¢ acuMnto-
THKoM (5.7), BHAMM, 4TO B 3TOM Ciydyae NpPHUBECTH YpaBHEHHE
K Budty (5.7) MOXHO ¢ NOMOHIBIO 3aMeHbl § = 4/0'Z U NONCTAHOB-

xu F(t) = f(t)exp (-3).

4. Ecan s(z) = const, To noacTaHoBKO
z

vio) = sy (- [ arD)

K03(PUUMEHTHI ypaBHEHUA IPHBOAATCSA K BUAY r{z) = 0, s(z) = 1.

2
Buugensa 8 o(z) = —(a(z - x;)) -+ a€ NonHbIA KBaapar U aenas
€ro HOBO#M NepeMeHHOoR 2 = \/E(:z ~ &1}, NoAyYaeM ypaBHeHHe s
KBAHTOBOTO OCLMAATOPA

a2y
dz?
Y KOTOPOTO OfiHA MPPErynApHas ocobas To4Ka z = 0O C ACHM-
mrotukol f ~ exp (£%). Yto6bl CBECTH €F0 K YpaBHEHHIO (5.7,

HaRO CAENATh HEKOHQODMHYIO 3aMeHy z2 = ¢, KOTOpPast NPUBOAMT
K TOABACHHIO peryaspro#l ocobol Toukd ¢ = 0 u pmoacraHosky

1(t) = F(t) exp (-%).
Vkazanue: [oacrasbte Qopmyny Poapura ans npucoeamneHHmxX dyHK-
unit Jlexarnpa (11.37) 8 ypassienne (I1.36) u nonyuure ypasuenue (5.24)

Ha gynkumio f = ()" P. Hokaxure, uro ypabuenme (5.24) nonyua-
eTcs u3 ypaeenus (11.35) Ha nonunomsl Jlexanapa nocie npuMeHeHus
k (I1.35) onepauun m-xparHoro AnddepeHUNPOBaHUS.

- / n! Im} "2) jml, 2 .
¥(r) = x(n-}—m)ir exp( 3 L7 {r") exp (imyp),

Ey=2n+|ml+1=N+1, n=0,1,2,..., m — uesoe.

+(E'—zz)f zor

Viazanue. BolpasuTb 11EpBYIO [POM3IBOAHYIO MOAMHOM2 DPMHUTA yepel
AnHeAHYI0 KOMOHHaLUWIO noanHoOMOB ¢ nomoutsio ([1.50). Touno Tax xe
BHIPAa3UTbh BTOPYIO NPOMIBOAHYIO MOAMHOMa DpMUTA yepe3 AMHEHHYIO
KOMGHHALIMIO NOJIMHOMOB. 3aTEM BOCITOAbLIOBATLCH YPABHEHUEM (.49},
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158,

159.

160.
161.

162.

Yxasanue: Bripazutb Npon3BonHyio No z npoussoasied dyHKuuK

P2 =3 (5) M@

n=0 :

yepes F(z,z) ¢ nomowsio (I1.54). Pemnts nonyumsmieecs audppe-

PeHUMaIbHOE ypaBHeHHe Ha F(2, ) M BOCNOAB30BaTHCH HOPMMPOBKOMH
F(0,z) = Hy(z) = 1.

Yxaszanue: Tloncrasute MuTerpansHoe npencrasieHne (I1.66) B onpene-

o0

Nenne nponssossuieir Gynkunn Fz,z) = Y 2"L(z), npocyMmupo-
n=0

BaTh PAl M B3ATh MHTErpan.

F(z,z) = exp (2)Jy(2Vzz ).

Yiazanue: BbiienuTh CTENEHHYI0 aCHMMTOTHKY fipu ¢ = 0 B BHAe
y(z) = z’f(x). MoncraButh y(z) B ypaBHEHME M PaVIOKHTh B PAL
Teiinopa ananutuyeckyio B Hyne ¢yHkunio f. CpaBHMBas 4ieHb NPH
OIMHAKOBBIX CTENEHAX z, HaWTH Kod(duLMeHTH pazioxeHus f(z)
B paa Teiinopa, PyHK1Ms y(z) ecTb CyMMa ABYX IHHEHHO HE3ABHCHMbIX
pewennit J,(z) u J_,(z), paanoxenue Kotopeix B6mu3u = = 0 umeer
sux (1.15).

Yiazanue. loMHOXUTb padnoxeHue ¢yHkuuit Becceas B Hyne (M1.15)
Ha z*¥ u nponudbepeHLIMPOBATD.



[hasa 6

AcuMmnroTuyeckue mMetTogbi

6.1. AcumnroTnyeckue papabl

lpu pensenun panuuHBIX 3a0a4 BO3HUKaeT fpobiema NpHGANXKEHHOrO
BbIYHCACHHA MHTETPAiOB, coaepXawivx Goabuive (WM Maiabie) napaMeTpht.
Tpy 10M OTBET NpENCTABAAETCA B BUAE TAK HA3LIBAEMOTO ACUMRMOMUYECK020
pazrowenus. PopManbHbii pan

J(z) ~ Z GnPa(2) (6.1)

n=0

HaIbIBACTCH ACHMNTOTHYECKUM pamioxeHuem dynxunn f(z) npn z — z,
€C/M AAg KaxXaoro sHaveHus N

N
£(2) = Y andul2) = o(¢w(2))

n=0

np# 2 — z. 3nece P(z) = o(pn(z)) o3nauaer, yto oTHOWeEHME

¥z) 0
N
npu 2 — zp. Orciona crepyer, YTo

#x(2)

N-i
1(z) ~ 3 andu(z)
ay = lim =0

ey #n(z)

Dopmanbbiii pan (6.1) Moxer 6bITb pacxoasIMMCE. ACHMIITOTHYECKOE pas-
JOXEHHE 3aBUCHUT OT BHIGOPa aCHMNTOTH4ECKOI NocneaoBaTensHOCTH {Pq(2)}.
Kpome Toro, aBe pasHbie GyHKUHH MOTYT MMETb OMHAKOBHIE aCHMIITOTHYC-
CKME PAOKEHHR, ECAIM OHM PAVIHYAIOTCH Ha TaKylo QyHKUMIO ¥(2), yro anst
nobrix n

o )

im —— = 0.

1=z Ppl2)

Touky zy MOXHO cuMTaTh GECKOHEYHO YAaneHHOM, TaAK KaK JNS KOHey-

HOW 25 MOXHO nepeitT OT NepeMEHHOM 2 K nepemeHHoi 2’ = ,_'zo, KOTOpas
CTPeMHTCS K GECKOHEUHOCTH NPH 2 — zp. Ecan ¢n(2) = &, To Taxko#t acumn-
TOTHYECKHA PAA Ha3LIBAETCA CTENEHHBIM. ACHMITOTHYECKHE CTENEHHbIE PANL
AONYCKAOT ONEPAUHH, AHANOTHYHLIE ONEPatUAM ¢ OOBIYHLIMK CTENEHHbIMH

(6.2)
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psaamu (c.no»ceHue, YMHOXEHHE, MOUYJIEHHOE uHTerpupOBaHue) npH BbINOA-
HEHWM OMpEe/NCHHBIX YCAOBUIl HEMPEpbIBHOCTH M AuUddepeHLiupyeMOCTH
COOTBETCTBYIOUIEH DyHKLIUH.

OdeHb YacTe A1 NONYYEHUS aCHMITOTUYECKOTO pa3oxXeHust HyHKUMH,
ﬂpeﬂCTaBJleHHOﬁ B BUIC ONPpCAC/ICHHOIO HHTErpana, ynoGHo HUCNOoJAb30BATH
MHTErpHpoBaHue Nno vactaM. MHoraa 3To0 SKBUBAIEHTHO TIOYIEHHOMY MHTE-
rpHpoBaHMIO pasnioxenus B psan Teitnopa.

fipumep: Hainem acUMNTOTHYECKOE pa3ioXeHUe NpU = — 00 PyHKUUM

0

I(a,z) = /‘e"t“'I dt.

z

HUHTrerpupya no 4acraMm, Haxoaum

Ia,z)~e "z (l+a;l+(a—l)(a—2)+m) ~

z?
= L@  z e
~ E e "zt
e+t —n)

n=1

ToT xe OTBET MOXHO MOAYYUTH, CHABUTas MEPEeMEHHYI WUHTErPHPOBAHMSA
t = 7 + x u pasnaras ¢pyHkumio (z + 7)%"! B pan Teitnopa no %:

(e, z) ~ e Tg! [dre"r (l + (e - r + (e~ (a2 + ) ~

T 2z?

0

- I‘(‘l) -T _a—-n
NZI‘(a+l~n)e g

n=1

6.2. WnTerpan Nlannaca

PaccMoTpum uHTerpan Buaa
b

o) = [ 7 Op(z) da,
a
roe ¢(xz) u f(x) — neiicteutenbHbe HenpepbiBHble GYHKLNK, a ¥ — 6oAb-

woil mapaMetp. Ecan dbyHkuus f(z) npMHUMaeT MaKCHMalbHOE 3HAYEHUE
Ha rpaHuue obnacti (Hanpumep, B Touke a) U f'(a) # 0, ¢(a) # 0, TO

~ _ VT #(a) ~1
g(v) e muf'(a) (i + O(v )) (6.3)
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Ecau xe MaKCUMAIbHOE 3HAYEHHE NOCTHIacTCH B TOUKe o = ¢ BHYTDH
uHtepBanaa < e<bu ¢{c) # 0, 1o

o)~ 4 s €790 (1 + 06, (64)

Ecin MakcHManbHOe 3HaueHMe NOCTHUIAeTcA Ha rpaHuue (Hanpumep,
B TO4Ke @) ¥ P(e) # 0, f'(a) =0, a f(a) <0, T0

g(v) ~ \/ m e 9¢(a). (6.5)

Npusencuneie dopmysnbi nosyyaiorcs pasnoxenueM f(z) B6AM3N TouKH,
B KOTOpOi f(2) NPHHHMMAET MAKCHMANLHOE 3HAYEHHE, H NOC/ICAYIONIMM HH-
TErpypoBaHHeM B GecKOHEUHBIX Mpeaenax wid no yacraM. Tem ke crniocoGom
MOXHO MONYYHTH acuMnroTHdeckue (opMmyabl B caydasx, Koraa ¢{a) = 0
unu ¢(c) = 0.

6.3. Mervoa crauynoxapuoit a3l

PaccMoTpUM nHTErpad BHaa
b

oa) = [ *199(2) dz,

a

rae f(x) — nelicreutenbHas gynkuus, a ¥ — +oc. Torna ocHoBHO#N BKAAR
B MHTEIpAX Aa10T NGO OKPECTHOCTH TOYeK, B Kotopuix f'(z) = 0 (Toukm
cmauuonaproll gasw), AMGO OKPECTHOCTH TOMEK a M b, e€cim Ha oTpeske
WHTETPUPOBaHMSA HET ToueK craumoHapHo# dasn. B nocnenaHeM cayyae

0 army ) g -2
O rm S Tapw e PO

Ecan BHYTPH MHTepBasia a < = < b €CThb TOABKO OAHA CTALIMOHApHAA
To4Ka ¢, B koTopoit f"(c) # 0 n ¢(c) # 0, 10

g(v) ~ 1 / Vlf”( i #(c) exp (wf(c) + ) [l + O(V*')] (6.6)

Ita dopmya NoRyHaETCA parioxenueMm f() Ko KBaapaTHYHBIX qneﬂon BOAU-
31 & = ¢ ¥ BHlYNCIeHUeM nHTerpana ®penens. 3Hak npu dase  cosnamaer
€O 3HaKoM BTOpoi npoussoauoi sign(f”(c)). Ecau BuyTpu unTepsana vu-
TerpHPOBAHHSA €CTh HECKOMBKO CTAHOHAPHBIX TOYEK, B KoTopuix f"(c) # 0
u ¢(c) # 0, To g(v) maercs cymmoi Bcex BKAanos suaa (6.6).

F'®) #£0, f'(a) £0.
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6.4. Metop nepesana

[Mocrasum 3anauy OLEHHTb MHTErPAs BUAA

ﬂm:/JWWQu,qu, (6.7)
b

rae w(z) u ¢(z) — He 3aBHCALIME OT ¥ aHAINTHYECKHE QYHKIIMK 2 B 0Baa-
CTH §), coaepxalleil KOHTYD MHTETPHPOBAHHSA 7 U CTALUOHAPHYIO TOYKY Zg,
B KoTopoil w'(z) = 0. Touka zp MOXET He NPUHAMLIEXKATh KOHTYPY HHTETPH-
posaHuaA. [lna npoctoTbi GyzeM cunTath, uto w"(2) # 0, a ¢(2) = 1. Toraa
cywmectByet KoHTyp I' € (2, 29 € T, B1oab KOTOPOro MHUMas 4actTh GYHKIHU
w(z) = u(z, y) + iv(z, y) nocrosnHa:

v(z, y) = v(zo, Yo) = const,
rae 2z = z + iy. OyHkuuio w(z) Broab KOHTYpa I' MOXHO 3anMcaTh B BUIE
w(z*) = w(zg) — 7(2%), rme z* € ', a 7(2*) — nelCTBUTE/ILHAN HEOTPHLIATE /b~

Has $yHkuua. [pammenTnl QyHkumit w(z, y) U v(x, y) OPTOrOHANLHLI B CHIY
cooTHowicHuit Kowy—Pumana s aHaantuyeckux GyHKUMH
du v Ou v 8v 8u v Bu
_— =, _ = - ——2 V V _—— =
oz o8y 8y Oz (Vo, Vo) = 5z 82 * 3y oy

Ortcona cneayer, 4ro KOHTYp L' sBasercs nunueil Hauckopeiiwezo cnycka
ana byukuuu u(z, y). Mociaenuss y6uiaeT Baonb koutypa I' B 06e cropo-
Hbl OT TOYKH zj, KOTOpas Ha3biBaeTcst ced106oii Toukoil ¢yHkuumn u(z,y)

(puc.6.1).
\l’;/
N \r/

1
/

Puc. 6.1. Tonorpadus BeiLecTBeHHON YacTH PyHKUNU w(z) BOAN3N CEANOBON TOUKH
z = z;. CTpenkamMyn TOKa3aHO HAMpPaBAeHUs, B KOTOpbIX u(z) = Re w(z) ybbiBaer

Hnes MeTona nepesasia COCTOUT B AePOPMUPOBAHHM KOHTYPa HHTETPHPO-
BaHHA ¥ TakK, 4T00bl OCHOBHOM BKJiad B MHTErpai BROJb licpOpMHUPOBAHHOIO
KOHTYpa HabGupaics Ha Kak MOXHO 6onee KOpPOTKOM OTpe3Ke, T.€., BIOJh
JIMHUM Hauckopefiiiero cmycxa. ByseM paccMaTpuBaTh TOJNLKO TaKHMe Je-
¢dopmaLMy B 06N2CTH aHATUTHYHOCTH OYHKUMKM w(Z), NPH KOTOPBIX KOHLIbE
KOHTYPa MHTETPHPOBaHMS OCTAIOTCH HeNOABMXKHbIMKM. KOHTYpH 7', nonyua-
ouIMecs npu Takux aedopMaumsx, Ha3biBalOT IKBHBANEHTHLIMH, NMOCKOABKY
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BenMunHa HHTerpana (6.7) ue 3aucut ot v '. KoHtyp 7' HasniBaerTca munu-
MAKCHBM KONMYPOM, ECIIM Ha HEM JOCTHraeTcs

min max Ie"'”")} = min max e”*Y) = ¢¥(@o¥0)

T'ED 267’ 7'ED 267’
e D — MHOXSCTBO 3KBUBAICHTHBIX KOHTYpoB <y'. Jipyrumu caobamy,
M3 BCEX 3KBHBANCHTHBIX KOHTYPOB v’ BBIGMpaeTcs TOT, KOTOPLIA MpPOXOIMT
Yepes Ce/IOBYIO TOUKY zg byHKUMM u(2, ¥) W COBNANAET B OKPECTHOCTH Zg
¢ koutypom I'. Tlpn 3tom dyukuus u(z,y) RONKHA HMETH B TOMKE Zp
HE TOMBKO AOKaABHHIH, HO M rnobanbHbIE MAKCHMYM Ha KOHTYpe v .

Ecan MuHUMaKcHBIH (epeBalbHbIi) KOHTYD CYIIECTBYET, TO 2y HA3biBa-

eTCsl mouKoi nepeeéasa s unrerpana (6.7). K coxanenunio, obuiero airoputma
NO#CKa NepesaAbHOr0 KOHTYPa HE CYIHECTBYET. DT0 COKHAs TONoIormiec-

kad 3agaua. OGNer1uTh e pellieHHe MOXHO, eCi COGMIONATh CAEAYIOIIHE TPH
npapuia;

1. Hapucosatb auinu yposHs GyHKuun u(z, ¥) (kax Ha tonorpaduyeckoit

Kapre, puc. 6.1).

2. Buifpars Takoif myTb 0T HauaAbHO% 10 KOHEYHOMU TOYKM KOHTYpa MHTe-

TPHPOBaHHA, YTOOBI MaKCHMANbHOE BIOMbL NyTH 3HaueHune uz, y) Gouio

Kak MoxHO meHbitie. ([peacTansTe, YTO Bbi NYTEIICCTBEHHUK, GosiLmiics

BBICOTBI, @ %(Z, J) — BHICOTA B TOMKE T,y Hal yDOBHEM MOpS.)

3. B6au3an TOYKHM C MAKCHMMaibHBIM BAO/Ab BLIGPAHHOTO NMyTH 3HAYEHHEM

u(z, y) NPOBECTH KOHTYP BAOJb IMHUM HavcKopeiiuero cnycka. (Yrobbi

KaK MOXHO 6071e€ KOPOTKMIt OTPE30K BALHETO MYTH NPOXoama Ha Soabuioi

BHICOTE #.)

B peaynbrate MHTErpan cBefeTcs K ITAAIOHHOMY HHTETpaiy.

PaccmoTpuM B2 APOCTEHIIMX Clyyas:

1. CymectByer nepesanbHbiii KOHTYP, M B CTALMOHAPHOH TOYKE Zg Bbl-
NORHAETCA YCAOBHE Ha cTapiune npoussonnsie |V =D/20" (z))| > |w™(z)],
TOFJA MOXHO OTPAHHYHTBCA pasiokeHHeM w(z) B OKPECTHOCTH TOYKM 24
O KBaAPATHUHBIX Y4ICHOB:

wﬂ( ZO)
2

OCHOBHO (3KCNOHEHLMANBLHO 6ONbUIOH) BKAAA B MHTErpa! HAGMPACTCH BAOAD
xoHTypa I, UToOb OLIEHHTE 9TOT BKIAA, 3AMEHHM MEPEMEHHYIO 2 Ha Bele-
CTBEHHYIO B1O/Ib KOHTYpa I nepementyio s = e~*¥(z — z) ¥ 3anuiuem sTopyio
NPOU3BOAHYIO B BHae w"(zy) = pe®®. Torna cTapiuui YieH aCHMITOTHYECKOrO
M0 . pajioXeHus UHTErpana ecto

g(v) ~ P(zp)e™™ / ds e exp ( gpszew’“’) ~
,!'

~ @(zg)e" eV /exp (—-;psz) ds. (6.8)

r

w(z) = w(zg) +

(z-2) +....
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HanpasneHne HauckopeHlUero cnycka ONpefesiieTcs yCJOBHEM exp (2iy +
i9) = —1, orkyna Y2 = # ABNKAIOTCS yrjlaMy MeXAy HafnpaBleHUAMU Ka-
carte/ibHbIX K I' B TOMKE g U TIOMOXHUTENIbHEIM HanpaBicHUEM BELICCTBEHHOM
ocu. ®aza P* NPUHUMAET TO U3 3HAYEHHH | 2, KOTOPOE COOTBETCTBYET HATIPa-
BJIEHHIO HHTErPUPOBAHUA BAOJb KOHTYPa ¥ ' B TouKe 2Zo. [Mocneanuit unrerpan

B (6.8) sBnsercs uHrerpanom Jlannaca (6.4), nostoMy g(v) aCHMNTOTHYECKM
paBeH

2r
ul'w” (Z())l.
Cneayer oTMETHTB, YTO MepPeBabHBIA KOHTYD MOXET NPOXOAHTL Yepe3 He-
CKOJILKO TOYEK NepeBaa z;, B KOTOPbIX 3HaueHus Re w(z;) cosnanaior. B aTom
clyyae Hafio POCYMMHPOBATh BKJIAAbl OT KaXIOH TOYKH nepepasia.

I1. MNepeBanbHoro KOHTypa He cyllecTByeT. KOHTYp MHTErpMpoBaHWs
MOXHO ae)OpMHpOBaTh Tak, YTOGHI MaKCHMaIbHOE 3HauYeHHe u(x, ¥) BIOMb
HEero HaxXoIMAOCh B Ha4aibHOW (MJIM KOHEUHOIi) TOYKe 2z, KoHTypa 7. Ecam
BBITOJIHAETCH YCNOBUE Ha CTapliue npowssomusie |v"'w'(z)] > |w™(z)],

TO MOXHO OTPAHHYHUTLCS pasnoXeHHeM 1w (z) N0 TUHERHBIX 4EHOB B OKPECT-
HOCTH TOYKH 2.

9(v) ~ ¢(20)e” "t exp (iy*) (6.9)

wiz) =w(z) +w'(e))(z-2)) +...

M3 Touky z; BbIXOAMT OfHA JMHHUS HaucKopeitmiero cnycka I € Q, pronb
xotopoii Im w(z) = Im w(z;). 3aMeHHM NepeMeHHYI0 z Ha MEPEMEHHYIO
s = e"¥(z — z)), BeWECTBEHHYIO BIOAL THHWUM HaucKopeiiuero crycka L.
3anumieM npousBoaryio B Buae w'(z)) = —pexp(—i0) u nedopmupyem
KOHTYp 7 TaK, 4To6bl OH cosnagan c¢ L B6nu3u Touxku 2,. Torza crapiiuii
4/IEH ACHMIITOTHYECKOTO MO & pa3oxeHns GyHKUMM g(V) MMeeT BUA

g(v) ~ Pp(z;)e"?t) fds eV exp (nvpsei('ﬁ_a)) ~— ¢(z|)le/)$((:;)(z|)) , (6.10)

L

Fle HanpaBficHUe HaMCKOPEHLLIEro CMycKa ONpeaeseTcsl PaBEeHCTBOM P = 6.
Ecin MakcuManbHoe 3HaYeHHe u(Z, ) HAXOAWTCH B KOHEUHOM! TOYKE Z; KOH-
Typa 7, TO aHAIOTHYHBIMH PAaCCYXIACHHAMM MOJYYHM, YTO CTApILUI YieH
ACHMITOTHYECKOTO M0 1 pasnoxeHus dpynkumnm g(v) umeer sua (6.10), B Ko-
TOPOM z) Halo 3AMEHHTB Ha Z, a 3HAK MHHYC Nepel Apobbl0 — Ha 3HaK TTIOC.

6.5. Metop ycpeaHeHus

Ecnu nesoamywennan cucmema ¢ n crencHIMM cBOGOLbI COBEPLUAET ABH-
XeHue B OrpaHNyYeHHOoi o6nacTi (a3oBoro MPOCTPAHCTBA, TO HHOMAA MOXHO
nepeiTH K repeMeHHBIM JeHCTBHE —yron, B KOTOPBIX AvdbepeHLUanbHblE
YPaBHEHUSA MMEIOT BHUL
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I=0, ¢=wll); I=(,h....L), ¢=($¢2...,¢a). (6.11)

B neBo3mymeHHolt cucreMe I — HaGop MHTErpaIoB IBMXKEHMA, a nepe-
MeHHbie ¢ Meusiorcs 8 uuTepsane 0 < ¢; < 2x. BoamymeHHble ypaBHeHus
conepxar B fIpaBbiX 4acTAX N00aBKy, NMPOMOPLUOHANBHYIO MAJNIOMY Napame-

[
™ P=cglbe) $=wll) +ef(T,0,), (6.12)

rae f v g 9BAMIOTCA 27 -TIEPHOAHYSCKUMH QYHKIMAMY KaXKAoH H3 nepemeH-
Huix ¢;. [lockonbky nepementbie I MEHSIOTCA MEAACHHO {BCAICACTBUE MAAOCTH
NapaMeTpa £), TO GOBMYMEHHYIO CUcmeMy MOXHO 3aMEeHHTh ropasao Gonee npo-
CTON ycpednennoil cucmemoii 1A MedneHnbix nepemennnix J(t) = I(t) + O(e):

§ 90,8048

fe

[lpu nepexone ot ypaBHesnit (6.12) x ycpenHeHHbiM ypasHerusM (6.13) npo-
BOIMTCA NpOLEAYPA YCPEAHCHUR no repuoaam Konebanull GyHkumit g. Dra
TIpolieAypa KOppeKTHa 1ipu n = |. B ciayuae Heckonabkux crenenelt csoboanl
yCpeoHEHHE O ¢ MOXET CTaTh HENMPHMEHHMBIM, €C/TH B CHCTEME MMEIOTCH
PE3OHAHCHI, T.€. YacCTOThl w; — KOMIOHEeHTH BekTopa w B dopmyne (6.11)
YIAOBJETBOPAIOT YPABHEHHIO

J=¢G(J), G{J)= (6.13)

E N,-w; = O,
=}

tne N; — uensie yucna.

flpumep: [TaHa BO3MYyUICHHAN OZHOMEPHAA CHCTEMa C MTOCTOAHHON uda-
CTOTOH w

I=e(a+beosg), ¢=uw.
OHa NpUBOSHUT K YCPEIHEHHOMY YPaBHEHMIO

J =¢a,

KoTopoe uMmeeT pemienne J(I) = Jp + €at
(puc. 6.2). B arom ciayyae Mbl 3HaeM To4Y-
noe pewenue I(t) = eat + 20 y moxem t
yGeaHTbCH, YTO pellleHHe YCPEAHEHHOIO ypaB-
HEHHA HE YXOAUT OT TO4YHOro peienms, ecau Puc. 6.2. [papuxu 3aBHCHMO-
w # 0: ;J(t) - I(tn g const- €. CTH OT BPEMEHH NEPEMEHHOH

B raMuAbTOHOBOI CHCTEME NEpeMeHHBIE ¢ i g% ;(1 ;‘fﬁe"&?}i ‘_‘f’_pe"}e(‘:))
UIPaoT poab O0OBLICHHbIX KoOpAHHaT, a T —
0606IEHHBIX HMIYALCOR, TAK YTO YPABHEHUS BCErIa MMEIOT BUA

aH ._“Qfl_
8¢’ =5

P=-
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Ycpennsas no ¢ npoussomHylo %—g, nonyuaeM J = 0. 1o 03Ha4aeT, YTo
3BONIOLMM MEUIEHHBIX MEPEMEHHBIX He NPOMcXoduT (J — aduabamuwecxue
uneapuanmel). [NaBHas TPYAHOCTb NPHMEHEHHS MeToNa ycpeaHeHus B obuieM
ciydae — BbIGOP MOAXOAALIMX NEPeMEHHBIX f, KOTOpbiE ABNAOTCS MHTErpa-
JlaMH ABHUXEHYSl HEBOSMYLUEHHOMH CHCTEMBI.

Teopus acHMNTOTHYECKUX PAALOB ¥ ACHMITTOTHYECKHE METO/IBI BLIMHCIE-
HHA MHTETPAiOB AETalbHO pa3obpaHbl B KHUrax [MY72, ®en87, CPIIIT6,
Ipu62, OnB90, Konb6, AB61, Xen65]. Metoa ycpeaHeHus no BLICOKOYACTOT-
HbIM KoneOaHusIM H3NoxeH B kHurax [BM74, Apu78, Koy72, Haii76].

6.6. MMpumepsl

163. Haimu acumnmomuxy T-gynxyuu iirepa npu = — +oo

o0

I'(z) =ft’“‘ exp (—t) dt.

0

Boisecmu ymounennyio popmyay Cmupnunea, codepacauiyro dea wiena acumnmo-
MuUYECK020 PAIMONCEHUS.

Peutenne. [epenuiueM mHTerpan B BHIC

o0

I‘(z):fexp (-t+(z—1)Int) dt.
0

Crosiias MHOXHMTeneM NpU GonbuioM napametpe = GyHKuus Int HeorpaHu-
YEHHO pacTeT NnpH ¢ — 00, MTOITOMY HH ONHA W3 ACHMIITOTHYECKHX opMya
(6.3)—(6.5) Henpumenuma. Jleno B ToM, 4TO TOuKa MaKCUMyMa by NOABIHTE-
TPAIBHOrO BbIPAXEHHS 3aBHCUT OT Gonbiioro napaMerpa to = z — 1. B aToMm
cayyae HeOOXOAMMO CAeNaTh TaKYIO 3aMeHy riepeMEHHOM (ocmanoeums TOUKY
MaKCHMYMa), YTOGb B HOBBIX MEpeMeHHbIX TOYKA MAaKCHMyMa He 3aBHCENa
orz: t =27, TOTIa

oo

I(z + 1) = z°*' /exp (z(in7 — 7)) dr.
0

MaxcumyM dyukumn f(7) = InT — 7 nocturaetca npu 7, = | BHYTpH
HHTEPBAJla MHTErpHPOBAHUSA, TMO3TOMY TAaBHbIN “WieH ACHMITOTHKHM HaeT-
ca dopmynoit (6.4). Uto6bt NMONYIMTH CAETYIOMIMI YAeH aCHMITOTHYECKOTO
Pa3oxXeHHs, HeoOXoauMO pa3noXuTh GyHkunio f(T) B paano § =7 — 1
J0 YETBEPTOTO WieHA BKIIOYMTENLHO:
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2,
Tloactasum 310 Pa3loXeHHE B HHTErpaa U cliejlacM 3aMeHy £ = Z\/;.

o
W23 2 23
z -z 2 2
I'(z+ 1) = V2z 2%¢ /dz exp (—-z + Wz z +2z O(__;LJ/Z))'

-v/z/2

Ilpu £ — 00 MOXHO PaJTIOXUTh IKCNOHEHUHAJIBHYIO (bYHKLlHlO B PR NO 4ie-
HaM, COICpXallHM CTENEHW T B 3HAMEHATEJIe, a HpeNeibl HHTErPUPOBAHUSA
C 3KCNOHEHUHUANLHO! TOYHOCTBIO pacii¥pUThL 10 6€CKOHEYHOCTH:

i 2P 4t
P(I+l)=\/ﬂz’e"’/ dze™? (l+ 3\; z %+O(m_3/2))_

—00

B pesyabtate nonyuaem yrounennywo dopmyny CrupauHra:

I(z) = E(‘TTH—) ~ \/g (g):(l‘(l/Z) + 4F§7x/2) r(5/2) +0(z _2))

2r 2\ * 1
~=(Z) (1+=—+0 :
VE(E) (1+gvoe)
3aech Mbl YWIH, YTO 4ieHsl, NPOTIOPUHOHANBbHLIE T /2, conepxar HedeTHbie

CTETeHN NepeMEHHON MHTETPUPOBAHNSA 2, MO3TOMY 06palLAIOTCS B HYJIb NPH
WHTETPUPOBAHHH B GECKOHEYHBIX Mpeaeiax. >

164. Haiimu acumnmomuxy unmezpana
[e 7]

90) = [ &7 p(z) da

— 00

npu v — +oo, ecau f'(c) = f"(c) =0, ¢(c) #0, f"(c) # 0 u nem dpyeux
CMAUUOHAPHBIX MOYeK.

Pewenne. [TockonbKy Bropasi npon3BoiHas B CTaLMOHAPHOI TOYKE T = ¢

00pailiaeTcsl B HyNb, PA3IOXKCHHUE NOKA3ATENS IKCMIOHEHTBI B PAN N0 £ = £ — ¢
HayKHaeTcs ¢ KyOUYeCKoro yiena:

iwf(@) =i 1) + 11" +0(¢")] .
6

MNMpu v — 00 dyHKUMIO $(T) MOXHO BLIHECTH B TOYKE € HM3-TOJ 3HAKA
uHTerpana. [onyuyusiuuiics sTaNoHHbI MHTErpan
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9(v) ~ ¢lc)e™ 7 exp (%f”’(c)s’) d¢ =

_ 2¢(C)eiv.f(c) Re/exp (%’lfm(c)kd) d¢
[}

L c (
C MOMOLLLIO KOMIUIEKCHOH 3aMEHBI IEpeMeHHO| MHTErpUpPOBaHHs —LLM— =it
cBoauTCs K I'-¢yikunn. KoHTyp mHTerpuposanus no € s6:1u3u c*rauuo:-lapﬂoﬁ

ToukM £ = 0 nedopMupyeM B KOMILIEKCHOH MIOCKOCTH TaK, YTOObl HOBast
nepeMeHHast HHTErPUPOBaHUA Oblla BeleCTBEHHOMH

. 1/3
X /6
= ® [ 6 ] dt

il e =
B pesynbraTe nojtyuacM KIaBHBIN WieH aCHMIITOTHYECKOTO PAIOKEHHUS:
s \” /i
V)~ = ce'"ﬂc)cos— I‘(—). >
9(v) ¢( ) T 3

165. Haiimu acumnmomuxy gynxuuu Siipu npu T — +00

o= [owfi(5+at)] a

Pewenne. 3ameHoll nepemMeHHOM t = /T2 uHTerpan NPHUBOAKTCH K BUIOY

3
Ai(z) = 2—\/:? / exp {z*7w(z)} dz, w(z) = 1,(-13— + z),
7

rae KOHTYp MHTETPMPOBAHUA Y WAET BIOMb BELIECTBEHHON OCH. 3afMchi-
Bas MEPEMEHHYI0 MHTErPMpPOBaHMA B Bulde z = Re'®, Buaum, uto uwTe-
rpai cxoautcs npu R — oo BAOAB Jiyda @ = const, €C/M BHITOAHAETCA

3 R i it8
ycnoBue Rew(z) — E—R—?— < 0. Orkyma HaxoWM CEKTOpbl CXOIHMOCTH

Ha 6eckOoHeyHocTH: # € [0, 3] U [2", 7r] U [ T 3’1] KOTOpbI€ 3aLITPUXOBaH b
Ha puc. 6.3.

Touku nepesana z,; = +4i HaXOAATCA M3 ycnosus 32 "'” =i(22+1) = 0.
B obenx Toukax Imw(z i) = 0, nostomy mia Haxoxneuuﬂ MHHHMaKC-
HOFO KOHTYpa [JOCTATOYHO MOCTPOHTh JHHUU HY/I€BOTO YDOBHS MHMUMOIii
4acTH ¢pasbl. Vpasuenne Im w(z' + i2") = 0 umeer Tpu pewenus z' = 0
nz' = £./3(2" 2 - 1), KoTopble M306paxeHs Ha puc. 6.3, ToukH nepece-
YCHHUA JTMHHH HYAeBOTO YPOBHSI COBMANAIOT CO CTALLMOHADHBIMU 213 = =i,
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Pue. 6.3. CexTopsl CXORMMOCTH HHTer-
PanbLHOTO NpefcTabAcHus GyHKuny Diipu
npa z — 00. B NAOCKOCTH KOMILIEKCHO-
TO NEPEMEHHOrO z WMEETCH TPH JIMHHUH
Imw = 0: npamast Rez = 0 u ase pe-
TBH runepbons. Hanpasnenue yGoisanns
Re w ykasaHo cTpenkamu

Bnosb stMx AMHUN MeXAy TOYKAMM [CpeCeYeHNs BEIECTBEHHAA YacTh tasst
H3MEHAETCH MOHOTOHHO.

Kontyp unrerpupopanus moxmno medopmuposats s BEPXHIOIO BETBL
runepbonbt. MakcumanbHoe 3HaueHue Re w(z) BaoAL Takoro KOHTYpa mo-
CTHIAeTCi B TOYKE 2; = § M HUKaKoi nedpopMaliueli KOHTYpa HE MOXeET GbiTh
yMmenbiieHo. KoHUb! BHIOPAHHOIO HAMHM KOHTYPa OCTAIOTCH B CEKTOPE CXOAM-
MOCTH, a CaM KOHTYP IDOXORMT Yepe3 TOYKY IepeBajia 2| = 4 BAOAb JUHHH
Hauckope#wero cnycka: Re w BONM3M z = 1 yGbIBacT BOAL BEpXHEll BETBHM
TUnepbonyl ¥ BO3pacTaeT BAOADL NpsiMoil Re z = 0. B6au3u Touku nepesana
paznoxende w(z) no { = z — i UMeeT BHA

w(©) =3 -+ 0,

M LLiA BHIYHCAEHHS MHTETPana MOXHO NpPHMeHUTL Meton Jlanaaca. Tlostomy
TNaBHBIA YA€H aCHMMRTOTHYECKOTO PasNOXEHMS WHTerpana no -2 MoxHo
noayYuTh no dopmyne (6.4).

. 1 2
Ai(z) ~ W exp (-—59:3/2) . »

166. Haiimu acumnmomuxy T -gynxuuu xomnaexcnozo nepemennozo

oo
I(z) = / £ exp (~t) dt
0
npu lz| - +oo, 8 = |argz] < §-e< §.

Pewenne. Cnenacm 3aMmeHy nepeMeHHON UHTErPUPOBAHUA £ = 2T, 91006l
OCTAHOBUTH CTALHOHAPHYIO TOYKY:

e oo

Iz + 1) =2 f exp (z(InT - 7)) dr.
0

MMockoneky Re 2z > 0, To KOHeuHan TOYKA HHTErPUPOBAHUA HAXOAMTCH B npa-
BOH NONYNAOCKOCTH KOMIUIEKCHO#H nepemeHHON T Ha GecxoHeunocTn. [lo-
ABLIHTErpaNbHOE BbipaXeHue o0paiiaeTcs B HyAb Ha OGOMX KpasX WHTepBaia.
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KoHTyp unTerpupoBaHus MOXHO aedbopMHUpOBaTh Tak, 4Tobh OH MPOXO-
AWR Yepe3 CTaUMOHApHYIO TouKy Ty = 1. TMo3ToMy mnepesanbHbil KOHTYp
CYLLUECTBYeT.

KoHTyp HanckopeilIero crycka 3anaercst ypaBHEeHHEM

Imz(lnt —7)=Imz(lnmg— 1) = — Imz

M MMeeT croxHyo ¢opmy. OnHako BOJIM3M TOUKH MepeBana HanpapjlcHHe Ha-

Mcxopeﬁmero CNyCcKa B KOMIUTEKCHOH NJIOCKOCTH T JIETKO HaXOOHTCS MO BTO-
zd? (lnT—7)

poit NpoM3BONHOR (YHKUMH — 75— = —z B TOYKe NepeBata 7o = |
¥ COCTaBAAET YIo —% C [TOJIOXHUTENBHHIM HAMPaBiieHHEM BEUIECTBEHHOI OCH:
2
ke

7 -7) = -2 +0E), &= (r- e

2

Otkyna, 3aMeHss npedciibi MHTETPHPOBaHUSL Ha GeCKOHe4HbIe, TIPH |2| — 0o
HAXOAWM aCHMNTOTHKY '-yHKUMU

- B (2) [ (M) E(2)

167. Busecmu ycpednennsie no nepuody ocuuniasuuii ypasrenus 0an med-
ACHHBIX NepeMennbiX caabo HeaAuHeiino20 ocyUINAMOopa

&+ wiz = —ef(z, ), €—0 (6.14)

Pewenne. 3amyieM peiieHHe HEBOIMYIIEHHOW CHCTEMBI B BHE
r=TIcos¢, &= -Iwysing, ¢=wyt+?

W OyNeM paccMaTpuBaTh 3TH COOTHOLIEHMs KaK MEPEXOl K HOBBIM MEPEMEH-
HbiM aedicTeue—yron (I, 9) wis Bo3MylteHHON cucTeMbl (Apeobpa3opaHue
boroniobosa—Kpsuntosa). Cuutas nepemernbie (I, ¥) MealeHHO 3aBUCSILM-
MU OT BpemeHH, npoardbepeHumpyem dyuxuuio z(t) = I cos ¢:

& = Icos ¢ ~ I(wp + 9) sin ¢.

Mockonbky & = —Iwg sin ¢, Monyyaem rMepBoe ypaBHEHHE Ha MelUIEHHbIE
nepeMeHHble: ) )

Tcos¢p = I9sing. (6.15)
Ouddepenunpys (1) = —Iwy sin ¢ ¥ NOACTABNAAA B ypaBHeHHe (6.14), nony-

4aeM BTOPOE YPAaBHEHME HA MeE/leHHbIE NiEpeMEHHBIE:
&+ wiz = —wy (fsin ¢ + Idcos ¢) = —ef(Icos ¢, —Twysinp).  (6.16)

Cuctemy (6.15), (6.16) MOXHO pa3peliHTb GTHOCHTEIBHO HOBbIX HEU3BECTHBIX
dyHKuuUi

I= ESinqbf(Icosqb,—Iwosintp), P = gcosd

Wy wol

(I cos ¢, —Iwy sin ¢).
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Yepennsas no GblcTpoil mepeMeHHOH ¢ M 0603Hayan MelEeHHbIE nepe-
MEHHbIE B YCPeAHEHHBIX ypaBHeHMsx 3a J(t), 8(t), monyyaem ypaBHeHus
boronio6osa— Kpsinopa.

2
J =&=G(J), G(J) = %/f(.fcos ¢, —Jwy sin ¢) sin ¢ d¢, (6.17)
0

2
6=;5F(J), F{J)= %/f(Jcosd), ~Jwysin ¢) cos pdp.  (6.18)
0

TpaBbie yacTH ycpeaHeHHHBIX ypaBHEHUWi conepxar ¢ypbe-KOMITOHEHTbE BLI-
HYX/a1oHIeH CUIBI. >

168. Haimu u uccredosams na yemoituueocms npedesvnwii yuxs ypaenenus
Bawu-oep-Ilonn
. 2 2\ -
£+ wyz = (1 - %)z,
2de e — 0.

Pewenwe. Ycpennas ssinyxaatowyio cuny f(z,2) = —(1 — 22)& no ne-
pHony, nonyuaeM cornacHo gopmye (6.17)

2
J‘=—E-G(J)=5J(1—£—).
() 2 4

3T0 ypaBHEHHE NEPBOTO 0PAIKA HMEET TPH CTALMOHAPHbIE TOYKH, B KOTOPBIX
J =0, aumenHo J = 0 u J = +2. [leppasg u3 Hux npH € > 0 HeycToiuKBa,
a NBe IpyrMx yCTOMYWBBl. YCTOWYMBAH CTALMOHApHas TOYKA COOTBETCTBYET
NpENENbHOMY LMKy B HMCXOAHOM YypaBHEHMM BTOPOrO NOPsIKa. YpaBHe-
Hue Ban-aep-Tlons onuchisaer ycraHoBNeHHe aBTOKONEGATENBHOIO pexuMa
B reHeparope. >

169. Haiimu 3aeucumocme om spemenu ycpednentoii amnaum YO AuHelinozo
ocyursamopa npu pesonance c enewnei cusoi f(t) = fo cos wot

E+wez = f(t).
Pemenue. TMepeitaeM K MeLTEHHBIM TTepeMeHHbIM T , 0
z=1Icos¢, #=-Iwysing, ¢=wet+9.

Npy TouHOM pe3oHaHCe ABHYIO 3aBUCUMOCTb BHEWHel CHM/IbI OT Bpeme-

HH MOXHO BbIpa3MTb 4epe3 ObiCTpYIo (pasy ocummIsTopa ¢ B BMIE f(&) =

Jocos(¢—1). Yepenuss suiHyxaaolyo CHJIy MO NEpHOAY, NOJTy4YyaeM corfac-

Ho Qopmynam (6.17), (6.18) ypasHeHHMs 15 yCpPeIHEHHBIX IEPEMEHHBIX (J, 6):
fo : Jo

J= —Z:; sinf, 0= —2—wocosl).
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YpasHeHue Ha 0 uMeeT oiHy YCTOHYMBYIO CTALMOHAPHYIO TOYKY 8 = -3

Cpennsia ammnutysa koneGaHui HapacTaet 1uHeHo o spemenn: J(t) = %

DTOT pe3y/IbTaT COBNANAET C ACHMIMTOTHKOH TOYHOrO pellieHusl Ha GOMBIIMX
in (wyt
BpEMeHax: & = “"“;';;"“ ). >

170. Haiimu 3asucumocms om epemenu ycpeduennoii amnaumydw auneiinozo
OCKUARAMOPA npu napaMempuseckos pesonarce §} = duy, Koeda cobcmeennasn
Hacmoma uaMensiemca no sakouny w*(t) = wi(1 + e sin Qf):

F+wi(l +esinQt)z = 0.
Pemenme. TMepeitaeM K MeAneHHNM nepeMentnim I, 9:
c=Icosgp, &= —lwysing, ¢=wpt+ 9.

Tlpn napamerpruecKoM pe3OHAaHCE WIEH, ONMHCHBAIOWMHA BOIMYIICHHE, MOX-
HO 3anKcaTh B BUAE ~2ewle cos (¢ — ) sin (¢ — #). Orkyaa, cornacHo dop-
mynam (6.17), (6.18), monydaeM ypaBHeHWA ANS YCDEAHEHHBIX TEPEMEH-
Heix (J, 9):

J= i:—,EJCOSZG, 6= -—-8—‘22 sin 26.

YpabHeHue Ha § uMeeT ABe YCTOHYMBbIE CTALMOHApHBIE TOUKK @ = 0, 1uGo
8 = m (GucrabunbHocts). Cpennsas aMnaMTYaAa KoneGaHui MensieTcs B 06oMX

cAyyasax akcnoHeHunansHo J{t) = Jyexp (-‘—"f’!) >

V71, Haiimu 3asucumocms om apemenu amnaumydw xoaebanuii ocuurns-
mopa ¢ MaAM KyOuseckum 3amyxanuem

E+ed +wiz=0.

Pemenne. YcpeaneHnoe ypasHense (6.17)

2x
€ i , 3 3
J= ™ G(J), GW)=-lw} o / dosin'y = -3 Juwp
[

JIErKO HHTErpupyercs. YcpenHeHHas aMrnutyaa koaeGaHuil 3aTyxaer no cie-
NYIOHIEMY 3aKOHY:

J(t)m———-—ﬁ————. >

i+ 32

172. Haiimu neauneiinoiii cdauz 4acmom: GnzapMoHuecko20 oCyuAAAMopa

(ypasuenue Miogppunza)

- 3
i+ wiz = ~e2’.
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Pemenue. YcpeaHenue no dopmyne (6.17) naer J = 0, 4ro ssnser-
Csl CHEACTBMEM raMMJILTOHOBOCTH CHMCTEMbl. Ycpeausas no dopmyse (6.18),
nojy4aeM ypaBHEHME Ha YCpeNHEHHYIO a3y

. 3eJ?
6 =

8wy

Beamuuna @ HasbiBaeTcs HeNMHEHHBIM CABMFOM YacTOTHI Wy — Wyl =

2
wy + %‘“{T 1 MPONOPLMOHAIbHA KBAIPATy aMIVIMTYIb KoneGaHuil:

z = J cos (wyrt). >

6.7. 3apaum

173. Haiitn acumnToTHYecKOoe pa3noxeHHe MHTerpaios DpeHelis npu
x ~— 400

oo x
Fi(z) = / cos(8?)ds,  Fy(z) = / sin (6%) d6.
z z
174. HaitTn acumMnToTHYECKOE pa3fioXeHHe UHTErPAIa NPH @ — 00

[e o]

F(a) = / dze®

z2+a2'
0

175. HaitTu acuMnTOTHUECKOE pa3loXeHHe HWHTerpana npu v — 400,

a = const
0

d -VZ
F(v,a) = / ze ™
0

zT+4+a

176. Haiitn acHMNTOTHKY MHTErpana mp n — 400

x/2

Sp = /sin "t dt.

0

177. Ha#itn acuMnroTHdeckoe paaoxeHue OYHKUMM OIIMGOK npu
T — 400

X
Erfcz =/cxp(—t2) dt.

156 Tnapa 6. Acumnmomuuecxue memods

178. HailT acUMITTOTHYECKOE pazioxeHHe HHTErpaabHOi NOKa3aTeNhb-
HOH (hYHKUHH nIpU T — +00

o0

Eq(2) =/5‘5%§1th

z

179. Haitt acuMnToTHKy MHTErpana npu a — 400

Fla) = ]oexp (mt; - 'C-:—)dt.

0

Ykazanue: Cnenats 3ameny nepemensoi t = ra'l/3.

180. Haiitu acumnroTky nommuomon Jdexaxapa wis z > | npu } — +o0
2x
Pfz) = ! 2 _ ¢ tdt
;(z)—E;f(zq» z? — cos) .
0

181. Haittu acumnroTuKy MOaM(HUHPORAHHON ¢yuxaun Beccenst npu

T — 400
x

1
L(z) = p" / cos nf exp (z cos 0) dé.
0

182. Haiits acumnToTky dyHkunu Makaosansaa npu z > 0 M v — +00
[s9]

K,(z) = % /cxp(—ut—zcht)dt.

~00

183. Haiiti acumntoTuky dyrxumn K, (3=) npu v — 0o u duxcupo-
BaHHOM a > 0.

184. Haiti acumnToTnky uuterpana ®Opeens npu = — 400

o0

®(z) = / exp () dr.

2z

185. Haiith miaBHbil YeH aCUMNTOTHKM (yHKRUHK Sitpu npu £ — —o0

o= 1 [ oo fi(§ )]

Ykazanue: Caenarb 3ameny t = 7v/—zx.
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186. Haitu acumnroruky dyHxunu Beccens uenoro Nnopsaka npu n =
const U £ — 400

L4

Ju(z) = 51; / exp (iz sin ¢ — ing) do.

-N

187, Hairu acamnrotuky dynkuun Beccens Ja(n) npu n —» 4o0.
Yiaszanue: Vicnonp3oBaTh pe3ynbTaT 3anaun 164.

188. Haittn acumnrotuxy ¢ynkuum Becceng J,.(g‘;s"—ﬂ) pu n — +00
 dukcnpopaHom 0 < 6 < 3.

189. HaiiTn cexTOph! CXOAMMOCTH Ha GECKOHEYHOCTH B KOMILIEKCHOI
TUIOCKOCTH CAEAYIOLIMX HHTETpanos

o [o <]
F = / exp (—2%) dz; Fy= / exp (iz’) dz; Fy= /exp (z") dz,
—00 -0 7

n > 0 — uenoe.

190. KauecTBeHHO 1306pa3uTh Ha KOMILIEKCHOM MIOCKOCTH JIMHU M ypOB-
HA BEIMECTBEHHBIX M MHMMBIX YacTelt GpyHKUMA

(a) w(z) =2z

(6) w(z) =22 -1

(8) w(z) = 2%

(r) w(z) =1Inz;

(m) w(z) =1n(22-1);

(e) w(z) =e*.

191. Haittn crauuoHapHbie TOUKH zo GYHKLMI
wi(z) = 22— 1; wy(z) = 2% w3(z) = In (22 + 1).

B xakux HanpaBneHMsX OT CTALMOHAPHBIX TOYEK BYHKLUM Re w(z) ybuiBalor,
a B KaKuX Bo3pacTaior?

192, loka3aTh TOXAECTBO
Ai(z) + w Ai(wz) + w? Ai(w’z) = 0,

2xi

rae w = exp (3'), ana bynkunii Ditpu

o) = [oo [i(2 +2t)]

158 Tnava 6. Acumnmomuveckue memodu

193. Haiitn acumnTOTHKY HHTErpana

17 £ £ dt
F(z) = In / exp [:(3- +:ct)] s

npu = — --00 ¥ CPABHUTL C PEIVALTATOM Jafayun 165.
Ykaszanue: Yuecto BkAax Bobideta B nomwce ¢ = § npH gedopMaumu
VCXOAHOTO KOHTYpa WHTETPHPOBAHMSA B nepeBanbHbifl KOHTYP (cM. pHC. 6.3).

194. Haiit acuMnToTHKY nonuHomos Jlexarapa npu I — 00, HCNOAB3YH
HHTerpaabHoe npeacrapteHue Liinedn

1 -1
2mi | (= - cos )+
c

Py(cos8) = dz,

rae XOHTYp C o6xoaut noaioc z = cos# B HONOXKUTEALHOM HANPABICHHH.

195, Haittu 3aK0H 3aTyXaHUS AMILIMTYIB! KOREGAHUE OCLUWLIATODA C BA3-
KHM TpeHUHeM
&+ 2y¢ +wiz =0.

196. HailTu 3aKoH 3aTyXaHHs aMAIUTYIB! KONEGAHMI OCUMLIATOPA C CYy-
XMM TpeHHeEM
& + 27 sign(2) + wiz = 0.

197. Haiiti HenHeHHBIA CABUT YaCTOTH MASTHHKA
la+gsina=0
¢ Manoit amnautynoit konebauuit a.
198. Haitti w Mccnenosavb Ha yCTORYMBOCTb NpENENbHBLIA HUKA ypaB-
HEeHUNA
& —e(l — |z}) & + woz = 0.
6.8. Orsers

173. Npu 2 — +o

X TRm+Y) oy . (2
ﬂ"’”fgw.r 'sin (a; —nf)’
= Tn+1/2) _,,_ -
B e ()

n=0

174. Npu 2 — oo
x
(2n)!
Fla)~ 3 (1" 53

n=0
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175.

176.

177.

178.

179.

180.

181.

182.

183.

184.

Mpu v — 400 u uxkcupoBaHHOM a

F(v,a) ~ i(-l)""i—

+1°
— (va)?

Sn ~ \/;L:(l +0(n™")).

exp (-2%) = I(n + 1/2) -n
Erfc z ~ 5 g T(172) (%)™,

e (-z) ) F(?;(;)m)(_z)_m_

F(a) ~ \/_%?exp (—; a"’) (1+0(a??)).

Ipu | — +00 u puxcupoeaHHoM z > 1
(z+\/:c7— ]) o
=T (1+o0(7™h).

lpu £ — 00 u PuKkcHpoBaHHOM 1

1+i/2

Fi(z) ~

\/::_m(l +0(z™")).

Mpu ¥ — 00 1 pukcuposaHHoM z > 0

K,(z) ~ \/;(i—';)v (1+o(v™")).

In(z) ~

l'!pu V—00HU ¢"KCHpoaaHHoM >0
v rtha i
K (gra) ~ Vg o0 (vl = cth ) 1+ 0(v™).
np" T — +w

iei?’

(@) ~ 22

(1+0(=7%).

160
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185,

186.

187.

189.

190.

191.

192.

193,

lMpu z — -00

2
Ai(z) ~ m cos (_3. |3|3/2 _ ;) (l " O(lzl~3/2))'

lipn £ — +00 u dUKCHpOBaHHOM n

Ja(@) ~ \/j;%—;cos (a:»— %ﬁ - Z—) -(1+0(=7")).

Mpu n — 400

6 1/3 .,
Jofn) ~ I;—‘w'% (;) (1+0(n").

fpu n — +00 u dukcuposarnom 3

#(m5) = magen 0 -um s T 0067

CexTopbl CX0AMMOCTH HHTEIPAIOB B KOMIUIEKCHOH TLIOCKOCTH FepeMEH-
HOlt 2 = |x|e®

Reooe[-L 0[],

4’4 Fary
T r 4r Sx
F: oelo,3]ul~ LR
o 0¢ 3”[3"]”[3’3}
P 2w+r<9< 2r 3
30 qn ” qn+2n’ qg uejoe.

Ykazanue: 3anucaTb KOMIIEKCHYIO NMEPEMEHHYIO B BHAE Zz = T + iy
M HaliTH ypaBHeHUs KPMBbIX Ha maockocTi (z,y) u3 Re w(z) = const
win Imw(z) = const. O6paTHTL BHUMaHWe Ha HYN4 W OCOOEHHOCTH
dyukunit w(z).

Bece ¢dyHKuMM MMEIOT ONHY CTALMOHAPHYIO TOUKY 25 = O. Dynkunun
Re wi{z) u Re w3(z) Bo3pacTaior BIONL BEUIECTBEHHON OCH M yGBIBAIOT

BIOAbL MHUMOI oCH OT ceanosoit Toukn. ®yukums Re w,(z) sospacraer
BOOADb HampapieHuit 8 = 0, %’5, 531, a yObiBaeT BAaO/Ab HanparaeHHi

8= :i:%-, T OT CTAaUHOHApHOMN TouKH, rae § — apryMenT z = |z|e'?.

Yikazanue: Cnenats 3amen)r NepeMEHHOI B MHTErPAILHOM NPEACTaBAeHHU
yHxkuuy iipu: ¢ — 7 BO BTOPOM CJlaraeéMoM ToxXaectsa M ¢ —
tw B TpeTbeM cnaraemoMm. [IpeoBpaszosats cymmy HHTErpanos B OAMH
KOHTYpHBIi vHTErpan (cM. puc. 6.3).

Mpu z — +0

F(z) ~ -—-;-exp (—; —m) +0 (exp (-gzm)) .
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194.

195.

196.

197.

198.

Mpu I — 0o U dukcupoBaHHOM 8

s [o(1+3) +5] 0+ o)

M>»1, (#T-6l>L

Pi(cos 8) ~

prelIHeHHaﬂ aMILIUTYa OCLUIATOPa YMCHbUIAETCH MO 3aKOHY
J(t) = J(0) exp (-7t).
preﬂHeHHaﬂ AMIINTYylda OCLUHWJIIATOPA YMCHBILIACTCA [10 33aKOHY
4t Twed (0
IO =30 - npw 0<t< T/O
TWy 4

Yactora KosneGaHUil MaAsTHHKa paBHa

2
-9 -
wNL—\/:(l ]6)’

rie @ — aMIUIMTYia MaNibiX KosieGaHuil.

YpaBHeHHE HA YCpenHEHHYI0 aMILIMTYAY KoieGaHuii KMeeT BUA

. &J 4J
J—T(l-—:;—w).

lMpu € > 0 3T0 ypaBHeHME HMEET OXHY YCTOWYMBYIO CTALIMOHAPHYIO

Touky J = 37'.

Inasa 7

Meton ¢yukuun lNpuua

7.1. Oyuxyuu Mpuna

1. Meton dynkuuit TpuHa no3poAseT peuiaTh HEOTHOPOAHBIC JNHHER-
Hble ¢ depeHUMaNLHbIe YPABHEHHS ¢ APOU3BONbHLIMM TNPABEIMK YAaCTAMMU.
P@ynryus [puna nepsozo poda Gz, z'}, z,z' € D C R" kpaesoit 3agaun

Lu=f, Bulps=0, (7.1)

rae £ u B — Hekoropble NUHelHbIe mudbepeHy-
A1bHLIE ONEPATOPH], YIORNETBOPAET YPABHEHHIO

LG(z,z') = 6(z — &) (12) S

H rpaHHuHoMy ycnosuio BG(z, 2')|;cs = 0. O6nacts
D n ee rpanuua S cxeMaTHMECKH H300paXeHb! Ha
puc. 7.1. Pewenne 3anauu (7.1) sbipaxaerca unmezpa- Pme. 7.1. O6aacts

aom Hwamensn onpeneneHns Kpaesoh
3a5a4u

u(z) = / Gz, z) f(z) dz’.
D

W3 pasnoxeru#t npaMoro ¥ ofpaTHOrO OMEpaTOpa O NPOCKTOPAM
Ha noanpocTpaHcTea cobeTBeHHBIX hyHKumH |n)

c=Y hml, £ =Y e, wE0  (13)

"

BHAHO, 4To QyHKUMA [PHHA — 370 HHTerpajibHoe AAPO O0PaTHOTO onepaTopa
G(z,2') = (z|£7']2’). Otciona xe BuiBoauTCH ypasHenwue (7.2). DyHKuUHA
IpuHa cymecTyer M eAMHCTBEHHA, €CHM CNEKTPANbLHAA Ia/aYa

Llny =2y ln}, Bin)lzes =0 (7.4)

He MMeeT Hyneporo cobcTBeHHOro 3Hausenus. M3 pasnoxenus (7.3) tak-
xe cnegyet, yto GyHkuus IpuHa camoconpsikeHHoro onepatopa (L = LF,
oM. ThaBy 1) NOAMMHSETCH nmpunyuny g3aumrocmu

G(z,2') = G*(, z).
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Yrobul HainT dyHkuuio fpuxa sudpdepe HUMANBHOTO ypaBHEHHWA, Clieay-
€T NIpUAEPXHBATLCH CAEAYIOUtUX fpaBun. IlycTs £ — ofbikHOBeHHbI Andde-
peHuManbiblil ortepatop N-ro nopazka. INpounrerpupyem (7.2) no 6eckoney-
HO Manoil OKPECTHOCTH TOYKM z' u HaiizeM ckauok (N — 1)-i npoussoaHof
or G B Touke & = &'. Ocraercd BHNOAHWTL TPH HIara:

1. Peunts 0AHOPOAHOE YpaBHEHHE.

2. 3anucars peiueHue B obnactax 2z < z' Mz > 2’ B BuAe ABYX paanHu-
HBIX JIAHEHHBIX KOMOMHAUMH peilleHnil ONHOPOXHONO YPaBHEHMS,
conepxammx 2N HeussectTHbiX KOa(bHLMeHTOB.

3. Haittn ati koadduumenTs, Henonb3ys N Kpaesnx ycaosuit, N — 1
yCNOBHE HEMPEPHIBHOCTH NMPOH3IBOAHBIX nopsaxkos 0,1,...,N — 2
H OIHO YCIIOBHE HA CKAYOK NPOM3BoaHOi nopsaka N~ Ll npu e = 2.

Dyukins TprHHA npeIcTaBaseTest, Boobiile roBops, pasHbiMu GoOpMyIaMK
npu z < 2’ n z > x'. Ecu dyukuns Tpuna cummetpuyHa, 1.e. G(z,z') =
G(z',z), 5T GOPMYNB OTNHYAIOTCSH TOJBKO Te€M, YTO B HHX MEHAIOTCH
MecTtaMK £ | &' [Lns coKpaleHus 3arucH BMecTO Z, ' 6yAeT HCNOAB30BATHCS
obo3nayeHue z. = min(z, z'), z, = max(z, z’').

2. Ecau 3agava (7.4) uMeeT HeTpUBMaNbHbIE peluenns i), ¢ = 1,..., k,
¢ A; = 0 (TaK Ha3biBacMBble Hyteebie MoOb), TO HEOAHOPOIHaA 3anava (7.1)
paspeiMa, KOrja ee¢ npapast 4acTh f OPTOTOHAILHA HYNEBBIM MOAAM 3aiauH

ty = 1 _
th=0, B9 =0, (7.5)

rne £! — oneparop, conpaxennsiit K L: (v, Lu) = (Llv, u), a BY — conps-
XEHHBI{l ONEepaTop IPaHWYHLIX ycioBHif. [as paspeisMMbIX HeoZHOPOAHLIX
3aa4 HCTIONb3YeTCH obobuennan (moduuyuposannan) dyukuus Ipuua, KoTo-
pas smecto (7.2) YAOBACTBOPAET YPAaBHEHHIO

k
LG(z,2')=b(z — ) -~ Y _ u(z){(2), (1.6)

i=}

riie Hy/NeBbIC MOALI %; ¥ ¥; NPAMOI ¥ CONPAXKEHHOM! 3a3a4H B3aUMHO OPTOro-
HRALHBI H HOPMUPOBaHb! YCAOBHEM

/v:(z)“j(z) dz =6, 1,j=1,...,k
D

Obo6wennan bynkumna IpuHa onpenensercs eAMHCTBEHHBLIM 06pasoM, eciu
noTpeGoBaTh €€ OPTOTOHANLHOCTH K HYJIEBHIM MOZAGM OZHOPOAHOI comps-
xeHHolt 3azaun (7.5):

/v:(m)a(z,z')dm =0, i=1,...,k (7.7)
D

164 Thasa 7. Memod gyuxyuit Ipuna

PaiznoxeHue no npoexropam B NOMANPOCTPAHCTBE, OPTOTOHAJIBHOM HYNEBbIM

) 4 20
MOJaM, 3amucbiBaeTc Kak £7! = 3 }_ [n} (n], roe > = 3, o3nauaer

n n n=k+1
CYMMHDOBAHHUC 110 HEHY/IEBbIM MONaM.

Yrobrl HaliTh obobuenHyio dynkumio Ipuna obbixHoBeHHoro audde-
PCHUMANLHOIO YPAaBHCHHA C HYACBHIMH MOAGMM, HAlNO CHAYAIA HX HOPMH-
posath. B warax 1, 2 K pellleHHIO OJHOPOAHOTO YpasHeHHs Halno No6GaBUTb
4aCTHOE pelleHHe ypaBHeHHS (7.6) 6e3 §-bynkuun. B mare 3 ang HaxoxaeHust
HeoTpefieICH HBIX KOaDUUMECHTOB He XBaTaeT k yCIOBMIL, TIOCKOBLKY KaXas
HyJeBasi MOJA YAOBTETBOPAET ORHOBPEMEHHO HABYM I'DAaHHHYHBIM YC/IOBHEM.
Mostomy crenyer no6apute k TpeGoBaHui oproroHanbHocTH (7.7). Pewenue
3aHILETCA KaK

k
u(z) = / G(z,a)1(2) dz' + 3 cuile),
D =

rie ¢; — NPOM3BOABHbIE KO3(hDUIINEHTH.

3. Korna smecro (7.1) Hamo WccrenosaTh 3amady ¢ HEONHODORHBIMH
rPaHHYHBIMU YCIOBHAMH

Lu=90, Bules=g, (7'8)

Toraa Tpebyerca Haiitu @ynxyuro Ipuna emopoco poda G,z,z'). Pewenue
3agauw (7.8) sanuceiBaeTcs B BUAE MHTerpaia no rpaHuue S obnactu D:

u(z) = /G’,(z, 2')g(z')da’, z e D.
5

PeuteHne HMHCAHON 3a4a4M ¢ OTAMMHON OT HYRS TIPaBOi 4acThio ¥ He-
HYJEBbLIMH TPAHUYHBIMK YCIOBHAMH

Lu= .fr 81‘1265 =g

MOXHO HCKaTh B BUAC CyMMb! pewscHuit asyx 3anay (7.1) n (7.8). Monyvaerca
cymMa 06bemMHOro RHTerpana no D ¢ GyHKUHEH f W NOBEPXHOCTHOrO no S
¢ dynkuueit g.

®yukuuu Ipuna mepsoro W Broporo posa cessasl. Mx cesash ans
KOHKPETHOTO YDaBHEHWS HaXOAMTCA ¢ MOMOLUBIO COOTBETCTBYIOLIEH Popmy-
a6 fpuna, nna BoiBOBA KOTOPOHW HAl0 PacCMOTPETh PAa3HOCTh CKANAPHBIX
npoussenehuit (u, Lv) — (LTu, v) M cBECTH €€ K MOBEPXHOCTHOMY MHTErpany.

4. Hazosem gyndamenmanvhoim pewenuem moboe peilieHue ypasHe-
uus (7.2), He 0643aTenbHO YAOBNETBOPAIOWEE IPAHHYHBIM YCIOBHAM. DyH-
HaMEHTANbHOE DELICHHE ONpPEAENCHO ¢ TOYHOCTHIO 1O JIOGOro peuicHMs
OIHOPOAHOTO ypasHeHus. Bun ocobenHocTH GOYHAAMEHTANLHOFO PEICHHS
ypaBHeHusn lyaccona

Ag(r,r') = 6(r —7')
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MOXHO HaflTH HHTErpHpOBaHHEM 1O r BOJIU3H Touku r = r'. [Laa pasmepHo-
cru n = 1, 2, 3 noayuurcs

PasmepHocTs glr,r")
|z — 2|
1 2ot
2
Injr —r'|
3 oL
x
1
3 i — 7|

®yukuuio [puna nepsoro posa G(z,z’') MOXHO NOCTPOMTE Mo (yH-
NAMEHTAaAbHOMY pelenuio gz, '), ecau no6aBuTh NMHEHHYI0 KOMOKHAUNIO
peHIeHHH ORHOPOAHOIO YPaBHEHHA, HE UMEIOMMX OcoDeHHOCTEH| npu 1 = 7/,
¥ nOTpe6OBaTh BHINOJHEH NS TPAHHYHBIX YeaoBuH. PeanbHo HallTH TAKYIO KOM-
6unauMio ynaercsi, Korga obnacts D cuMmmerpuuHa. B TpexmepHOM ciiyuae
MHOrA2 noMoraeT Meton u3olpaxeHuil, a B ABYMEPHOM TaKXE METOM KOH-
dopmubix npeoGpasosanunii. [IpumeneHne Metona H3obpaxkeHuil 0OCHOBaHO
Ha npeoGpasoBaHUH MHBEpCHU r' — % ypaBHeHus Jlanaaca (cM. samauy 203)
OTHOCHTENIbHO cepnl panuyca R, ecnu D — wap paauyca R, wim oTpaxe-
HHSE OTHOCUTENBHO IIJIOCKOCTH, e D — nonynpocTpanctso. B asyMepHom
cayvae ypaBHenne Jlannaca KOBapHaHTHO OTHOCHTENBHO KOHGDOPMHbBIX nipe-
obpaloBanuit. KoHdopMHbie Npeobpa3oBaHus NoONe3Hbl, CAN C HX TOMOUIBIO
yaaerca oroGpasuth ofiacte Ha Oofiee NPOCTYIO, AN KOTOPOH (YHKUHIO
{puta nerye NoCTpoOMTD.

s azrunmuyeckozo oneparopa feabmronsua £ = A — k? unu oneparopa
Jannaca £ = A pa3HOCTb HHTErPanoB Mo 00bEMY BbIPEXKAETCA Yepes UHTerpaj
110 NOBEPXHOCTU caeayiomeit dopmynoit Ipuua:

(v, Cu) — (L1, u) = - / (u'g’f Lo u) ds, (7.9
s

on On

rae ;% 0003Ha4aeT [POH3BOLHYIO IO BHYTPeHHe# Hopmann. Popmyna Bbi-
BOAMTCA M3 ToXAecTRa v A ¥ — w A v = div(vVu — uVv) ¢ nomomsio
npeobpa3oBaHHs OGBLEMHOTO HHTEIrPANa B NOBEPXHOCTHLII.

BoabMem B xauectBe v(z) ¢ynkumio G(z,z’), KoTopas NOOYHHAETCH
ypasHenuio (7.2), a B kavectse u(z) — pewenue 3anauu (7.8) u Bocnons-
3yemcs opmynoii puua (7.9). Teneps noMensiem oBosnaveHMs z « I,
MIPUMEHHM NPHHLMNTT B3AUMHOCTH W MOJIYYUM

w(z) = / (G(m, z) 3’;5:" - wg:,‘”') u(m')) dr’.  (7.10)
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Orcona naxoantcs dynxuus IpuHa sroporo pofa Aas Pa3HbIX TPAHMYHbIX
yenosuit. s saoawu Jupuxae u(z)l .o = glz) (B = 1) dynxumio Ipuna
nepBOro poaa Hago BuIGPaTh YAOBAETBOPAIOLIEH IPAHUYHOMY YCIOBHIO

G(:E, m’)EzES =0.

®yukuus [puxa BTOPOro poaa {NOTEHUNA dgoiinozo caos) nonyunTes U3 dop-
MYJIbl

G,(Z, z}) = b% G(za :B')

r’es

Ins zadayu Helimana 2’3';("—’2 ze8 = g{z) (B = g"};) ¢yukuuio Ipuua nepsoro

pona Haao Beibparh YAOBACTBOPAIOWEH FPAaHUNHOMY YCIOBYIC
8G(z, ) —o
on zes

Gyuxuus [prta BTOPOro poaa (NOTEHUMAN npocnozo CA04) NoAyYnTes u3 Gop-
MyJbE

Gs(z, 3’) = G{z, T")h'es-

5. Ons onepan%pa napabonuueckozo THNIA, HATIPUMCED, ONEPaTOPa TEILIO~
APOBOAHOCTH L = g — A, MoxHo BpectH aAse ¢yHkuuu IpuHa. B 6earpa-
HHYHOI N0 KoopauHaram ob6aactu ¢yukums [puHa nepsoro poga ybGeiBaeT
Ha OeCKOHEYHOCTH H YIOBAETBOPAET YPABHEHUIO

CG(r,t;r ' t)=8(r - )o(t - 1),
G(r,t;r' ) -0 npu |r-7'| - .
@OyHkuus G NO3BONSET PeliaTh 3a4ady
Lu= f(r,t), u(r,t)j—0 npu t— —00,

Petuen e 3anauu Koy ¢ HavaNbHBIMH YCAOBUAMMU

Lu=0, u(r0)=¢(r)
Bhipaxaerca uepes ¢yHkuuio [puHa sroporo posa G, Koropas CTpeMMTCs
K §-pyHKUMH B HAUYUIBHBIA MOMEHT

LG(r, P ) =0, Gyr,' t)—>6(r—-r') npu t— +0

6. Jlan oneparopa £ eunepbonuveckoeo Tmna, Hanpumep, £ = [, cy-
HECTBYET HECKOAbKO pasHbiX dyHxuuit Ipuna. Hamu Oyzet ncrnons3obatses
TONBKO 3ana3duearowan dynkuua Fpuna, onpeacnaeMas U3 pelicHHS BOAHO-
BOTO YPABHCHHA
1 8
c2 o2
3anaznosisaiowan GyHkuus obpawuaercs B Hyab npu ¢ < £’ u yGoisaer Ha Gec-
KOHEYHOCTH BMECTE CO CBOMMY TEPBLIMHM NPOHIBOIHBIMHU

G(r.t:r' t)=0, t<t: G(r,t:r' t') —0, |r—r'|— o0

QG =6(r-r)t-t), O= A. (7.11)
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Eci xoapduuveHrb AHODEPCHUMANLHOIO YPABHEHHMS TMOCTOAHHEL,
To dysxkusio [puHa MOXHO HalTH ¢ noMouIbIo npeobpasosatus @ypee. Tipn
BLINOJHEHUU ©OBpaTHOTO npeobpa3oBaHKs MOXET BOIHWKHYTb TPYAHOCTD,
ecayn nomoc yuxkuuu IpuHa B w, K-NPEACTABICHHMH NONAZacT Ha KOHTYP
unTerpuposanus. [pasuna obxona NoMOCOB HAXOAATCH U3 PHIHYECKUX CO-
obpaxennit. [ina 3anaun Kolin ¢ HauaibHBIMH YCAOBHAMH BMecTo npeobpa-
3oBaHua Pypbe MOXHO HCIONb308aTh Npeobpazopanue Jlannaca.

7.2. Henpepbisubii Cnexrp

Msi 6yaeM pacCMAaTpHBaTh B OCHOBHOM IuddepeHUHaNbHBIE ONEpaTo-
pul, nerictayiomme B L2({)) — B npocTpaHCTBe KBAaAPaTUHO-WHTEIPUPYEMBIX
dynxunit aprymenrta z € ). BeanynHa A HaspiBaeTcA COGCTBCHHBIM 3Haue-
HueM onepatopa A, €ClM CyUIeCTBYeT pelueHHe P5(2) ypaBHEHHS

Api(x) = Aha(z),

npunamiexaimee L2(Q). D10 pemenne HasbiBaetca cobeTBeHHON (yHKuUMEH.
TIpUHATO rOBOPUTH, YTO X — COGCTBEHHbIE 3HAYECHHMA NMCKPETHOTO CMEKTPA
# YTO BCE TAKHE A 06pa3yloT AUCKPETHDI! CIIEKTP 0p. [hAs CAMOCONPAXKEHHOTO
oneparopa A = A', aeticrayiomero B L3(Q2), rae 2 = D — kakas-HuGyab
KOHeyHasi ob1acTh NPOCTPAHCTBa, MMEET MECTO YTBEpXKACHHE. COOCTHCHHbIE
sHayeHus A 06pasyioT AMCKpETHHIH Habop gp = {A.}, n =0, 1, ... ucoorser-
cTByIoNiMe coBcTBeHHbie GYHKIMH, OTBEYAIOUIHE PAINUYHbIM COBCTBEHHBIM
3HAYEHHAM, OPTOTOHATbHbI.

Ina GonbwunHerea andbepeHnManbHBIX ONEPaToOPoOB, MMPHUMEHSAEMbIX
B Qu3uke (Hanpumep, oneparopos LLitypma—Jluysunns v Jlannaca), mHoXxe-
cTBO cobeTBenHBIX (byHKUHI 06pasyeT nontbiit Habop B L?(€2). M3 Hux MoXHO
AOCTPONTL OPTOHOPMHpPOBaHHbIR Da3uc, BBIOKpAs ¥ HOPMUPYA NOAXOAAIME
NWHeliHbe KOMOUHAUMK B BHIPOXIEHHHX ¢aydasx, pu sTom oneparop A
MOXHO NpPEACTABHTL B KaHOHu4eckom puae (7.3)

A=§:,\n§n) {n].
n
Ecau A(z, ') — aapo MHTErpaIbHOrO OnepaTopa

(o) = [ Ate,2)wie) ae,
Q
TO €10 MOXKHO PAa3fNOXHTL AO COGCTBEHHBIM (DYHKUUAM

Az, @) = (z1A12') = > Atu(@)¥a(z),
Palz) = (&in), Pa(z) = (nlz’).

Taxoe npeacTaBACHUE OriEpaTOpa Ha3bIBACTCH CHEXMPANbHOIM PAIAVHCCHUEM.

(71.12)
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Ecin xe @ — HekoMnakTHas obaacts, To (7.12) Moxer 6uiTh yxe
HEBEPHO Y JOMXHO 6BITh MOAHDULIHPOBAHO, TOCKOABLKY Y OHEpaTopa A MOXeT
66T HenpepbisHbiid criexTp. Ilyers A no-npexuHemy camoconpsikeH. Mel
FOBOPHM, YTO UHTepBa (@, b) BEIECTBEHHO! OCH IPHHAINEKUT HENPEPHIGHOMY
cnexmpy 0., ecin WA Beex A € g, = (a,b) cyiecrsyior pemeHus ¥5(z)

ypaBHEHUS
Apa(z) = Mpx(z),
He npuHamiexamue L2(€Y), Ho Takue, uTo n0bas MX Cyneprio3nLmus BAaA
b
O(z) = / a(A¥x(z)dr,  a()) € L¥(a,b)
o

yxe nexut B LX), ToBopa Ha f3blKe KBAHTOBOH MEXaHUKH, M3 BONHOBBIX
YHKUHI HENPEPHIBHOTO CNIEKTPA MOXHO NOCTPOMTH HOPMHUPYEMBIE BOSTHOBBIE

NAKeThl, CKOADb YIoOHO BAH3IKHE KaKoH-HUBYEb maHHOM ¥,(2) B cKONb YTOAHO
Soabinoil obnacti apoctparcTsa. Hanpumep, Gyuxuns

3
(»\ - /\0)2 + &2

€ ManibiM, HO KOHEdHbIM £ HMeeT KOHEYHYIO HOpMY, M HODMHpyembilt na-
ket W(x) B 06nacTH ¢ NUHeNHBIM Pa3MEPOM ~ } 6ynet Mano (~ €) OTIHYATHLCH
ot byHkunn ¥, ().

CobGcrseHtbie GyHKUMH HENpPEPLIBHOTO CHEKTPA CaMOCOTIPAXEHHOTO
oneparopa A B3aUMHO OPTOTOHANBHbI:

(%2, ¥x) = / dz Yiyin(z) =0, A#X,

Q

af{d) =

n BMecTe ¢ QYHKUUSMHM AMCKPETHOrO crnekrpa obpasyioT nonHbiit Habop:
mobas f € L*£)) moxer GbiTh NpeACT2RNEHA B BUAE JIMHEHHON CYNeprno3uLiMK

12) = 3 antale) + [ dralpa). (7.13)

.

s dynkuuit HeMpepbIBHOIO CIEKTPA NPUHATO BLIOKHPATH HOPMHPOBKY
s«Ha §-PYyHKUHIO»

f dz Py(E)r(2) = 6(A = Ao). (7.14)
14

YMHOXHM cKanspHo o6e yactu (7.13) Ha 9,,(z). B pesynbrate a1a kosdpdu-
HHEHTOB a(\) HAXOAMM

a()n):-:/f(m)fp;(m)dx. (7.15)
Q
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3aMeTHM, YTO H3IMCHEHUE HOPMUPOBKH, T, €, nossneune koaxdbunmenta C(A)
npu §-dyukunu B (7.14), nosaeuer 3a coboil noasnenne kodpduumeHTa Fa(f)
B npasoii yactu (7.15).

Bynem cuntath, 4To Bhibpana Hopmuposka (7.14). Toraa cnexrpanbHoe
paanoxeune aapa A(z, ') npuuumaer Bug

A(z,7) = 3 ta(@@) + [ OB@HE), 016

(/3

EI¢ CYMMHPOBAHHE TIPOM3BOJMTCA MO JMCKPETHOMY CMEKTPY O, MHTETpH-
poBaHue -— Mo HenpepnisHomy. B dopmyne (7.16) nompasymesaetcs, uTo
coBeTBEHHBIE 3HAYSHMS HETIPEPEIBHOIO CrIeXTpa oneparopa A HeBbIDOXAEHDL.
Ecnu xe uMeercda BHIPOXIEHHE, TO B KaXKAOM COOCTBEHHOM MNOANPOCTPaH-
CTBE C COGCTBEHHBIMM 3HAYCHUAMH A MOXHO BHIGpaTh OPTOHOPMUPOBAHHBIN
B cMbicae (7.14) 6asuc wf\”(x). CrieKTpaibHOE PalioXeHNE fIPH 3TOM AONoN-
HAETCSA CYMMMPOBAHUEM 10 BCEM COBCTBEHHBIM DYHKIMAM, IPHHALICKAIKM
AHHOMY COGCTBEHHOMY 3HAYCHUIO A

A, 7) = 3 Mblalile) + [ AT W@ . 000

BO3MOXHOCTE BBIDOXACHHA COGCTBEHHBIX 3HAYCHMH [JMCKPETHOIO CriEKTpa
yantsiaercs B (7.16), (7.17) TeM, 4TO HeKOTOphle A, B HEPBOM CIAraeMOM
MOTYT COB1alaTh.

7.3. PeszonbBeHTa

Pesoavsenmoii R, faHHOTO CAMOCORPAXEHHOTO oneparopa H Ha3lbibaeTcs
CIeNyIoUIHi Oneparop, 3aBUCALIMK OT KOMIUIEKCHOH nepeMeHHON z Kak
OT napameTtpa

R, = (z—-H )”'.
M3 onpenenenns cneayer ypasHeHMe Ha uuTerpansHoe sapo R,(z, z') one-
patopa R, N
(z— H)R.(z,2) = b(z ~ £).

Coberpennnie yHkuun ¥a(z) y H v R,, 04¢BHAHO, OHU K TE Xe, 2 cob-
CTBEHHbIC 3HAYCHUA TPHBHANBHO MNEPeCYMTHIBalOTC. B uTOre Mbl NojiydaeMm
cHekTpajibHOe padioxenne 1a R.(z, z'):

d 3 )% 4
Rie,2) =3 @il + [ 25 Tl @), 1)
n ® o, J

[ip# z = 0 pe3oabBeHTa C TOMHOCTHIO A0 3HAKA nepexonut B byHkuMo Ipuna.
Buiro, uto B pesosbbente R,(z, 2') 3akiiouena scad uHQOPMaLMs O CHEKTpE

onepatopa H. Kax ananurnyeckas GyHKUns nepeMmertoit z € C pesonbeenTa

170 Thasa 7. Memod ¢ynxuuii Ipuna

ofnpeacyiecHa B TIAOCKOCTH € paspe3oM BAOAD
yyacTKa BellleCTBEHHOH OCH, COOTBETCTBYIOLLIUM
HEIMpepbiBHOMY CNEKTPY, U NOJIOCAMH, COOTBET-
CTBYIOILIMMH JTMCKPETHOMY CMEXTpy ofiepatopa
H (puc.7.2). Buiuet B nomoce z = A, pe3ofib-
peHTHl R,(z,7'), kax caenyer u3 (7.18), papen

szeAS R, = Z Pnj (ﬂ'ﬁ:.j(zr),
" j

Puc. 7.2. KomaaexcHas moc-
KOCTb CIIEKTPAILHOIO NMapaMe-
TPa z2 C NOIKCaMU B TOUYKax
_ JMCKPETHOrO CIIEKTpa H pa3-
e Ynj (z) — coberBeHHble dyHKUMM: H,; = pe3om, COOTBETCTBYIOLIMM He-

Aa¥nj, § = 1,... %, TA€ X — KPAaTHOCTb Bbi- NpEPHIBHOMY CREKTPY
pPOXAEHHSA COBCTBEHHOTO YMCHA Ay,.
CKayoK pe30ibBEHTbl Ha pa3pe3e MOXeT ObITb HailieH ¢ NOMOHIBIO

thopMyJini
1 1
lim ( — — - ) = —-27id(2)
e—+0 \ 2+ 86 z— i€

Rulisio = Relyor,io = =278 3 ¥ ()9 (). (7.19)
j

1 paBeH

DTO COOTHOLUEHHE MO3BOJAET 1O WU3BECTHOH pe30JbBeHTE HaHTH HOPMH-
poBaHHbic corfacHo (7.14) cobGerBeHHBle (PYHKUWHM HENpEPHIBHOTO CNEKTPa
C TOYHOCTBIO IO YHHTAPHOTO MOBOPOTa B UX COOCTBEHHOM IMOANPOCTPAHCTRE.
Takoit NOBOPOT OCTAaBIAET MHBAPUAHTHON GUNHHERHYIO QopMy

> P (@) ().

TakuM o6pa3oM, 3HaHHe OcOBeHHOCTell Pe30JAbBEHTH KaK (YHKUNWHM CBOETO
KOMIUIEKCHOIO MapaMeTpa z IKBUBAIEHTHO 3HAHMIO COOCTBEHHBIX 3HaYeHHH
M cOBCTBEHHBIX (YHKLHMit KaK AMCKPETHOTO, TAK W HEMPEPHIBHOTO CHEKTPA.

Merton dyukumit [puHa pasobpan B kuurax [Co666, MY72, M®58]. MMo-
HSATHE PE30JIBBEHTH M CBOWCTBA QYHKUMH HENMPEPBIBHOIO CIIEKTPA OMHCAaHbI
B [Pux82].

7.4. Npumepsl

199. Haiimu ¢ynxuyuro Tpuna u esnucame pewenue HeooHOpodHo20 ypas-
nenus w"' = f(z), ecru u(0) = u(1) =0,z € [0, 1].

Pemenne. PelieHue OOHOPOOHOTO YPaBHEHMsl — JHHeEHHas (GyHKuMs.
®ynkuunio [puHa cpasy uuleM B BHIe, YNOBNETBOPAIOLIEM [PAHHYHBIM YCIO-

BUAM
G n_ | Az, ecnuz <z
(@,z) = B(z—1), ecmmz>a.
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3aech 0 < £ < 1, 0 < & < 1. YcnoBAs HENpepHBHOCTH QYHKUMM H ean-
HUMHOTO CKAaYKa MPOW3BONHONR KAI0T CUCTEMY ABYX YpaBHEHUH st KO3(du-
umeHTos 4, B

Az - B(z'-1)=0, B-A=1

OTBeT yI06HO BLIPA3NTH Yepe3 NEPEMEHHBIE T5, T.: G(Z,2) =z (25— 1}. »

200. Joxazams, umo pynxcuus Tpuna ypasnenus L,u(r) = f(r) ¢ onepa-
mopom
_#
Ly = E;i' + k (T)

u epanuunoimu yeaosusmu w(0) = u(1) = O npedcmasuma ¢ eude

xi(r) xalr)

ry _XI(T<)X2(T>)
o) = Xi(r) X4(0)

e W)=

. (120)

ecau Hynegbie Mods omcymemeyiom. 30eco @ynxuuu Xi(r) — Auneiino nesasucu-
Mble pewieHus 0OHOPOOHOR20 YPAGHEHUA

ErXi(r) = 0) i= 1‘) 2: XI(O) = XZ(I} =0.

Pemenne. MMockonbKy x| YAOBIETBOPAET JIEBOMY [PAHHYHOMY YCHOBHIO,
a Y2 — MpaBOMY, MOXHO cpady MckaTh dyHkuuio Ipuna B suae

n_ ) Axi(r), ecmr <7
G(r,r) = { Bxar), ecamr>r.

Tpauuusble YCAOBHS BbITONHCHB ABTOMATHUECKH, 8 TpeGOBAHUSA HENpepbiB-
HOCTM TIpH T = 7' JAIOT CHCTeMY ypaBHeHu# Ha koodduumnent A, B

A x(r) - Bxa(r') =0, Bx3(r') - Ax\(r") = 1.

OTcyTcTBME HYAEBOH MONbI O3HAYAET, 4TO X; # X2 Onpeacnutens cucre-
MBI cOBRagaeT ¢ BpoHckuaxoM (7.20) dbyHIaMEHTANBHON CHCTEMBI pelieHri
B TOUKE T = 7', a NOITOMY OTAMMEH OT Hyid. B NaHHOM CAyYae BPOHCKHMAH
W (r') He saBucur ot #.

Ecan rpaHWuHBIC YCROBMS HE DajieislioTCsi Ha NpaBoe U J€BoE, TO
dopmyna (7.20) yxe naet ve dynxumio Ipuna G(r,7'), a Tonbko dyHzameH-
tanpHoe pewenue g(r, r'). OyHIaMeHTaNbHOE PEUIEHHE MOXHO MPEBPaTHTH
B $yHkumio [puHa, NpubaBua TMHERHYIO KOMOHHALKIO PELICHHI OAHOPOAKO-
TO YPAaBHEHMS, 3 IPAHHYHBIE YCAOBHSA MO3IBOJIAT ONPEACAHTD KOS PUUHEHTDI.

Tpusenem dopmyny nis byHkuun IpuHa, KOTAa HYICBbiE MOALL OTCYT-
cTByioT. [1yCTh BMECTO HYJEBBIX YCAOBMI Ha QYHKUMIO u(r) B 3a1aye 3a4aHbl
ONHOPOIHbiE TpPaHWuHbie ycroBua obuiero suaa Byu = 0, Byu = 0, rae
B> — oneparopbi rpaHUYHLIX YCAOBHH, NPEACTaBAAIOLINE cobo#l AnHeHHbIC
KOMGWHALMK 3HavYeHnit QYHKUMM W NepBoli APOH3BOIHOW Ha JieBOil M ripa-
Boit rpaHuuax. Mynkuus Ipuna cTponTcd No QyHAAMEHTATBHOMY PEILEHUIO
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€ NMOMOULBIO (POPMYNbI

g(r,v") x(r) xalr)
y Z=| Big Bixy Bixa

Byg Baxy Baxa

JeficTButensHo, Gopmyna AaeT cyMMy QYHIAMEHTANBHOrO peweHus g(r, r')
W AWHeHHOH KoMOMHauUMK QYHKUWA x,,;(r), HE MMeIoHxX ocobeHHocTeH
npu r = r'. [lpn geiicrBuu oneparopos B, wnu B; Ha onpesenutens Z
nosyJyaercs oNpenennTeb ¢ napoil coBnaganimuX cTpoK, noatomy B Z = (.
3nauuT G(r, ') YIOBNCTBOPAET YPABHCHNIO M KPAEBBIM YCIOBUAM®), >

Bixi Bixz
B:xi Baxa

Z(r,7")

G(r, 7'y = —1—~
(r,m) A

291. Haiimu obobwennyio gynxywo Ipuna o0nopodnoii Kpaeeoii 3adaxu
L=+, w(0)=v(l)=0.
Pemenne. Hynepass mMoaa B AaHHOM cllyyae — MOCTOSHHOE peHICHME,

€C/IM er0 HOPMHUPOBaTh, TO ug(z) = 1. [Noaromy dyHKIMA [puHa ynosaerso-
PAET YPaBHEHHIO

G'(x,z)=86(z-2') - 1. (7.21)

2
Peluenue ypasHenun 6e3 §-hyHkunu ecrs — 5, nosromy umiem G B Buze

Cz+D, ecimz >z

TpauuyHbie yC/l0BUA NO3BOANIOT HallTH ABA Koopdnuumnenta 4 =0, C = 1.
Cuisxa npyt = = 2’ naeT ToAbKO omHo ycnosue B = z' 4+ D. Henoctawuiee
YCOBHE BO3HMKAET U3 TpeGOBAHHKA OPTOTOHAIBHOCTH HYAEBOH Mole

G(z, ') = "%2' {Aa:+B, ecnn z < z';

1
1
fde(m,:n')z—-z-fzzda:+/de+/(m+D)dx={),
0 e

0 L]

13 J2
otkyza HaimeM B=2' - & -}, D=-% - {,a

1 2 2
G(m,m’)z—g-»z?-%—g+m>. >

202. Ilpu xaxux ycaosusx paspeuuma neodnopodras 3adaua u' = f(x),
¥'(0) = a, w'(1) = b? Bunucams pewenue.

Pemenne. YMHOXHM ypaBHEHHE Ha HY/IEBYIO Moy to(z) = | ¥ npouH-
terpupyeM of 0 fo 1, IloaysaeM ycnosne paspeitiuMocTH

t
b-~a— | f(z)dz=0, (7.22)
/

) Kak o6obuuts nannyIo dopmyay Ha ypasHense N-1o NOPHAXA 1 Ha OACPATOP C HYICBHIMU
MOZaM# yKa3aHo B cnpasousuke | Kam76].
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T.€. YCAOBHE OPTOTOHAILHOCTH HYNEBOI MOME COMNPSXEHHOM ORHOPOAHOM
3a/a4H.

HarasgHo MOXHO NOHATS aIreGpandeckKHii CMBICT NOAYINBINETOCH YCI0-
BHS, ecnn BMecTO AuddepeHIMATBHOIO PACCMOTPETh Pa3HOCTHOE ypaBHe-
HUe, KaKk 6bf IOArOTOBMB AMCKPETHYIO MOMENb AR YHCACHHOIO peiie-

Hug. s 3Toro npMONM3MM NEPBYIO NPOM3BOAHYIO PA3HOCTHOM CXeMoi
u'(z) ~ l'i(—‘—ﬂg—_l‘i'll, a BTOpPYIO — CXEMO#

w(z — k) - 2u(z) + u(z + b)) .
h? TN

Torna pacuimperHas Marpuua cucrems (N + 1) X (N + 2) npumer Bun

v'(z) = [

(—1 1 0 0 0...0 0 O]ah \
1 -2 1 0 ¢ 0 0 0lfhn?
6 1 -2 1 0 0 © 0]f2r)h?
A= 0 0 1 -2 1 0 0 0]f(3r)A?

0 0 0 0 0 ... 1 =2 1]{f(1-h)A
k 0 0 0 0...0 | —1]|-bh y,

TepBas u nocnenHsAA CTPOKM COOTBETCTBYIOT TPAHHYHBIM YCJIOBMAM, a OC-
TajipHble OTBeualoT nudpepeHuUMaNIbHOMY ypasHenHMI0. BeprukanbHas uepra
OTHEAsET MaTpHUy cHCTeMbl OT CTOAGUA npabbix 4acTeit. Kak HerpyaHo
3aMETHTb, CYMMa BCEX CTPOK MAaTpHMilBI CHCTEMbI pPaBHa HYJIO, a 3HaYMT,
ofpaiiaeTcs B HyJ1b ONPEHEANTERb, U HYAL ABASETCH COBCTBEHHBIM JIHAUCHHEM.
CobcreeHtbiit BEKTOp, OTBEUaIOUINH HyneBOMY COGCTBEHHOMY 3HAYEHHIO, €CTh
ANCKpeTHBIA aHanor HyeBoit Motsl. [L1si paspetiiMoctn HeOBXoARMO, YTO6b!
CYMMa 3JIEMEHTOB NOCASHHETO cToablia ToXe obpallanacs B Hylb
N-1

h{a - b)+ kD f(kh)=0.
k=i
Toraa paKr pacluMpeHHON MaTpiilbl CHCTEMBI [N COBNAJET C PAHTOM MaTPHLbI
cuctembt. Otciona npu N — 0o 1 nonyyaercs ycnosue (7.22).

Ecnu Gul ObI1M HAMOXEHbB! YCAOBHA HE HA NPON3BONHYIO, 2 Ha ByHKUHIO
u(0) = a, u(l) = b, To B NepBoil cTpoke mponana 6ui BTOpas, a B nocaeaHei
CTpoKe — mpeanocheaHss eauHuua. Torna marpuua cuctembl 6bina Obl
HeBBLIPOXACHHON, HyAesble MOnbt Obl HCHYEIW, a KpaeBas 3anava crana Obl
pa3speuinmMoii NpH NPOU3BONBHLIX a, b, f(z).

UroHtl BHINKUCATE PCICHHE HEONHOPOAHOW 3aJauH, HYXHO HallTH Ka-
KYI0-HHOYAb NIPOCTYIO BYHKIMIO, YAORACTBOPSIOIYIO FPAHHYHBIM YCIOBHAM
U'(0) = a, U'(1) = b. Buibepem, Hanpumep, U(z) = 'ﬁ%i‘-}f—z ByneMm nckathb
pewenue B Buae u(z) = v(z) + U(z). Torna ¢yHxumus v(z) ynosnetsopser
ypaBHetno v = f(z) + a — b N HyJAEeBBIM rpaHUYHLIM YCAOBUSM Ha RPO-
n3soauyo v'(0) = ¢'(1) = 0. 3anaua ceoanTCa K nipedbiyulelt, a peiucHue
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32MUHICTCA Kak

1
u(z) = / G(z,2")f(z') dz’ +az + -(-11:;-)3-2- +C,
0

e Tpon3BoabHas KoHcTaHTa C — Ko03(pULMEHT nipn Hynesod mone. Mul

He Hanucan® a — b [OH 3HaKOM WHTErpana, BOCHO/b30BABUIWCH YCAOBHEM

OpTOTOHANBHOCTH MoRHbULMpoBaHHOH GyHKUHM TpHHa H HYNEBON MOZBL.
Ecau 66 Mbi BoiGpanu apyryio gyHkuuio U(z), nosyuunoch 6u1 peitierue

]
u(e) = / 6z, @) [f() - U"(@)] d2' + U@@)+C,  (1.23)
]

KOTOpOE COBNAjaeT ¢ NPeALLIYLIMM C TOYHOCTHIO 10 Hyesoit Moabl. Tlocen-
Hee MOXHO [0Ka3aTb MHTErpHpoBanneM no yacrtam. [Tpoeepum, uto (7.23)
ABIAETCA pewienneM 3agauu. Jins sroro npoavdupepeHunpyem (7.23) mBaxam
¥ BOCROAB3YEMCH ypaBHeHMeM Ha ynkumo Ipuna (7.21), noayuurcs

i
W@ = 1) - [ 1) - U"a) a'
0

W3 ycnosus paspemiumocty (7.22) caeayer, ¥To HMHTErpan B npasod 4acti
3TOFO BHIPAXCHUA PABCH HYAIO, >

203. [Ioxasams, umo eciu ¢(r) — peuwienue MPeXMepHOZ0 YPaeHeHUA
b
Jannaca, mo u $(r) = 2L _ maace pewenue.

Pewenne. B cepuueckux KoopanHarax
i 32 AQ I 82 AQ r )
arbte) = [ g7+ 2w = o t)o(5)

|
Cnenaewm 3ameny £ = 7y, Tak uto § = ¢,

2 WP 58
E_;—f '3—5‘54'25 %
¢(%) = 6(1,8,9) = ¢(£,6, ¢). Torna
_pfe 28 éil] Sy _
D) =€ {3€2+£8£+ o |#E00) =Eac0@ =0 >

204. Haimu pynsuuso Fpuna deymeproeo ypasnenus llyaccona Au = f (r)
¢ Kpyee paduyca R, uly.g = 0. [Motywums pewenue 3adavu IHupuxie 0an
ypagnenua Janagaca ADu = 0 é Kpy2e ¢ 2PaHUMRbBIM YCADBUEM uly-g = A(p),
20e ¢ — yeoa. Boipazums peutenie 8 guoe KOHMYPHO20 UHMe2PAna & nAOCKOCmu
KOMMIEKCHOZO NEPEMEHHO20.
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Pemenne. (DyHKIIHIO NEPROTO pofla HaltieM METOROM M300paXxeHH, no-
MECTHB 3aPAXCHHYIO «HHTb» NPOTHBOIMONOXHOIO 3HAKA B TOUYKE MHBEPCHU

T, = I—fzr u nobasuB moaxoAsinyio KoHcraHty. Torna
P -2rrcosp+r? 3 ,
r2r2/R? — 2rr' cos ¢ + R?’ v=9-¢,

TaK 410 Glr=pg = 0, HesaBucumo ot v, ¢’ . OYHKUKA BTOPOTO pPola HaXOAKTCA
auddepeHunpoBaHnem

i
M ol T a—
G(r,p;rp) = o In

c n _ 9G 1 R?-¢?
e @)= 50| TR B 2Rrespar
Pewenne 3anaun Jdupuxie naerca gopmyaolt Hyaccona
pis
1 R? - ¢2 s
= -— Alp) dy . 7.24
0

3anaya «Haiity asanuruyeckyio B Kpyre QyHKUMIO, BERICCTBECHHAA 4aCTh KO-
TOpo#l NPHHHUMAET Ha rPaHKie Kpyra 3HayeHue f(z)», pewlagTcs C MOMOLIBIO
dopmyaw Hlsapya

1 & (+ 2

w(z) = —

2mi ¢ (~z

BelleCTBEHHas YaCTh KOTOPO# cBomutes K (7.24) ¢ noMowbIo 3aMeHsl z = re'?,

¢ = Re¥'. Torma |¢ — z|* = R? + 77 — 2Rr cos v naer 3HaMeHateNb QyHKUNK
2 2

Ipuua, a 'C:: = %{—%‘l — camy dyrkumio Tpuna G,. Tapmonnueckan

¢byHkumns u(z) ecTb BEUIECTBEHHAS YaCTh aHAAMTHYCCKOR yHKuuu w(z). »

J(¢) +iC, (7.25)

205. Tpyba paduyca R u Geckoneunoli dauns nomewena e 2pynm Ha 2ny-
Guny h u noddepacueaemca npu nocmosnmoid memnepamype To. Haiimu pacnpe-
denenue memnepamypui, ecau na nogepxnocmu semau T = 0.

Pewenne. PacnpejeficHue TEMNEpaTyphl NOA4H- T=0 0
naercs ypapHeHuio Nlannaca AT = 0. TTockonsky T y
He 33BHCHT OT KOODAMHATH BAOAb TPYGHi, obracts, b
B KOTOPOIf PENCTOMT peluMTh ypaBHeHHe Jlannaca, — R
aByMepHas (puc. 7.3). Bocnonb3yemcst METOAOM KOH-
¢opmubix npeobpasosannit. Mpu nomoum apobuo- 1=T;
NUHEHHOH DYHKUNHY

C z—¢
T z4c
MOXHO OTOGPa3uTh B KOABLO paccMaTpuBaeMylo obnacte. Tlpsimas z = iy

nepeilneT B eAMHUUHYI0 okpyxHocTb || = 1, ecim ¢ — aelcTBHTENbHOE
yucao. MosepxHocTs TpyGH Takxke nepeitaet B okpyxHocts [(|? = a? panuyca

Puc. 7.3. dsymepnas
z=gz+iy (7.26) obsacts K 3anave 205
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a = g—;f; < 1, ecanm ¢ = vh? — R%. D10 MOXHO TIPOBEPHTH, MOACTABHB

z = h + Re'? B apobHo-nnnHeitHoe nipeobpasosanue (7.26). [lBymepHoe ypas-
Henue Jlanaaca KOBapMAHTHO OTHOCHTEALHO KOHGOPMHLIX NipeobpasoBaHuii,
MO3TOMY B HOBBIX NEPEMEHHBIX TEMIEPATYPA TAKXKE YLOBICTBOPACT YPaBHE-
Huio Jlannaca. Ycnosus Ha rpaHMUaX KOAbLA OCTAHYTCH TEMH XKe

Tlg=1 =0, Tligaa = To-

TlockosibKy FpaHuuHbIC YCHOBHA HE 3aBUCAT OT YIa ¢ B NOJADHBIX KOODAM-
HaTaX, 3aaauya MOXeT ObITh CBEIEHA K OXHOMEPHOI. JIByMepHoe ypaBHeHMe
Jlannaca uMeer ABa pelieHus, He 3aBKcauMx ot yraa: in|¢| u 1. Ux Kombu-
HALKMA, YROBACTBOPAIOAR IPAHMMHBIM YCAOBUAM, MMEET BUA

In {}

Ina

T() =Ty

Bo3Bpatasnch K WCXOAHMM MNEPeMEHHbBIM ( = ;—}gﬁ, HAXOOMM pelicHUE
3afaum:

T (z+e)i+y’
ey +y?
T(z,y) = =2 — e >
2 ik

206. Haimu gynxuuro Ipuna mpexmeprozo ypaenenusn Ieasmzoasua
Au+ kgu = f(r),

Y008AemMEOPAIOUYIO YCA0EUI0 MaTyHerun Sommeppensda (cxodnuanca eonna, npi-
thyr
XOORUAA U3 BECKOHEHHOCMIL, OMCYMCMEYem) Uy .o ~ &

Pentene. KoadduunenTsl onepatopa He 3aBHCHAT OT T, NOITOMY ypaB-
HeHuUe

(A +K)Gr,rY=6(r-7")
MOXHO CBECTH K anreGpanyeckoMy ¢ MOMOLLbIO npeoGpaloBaHus Pypbe
no nepemeHHo# r — r': )
(k& - k)G = 1.
Dyukuus Ipuna G{r, ') 3a8HCUT TONBKO OT Pa3HOCTH T — 7', NO3TOMY paBHa
G(r — r', 0) 1 HaxoauTCR C NOMOWBID o6paTHOTO NpeobpaloBaHus:

dk eikr
L2 L2 "
(2m) Ky — &?
Huterpuposanne ynoGHo npoaenats B cepHyeckKol cHUCTEME KOODAMHAT,

Boipas oCb 2 BACAbL BeKTopa r. WMuTterpupoBaHue 110 { OaeT 27, Toche
WUHTErPHPOBAHKA 110 & OCTaeTCA ONMHOKPATHLIN WHTErpan

G(r,0) =

20

Gr.0) T 1 / ket *r dk
r0)=— .
' ir 2m)! ) KI-R?

-
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[Tomocs! noabHTErpanbHoil GyHKUHM
JIeXKaT Ha KOHTYPE MHTETPHPOBAHHS, TOITO-
MY HajJo BbiOparbh NpaBuio MX obxoja, Mc-
XOZist U3 rPAHH4HBIX ycnosuit. Yto6el nony-
YHTH DYHKUMIO, YIOBNETBOPAIOHIYIO YCJIO-
BHIO M3JIy4€HUS, HANO OCTABMTH PACXOJIs-
WIYIOC BOIHY M OTOPOCHTE CXOAALIYIOCH. ~kq
TlockonbKy ¥ — TIOJAOXHMTENbHAN BEAMYH-
Ha, 3aMKHYTh KOHTYp cienyer cpepxy. Yro- Pue.7.4. Koutyp nnrerpuposanus
Gbl MHTSIPA! CBOAMTCH K BbiYeTy B Touke VI ypassiewus [envmronbiia

k = ko, BIGMpaeM KOHTYp, yKa3aHHbI Ha puc.7.4. OxoHuatenbto (mocne
3aMeHBl © — 7 — ') uMmeem

eik(,'r—r‘l
dxir —r'|
Takaa ¢yukuus Ipuda B Buae pacxonsieics chepuueckoift BOAHB WCIIONb-

3yeTcs, Hanpumep, B 3adauax AWQpPaKHUKX M Teopuu paccesHus (cM. 3aia-
gy 237). >

M, r')=-

207. Haiimu ¢pynxuuu [puna mpexmeproeo ypassenus menaonpoeodnocmu
= AU U Hecmauuonapozo céobodnozo ypaenenus Ilpédunzepa iuy = —%35.

Pemenwue. [Mockonbky Ko3GULHEHTE ypaBHEH W NOCTOAHHbE, (DYHKUHS
IpuHa MOXeT 3aBHCETh TONBLKO OT pasHoctell Bpemen W Koopauwar. Torma
ypasHeHus wis QyHkuuii I'puxHa MoXHO 3anucats B BUAe

1
~AG=6(ni), iGe+ 5 AG = b8(r)i(t),
4 B OKOHHYATENDHOM OTBETC BCPHYTHL HMCXOAHBIC apryMCHTHI, T.€. BBINOAHUTH

3aMeHy r —r — 't =t -t
Tpeobpa3osanue Pypoe

ukwt/u(r,t)ei‘"'"ik' drdt, u(r,t) :/ukwe““"+"'“'

IPUBOAMT YpaBHEHUSA K BUAY

dkdw
(2m)*

. 2 k?
(~iw + k*)Gr, = 1, W=7 }Gr = 1.

O6parxoe npeobpasosanne Oypbe A YPaBHEHUA TEMAONPOBOAHOCTH
MOXHO BBIMIOJIHUTL, WHTSIPHPYA B MJAQCKOCTH KOMIUIEKCHOIO [1€peMeHHO-
ro w. Tlpu ¢ < 0 KOHTYp creayeT 3aMKHYTh B BepxHei NIONYNAOCKOCTH, Y100k
ncyesat uHTerpat 1o bBecKOHeYHO yaaneHHOH nonyokpyxHoctH. Eauncreen-
Hblii OMOC NOABIHTErPAIbHON DYHKLIMHN PAcNonoXeH BHE 0061acTH, KOTOPYIO
OXBATBIBACT KOHTYp, No3toMy npu ¢ < 0 dyHxums Ipuna oGpaiiaeTes B Hyab,
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Mpu ¢ > 0 KOHTYp 3aMbIKaeM B HuXHel noaynnockocTy (puc. 7.5). Unrerpan
BBIDAXACTCA HEpe3 BHIICT

—twt . e—iwf &
Gty = —i Res ——— =¢ .

T+ K ek —iw 1 R

I'lpeoﬁpaaonauue no k CBONUTCS K BLIYHCIEHHIO TayccoBoro uHrerpana 1 paer

_ s i\2
G, t;7,0) = (4:(33}2 exp [— (r 4; ) }

B cnyuae ypasuenms Llpénunrepa nonioc nonajgaer Ha BeMECTBEHHYIO
OCb, TO3TOMY IS CXOONMMOCTH MHTErpana clieiyeT CMeCTHTh KOHTYp MH-
TErpUPOBaHNg ¢ BellecTBeHHOH ocu (BuiGpath npaswio ofxona nomoca).
JonoaHHTENbHMM CO0GPaXeHNEM, NO3BONAIOLIMM BEIOPATh M3 ABYX BO3ZMOX-~
HOCTEH, MOXET CAYXHTH NPHHUAN NPUIHHHOCTH — YCIOBHE obpaleHus
byukunn Ipuna B Hyas npu npu ¢ < 0. Toraa npu ¢ > 0 xoxTyp BHIGHpacTCH
COTJIACHO PHC. 7.5, a MHTErpan paseH

vt iK2
Gp{t) = ~1 Res ——=— ie .
Me)=—% Res “—ip =

TMocae obparHoro fApeoGpa3oBanus no k NOAYYHTCS 3anasfbiBaomas GyHk-

uns IpuHa )
' o(t) i(r—r')
6lr,t:7",0) = e o | L, (27)
KOTOpas CHHCHLIBAET PACIUILIBAHKE BOAHOBOTO NAKETa, AOKATHIOBAHHOIO B Ha-
yanbHbil MOMeHT. 3anasasiBaoinag GdyHkuus TpHHA NO3BOAMCT PEWMTL 3a-
Aavy Koumy ¢ HayansHbIMH YCIOBHAMM.
Ins pewenus 3amaun Komu MoxHO BMecto mpeoGpasosanus Dypse
BHIIOAHHTD NpeoGpazoparne Jlannaca no BpeMeHH

0
K2 i
(ip+ 7)(;,,,, =1, Gp= /G;,(t)e " dt.
8

@ o
0 o 0 kZ'/z o'
1-ik?
t>0 t>0

Puc. 7.5. KOHTYPH WHTErDMPOBAHNA AN YPaBHEHKIl TEnNONPOBOAHOCTH (Cnesa)
u Llpénnurepa (cnpasa)




7.4. Hpumepw 179

ObparHoe nipeo6pazopatue Slanaca onpejensiercs KOHTYPHBIM HHTETPAIOM

1
Gilt) = 5~ f Gpre” dp.

Hpu ¢ > 0 npasuno obxoaa nojioca ONpeseiicHO CAHO3ZHAYHO! BCE TIONIOCH
B fJIOCKOCTH KOMIUIEKCHOTO MepeMEeHHOro p Hano ofxoanth cripaBa. B pe-
3y/lBTATE TAKXKE TONyuaeTCA 3anaiabisalomias dyuxuus [puua (7.27).

B nexoropsix Gu3Mueckux 3anayax Tpebyerca GyHkuus, obpaiuaiomasncs
B Hyne niput £ > 0. [lns ee noayuyenus nomoc Hago o6XOAMTs CHH3Y, W MOJY-
YaeTcst TaK HasviBaeMas onepexcaiouas byHkuus fpuna GO oc 0(—t). >

208. Haiimu pynxyuio Tpuna G(z, =', t) odnomepnoeo ypasnenun oxxe-
pa—Ihanka
du B 1 8%u
= 82 Bt 5 2 u= 0 =gl)

Pemenne. Pewenye 3anaun Koww

1
G =G +2G; + 3 Gz, Glz,2',0)=8(z - ') (7.28)
s dynkuun Ipuua sroporo pora G KIeM B BUEE rayccoBoit DyHKLIMH
(z - a(t))’
G =C{t — e |
tow |- 20| (129)

Ypasuenue Pokkepa—IlnaHka coXxpaHseT HOPMHDPOBKY (YHCIIO YaCTH L)
/G(m,z’,t) dz =1,

oTKyaa Haxoautea C(t) = (21rD(t))"U ?. Moncranss (7.29) s (7.28) u npu-
paBHuBan KO3PPULUMEHTH ADH I, z2, NOAYYUMM OBBIKHOBEHHbBIE anddepen-
UHaNBHbIC YPaBHEHHA 1 cpenHero a(t) u aucniepcun D(t)

a=-4, D=1-2D,

Hauanphbie yorosua a{0) = z', D(0) = 0 nonxus oBecrieuuth npeacasHblit
nepexod B §-pyHkumio npu t — +0. Haiinem

, | exp [- (z-ze ) /(1 -e?)
G((l:, x ,t) = ﬁ m ] .

B npenene t < | orser nepexoauT B dyukumio Ipuna anddysuonHoro
npouecca:

Gle, 2 1) = exp [-—(\a/:i% 2')?/21) '

180 Tnapa 7. Memoo ¢ynxuuii Ipuna

Ha Goapiunx speMenax £ >> | ¢ynxkuus IpuHa riepectaeT 3aBHCETh OT KOOp-
AVHATH z"

Gz, 2, t) = g—’fp—gf;ﬁg.

VYpasuenne Poxkepa—IlnaHka onMchiBacT CayuaiiHoe GayXAaHWe 4acTuil,
W TAKOl BHA acHMOTOTHKM Ha OoJbIIKX BpEeMeHaX O3HAYaeT, YTO MOCAe
HECKOJABKUX CTOAKHOBEHHI OGpOYyHOBCKas yacTHua «3abbiBaeT» HavYaibHbIE
YCIOBUS.

JlaHHYI0 3afady Takxke MOXHO DElIHThL C NMOMOMIBIO Npeobpa3loBaHHs
(Mypre 110 KOOpAMHATE, KOTOPOE NOHMXKAET NOPSAAOK YpaBHEHMS CO BTOPO-
ro ro nepporo. [Moayyusiieecs ypaBHEHME HEPBOTO HOPANKAa C YaCTHBIMH
HPOM3BOAHBIMH MOXHO PEIINTL METOOM XapaKTePUCTHK (cM. riasy 2).  »

209. Haiimu gynxuwo Tpuna 00KOMEPrOZ0 80AROB0Z0 ypasHeKusn
1
F U e = flz,t), u(z,t)—0 npu t— —oo.
Pemenne. [locae npeobpasopatins Pypbe NO KOODAHHATE W BPEMEHH
nonyunm dyuxkunio puna B w, k-npeacraBaeHny
|
Oy

Mposesem ofparHoe npeobGpasosanue Oypoe no w. O6X0Ad MONIOCH CBEPXY
13 coobpaxeHuit IPHYMHHOCTH, TIONYYAEM

G, =

Gr(t) = 6(t) — (e7**® — &'*9).
2k
Mocae obpatHoro npeobpa3oBanus no k umeeM
G(z,t0,0) = -;—[B(:c + ct) - 8(z — ct)] 8(8). (7.30)

3HauuT, AOKANBHOE BO3IMYILEHME B TOUKe ', MOAeHCTBOBABLIEE B MOMEHT
BpeMeny ¥, OKadhiBaeT BAMAHHME TOALKO BHYTPH MHTepeana ' — c(t —t') <
z < z' + ¢t — t') ¥3-3a KOHEYHO CKOPOCTH ¢ PACTIPOCTPAHEHUA BOIMYILCHHUSA
(o6nacme arusnus). >

210. iToxazams, wmo pewesue 3a0auu Kowu
Ou=0, u(r,0) = p(r), w(r,0)=19%(r) (7.31)

DA BONHOB020 YPASHEHUA abipaxcaemen vepe3 giynxuuwo Fpuna no dopmyae

u(r,t) = —:5 / [% G(r, t;r',0)p(r") + G(r, t; 7", 0)y(r ')] dr'.
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Peutense. BonHopoe ypaBHEHHWE HMEET BTOPOl MOPANOK MO BpeMEHH,
nosroMy 3ajaya KoilM mis HEro CONEPXHT ABa HaYaNbHbIX YCJIOBHA —
Ha (QYHKLUMIO U TIepBYyio np0M3B0}1H)’IO CnenoBatensHo, HMeeTCS napa PpyHk-

unit Tpuxa sroporo poaa GE; G, , a penieHHe naercd popmMynoit

u(r,t)zfG,‘,”(r,r',t)go(r') dr'+fGi2)(r,r',t)¢(r Ndr'. (7.32)

HaiineM cBA3b GyHKUMIA G(, ), Gm ¢ dyrkumeit [puHa nepeoro poaa, Koropas

NMOAYHHACTCH YPABHCHHIO
gG(r,t;r' t)=6(r—r')o(t-1t) (7.33)

H CTpeMMTCS K HYJIO BMECTé CO CBOMMM TIEPBBIMH TPOM3BOMHBIMH TPH
t — 00 wM r — oo. Jina 3roro ymHOxuMm ypaeHenue (7.33) Ha u(r,t)
M BhiuTeM M3 Hero ypabHeHue (7.31), yMHoxenHoe Ha G(r,¢; 7', t'), a 3aTem
TNIPOMHTErPHPYEM N0 T MO BCEMY TIPOCTPAHCTBY M 1o ¢ B npeaenax ot 0 ao oo
npu t' > 0:

u(r',t')z/drdt (v0G-6c0u) =

a8G ou .
/dr dtc2 Bt( “Gﬁ) —fdtfdrdw(uVG—GVu).

HuTerpan or A¥BepreHIHH npeodpasyeTcs B CKy TeopeMbl Taycca B HHTErpan
no GecKOHEYHO YIaleHHOI MoBepXHOCTH W ObpaulaeTcst B Hyjlb. B nepsom
claraeMoM HHTerpan no t Gepercd, TpHyYeM H3-3a YOuiBaHus G n G; NpH
t — 00 ocTaeTcd BKJIAl TOJLKO HUXHero npenena t = 0:

u(r',t') = czfdr [——-cp(r)+G¢(r)]

MeHss 0603HauYeHHS nepeMeHHbIX © — 7', ¢ «— &' 1 nepexoas ot nuq)q)epeu-

unpoBaHus dyHKkuuH Ipuna no ' X llmb«bepeﬂuuposaﬂmo not (b_ = 3-.,—),
HaXO/iUM

rt)—czf [ (r ', 0)p(r') + Glr t; 7’ o)¢(r)]

CpasHusas ¢ gopmysoit (7.32), nojiydaem MCKOMYIO CBAA3b:

1 8 1
25 G, t;r',0), GPr,r' t)= = G(r,t;r',0). »

t=0

GWr, 7' t) =

211. 3uaa ynkyuo Ipuna odnomeprozo eonnosozo ypasmenus (3ada-
ua 209), pewsums 3ada4y Kowu

St =0 u(,0) = p(@),  u(z,0) = ¥(a)
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Pemtenne. PenicHne 3agauu Kouwin MOXHO 3aMMCaTh B BHAC CYMMBE ABYX
unTerpanos (3agaua 210)

u(z,t) = [ Gz, ', thp(a') dz’ + / GP(z, o' typ(z) dz’.  (1.34)

Bocnosiayemcs BoipaxenueM (7.30) ana dyHkuuu [PrHa OAHOMEPHOFO ypaB-
HEHUSA, TOTAA NONYYHTCH

Gz, o' ) = ~i9-G(mtz 0)~-{6(z g’ +et) + 8z - 7' — ot)],

Gz, o'\ t) = 22- Gz, t;:2',0) = E[H(x ~z' +et) -8z ~z' ~ct)].

Orciona cneayet gopmyaa Jarambepa
| 1 o+t
u(z, t) = -2-{90(2: + ) + plz - ct)] + 5 / (') da’. (7.35)
zcf

Peuiersie B TOYKE T ONPENENAETCA 3HAYCHUAMM PYHKUME ¢ B Toykax z' =

z % ¢t u ¢ Ha uHrepBane ' € (z — ct, £+ cf), KOTOPUWHK Ha3pIBaETCH VBAGCMbIO
3aeucuMocnu. >

212. iTocmpoums ¢ynxyuu Fpuna emopozo poda u ewinucamo peuweie
3adayu Kowu 0ra mpexmeprozo eonnoeozo ypaerenus. Iloxaszame, ymo pewenue
u(r, t) 8 mouxe * HOAHOCMbIO ONPedeRemcn IHAYEHUAMY DyrKUL

#(r) = ulr,0), P(r)=w(r,0)

U4 HOpMUOALHOU NPOu3BOOHOI g—g na ciepe paduyca cl ¢ uyempom 8 mouxe T
{npunuun Tokrexca).

Pemenune. Monbaysics dynxkuneit lfpuna nepsoro pona (3azaya 246) u pe-
ayabTarom 3anaun 210, Haxonum Pyukuun Ipura sroporo pola

e Y-t o 8e-d)
! amp 4xpc

tae p = |r — r'|. Pewenue 3anauy Kown A1d BONHOBOIO YpaBHEeHUA

wr = [ [P oty + 2D ey ar’

MOXHO Nepenucarb yepes gynxkunonan M, neitcrayominit Ha GyHKUNAX TpeX
nepeMeHHnX ((r) 1 oBo3HauaoumMil yCpeIHeHNE NO equHHIHOl cdepe

Miur) = o= [ e+ ) &5,
i€l=1
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MMonyuaetcs ¢opmyna Kupxzogpa

alr, ) = %(w[m) + tMly). >

213. Haiimu ybwsaiowyio na beckonewnocmu ¢ynxuwo Ipuna ypaemenus
Teavmzonoya

(6p - ¢)Glz, 2') = 8(z — ), (7.36)
2de Ap — aannacuan 8 D-meprom npocmpancmee,
Pemensie. C nomotiibio npeobpazoBaHusi Pypoe Halinem
D ikz
G(z,O)z—/% I;;-}-qz'
3HaMeHaTeNib MOXHO 3aMHCaTh Kak

l o0
——— = [ ate "
1 [

H NOMEHATb NOPAJAOK WHTErpupoBaHMA. BHyrpenHuit D-KpaThblit uHTerpan
SIBJIAETCH TAYCCOBLIM M BLIVHCAsiETCA no dopmyne

D/f2
/dDy exp {-%(y. Ay) + (b, y)} = ﬁ-:—r-)m exp {—%(b, A"b)},

rae A — mMatpuua D x D, a b — D-mepHblil BekTOp, nojayyaercs

Df2
/ dP e ik (1) / L
" .

OcTtaeTcs BBIYHCAUTL MHTErpad No ¢, KOTOPbiii CBOANTCS K WHTErpPalbHOMY
npeactabieHuno GpyHxunn Maknonaasaa (I1.31)

[s o}

1 D/2-2_-zlsf4-g/ "  K.(qlz))
G(z,0) = ———=~ [ dss A KA
(0) (4”)‘0/2/ (2m)0/2  |zj*
0
_D _i
rae @ = 3 — 1, 8 = 7. Orciona

9" Ka(qlz-2'))
(2x)P1 |z —gi|o
PaccmorprM yacThbie caydan. Ecau D = 2, to a = 0, a nosene-

Hue ¢ynkuvu Maxaonansaa nopsaaka 0 NpH MaabiX 3HAYEHMUSX apryMeHTa
norapuMuyeckoe (I1.33)

G(z,2') =

i
G(r,0) ~ I Inr,
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yT10 cornacyercs ¢ obmiei tabnuuell ocobeHHocTeil dyHAaMEHTaNbHOIO pe-
wenun (c. 165). [ipu D > 2 nonyuum ans gle] € 1

G(‘l’, O) ~ -

B yacrHoCTH,

I'(a)
4,“.0/2,,.1)—2 "
- =T, D=3
—-11r2r2, D=4,
4
Im G(s)

IIpu HedeTHuIX pasMepHocTiX D =
3,5,... dyuxuus K, spipaxaercs ye-
pe3 3MeMeHTapHbie PyHKLMK.
Paccmotpum nonpobHee yacTHbIR
cayuait D = 4, 2=(%o, T1, T2, T3).
Ecau B kavectBe nepsOit KoopauHa-
Tht NOACTABHTL Xy — it (COBEpUINTL
NOBOPOT Ha § B KOMMAEKCHOMN Mloc-
KOCTH Zg), a BMECTO ¢ 3anucath m,
To u3 (7.36) noayuutca ypaBHEHHe
Kneiina—[opaoHa—®oxka

(O+ mz)G(m, 0) = —6(z),

KOTOpOC ONUCHIBACT ABHIKCHHE pEA-

TUBUCTCKOH OeccnuHoBOM  YacTHub
Macchl m.

®yuxuda [puna (Hasbipaemas
eitnmanoecKoil) cBENETCS K BULY

G(z,0) =

mK(mz)
4nlz

Puc. 7.6. Muumas yacts PeliHMaHOBCKON
dyskunn [pUHa B 3aBHCHMOCTH OF BEJIH-
quHBl 8 = Vil ~ r? BpeMeHUNOROGHO-
ro WHTEpBaNa UM TPeX DasHBIX Macc:
- m; =~ 2m; — 4m

, z=Vrl—g

rae 7! = 2t + 23 + z}, ¢ = 1. Korna uHTepBan npocTpaHCTBEHHONOROGH L
(r? > #2). z — nmeilctBuTeNbHOE YUCIO M GYHKUMA ¢ YObIBaeT IKCHOHEH-

uMaibHo B obnact r > & Ki(mz) ~ (/55 e”™. Ecnun xe uHTEpBAI
BpeMenunonobHbilt (r2 < t2), 1o Benuumuua z ~ iV — rl — uncTO MHM-

mas, a dyuxuus G ocunaupyer (puc. 7.6). B HepeasTHBMCTCKOM Npeaciae
2
r? & £, mt > | MOXHO PalnoOXHuTh z z'(t - g;) B apryMeHTe (yHKUHU

MakaoHansaa ¥ NoAYUUTH

m
22xi )1

G(z,0) ~

~im(t-r*/2)

C TOYHOCTBIO [0 NMOCTOSHHOTO MHOXHTEAN nodyunnacs GyHkuus Ipuxa

ypasuenns Ulpéaunrepa (7.27).

»
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214. Haiimu Henpepuianwii cnekmp onepamopa A = zeR.

dz’
Pemenste. YT0Gbi 110Ka3aTh, 4T0 coGCTBeHHas dyHKumsa u(z) = exp (iAz)
oneparopa A = -—% NPHHALIEKUT HEMPePbIBHOMY CIEKTPY, YOennMCs, 4To
Au = M. OcraeTcst MOCTPOUTH NpUGIVXKEHHYI0 HOPMUPOBAHHYIO COOCTBEH-
Hylo GyHKUMIO % ¥ y6emuthes, 4To HopMma ||A@ — Adi| crpeMuTCs K HyJio.
Bri6epeM npuGankeHHyo QyHKUMIO B BHAe BOJHOBOIO MakeTa, Hanmpumep
2
i{z) = a(z) exp (iAz), alz) = ¢'/*x~"* exp (-5-), e |lel| = 1. Haitnem
o0
€
| A% — Aal|? = / o (z)dz = 7~ 0, ¢=-0.

-00
TakuM 06pa3oM, HEMpepbiBHLINH CIEKTP COBMAajaeT €O BCEi BelleCTBEHHOM
ocbio R. >

2
215. Haimu pesonvéenmy onepamopa —%;.

Pemenne. YpaBHEeHHE

( d"zz)n (z,3') = 8(z - =)

C HY/JE€BBIMH IrpaHHUYHBbIMHK YCJIOBUAMHK HA 6eCKOHEYHOCTH MMEET pelleHHe

l I Z|T—
3(3 ”")_2,\/; iv/z] -"l

[Mpu 3TOM noApasyMeBaeTcs [IaBHas BETBb QYHKLUN Vz: Im /z > 0. Pe3onb-
BEHTa AHAAMTMYHA BO BCEil z-MAOCKOCTH C pa3pe3OM BAOJb BELLECTBEHHOM
nonoxuteasHolt nonyocn R, = {z € R, z > 0}. Ckauok Ha pa3pese oripeae-
JISETCA 3HAUYEHUAMHM KBAJpaTHOro KOPHA U3 2 = k? + ie nua Geperax paspesa

k>0, lim Vk+ic=k, lim VK -ie=—k
£—+0 e—+0
W paBeH
1 i
Rixyio— Rir_yo = 7 cosk(z —2') = % (cos kz cos kz' + sin kz sin kz').
i

2
Cpasuusas ¢ (7.19), MBI nonyyaeMm, 4TO oneparop — %; HMEET TONbKO He-

npepbIBHbI crekKTp z = k? > 0, KaXaoe COGCTBEHHOE 3HaUYEHHUE ABYKPATHO
BbIPOXIEHO H BO3MOXHbIH, HOPMHPOBAHHEIH COINIACHO (7.14) Ga3uc B nBy-
MEPHOM COOGCTBEHHOM HOANPOCTPAHCTBE, COOTBETCTBYIOLUEM COGCTBEHHBIM
3HaYeHUAM 2z = k2, COCTOMT M3 napbl GYHKUKiH

m cos kx (2, _sinkz
W= = g
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216. Haiimu pesoavsenmy paduarsnozo onepamopa
18 8

= —  —-

r dr
Ha npocmparcmee co cxarapnom npouseedenuen (v, w) = [ r dr v*(r)u(r).

r

Pemenwe. PezonbperTa nOAMMHACTCH YypaBHEHHIO

1d d &{r—1r
(; E"T’"g + Z) 92(7: r') = "g"‘;“—?':
OTKYA4 WHTETPHPOBIHMEM 11O rdr NOAYYAETCH, UYTO CKAYOK IIPOM3BOHHOM
npu r = ' paseH . [lBa HHENHO HEIABHCHMBIX peuienns — 3ro x,(r) =
Jo(kr), yrosnersopsioiee yCnoBuio peryaspHoctu npu kr — 0, u xo{(r) =
Jo(kr) + i¥p{kr), nepexonsilice B pacXONgUIYIOCA LWAIHHAPHYECKYIO BOAHY
npu kr — oo, rie k = /z.

ACHUMNITOTHKY BTOPOro PEILEHHs MOXHO IIPOBEPUTh, NONBL3YICh ONpeIe-
neHueMm ¢QyHkuuy Heilmana

Yo(z) = lim Ju(z) cos.wu —J_,(z) (1.37)
v—0 sin v ’

TEOJIYMHTCH

Jo(z) ~ \/‘ cos (:c -1, Yiz)~ \/— sin (.'z -
x2(r) ~ \/:; €

BpoHCKHaH MOXHO HalTH ¥3 acCHMMAOTOTHKHM Nipy r — oo: W(r') = ;,3:—
Aeltcrays ananornuHo 3agaye {200), noayunuM pelonbBeHty

gl v') = ZIo(kr ) [Jolkrs) + i¥a(irs)].

BetBb /Z B nAOCKOCTH z, paspesanHoit o R, suibupaeM H3 ycnoBus

V1 = +1 na sepxuem Gepery paspesa. IIpu nepexone uyepes paspes ueTHas
oynxuma Jo(z) He mensetca, a ckauox ¥y Haxoaurca u3 popmyast J,(—z) =
e’ J,(z) v onpenenenusn (7.37):

Yo(+2) - Yo(—2) = —2idy().
Cpapnusast BeipaXeHue
Q22+ie ~ Gorie = —indo(kr)Jo(kr’)

¢ (7.19), uaitnem coBcrpertbie YHKUHH HERPEPLIBHOTO CNEKTPa

Belr) = “\;_'2* Jolkr).
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NoauepkHeM, 4T0 3™H GYHKUMH HODMUPYIOTCH YCAOBHEM

/ Bi{r)e(r) r dr = 6(k° - &) >

217. Haiimu pesonaseenmy onepamopa —/\ 8 mpex uamepenusx & cepuye-
CKUX KOOPOUHAMAX & NOCMPOUms CHePUHECKU CUMMEMPUHHYIO HOPMUDOSTNHYIO
cobcmeennyro GyHKyIo.

Pemenwe. YpabHenue
(z+2)R,(r,r)y=6(r-1")

peliaeTcs npeoOpasosanuieM Qypbe, NOTOMY YTO 3T0 ypaBHeHue [ensnMronbia
C rpaHHYHBIMM ycaoBusMH R, — 0 npu Im +/z > 0 u r — oo (3anaua 206).
[Tonyuaetcs
eiviir-rl
4x|r — /|
PesonbseHTa onpedesneHa B INIOCKOCTH © paspe3oM Baoib R,.
MOXHO Pa3fioXHUTL PE30ABBEHTY B PAX 1o chepHyecKUM FapMOHHKaM

Ro(r, ') = ™ (r, #')Yim(n)Yim(n'),

im

R, (r, ri) =

1
me n =71 n =% — emmnuynbie sexropsl. Hac uHTepecyeT Tonbko

KO PHUHEHT npH YO% = %, KOTODbIH HAXOAUTCH MHTEIPHUPOBAHMEM 10 BCEM
ueThipeM yrnam B cepHueckux koopauHatax n = (6,p), n' = (@, ¢').
TepeiteM K MHTETPHPOBAHMIO 11O YAy 9 MEXIY BEKTOPAMM 12 M 1’
x
g¥(r, 7y =2x f dy sinyR, (Ir - *'l),
0
a 3areM K nepemenHoil t = |r — |2 = 1?2 4 #2 —~ 2rr' cos ¢

(r+r'y

00( ’) it e.'./?: eiﬁ(r+r') - ei'/ﬂf“f" eiﬁr> sin \/ET’(
g (rr)=———0= = - = .
' 4rr! Vi 2rr'ivz Tr'Vz

{r-r')
Qynxuns g aHaTMTHYHA B NAOCKOCTH Z, Pa3spe3aHHON BAOAb MONOXKUTEIb-
Hoii BewecTBeHHoM nonyocu R, . Cxavox Ha paspese z = k?

e*sinkre — e sinkr. 2isinkrsinkr’
: -

00 00
92 . —g.z_. g
ki+i0 k10 krr krr'

npupaBHUBaeM K —27iPr{riv.(r'). Tak MoxHO HaliT chepHUecKH CUMMET-
puuHbie cofcTBeHHbIE DYHKUHY HENPEPLIBHOTO CNEKTPA

h(r)=

sinkr

Ak

Yoo(n).
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IMonyepkreM, 4T0 311 QYHKINMH HOPMUPYIOTCH YCIOBUEM

[ B (r)ulr) dr =8k~ K?),

rie vHTerpan Gepercst 1o BCEMY TPEXMEPHOMY MPOCTPAHCTBY. >

218. Haiimu snauenue pesonveenmu R,(z,x') onepamopa

H= —-(1—‘;-2-5_+G[6(x+a)+6(w*a)]:

npu T =0uz' = 0. Kax sedem ceba R,(0,0) npu Ga > 17?
Pewmenne. PesonbpeHta YAOBAETBOPHET YPABHEHHIO
(z — H)R.(z,2') = 6(z ~ z')
W MOXeT ObiTh NpeiCTaBcHa B Buze (7.20)

v(@Ju(zs)
W 3

rae u(z) v v(z) — pemeHHs ONHOPOAHOM 3anaumn

R,(2,2') =

(z - H)u(z) = (z- }?)v(z) =0

C aCHMMITOTHYECKMMH yChaoBuAMH: u(x) — 0 npu 2 — +oo u v(z) — 0 npu
z — —o00, W = v(z)u'(z) — u(z)v’'(z) — ux Bporckuan,
B untepBanax z < —a, £ > a H —a < < 6 OOHOPOAHAs 3ataua

BBIFAIRANUT NPOCTO:
& d?
(2+ &?)u(z)—- (Z &-;:—2-)12(2)—0

# MX pPELICHHUA ABARIOTCA TAM JIMHCHHLIMM CYNEPNOUUHAMM 3KCINOHEHT
eV Kak QyHKUMM NapaMeTpa z OHH OJHO3HAYHBI B KOMILIEKCHOM fI0C-
KOCTH ¢ pa3pe3oM OT z = 0 [0 GECKOHEMHO YyIaneHHOH TOMKH, ACHMI-
TOTHYECKHM YCNOBUAM TpH T — 00 MOXHO YAOBRETBOPHTb, €CJIH MHHMas
4acTh +/Z JHAKONOCTOSHHA. DTO TaK, echn pa3pes nposeneH saons R,

Buifiepem B KOMNJISKCHON NAOCKOCTH TAKYIo BETBb /2, uto Im vz > 0,
Torga

ulz) =e**, z>a; v(z) = e V%, z<-a
3navenns u(z) u v(z) npu —a < ¢ < a (ko3 PHLHEHTH B AUHEHHBIX KOM-

OMHAUMAX IKCTIOHEHT e*i’ﬁ) ONpeAeNsIOTCA K3 TpeGoBaHHs HeNpPepbIBHOCTH
3rrx GyHKiMi npu ¢ = e ¥ CKaYKOB NPOU3BOAHOM
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u'(a+0) —u'(a—0) = Gu(a),
v'(—a+0)—v'(-a - 0) =Gv(-a).

B pesynbtate 1ig —a < & < 6 MONYYUM

wz) = (] + _}f_) govi _ 4G g ieVitdiaVE

1e ; G ;
=1{1 —izyz _ izZ+2iayz
v(e) ( +2¢z) e N ’

H BPOHCKMaH
W= 2:'\6[1 + 5’% (1- e"“ﬁ)] [1 + 5’% (1+ emﬂ)].
Orcrona cneayer, YTO UCKOMOE 3Ha4€HHUE Pe30JIbBEHTHI PaBHO
i 2WVE4iG(1 - e¥VE)
Wz 2z +iG (1 + e¥iovE)’
®yukuma R,(0,0) uMeer Touxy BeTBIEHMS npH 2z = 0, M €e CKa40K Ha pa3-
pese R, onpenensier TouHble coGcTBeHHble GYHKUMM H, npuHaanexaiue

HenpephiBHOMY criektpy. Ilycts Teneps Ga > 1, a z ~ ;'; B Benymem
npubauxeHuu no (Ga)~' pesosbBeHTa MMEET BUI

R,(0,0) =

i 1 — etavE
2VZ 1 + etiavE’
a 0COBEHHOCTAMM B TAKOM NMPHOJIHXEHHOM BbIPAXEHHH OKa3bIBAIOTCS MOJIOCH

Ha BEUIECTBEHHOH OCH B TOYKAX, COOTBETCTBYIOUIMX 3HAYCHMAM KBaIpaTHOTO
KOpH$

R;(0,0) ~

Vi = T(2n + l)‘
2a

Yyer caeayiouinx nopsakos no (Ga)_l JaeT I NOJIOCOB 3HAYEHMS C HEHY-
JNieBoit MHUMO# YacTbIO

Ve m2n+1) x(2n+1) =x2r+1)  7}(2n+1)?
"~ T 26a? Ga> | 4G
MBI BHIAMM, YTO 3HaK MHHMOH 4YacTH we coomeemcmeyem BLIGPAHHOW BETBH
GYHKUMH /2, W pe3o/NbBEHTa WA TeX 2, AN KOTOPHX Mbl €€ CTPOWIH,
NoJiocoB He umeem. MOXHO CKa3aTb, YTO €€ NOJMICH JIEXaT Ha JAPYroM
JINCTe PMMaHOBONH MOBEPXHOCTH KBAAPaTHOTO KOPHA v/z. TeM He Menee, npH
Ga > | 3Tn «Heduanyeckue» NOMOCHE JiEXaT 6AM3KO K paspely, TO ecTb
K HaUIEMY JIHCTY PHMaHOBOI TIOBEDXHOCTH +/Z, M 3TO JaeT OCHOBaHHS LA
nofmocHo# annpokcuMaunu R (z,z'). Taknm obpasom, wis z W3 BepxHeil
MOMYMJIOCKOCTH PE30/1bBEHTA MOXET ObITH NPUGTIHIKEHHO NPEACTABIEHA B BUAE
CYMMbl MOJIOCHBIX BKAAAOB B Toukax (7.38).

+.... (7.38)
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TTonoxeuus Takux nomocos OBbIMHO MHTEPIPETUPYIOT KAK KOMILIEKC-
Hble JHEPIMW PAcHafalOLIMXCH KBa3HCTALMOHAPHBIX COCTOAHMHN, JHEPIHH
KOTOPBIX MMEIOT Malylo MHHUMYI0 vacth. KBadMCTaUHOHapHBIE COCTOSHMs
UCTIOAB3YIOTCA AIA ONMCAHMA paciafa paauoaxTHBHBEIX flep N HeCcTabMab-
Heix yactuy [B31171]. Moas3osaThes, OAHAKO, MOMOCHBIM NPHGAMXEHHEM
HYXHO ¢ OCTOPOXHOCTBIO, NOTOMY YTO, CTPOTO IOBOpS, KBa3HCTallHOHapHbie
COCTOSIHMS IPHHALIEXAT HENPEPbIBHOMY CIICKTDY. B yactHocTH, ecnu onpe-
AenuTh cobeTBeHHBlE GYHKIUMM 9,(Z) ¢ KOMIIEKCHHIMH SHEPTHAMM Heped
BLINETH PE30AbLBEHTH B TAKMX TIONIOCAX, TO OHH OKAXYTCH IKCHOHEHUHAIBHO
pacTyutumu npH || — 00. 310, BAPOYEM, HE O3HAYAET, YTO WX HEb3A
UCMONL30BaTh HH B KaKHMX 3asgayax. B orpaHuucHHOM 06aacTH APOCTPAHCTBA
BOMHOBAA DYHKIMA Pacnajaioerocs COCTOAHNA MoXeT ObiTh MpeicTaBieHa
KaK MHelHas CYNepro3Hiius TaKHX HEeHOPMUPYEMBbIX cobeTBeHHBIX dyHKUM
¢ KoMaekcHbiMi axeprusimu. Flpu s1oM Heobxonnmo, yrobni paiMep >T0H
obnact Obl1 MEHbIUE, YEM iapamepﬂbm obpaTHbiit noKalaTe/b SKCIIOHEeH-
UHANBHOIO pocTa PYHKUMH Y, (Z).

7.5. 3apnaum

219, Haiitn ¢yukuuio Ipuna oneparopa L = ;”-;— + 1, ne#icrByiouiero
Ha npoctpancTee dyHkumit u(z), ¢ € [0, 1], ¢ mepHoaUNECKHM TPAHHYHLIM
ycaosueM u(0) = u(1).

220. Haitn dyukumio [puHa K BbIIMCATh PEINCHHE HEOAHOPOLHOTO
ypaBHeuus u” = f(z), ecam:

@ w(-)=u(l)=0, z€[-11}
6) u(0) =u'(1)=0, =zelo,1]

221. Haittu dynxunio [puna ypasHenus Tpersero nopaaka u” = f(z),
ecan u(0) = u(1) =0, u'(0) = v'(1).

222. TMoctponts dyHkuuio [puHa 3ana4 ¢ rpaHUUHBIMHU YCJIOBHAMM!

d
(a) Eg. + kG = 6(x — 2'), G(z,2') =0 npu z < '}

&G 2 , , ,
(6) — +k°G=68{x—-12'), Gz, ') =0npuz > 2.

dz?
223, lloctpouth yuxuno [puHa aas oneparopa
d? 2
L= u{0) =0, ul(oo)<o0o, 0Kz <00

de? 2’
224, Haiitu dyuxunio IpuHa caeayoinX KpaesbiX 3a1a4 Ans YPaBHCHNA
koneGauui crpynwl u” + k*u = f(z). = € [0, t]:
(a) w(0)=u(1)=0;
(6) u'{0) = u'(1) =0;
(8) u(0) = u(l), «'(0)=u'(1).
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225. Haittu dbyuxumio Ipuna ypasHenus u” — k?u = f(z) ¢ rpaHMuHbIMH
YCIOBHAMM:

(a) u(0) =0, byHkuus u(z) orpanyeHa npu £ — +0o Ha nonyocu ¢ > 0;
(6) u(z) — 0 npn = — *oo.

226. Hcnonbsyst ¢dyHkuMio [puHa W3 3agaum (6), MONYYUTb pelueHHe
YpPaBHEHHSA

V' +EY=f(z), Imk=0
C rpaHH4HBIM YCOBUEM ¥ — €'F% npn £ — 400; f(z) — 0 npu £ — oo,

227. Haiitn dynkunio [puHa ypaBHeHHS

1 m?
4 '
vt -u —-m—zuzf(a:), z € [0,1],

C FPaHHYHBIMHK YCIOBUAMH: t(x) orpaHnyeHa npu = — 0, u(l) = 0. [Touemy
(hYHKLIHA TIOnyYaeTca HECUMMETPHYHO: G(z, z') # G(2', z)?

228. Haiitn o606meHnyio dyHkunio IpuHa nns onepaTopos:
dZ
@ L=, w(0)=u(l), «'©) =)
d? By
6) L= Eg—mr , w0)=u(l)=0;
(8) L= Ll +x, W'(0)=4'(1)=0;
dz? ’ ’
2

() L= ;;2— —1, u(0)=4'(0), u(1)=1'(1).

229. Kak 6yzaer Buipaxatbcs Yepe3 o6obuieHHyIo pyHKunio Mprna peue-

HUe HEONHOPOIHBIX YPaBHEHHH ¢ HEONHOPOIHBIMH TPAHHYHBIMM YCAOBHUAMH:
d?

(a) Lu= f(z), u(0)=a, u(l)="b, L= ) + 7

© y=f(), W) -w'©®=a, s()-w()=b L= 1

dz?
[pu Kakux ycaoBHAX Ha f{Z) ypaBHEHHA NMEIOT peLieHHs?

230. Haiitn dynkuuio IpHHa TpexMepHoro ypabHeHHs flyaccoHa Au =
f(z,y, z) B nonynpoctpanctee z > 0 ¢ rpaHu4HBIM ycnoBuem u(z, y, 0) = 0.

231. Haittu ¢yukuuwo IpuHa ypasHeHws [lyaccona Au = f(z,y, z)
B o6nact z >0, y > 0 ¢ rpaHnyHbIM yenoBueM u(0,y 2 0,2) =u(z 2 0,0,2) =0.

232, Haiitn dpyHkunio Fpuna ypaBHeHud Tensmronbua
Au-ku=f(z,y,2)

B MOJIYAPOCTPAHCTBE 2 > () ¢ rpaHHUYHbIM ycnoBuem u(z,y,0) =0.
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233. Haittu dynxuuio Tpuna ypasrenmus TlyaccoHa sHyTpu nosycde-
pol 22+ 32+ 22<R?, 2>0 c HyneBbM rpaHMuHbLIM ycnosueM G(z2+y+
22=R}) =G(z=0)=0.

234, Tloxa3zate, YTO AByMepHOe ypaBHeHue Jlanyaca KOBapHAHTHO OTHO-
CMTEILHO nipeobpa3osaHus WHBEPCHHU 7§ = %".

235. Hcnonb3ys yuxuuio Ipuna ua samaum 204, pewnts 3anady u-
puxne ulg=sin2p B Kpyre r < R.

236. Haitrut peinenne 3axaun Helimana ans ypassenus flyaccoHa B no-
aynpocrpaHcrse z >

a
5‘;“(3’,!}:3) -—g(z,y)

z=0

237. C nomouibio pyHkumu Ipuna TpexmepHoro ypasHenua Hpéaunrepa
1
5 (A+K)G(r,r)=6(r~7"), 1limG(r,r')=0
¥ 00

BbIBECTH MHTEIPALHOE YPaBHEHHE AN BonHOBoH dynxuuu ¢{+H(r) ¢ acumn-
TOTHYECKHM HOBefeHHEM Ha GECKOHeYHOCTH: IUIOCKas TUIIOC PacKOmsiasncs
BonHa (0CHOBHOE YpaBHeHUe TeopnH pacceaHust). [loTenunan npeanonaraercs
yousaomum U(r) — 0 nput 7 — 00,

238. Hokazats, u4ro ¢yHkuua IpMHa ypaBHeHHA TeIJIONPOBOAHOCTH
g = U, NIO3BONSAET FOAYYHTE ONepaTop 3namouunu {byuxuso [puHa sTroporo
pona) no dopmyne
G,(z—-2' t)=G(z,t;z',0).
239. Haiitu dynkumo Tpuna G,{z — z’,t) ypaBHeHHs TeNAONPOBOAHOCTH

¢ nomowbio npeobpasosanns Oypse: No BpeMeHU, MO KOOPAHHATE, 110 06eUM
NepeMEeHHLIM.

240, HavanpHoe pacnipeaeneHue TEMIEpaTypsl rayccoBo:
exp (—z?/2a?)
avn )

Kak oHo 6yxeT 3BO/IOLHOHKPOBATh TIO BpeMEHK?

u(z,0)=

241, Hailtu ¢yHkumio [pHHa ypaBHEHUS TETUIONIPOBOAHOCTH U = Ugy
¢ rpannyHbIMM yerosuamu u(t,0) =0, u(f,00) =0.

242. Haiith pewenune 3anaun Kown u(z,0) =25, u(0,¢) =0 212 ypasue-
HUA TenjonposoaHocTH B obnactn z 20, £ 0.

*} [Ipeobpasosaniie HHBCPCHH — TOMBKO OHO M3 LENOA rPyrnet KOHGOPMHBIX Npeobpaso-
panuii [JIILR7]. ocTARSHOUINX TAPMOHIYCCKYIO DYHKUHIO rapMOKituecKoll.
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243. TloctpouTs BpeMennyio GyHkuuio Ipuna 3amaun Koium K ypashe-
Huio UlpéauHrepa 1isi OAHOMEPHOTO rAapMOHHYECKOTO OCLMIIATOPA
.o gv. @ "2+wz:1:2 .8
i—= =4 — =—i—.
at ! 2 2 PP
244. Haiitv dyHkuuio [pvHa HEOXHOPOAHOIO [BYMEPHOro BOJHOBOTO
ypaBHEHHS.

245. Haittu ¢ynkurn IpuHa BTOpOTO pona ABYMEPHOTO BOJIHOBOTO
ypaBHEHHS.

246. OmnpepenuTh 3anasabisaoutyio dyHkuvio IpyHa TpEXMEPHOTO BOJ-
HoBoro ypasueHus (7.11).

247. ToucuHblii 3apsa ABMXeTca no 3akoHy r = R(t). [Mone3yacs GyHK-
uMeit [puHa, HANTU cKalspHBI NOTEHLIMAA BO BCEM MPOCTPAHCTBE (nm‘cn-
uuan JleHapa— Buxepra).

248. MokasaTb, 4TO pELIEHHE HEOMHOPOJHOrO BOJIHOBOTO YpaBHEHUS
Uy — Uye = f(z,t) MOXeT GbITh NMONYYEHO M3 pELEHHS 3amayu Koumm mns
BCroMoraTenbHo# dyHkuun v(z,t;7):
ov
Yy — V=0, v(z,7;7)=0, E(m,t;f)

= f(z,T),

t=1

rze 0 <7<t — napametp, ¢ MOMOLLBLIO (POPMYJibl
t

u(m,t):/v(:c,t;‘r) dr.
0
249. HaiiTH HenpepsIBHBIA CNIEKTP CIERYIOLLIMX ONEpaTopoB, OfNpeae/ieH-
HBIX Ha BCeil BellleCTBEHHON OCH:
(a) A=z;
d2

az?’
(B) A=—E;'2'+:t .

(6) 4=~

250. HaifTH HenpepbiBHBI CIIEKTP GECKOHEUHOH MATpHilbl, ¥ KOTOPOi
3NEMEHTHl HAad M MO INIAaBHOM AHArOHaIbIO PaBHbI COHHMLIE, @ OCTa/IbHbIE
I/IEMEHTH — HYJIIO:
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7.6. OrseTbi

e“(z"z')
pora ecn < 2’
219. G(z,z) =
el»—(x—:’)
, ecamz>z.
e—1
1 —1
220. (a) G(z,2') = ,(fs;*"_)i(ﬁ___l

z t
u(z) = g:—;~l/(:4:’+ 1)f(z')da:'+£—-2ﬂ/(a:'-— 1)f(z')d='.
[ z
(6) G(z,2')=~min(z,z')= -z, u(:c):—-jm‘f(z‘)d:c‘-—mflf(z’)d:e‘.
0 z

221. G(z,a') = %:c<(:c> —~)(z-2).

222. (a) G(z,z")=0(z —z')e *="7),
(6) G(z,2') = —0(z’ - T)sin 5“-(—’%3-’—)‘

2%
223. G(ﬁ,ﬂ!’) =- 5;-‘ .
>

sinkzsink{z, — 1)

224. (a) G(z,2)= k#rn,n=01,....

ksink ’
coskz . cosk(z, — 1)
0 = =
{6) G(z,2') ey , k#=wn,n=0,1,.
n cosk(z,—z,~1/2)
] = ) k#2 yR=4U, 1, ...
() G(z,z") Sksin(k/2) #2xn,n=0,1

1
225. (a) Gz, ') =~ 7 €XP (—kz.)shkz., k#0.

1 |
(6) G(z,2')=— ﬁexp(——k(z;, -z ))=— 57, %P (~klz—='), k#0.

226. p(z)=€"" - % /sin k(z-z')f(z')de'.

z

z mim m .
227. G(z,z')= (Zm)z< (23 -23"), m>0;
a:'[na:>, m={.
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| | |
228. (a) G(z,z')= ﬂi(m> —z<)2 + -2-(:1:> z)— 7

T COSTET, SINAL + T COSTEL SINTT

(6) 6(z,) = =
SINTZT> SINTTc  SINAT COSTT

2x? T
T, SINTL COSTT ¢ + L SINTT L COSTEL

(¥ Glz,2') = - u
COSTE, COSTEL.  SINAL COSTL
B 272 x )

(r) G(z,z')= easd [Z(Jze2 —(z+2')] —ach(z- ') - %e-lz—z'l’
1
e—1
i
229. (a) u{z)=a(l —x) +bz+/G(z,az') [£(z') +7’ (a(1-2') + bz') ] da’ +

0

+Csin7e,
1

nm(e+b)= f sinzz f(z)dz.

0

(6) u(z)="5(1 +a:)—am+/G(m,:z:') [f(z') +ax'—b(1+2')] dz’ + Ce*,
0

a—be:/e’f(z)dz.

0
230. G(z,y,z:2 9,2y =F(<) - F(-2');
1
F(I,y,z) ==

ar\fz-2Y+ -y + (-2
1. G(z,y,2;2",y, Z’)=F(m’,y')—F(—w',y')—F(:v'ry’)+F(—m',—y');
( 1y)__ , > N
an\/(z—-2") +(y—v) +(z-2')
232. G(z,y,2:2,¥,2)=F(z,y, 22y, 2") - Flz,y,z;2"y,~7);
exp (\ﬂw—z’)2+(y—y’)2+(z —2’)2)
any/a—2 ) +y-yV+(z-2)

F(z7y;z;m'7ylvz')= -

196
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233.

234.

235,

236.

237.

238.

239.

240,

241.
242,

243.

244,

245.

-~ R R?
G(r,G,ga;r",O',gp')=F(r,r’,§b)—F(r,r’,q/))-— '_,F(ri 71#’) +
T
R R .
+;‘;F(1', ‘1_‘,‘:";’)3
i

F(";"',lf’): - ;

41\/r2+r'2—2rr'cos¢

costp =cosfcosd’ +sindsing’ cos(p — '),
cost = —cos#cos 8’ +sindsind’ cos(p — @').

Ap =80

20
=2
u(r,cp) =r’sin ik

g(z',y') dz'dy’
e o f/ V-2V +y-y)+27

(+) — ; e exp(t'k[rmr’l) Sy ]
P (r) =exp(ikr) 21/*—"—"—-—“—*—"-"_",' U@y () dr'.

Yikazanue: HavansHoe ycromne u(z,0) = ¢{2) MOXHO nepeHecTH B 1pa-
BYIO YacTh YpaBHEHMs, TIONYYHTCA Uy = Uz + P(x)5(2).

6(t -z')?
G(z,t;2' ,0)= _\/_‘(T%'? exp [—— g_o,_:—)"] —8{z—='), t—+0.

1 1 z?
—= ———exp | — 55— |. JIucniepcusi NpH PacTUIBIBAHKHY TAyCCO-
Jar a1 2t p( 2(a2+2t)) Aucniepcust npu pacrin yee
BOTO NaKeTa PacTeT NMHEHHO CO BpemeHeM o2(t) = a? + 21,

-2y 34-3'2
G(z,t;z',0)= o) [e'LﬁJ“ - e‘L“FL] .

vant
u(z,t) = ° + 202>t + 60zt>.
() w(zcoswt z')?

Glz,t;z \/ t e ||

(= Clgwt exp | ¢ sin 2wt

9(67—'1’)

Gir tir' t' =-°—-—-———-,__,m.

(r.t;r',t) w Jaag

1

GV (r,r' 1) = — 9 . GO (r,r' )=

2 0t =g a0 -

Peniensie naerca chopmyaoiz Hyaccona
8 p(r)d' l y(r')d2r'

21rc¢9t \/—T—_(;-ﬁ D m

u(r,t)=
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246.

247.

248.

249.

250.

c
t;r' t)y=—=6(p— =lr—7r' =t—t.
G(r.t;r',t) anp (p—cr), p=ir—r], 7

c 1
ax |r—1'| = 1/cR(E)r -1’

1
é(r,t)= r'=R(t), t'=t—-lr—-7r|
C

Yxazanue: 1o dopmyne Jdanambepa (7.35) HaiizeMm pelleHHe BCTIOMOTa-
TeAbHON 3ama4H

: z+(t~1)
v(x,t;r)zi / f(z' 7)de'.
z—(t—-1)

Juddepenunpys no ¢ 1 z cdyHkuMio u(z,t), MOKaXWTe, uTC OHA
YAOBIETBOPSET HEONHOPOLHOMY BOJIHOBOMY YPaBHEHHMIO.

(a) HenpepbiBHBI} CNEXTp COBMaNaeT CO BCEH BELIECTBEHHON OCHIO.
(6) HenpepbiBHbiii criektp A2 0.

(8) HenpepniBHoro criekTpa HeT. CobcTBeHHble GYHKUNH IUCKPETHOTO
CMEKTPa — NOJAMHOMBb JpMuTa — 06pa3yioT nojiHbii HaGop.

HenpephiBHBIH CIEKTP Ha OTPe3Ke —2 <A< 2.

Inasa 8
UHterpanbHblie ypaBHeHUA

8.1. Vpasxenun ®pearosbma

YpasHeHus, COEpXalline HeHIBeCTHYI0 (PYHKLHIO 110]1 3HAKOM MHTErpa-
113, Ha3biBAOTCH WHTErpanbHbiMi. Kak ObL10 MOKA3aHO B ApeAbiAyMicH rase,
auneitHoe auddepeHuNanbHOE YPAaBHEHHE

Lp(z)=U(z)p(z) +9(=)

¢ anddepeHunaibHbIM onepatopoM L, NCHCTBYIOUUM HAa ONPEACNICHHOM
knacce Gyuxunit P(z), z € ), 1 IMHEHHBIMA TPAHUYHBIMM YCTIOBUAMH MOXET
ObITH CBEACHO K MHTSIPANbHOMY YPaBHEHHIO

P(z)= /G(m,m')U(m')w(m') dz' + f(z). (8.1)
Q

3necs G(z,2') — dynkuus Tpuna oneparopa L,

flz)= / Gle,2')g(s) dz' 4 7(z),
1]

() — BKJIAL OT HCOMXHOPOMHBIX TPAHNYHbLIX YCAOBHA.
VpasHennem Ppedzosvma nepéozo poda Ha3biBacTCH ypaBHEHHe

0= / K(z,z)(z')dz' + f(=). (8.2)
Q
YpasHeHrHe Buaa
v(e) =2 [ Kie,2)o(@)ds'+ f(o) (8.3)
0

Ha3biBaeTCs ypaBreHueM Ppedeoisma emopozo poda. B avom ypaBHEHuM A —
criekTpajibtbiil napameTp.
Ecau sapo K (z,z') unrerpaisHoro oneparopa s (8.3), (8.2) ynosnetso-
pAeT YCAOBHIO
- n_ | K(z) npn z'<z;
K(“’)‘{o npu  z' >z,
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TO WHTErpajbMble ypaBHEHHMs Ha3blBAlOT ypagHenusmu Bossmeppa cooTBet-
CTBEHHO 1-TO ¥ 2-ro pona:

0= / K(z, 2= dz' + f(x), (8.4)
w@=xfxm¢wmmw+ﬂ@. (8.5)

YpasHenue (8.3) (a Takxe (8.5)) MoxeT GbITh 3anKcaHo B 0003Ha4YeHHsAX Opa
M KeT:

(- 2AK)p) =11 (8.6)
3necs K — nHTerpaibHbii onepatop, uMelowui anpo K (z,z').
VpabHeHHe (8.6) pa3peminmo, ecid CyllecTByeT oGpaTHbI oneparop

x A=1-AK, uasbiBaeMmblii pesonibBeHTOi. B 3TOoM ciydae pewenue (8.6)
3arUCBLIBAETCs B BUIE

lp)=Rlf), R=(1-rK)" (8.7)

SIBHOE BBIDaXEHME U1 DPE3OJIbBEHTH MOXET ObiTh MNPEICTARIEHO B BUIE
pana mo A (pasnoxeHue HeitMaHa, OHO Xe — MeETOI TOCHEAOBATENbHbIX
npubIMXeHuii):

B=1+ 2K+ XK +... =D _A"K". (8.8)

n=0

3mech K™ TakXKe MHTErpalibHbI ONEpaTop, €10 AP0 Ha3biBalOT MOSMOPHLIM.
sAnpo 3anaetca Gopmynoi:

K,,(:B,a:')=/da:1/da:2...fda:,,_lK(a:,xl)K(ml,xg)...K(:t,,_l,a:').
Q 0 )

Ecm [|K(z,2')|de' <M, topany =3 A" K™ f paBHOMEPHO CXOAUTCS B KpY-
Q

re pagdyca |A| < % B 4acTHOCTH, 3TO 03HAYAET, YTO ONHOPOAHOE ypaBHEHHE

(1-AK)|9) =0 (3.9)

MMeeT TOJbKO TpMBHanbHoe pemieHue [P} =0. Tpu stom peuienue (8.7)
SIBNSIETCS €IMHCTBEHHBIM.

8.2. BoipokpeHHbie agpa

B ApyroM BaXHOM CIyyae — enpoxcoeHHbix ANiep, KOThAa

N
K(z,9)=>_ ¥u(@)¥u(y), (8.10)

200 Thasa 8. Humezpanvrwe ypasuenun

pewieHye ypasHeHus Ppearonsma (8.3) cBoguTes K 9MCTo anrebpanueckoi
npoueaype.

Dyukunn {¢P(2)}, a Takxke {P,(y)} MOXHO cCuMTaTh NUHEHHO He3aBU-
CHMBIMH (B MPOTHBHOM Cllyyae BHa4ajie HEOBXOAMMO BBIPa3HTh BCE IMHENHO
3aBuCHMbie QYHKIINM Yepe3 NMHEHHO HE3aBUCHMDbIE).

Hns HaxoxaeHus pemieHus ypasHerdus OpearonsMa BTOporo poja ¢ Bbi-
POXAEHHBIM AADOM

N
¥ =23 vala) [ Fnlwp)dy+1(2) (8.11)
ne=| a

paccMmoTpuM pasHocTb @{z) =¥(z)— f(z). Eenm pasnoxuts 3Ty pasHocTh
no GyHKUHM Pg(2),

N
<P($)=»*ZCn¢n(2),

10 13 (8.11) BuaHO, 4To Ha KO3pdHuHeHTH! C, NTONYYAETCH CHCTEMA IMHERHBIX
anreGpanyeckuX ypaBHeHH

N
Co=A) MuCi=fa, (8.12)
I=1

rae fi= ‘j;%(y)f(y) dy=(ilf), Mu= [ Pa(¥)i(y)dy= Pulr).

Peuienne ypaBHeHu# (8.12) Moxer 6biTh, HaNpHUMEp, HAHIEHO C MOMO-
wiblo npasuia Kpamepa. Ecan det(1 - AM) #0, To

C=(1-AM)"'f.

3aeck C,f — pexTOoph ¢ KOMTOHeHTamu C, W f,. Ecmn det{l — AM) =0,
To Matpiua L =1~ AM He uMeer obpaTHyI0 W peuieHHe ypaBHeHu# (8.12)
paspewiumMo He Ans BeeX f. JLis paspeliuMocTi HEOBXOMMMO HATH pelIeHue
CORPAXEHHON 3agauun s oneparopa L:

(CIL=0, (8.13)

rne (C| — cTpoka. Yucno nuHeiiHo HesaBMCHMBIX pewenmit (CT] 3tolt
cuctembt pasHo N — g, tae ¢ — paHr Matpuust L.
YcaoBHE paspetiMMOCTH YPaBHEHHUS

(1-AM)IC)=1f) (8.14)

COCTOHT B OPTOrOHANBHOCTH TIPaBOil YACTH KO BCEM BEKTOPAM CORPSKEHHOM
3anaun (8.13):

(1) =0. (8.15)
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D70 ycNOBUE ABIAETCH HEOGXOMMMBIM U AoCTaTOYHbIM. B aToM Cayyae pelue-
Hue ypaBHeHus (8.15) onpeneaeHo ¢ TOUHOCTBIO 40 IV — ¢ KOHCTaHT Ap:

N-¢
€)= 4,|C" )+ (1 - AM)7'|11). (8.16)
r=1{
N-¢q -
3nece |f1)=P.|f), P.=1-3 |C"}{C"| — nonepeuHbiit K BekTopam |C")

r=|
npoekrop, a Bektopa |C®) u (CP| npeanonaraoTcs B3aUMHO-OPTOFOHAIbHbI-
Mu: (CP|C®) = b,p.
ChopMynMpOBaHHbIE BbiIlE YTBEPXAEHHsS NPEACTABASAIOT CO00# TeopeMy
(anstepraTBa ®penronsMa), Kotopas B 0OLIEM Cilyyae FIacHT:

e YpasHeHue (8.5) MMeeT eAMHCTBEHHOE PEUICHHE, EC/IM OJIHOPOAHOE Ypas-
HeHue (8.9) mmeer Tonbko TpUBHaNbHOe pemende |¢) =0. IMpu atom
conpsxeHHoe K (8.9) ypaBHeHMe HMeeT Takke TOJbKO TPHUBUAIbHOE
pelieHHe.

e Ecau onnoposHoe ypasHenue (8.9) nMeeT n JHHeitHO HE3AaBUCHMBIX pe-
LIEHKA, TO compsaxeHHoe K (8.9) ypaBHEHHE HMEET POBHO CTOJLKO XE
NHHEMHO He3aBUCHMBIX peleHHit (Y|, a ana P23pelIMMOCTH ypaBHe-
uus (8.5) HeoGXONMMO H IOCTATOYHO, 4TOOH (4|f) =0 ana xaxmoro
k=1,...,n. pu BEINOAHEHUU 3TOTO YCIOBYA 00ILEE PEIICHHE 3aMTUCDI-
Baercsi B Buae (8.16).

8.3. Teopema lunbbepra—Liimuara

Ilns cumMeTpHyHbIX onepatopos K(z,y) =K (y,z), yaoB1€TBOPAIOILMX
YCIOBHIO MHTErpupyemoct Monyas K(z,y) B kaapare

/f|K(z,y)|2dzdy<+oo,
Q

1]

cripaBeHBa meopema lunrsbepma— lImuoma: Ecnv f(z) npenctaBuma yepes
sapo K(z,y),

f(z)= / K(z,9)9(v) d,
93

TO 372 (GYHKUMS MOXET ObiTb pa3noXeHa B Pl 10 COGCTBEHHBIM byHkuu-
AM |¥,) uHTerpansHoro onepatopa K, (1 — A, K)ly,) =0:

f($)=z,fn1f)n(z) uin |f)=zfnl¢n),

rie fn:('pnlf)-
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Wcnosnbays 31y TeopeMy, MOXHO YCTaHOBMTD, uto Aapo K{(z,y) Moxer
6biTh npesicTaniMo B Buae (GuanseitHas dopmyna):

E(z,9)=)Y_ A 't (=)¥n(v), (8.17)

n=|

Ui COOTBECTCTBEHHO

B=Y " 2wl (8.18)

n=1|

Apumep: [lokazaTb, 4TO A7 MHTETPaibHLIX OMEPATOPOB BUIA

Ry= j K(z,9)p(y)$(v) dy,

rme p(z) >0 — semectBeHHoe u K(z,y)=K*(y,z), cobcrBennble dyHK-
HHH C PasINYHLIMH COGCTBEHHBIMM 3HAYEHHSIMM B3aHMHO OPTOrOHAIBHbI
¢ BecoM p(z):

] B(2)Pml2)p(2) d = o

Pemenne. Cobcreennbie Gynkunn ¥, {x) u ¥, (z) ynossersopsior ypas-
HEHUAM:

/ K(2,9)p)¥n(s) 8= atula),
/ K(2,9)0()$n(0) 89 = tm¥m(2).

CHayana MoKaxeM, MTO BCE COOGCTBEHHBIE 3HAUCHUS fi, =\, — BEHIECTBEH-
Hble. YMHOXMM 06¢ 4acTH, HanpuMep, AepBOre paseHcTsa Ha p(z)y)(x)
u npouHTerpupyeM no . Caesa noAYINTCH BbIPAXKCHHE

/ K(z,5)p(y)p(@)ba(0) ¥ (z) de dy,

BeiectTeeHHOe B cuay cummetpun K(z,y)= K*(y,z) (nposepserca kom-
fUIEKCHBIM CONMPAXEHHEM H 3aMeHOM MepeMeHHbIX HHTEIPHPOBAHHSA T — ).
BelecTBeHHOCTD NPABOR YACTH SKBUBANCHTHA BECLIECTBEHHOCTH COBCTBEHHO-
ro 3HaucHus, Jatee, yMHOXHM nepBoe paseHcTBo Ha p(z)¥),(2), BTOpoe —
na p(z)y(z) u nponnTerpupyem no z. JleBbie YaCTH OKAXKYTCH KOMIUIEKCHO
CONPAXEHHBIMY IPYT APYTY B CUAY TOd Xe cumMeTpuu sapa K(z,y). Yeaosue
XK€ KOMIHICKCHOW COMPSXCHHOCTH NpaBbiX 4acTeil, BMECTE ¢ BEUIECTBEHHO-
CTHIO fin H fi, JACT:

(st — bim) / ple)¥n(2)¥in(z) d =0.

Orciona ¥ CAeNyeT NDK My, # fm OPTOrOHAABHOCTE Yu(z) U P(z) ¢ Be-
com p(z). . >
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fpumenerine Teopemnl Mnbbepra— LLIMuara, B yacTHOCTH OUITMHEHHOM
GopMYbl, OKa3hiBAaETCH BECEMA BAXHBIM A pelieHus CIeKTpanbHOA 3a1auun
ang oneparopa rypma—Jlnysunng

d dy
-1
=—p i plx)— Tyy=A 8.19
Lyp=-p dm(p( )dx)-*rq( )y =Xy (8.19)
¢ ONHOPOAHBIMK IPAHNUYHBIMH YCAOBHAMH Y HEKOTODHIMH DYHKLMAMH pl2)
u g(z). B atom cayuae ypasHenue (8.19) nocpeacrsom GyHkuuM TpuHa MOXeT
GbITh NPEACTARIEHO B BUAE HHTErPATLHOTO YPABHEHHA

#()=1 [ (e u)puv )y,
Q
rae bynkunsa [punHa aenserca cumMmerpuyHoi: G(z,y) = G(y,z). Otciona, He-
noxs3ya reopemy Tunnbepra—IliMuara, MOXHO NOKA3aTh, YTO COGCTBEHHbIE
dyuxuun aas onepatopa Nunbbepra— LHMuUITa OpTOroHanbHbI € BECOM p(z).
Ipu 3170M coBerBennbie GyHKUMH oBpa3yioT nonHbi Habop.
Apumep: Onpenennts Beconbie GyHKLMM Wwin: a) GyHkuuit beccens Ju{z);

6) nonmuHomos Jlareppa; B) noauHOMOB DpmuTa, Hexoas u3 anddepeHun-
aNbHLIX YPABHEHHH, MX ONPEINTIOILHX.

Pemenne. a) YpasHeHue Beccensst MOXeT OBITh ITEPENMCAHO B BUIE 3a-
JaYK Ha COBCTBEHHBIE 3HAYCHMS:

d d )
(a: e +x2) Jo(z) =" Ty (z),
TaK 4To BecoBast GyHKUMs p(T) = <. B U€IOM COOTHOLIEHHE OPTOrOHANBHOCTH

z
BRIMMAANT TakK!
0

dx
f?Jn(z)Jm(z) =0, m#n
o
6) YpasHeHue 1% NOJTKMHOMOB Jlareppa rnepenuchiBacTCs B BUAE:

d d
2z _—m —~&_m+i m m
er " —e "z — L {z)=—-nlL(z
- — L(z)=-nL;(z)
" plz)=e*2™,
B) YpaBHeHue, onpefensioiiee NMORMHOMBE DIPMUTE, TEPEMHCHIBACTCH

B BUAeE: p P

2 gl
F e e H,= ~2nH,,

dzr dzx

TaK uro plz) = e7. >

€
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8.4. O6patHan 3afava pana oneparopa llpepunrepa

Noa obpamnot 3anaueit win oneparopa Lpéanurepa
82
Lz —— Uz
¢ U(z)—0 npu |z| — 0o noHuMaeTcs 3anaya BOCCTAHORIEHMS NOTEHLMANA
Mo JaHHBIM PaccesHH, T. €. ACUMITOTHYECKUM COCTOSHHAM IS CEKTPaih-
HoWt 3aja4M s oneparopa L:

L= (5‘9;22« +U(m)) ¥=-k'0. (8.20)

Oneparop L, Kak W3BECTHO, OTHOCHTCH X CAMOCOMPSAXEHHBIM ONEPATOPaM.
Ero cnexrp uucro aeiicreutenes: Im k? = 0. HenpepuiBHbIH CIEKTp onepaTopa
Ulpénunrepa aexut npn k2 > 0, IMCKPETHOMY CEKTDY OTBEMAIOT COCTOSHMS
C OTPHLATENbHBIMM SHeprUaMu B, =k <0.

8.4.1. Ilpaman 3ama4a paccesnua
Jnsa mobuix asyx peweHudt (8.20) ¥, u ¥; BpoHCKHaH
LAVIR FYER 2} FPEg IS 5 (8.21)

He 3aBucuT oT Z. [Ipuuem dynkunu ¥ u ¥, JIuHeliHO He3aBHCHMBI, €Ciu
BPOHCKMaH MEXIY HMMHM OTAWYEH OT Hyas. JLast onpeneieHns KaHHLIX pac-
CestHUsl CPEnM peiileHHit M3 HENpPEPRIBHOIO CrieKTpa yaocbHO paccMoTperh

crnieLManbHMi Knace peuieHuit — ghyuxuyuu Hocma, ompenenseMbie yepes
ACUMIITOTHKM NpH 2| — 00!

Y(z,k)—e™  upn z-— oo, (8.22)
®(z,k)— e  npu z— —cc. (8.23)
Onpeaeaensble Takum o6pazoM GyHKHMH ¥ ¥ ¥ OYEBMIHO MHMHEHHO
HE3aBUCHMEI, 06pa3ys nipH 3ananHoM k? nonubi#t Gasuc pewennit. Mosromy &

n ®* MOryT GbITh pasioXeHH 110 P H P*:
®(z,k) = a(k)y’(z,k) + bk)y(z, k), (8.24)
*(z, k) = b"(E)¢" (2, k) + o’ (k)9p(z, k), (8.25)

WK B MaTpHYHOH 3alMCH:

(3)-( &) (¥)=s(¥)

W3 (8.24) u (8.25) c nomombio (8.21) caenyer, uto

1 1
k)= — b(k) = — = * .
a(k) h.kW(@,'/)), (k) ZikW(q’nﬁ h (8.26)
a TaKxXe ONPENENUTENb MarpHlib riepexona (MM MarTpHiibi paccesHus) 3
PaBCH €AHHMULIC
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detS=la’— |b)*=1. (8.27)
HOCJ]ellHee COOTBETCTBYET oﬁuquomy 3aKOHY COXpaHCHHWA.
r?+1d? =1,

rae r=% — KO3(hDUIIMEHT OTPAXEHH, a d=}, — k03(pPULIMEHT TPOXOXKAE-

Hus. W3 (8.24) u (8.25) caenyer Takxe, uro npu Imk=0
a(k)=a'(-k), b(k)=0b"(-k). (8.28)

B cuny onpenenenus (8.22), (8.23) dbyuxkuun Hocra 9 n ® aHanuTHYECKH
NPOHOKHMBI B BEpPXHIOW nonymiockocts k (Imk >0), coorrercTBEHHO 9%*
n &' ananuTuyHBI B HMXHeH noaymnockoctH (cm. samauy 257). [Moatomy
¢dynkuns a(k) cornacho (8.26) aHATUTHYECKH NMPOJOIXHMA B BEPXHIOID FO-
nynockoctb. Tlockonsky npu k—oo ¥ —e'**, & — e %%, dynkums a(k)
npu k— oo cTpeMUTCA K edMHMUe. TOUKM BepXHEH NONYIUIOCKOCTH, Tl
a(k,) =0, COOTBETCTBYIOT AMCKPETHOMY CIEKTpY. BpoHCKMaH B 3THX ToYKax
cornacHo (8.26) paBeH Hynio, T.e. QyHKUMH ® M 9 NMHEHHO 3aBUCHMBI:
®(kn)=Cratp(ks). C npyroit cTOpoHBI, 3TO €CTh peiueHHe ypasHeHus (8.20),
3aTyXaloLlee KaK NpH & — 00, TaK U NPH & — —0o0 (N0 onpeaeaeHIo GyHKUMH
Wocra (8.22) u (8.23)). TakuM 06pa3oM, JaHHOE PELLICHHE OIUCHIBACT CBA3AH-
Hoe cocTosiHUe, a HyM GYHKIHH a(k) k, = i, pacrnonoxeHsl Ha MHUMOI1 OCH.

CosokynHocts Bennuu a(k), b(k), », u C, o6pasyioT nonuniit Habop
JaHHBIX paccesinus Juis oneparopa L.

8.4.2. Ypapuenne lenndanna—JIesurana—Mapaenko

ns pewienua obpamuoil 3ana4u, T. €. BOCCTAHOBIEHHS notenuvana U(z)
MO JaHHBIM paccessHMS, CYMECTBEHHYIO POJib HIPAIOT aHATMTHYECKHE CBOM-
crea ¢ynkunit Mocta 9 n ®. TlockonbKy 1 aHATUTMYECKH NPOAOIXMMA
B BEpXHIOI0 moayrniockocts Imk >0 (cm. 3anauy 257), o dyHkumus 9¥(z,k)
MoxeT ObITh NpeicTaBiAcHa B BUle

e (8.29)

rne K(z,y) — HexoTopoe neiictBuTtensHoe siapo. U3 3toro mpencrabieHus
cpasy cneayer, 4To ¥ aHanuTH4YHa npu Imk > 0. D10 npeacrapieHne HA3LIBAIOT
mpeyzonbhbiM.

Moxncraeum (8.29) B ypasHeHne (8.20). B pesynbrare nudupepennimpona-
HMA NOAYYUM:

etk1+

y=z

/ 5 K(=, y)e'k”dy——(U(:c)+k2)/K(:c y)e'dy.

U(:z:)e'-kz - % [K(z,a:)eik’] - ;—mK(m,y)

206 Thapa 8. Humezparvhbie ypaeHenun

3ameHns B NocjieaHeM MHTerpaie *kze“‘y:%e"‘y W HHTEIPHPYS ABaXIAbi

N0 YACTAM, HalAEM, YTO

/ { 2 K(z,y)- K(a‘ y)+U(m)K(m,y)} M ay+

z

+ [U(z) - 2-}2;1((27, :c)} e'** =0.

3T0 paBeHCTBO HOAXHO OWTh BuinosHeHo npu Beex k. [Mockonbky ¢ynk-
unk ¥ npyu pasnHUHBIX 3HAYCHUAX Y AWHEAHO HE3ABHUCHMbI, TO 3TO PaBeH-
CTBO YAOBAETBOPACTCA TOTAA M TOABKO TOTAA, KOTAA

d? 8?
92 —K{z,y) - 83/21((3,31)4'{7(3)1{(‘”:!/)*0’ (8.30)
U(z)= 2£~K(m,z). (8.31)

Monyuennoe ypastenue (8.30) ¢ rpaHnuyHbIM ycnosueM (8.31) npencra-
sasieT coboit Tak Ha3piBaeMylo 3gdayy [ypca, KOTopas npH YCAOBUM

K(z,z+y)—0 ApH T — 00

OAHO3HAYHO paspellnma.

K aromy cienyer nobasuth, uto Qopmyna (8.31), ceasmiBaiomias Anpo
K(z,y) ¢ noteHunanom U(z), creayet Takke H3 aCHMITOTHYECKOTO pasioxe-
HUs TPEYIONbHOTO NPEACTABNEHUS NPU K — 0O C NOCKEAYIOIHM IIPUMEHEHHEM
dopmyan {8.45) zanaum 258.

Mepeiiiem Teneps K BuiBOAY ypasHenuit ofpaTtHoi 3agauyu, onpenens-
owmx cpa3b auapa K(x,y) ¢ naHHbIMU paccesiiusa. HMicxooMM M3 COOTHOLE-
Hus (8.24), koropoe nonennm Ha a(k), 3aTeM BbINTEM M3 NpaBoit W NeBo
yacTeil UX acuMirToTHYeckoe (pH k— co) 3HayeHue —e'** ymHOXMUM nanee
Ha % (y > ) n npounTerpupyem no k ot —oo a0 00

> o0 o0
/ ®(z,k) ik eik”dkz/dk/K(z,s)eék("“')ds+
a(k)
z

-0 -0

o - ’ (8.32)
+ / r(k)e* ¥ dk 4 / K({z,s) / r(k) e k.
- % z -

[pu y > ¢ nonviHTerpansHan QGyHKUMA B eBOH HaCTH PABEHCTBA CTPEMMTCA
K HYJIIO € POCTOM MHMMOIT yacT# K, MO3TOMY KOHTYD HHTETPHPOBAHHUA MOXHO
3AMKHYTH B BepXHe#l noaymiockoctn. MHTerpai paseH cyMMe Bbl4eTOB B HYJAX
dyuxuun a(k).
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Ecau a(k) He uMeer HyJeil, T. €. CBA3AHHBIE COCTOAHMA OTCYTCTBYIOT, TO
MHTETPai CIEBA TOXIECTBEHHO paBeH HYMO. B pesyabTate noaydum

K(w,y)+F(a:+y)+/K(m,s)F(s+y)ds=0, (8.33)
rae
F(w):zi,r / r(k) e'** dk.

DTO ypaBHEHHME M €CTh MCKOMOE YPABHCHHE OOpaTHOH 3alayM paccesiHus,
Ha3LIBAEMOE YACTO ypasrenuem leaspanda—JSTesumana—Mapuenxo (IJIM).
Ecau a(k) umeer Hynu, To nepas 4acts (8.32) paBHa cyMMe BbIYETOB

2«:2 (z,ixn) vuy. (8.34)

a(zx)

B Toukax k=ix, QyHKuMH @ u ¢ ceazaHB B(z,ix,) = Cotp(x,ix,). dna ¥
cripase/nkBo npenacrabieHue (8.29) uepes sapo K(z,y). [pynnupys Bee
YjieHbl B YPABHEHHH, OKOHYATENAbHO yOoexaaeMmcs, uto ypasHeHue [JIM nmeer
Ty Xe $opMy, TOILKO B F' BO3HUKAeT NOMOJHHUTENLHAsE CYMMa, OTBeYaloLiasn
IMCKPETHOMY CNEKTpy onepartopa L:

F(z)=>5- ! f r(k)ye'**dk - Z ,(m) T (8.35)

Ec/ii Npofo/KUThL nepBoe U3 paBeHCTB (8.28) Ha KoMIiekcHbie k,

a(k)=a’(-k),

T0 GyHKuMsa a(k) Npy MHUMBIX k=ix YyucTo neicTBUTeNbHA: a(ix) = a*(ix).
Ortciona ciefiyeT, 4To Npou3BoaHasd a'(fx¢) YMCTO MHMMasR, Tak 4Yto Koaddu-

LMEHT M3=va—,'(%€'3 JeWicteuteneH, bonee Toro, 370T KO3(dULIHEHT Mojo-

xuTeneH (cM. 3agauy 279). YpasHenue (8.33) nossonser Haittu sapo K(z,y),
a BMecte ¢ TeM M U(z) =2 & K(z,z) no nannsiM paccesrun a(k), b(k), x,
n C,.

OGparuMca Ternepb K NpocTeiliMM peuieHusam ypaBHeHud [JIM, ko-
raa B agpe F(z) orcyrcryeT MHTerpaibHuifi wieH. Ui Takux pelueHMit
koadbduunent r(k)=0. CooTBercTBYIOLINE NOTEHLHMATb Ha3bIBAKTCA Ge30-
TpaxaTe/ibHbIMH, OHM TONHOCTHIO 3afatoTcst HabopoM {x,} — AMCKpeTHBIM
cnekTpoM onepatopa L — W enuunHaMu M2

Mycts F(z) onpeaensieTcs O0HUM 3HAYEHUEM X!

—00

F(z) =M%

208 asa 8. Humeepaaohsie ypasuenun

HNoacTasnas 3ro 3HayeHue B ypasreHue [JIM, yBexnaeMcs, Y4TO 3aBUCHMOCTS
anpa K(z,y) o7 y NOAHOCTHIO ONpeAENSETCS:

K(z,y)=1o(z)e™". (8.36)

Jlerko Buaets, yro B cuay (8.30) dyHkums Po(2) ectsb cobersernan QyHKUMA
AUCKPETHOro CREKTpa, IUIsi Hee

(& 5 +U(2) ) ta(e) =a(o).

Moncrasnas (8.36) B ypasuenne [JIM (8.33) u unTerpypys, Haxonum, ¥To

Mle*= VM _
Yolz) =~ =~ ch™'x(z - g),
1+_2;2. e~z 2
e
R | M?
= "
CoorseTcTBYIOMNI nNoTenuMan
2,‘2
Ulz)=2— K F R 8.37
(@) =25 Ke,9)= 5o (837)

STOT noTeHUMan ABNSETCH APOCTEHIIMM 6E30TPAXATEAbHLIM [OTEHLIMAIOM.
B HeM TOBKO OIHO cBRI3aHHOE cocTonHue ¢ B = —x2,

TpaauunorHbIE METORBI PEilICHHA HHTETPANbLHBIX YPaBHEHUHl pa3o6paHbl
8 kHurax [[le165, Co666, Cmn74c]. Meronsl pemenus obpatHod 3amaum

paccesanus ans onepatopos Llpénunrepa o6cyxaatores 8 xuurax J3IMHTIS0,
Map77, Hoi089].

8.5. Mpumepsi

251, Pewums ypaenenue

u(z) = [sln( )u(s) ds+ l;' (8.38)

Pewenne. [Inddeperunpys ypasnenne (8.38) nocaetosarenbHo Asa pa-
3a, [oJy4YHuM

Fd

u'(z) = —l/su(s)ds+ z
oz 4’

0

. o 3z?
u'(z) = ‘:B—z/su(s)ds—u(m)-l» T
0
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oTKyna cienyer nudepeHunansHoe ypaBHEHHE
1

u"+—u'+u=w2
A

¢ rpaHuyHbIM yciosueM u(0) =u'(0) =0, kotopoe creayer u3 (8.38). Pynaa-
MEHTaJIbHAs CHCTeMa pelleHni cocToWT M3 PyHkumit beccena Jy m Heiima-
Ha Yy Hynesoro nopsinka. [las peuieHusi HEONHOPOAHOIO YpaBHEHUS MOCTPOUM
dyukuuio IpunHa, obpaawilycs B HyJas npu =0,

_ %@)Ah(@)8ly- =)+ W) ¥o()0(z—y) _
clen= W () Ya(e)} -

= S1[H)h(@)O(y — ) + H(y)¥i(=)8(= )],
i€ BpOHCKWAH paBEH

W{Jo(y>,n(y)}=Jom—J5n=f—y (8.39)

(cM. 3amauy 140). Tenepb MOXHO BHIMUCATL PELICHHE

00

u(z) = f G(z,y)y’ dy.
0

Ecnu BocHoNnb30BaThCA PEKYPPEHTHEIMM COOTHOIIEHUAMHM U1 LIMAHMHIPHYEC-
kux dpynxumit (I1.18) ¥ nporHTErpUpPOBaTH M0 YaCTAM B2 pa3a, pelueHue u(z)
MOXHO 3a[HCATh SBHO:

u(z) =z’ — 4+ 4Jo(). >

252. Memoo onpedeaumeneii Ppedeoavma nozgoasem naiimu pesoaveenmy
no gopmyae
Az, y;3)

A
20e onpedeaumens Dpedzonoma A(N) u murop Ppedeonsma A(x,y; A) Haxodsmes
KaK Cymmbt padoe

R(z,y:0) = A(/\’);EO,

Ay N =Kz )+ N,
n=1 :

n!

AN =1 +i i A'C,.

Dyuxuuu B, (z,y) u xoshpuyuenmm C,, & cgoio ouepeds onpedeisiomca pexyp-
penmuoiMu hopmyaamu

1
B.(z,9)=C.K(z,9)-n [ K(@,8)Bor(t,y) dt,
{)
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i
Cn:an‘i(zrx)dzf nz’rza'“ »
0

2de Cy =, By(z,y)=K(z,y).
, Ha&;mu memodom onpedesumeneii Ppedeorsma pesoaveenmy adpa K (z,y) =
iy~ oy’

Pewenue. Tlocnesobarensio noaydaem Co=1, By(r,y)=a’y—zy’,
C =0,
z+y 1 a2y
B =zyl-—L -4+
!(mvy) Zy[ 4 +5+ 3])

széﬁ, B; =0, a 3Hayut, o0pallaioTcs B HYJAb BCE NOCIEAVIOLIHE KO-
spdbuumentst C, u dynukuuu B,, Tlpuuunoit obpoisaHMs paisa siBasercs

cnieunanbHbiit Bun aapa K(z,y) = f(z)g(y) — g(z) f(y) (noxaxure, yro ana
TAKMX sAep CIpaBefIMBO COOTHOUIEHHE

i LI |
1
[ [xenxwaxeia=3k@y [ [ ek,
00 6 0
€ HOMOUIBIO XOTOPOTrO MOXKHO BHPA3NTL BCE ITOBTOPHBIC AApPa Yepe3 NepBoe

H BTOpOE).
zly—zy’ - Azy (é +%‘l - :-t%-ﬂ)

R(z,y;2) = 3
14 40

253, Pewums cnexmpansnyio 3a0a4y 018 ypasHenwii ¢ HEHOPMUDYEMBIM

Rdpom:
¢(x)= \/g,\ / sin(zy)¢(y) dy.
0

Pewenne. OGo3Haumm cuHyc-npeobpasosanne ®@ypoe dyukinu ¢(y):

3(@)=y/2 [sintenois)as.
0

IMpumenss cunyc-npeoGpazopatine K 006eMM YACTAM HMCXOQHOTO YPABHEHMS,
noayJaem

o(z)=Ag(z),
oTKYAa

Plz)=2A8(z) = N ¢(z).
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3HauUT vy onepaTopa TOABKO B3 COGCTBEHHBIX 3HaYe¢HUS A= 1, a cO6CTBEH-
Hble QYHKIHH HUMEIOT BUI

¢(z)=9(z) +AG(z),
rie g(z) — npou3BonbHas GYHKUHs, WIS KOTOPOil cylmecTsyeT obpas G(x)
npy cHHyc-npeodpasosaHun Pypbe, Hanpumep,

2 T
#(z) =exp(—az)t i e R 0<z<oo, a>0. >

254. Haiimu cobcmeennsie ¢ynxuuu, yoweaiowue na GeckoHewHocmu
bbicmpee a1000il cmenenu, u cobcmeeHHbie 3HAYEHUA UHMEPANbHO20 YPAGHEHUS

A [ K(z,v)6(y) dy = $(z)

¢ adpom Kuacona—Cmopepa

(z-ay)

T ] 0<a<l. (8.40)

K(z,y)= —-—————”(]l_ = exp [._

Peutenne. Ipumenss npeoGpaaoaaH e Oypbe K 06eMM YacTsIM UCXOAHO-
TO ypaBHEHHS, ronydaeM QyHKIHOHANbHOE ypaBHeHHe Ha (ypbe-06pa3 ®(k)
dyHKUMH ¢(z)

B(k) = Ad( ka)exp( (1-a )-—)

DyHKUUA g(k)=¢>(k)exp(%—) pacTAriBaeTcs B A pa3 NpH PacTAXEHUH ee
apryMeHTa B o pas:
g(k)=Arg(ka),

orkyna g(k) =k* — creneHHas QyHKuMA, a 3HaUMT,

k2
®,(k)=k"exp (——4—) , A=a .

Ecan v>—1 He uenoe, cobcTBeHHas yHKUMA ¢(z) yObIBaeT Ha 6ecko-
HEYHOCTH CTeNEeHHbIM 00pa3oM, pu LenbiX ¥ =71 MOXHO ABHO BbIIIOJIHUTH
obpaTtHoe npeobpasoBaHe Dypbe, B pesybTaTe f101y4aem

¢,.(:c)=H,.(z)exp(—z2), An=a", n=0,1,2,...,

rae H, — MOAMHOMbBI DpMHUTa. >

255. Haiimu cobcmeennvie gynxyuu npeopazosanus Pypee

A_f d(y)explizy) % = 4(2).
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Pemenne. OGo3naunm npeoGpaiopanie Pypre GyHkuun ¢(y):

o

#(2)= = [ ewlian)s(w)dy.

Ipumenns npeobpasosaHue K ofeMM YacTAM HCXOQHOTO YPaBHEHMS, NOAY-
yaem

®(z) = Ap(~z),
OTKYAA
#(z) = A0(z) = A 2¢(~z) = A*®(~2) = \'¢().

3uauut y oneparopa ueThipe COGCTBEHHBIX 3HaueHust A==i,%1, a cobcTREH-
Hble QYHKLHMHM UMEIOT BUI

$(z) = g(z) + AG(z) + Ng(—z) + A’G(~z),

rae g(x) — npoussoibHast ByHKUMS, LI KOTOPOH cyuiectsyeT o6pa3 G(x)
nipu npeobpazosannu Pypbe, HaNpUMep,

() = Ha(z)exp (—f;) }

910 cobeTreHHbie QYHKIIHM 3aJ34H 0 KBAaHTOBOMEXaHUYECKOM OCLMLIATODE,
3ameTtuM, yro ypashenne lipéaunrepa occumanstopa
dz¢
dz?

nepesoauTcs nipectpalobaiuemM Pypoe B TO XKe ypasHeHue. YerHnie GpyHKIHUK
COOTBETCTBYIOT COOCTBEHHDbIM 3HaYeHHAM A=1, a HeyeTHble — A==%i, »

o' =2B¢

256. Haimu pewenun f(y) ypasnenuii Ypuicona:

(@) 2 / Hz-9)f (y)ydy=z(iz|+ 1)e ™,

© [1a-r@+Pday=i.

Pewenne. (a) BerioMHuM, yto eciin f(w) — dypbe-06pa3s hpynkunn f(z),
10 Gbypbe-06pa3 dyukunn zf(x) pased if'(w). Buinoansas npeobpasosanue
Dypbe, noayyaem

d
2ifi(w)fw)=4i— o (11w
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Yrobbl f(z) Gbia OrpaHHYEHHON, HeoOxoanMo, uTObH €€ ¢Gyphe-o6pa3
CTPEMHUNICA K HYRIO NpH w — 00, YTO MO3BOJIAET HAaWTH KOHCTAHTY MHTEr-
pHpoBaHHUA. TakuM obpasoMm

f) =2,
Pewenne. (6) Boinosnnss npeob6pazoanmne ®ypbe, nojysaeM

2
W) - () f(w) =278(w).
Crpemsieecsi K HYJIO NPH w — +00 pelLIEHHE 3TOr0 YPABHEHHE HMEET BUA

fw)=+vme .

f(x)=+e .

OTtkyna
1

257. Moxasams, wmo ¢ynxyuu Hocma Y(z,k) u ®(z,k) anarumusecku
npodoncaemw 8 gepxuioio noaynaockocms k (Imk > 0).

Pewenne. Buavane mna csoGonHoro omepatopa Hpéanurepa ﬁ' + k2
onpenenvM ¢dpyHkunio IpuHa G Kak peuieHue ypaBHeHUst

d2
(Ei-kz)G:G(a:—m').

Monaras G(z —2') =0 npu = > z’, 1eTKO HaXOIUM, YTO

1
Glz-z')= {——smk(z z') npu ' >z; (8.41)
0 npu z>z'.
C nomowsio ¢yHkuuu Ipuna ypasHeHue i GyHKUMH ¥ npespaulaercs
B ypasHenune Bonbreppa
l o0
Pz, k) ="+ E f sink(z — 2')U(2', k)y(z’, k) dz’. (8.42)
T
PaccMotpum dynkumio x(z,k) =4¥(x,k)exp(—ikz), kotopas ynoBnersopsier
ypaBHeHUI0

[

x(z, k)—l+§—lz [t—exp(2ik(z' ~ z))]U(z)x(2', k) dz’. (8.43)

T

[lpy BeuiecTBeHHBIX K, MO NPEANONOXEHHIO, pelleHHe ypaBHeHusa (8.42)
cywiecTpyer, T.e. MHTerpan B (8.43) cxoautca. [lpu Beixome B BepxHIOI
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NOAYMJIOCKOCTE €0 CXOXMMOCTh YAYHIGHTCH, OTKYAA K CAelyeT aHaTHTHY-
HOCTb QYHKUMH X(Z,k) U, COOTBETCTBEHHO, BYHKUNY Y(Z,k). AHANTOTHYHBIM
06pa3’oM MOXHO MOKa3aThb, 4TO GyHKuHsa ${x, k) aHATHTHYECKH TPOAOIKHMA
B BEPXHIOW AOAYMIOCKOCTD, >

258. Haimu censs mexcdy acumnmomuioii ghynicyuu Hocma P(z, k) npu
Gonvutux k u nomenyuanom U{zx).
Pentensnie, M3 (8.43) cieayer, uro npu k— 00

o

i N .t 1
x(z, k) = l+~2-—§ U(x)dx +o(—£), (8.44)

z

TakuM obpa3oM,

d .
e 1113.10 2ikx(z, k)= -U(z). (8.45’)

259. Haitmu obuwguii 6ud Ge30mpaxcamensrozo nomenuuana ¢ QUCKpemnumu
ypoeuamu k, =1, (n=1,...,N).

Pemenne. B atom cayuae a(k) umeer N Hyneit B Toukax k=ix,, a r(k)
TOXAECTBEHHO PABHO HYAIO, NodTOoMy F' 3anaercs B BUIC HUCKPETHOH CYMMBI

F(z+y)= ZM,f exp [—x#a(z+y).

3asucumocts sapa K (z,y) ot ¥ umeer pun®
K(2,9)=)_ Yalz)e™".
n

FlpocTeie BHIMHCACHUS WA P, (2) NAIOT CAEAYIOWYIO IMHEHHYIO CHCTEMY
anreGpauvecKyx ypaBHeHHH:

N
¢n(z)+ 2 ~x,1+M£Z ’[’m(m)e"p{—("’n +xm)zl 20, (846)

o Ko+ K

win B MaTpHuHoi dopme

N
Z ApnPm = ‘_Mrfe_xaz
m=1
rne
2 exp[ (xn —«}—Km):l?]

Apm =0y + M,
nm nm }{n-{"'xm

*} B srom cayuae 06 ypasrerin (8.33) ropopaT Kak o6 ypasHeHHH ¢ BHPOXACHHBIM SIDOM.
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Peiuenne (8.46) Haxomutca no npasusy Kpamepa

_ detBy(z)

¢"($)— detA(:B) ?

rae mMarpuua B,(x) monyyaercs u3 matpuubl A(z) 3ameHoit m-ro cronbua
Ha cronbeu (—MgJe ™). 3ameTuM Temepb, 4To noteHuuan U(z) (8.31)
onpenensercs Toneko K (z,x), 1.e.

N

N S_ det B,e **
D (e =2
=1

det A(z)
i d(det A)
HerpynHo yGemutbed, uto detB,,e"“’:—?—e , Uil 4ero JOCTATOYHO
T

n=|
3aMETHTb, YTO NPOM3BOLHAS OT ONpeNe/MTeNs €CTh CyMMa OMpelennTe-
ned, B m-M M3 KOTOPHIX 7-H CTONGEL 3aMEHEH Ha €ro MPOW3BOLHYIO
—M2exp[—(3n +)z]. Takum o6pasom,

d2
U(z)=2&FIn det 4. >

260. Haiimu svipaxcenue ons marvix nomenyuanos U (z) 6 omcymemeuu
duckpemnozo cnexmpa epe3 amnaumyody Kos@duyuenma ompaxcenus r(k) = %
(nepeoe 6oprosckoe npubnuxcenue).

Pewense. B oTCyTCTBHHM OMCKPETHOrO CHEKTpA

oG

F(a:)zilﬂ_— / r(k)e’** da.

— 00

Hns maisix noteHuuanoB B ypaBHeHHWu (8.33) cnemyer mpeHeGpeub mHTe-
rpanbHLIM 4ieHoM. B pesynbrare

K(z,z)~ -F(2z)

WJIM 1A NTOTEHLInana

o
d 2i .
U(z)=-2—FQ2z)=—— ke dk.
(z) iz (2z) - /'r(k)ke dk >

—00

261. Boccmanosums amnaumydy npoxoxcdenus d(k) (uau a(k)) no ee
modyaio npu Imk =0 u noaoxcenuio duckpemnoeo cnexmpa k,, = ix,,.
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Pemenne. B cuny coficrsa a(k): a(k) =a*(—k) npu Imk=0 yuxuus
MOXeT OLiTh NpeACTaBAcHa B BUiE

N k—ix
— vpn
a{k) =alk -
® =30 [
n=|
rae a{k) — ananurnueckas GYHKUMS B BEpXHEH NOAYIUIOCKOCTH Gea Hyqeit,
nMelouas npejenbHoe NIpH k — 00 3HaYeHWe, PaBHOE eAMHHUIE.
Paccmotpum dyuxumio Iné(k) 1 BoinuuseM ais Hee OiHO U3 COOTHOMIC-
Huil Kpamepca—Kponura

o
i I In|a(k)
argd@(k) =— - VP / —H dk'.
—00

Ouesuano, yto aas Imk=0 swnonusercs pasenctso In|a(k)|=In|a(k)].
Mockonvky yHkums In|a@(k)| vernas, unterpan npeobpasyercs K BHIy

00 00
nfaky| , 2 infa(k)| .
Vp/m—dk “_Ev'p'/lwk’szzdk‘

—00 0

Takum obpazom,

o

. . = k'
a:ga(k):%Z[ln(lm%)«-In(l+1§f'—)}-f—;%’:/-;—n_i:—-,(zl—’)c-!idk'. >

0

8.6. 3apaum

262, Hcnoavdys paznoxenue (8.17), HaiiTm BuipaxeHue IS siapa pe-
sonseenTst R(z,y)=(1-AK)™".

263. Pewenne ypaBHeHus Bonsteppa Il pona
#@)- [Kenowdy=1e) (8.47)
0

MOXHO 3aITHCath Yepe3 Pe3obBeHTY WHTErpalbHOro oneparopa R{z,y)

I

Mﬂ=ﬂﬂ+/ﬂwaWMu (8.48)

0
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(a) Moxasarb, 4TO pe3onbBEHTa MOMYUHSETCA MHTETPANLHOMY YpaBHe-
HUIO

R(z,y)=K(z,y) + / K(z,t)R(t,y)dt. (8.49)
(6) TMokasark, 4TO Pe30/bBEHTA NPEACTABIAETCA B BHIE CYMMb

R(z,9)=)_ Ku(z,y) (8.50)

TNOBTOPHLIX Alcp
K](:E,y) EK(CB,y), Ku+l(a"ay) =/K(zrt)Kn(t:y)dt) n= 1,2, R

264. C nomousio Gopmynbi (8.50) HaNTU Pe30AbBEHTBI CIEAYIOWHMX SAEP
ypaBHekus Bosasteppa:

(@) K(z,y)=1;

(6) K(x,y)zf\(m—y),A>0;
(8) K(z,y)=exp(z—y);

(r) K(z,y)=Aexp(z?-3?);

(n) K(z,y)= '\;h:

265. C nomolibio npeoGpazosaHust Jlannaca HalTH pe30AbBEHTI ciaeny-
IOIIIMX PAa3HOCTHBIX fiiep ypaBHeHWs BoabTeppa:

(@) K(z,y)=sin(z—y);
(6) K(z,y)=sh(z~y);
(8) K(z,y)=ch(z~-y).
266. Ilycts u(z) — pewienue OGBLIKHOBEHHOTO nnddepeHIHANBHOTO
YpPaBHEHHS BTOPOro MOpsAKa
d2
Lu(z) = 2z TPl )— +q(z)u= fo(z) (8.51)
C HaYIbHBIMH YCIOBHSMH u(()) =Cy, ' (0) =C,. 3necs p(z), q(z) npeﬂﬁona—
raloTcA aHATUTHYECKMMU (QYHKUHUSEMHU.

(a) CeectH (8.51) K MHTETPANTBHOMY YPaBHEHHIO BonbTeppa Ha GyHKUUIO

¢(z) =u"(z).
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(6) Moxkasath, yTo ecau uasectHa Gynxums Ipuna ypasuenus (8.51),
YROBIETBOPSIONIaN YPaBHEHHIO

LG(z,y)=b(z )

¢ rpaHMyHbiM yciosweM G =0 npu z <y, To pesosbeenTa aapa K(z,y)=
~p{x) ~ ¢(z)(z —y) npu = > y sbipaxaerca popmyaohk

2
R, )__8 G(z v

(B) MeTtonom ceeneHus x nuqxbepeuuuanbuomy YPaBHEHHIO HaliTH pe-
30nbLBEHTY ypaBHeHus Bonbreppa ¢ sapoM

K(z,y)'—-fg(w—y)-

267. loxasartb, YTO AAS PA3HOCTHOTO CTENEHHOrO AAPA

iz -
K(z,s)=a¢(z) +a(z){z-3)+... + ‘Z;:(l)%(z—-s)" !
PE30NbBEHTA 4A€TCH BLIPAXKEHUEM
n
a"g
R((B 8) - 5’;1
rac pyHxums g(z,s) NORYUHAETCH YPaBHEHHUIO
an ! 8:;-2 g
e~ (o) oy +@i0) 3+ + (2| =2 9)

C HYREBbIMH TPaHHYHBIMH YCNOBHAMKM Ha BECKOHEYHOCTH.
268. PewsnTh ypaBHeHWE C HEOTPAHHYEHHLIM SApOM (ypasuenue Abeas)

[ s)
. vi&—8

ds=z.

269. Peuienne ypasHenus ®pearonsma 1 pona®

#@)- [ Kz o) dy= 1) (8.52)
[1]

MOXHO 3afucaTh Yepes pesonbBenty R(z,y; )

I
#o)= 1)+ [ R w16 by
a

"' B cayuae NpOMIBOABHBIX KOMEYHMA HPEENCB BHTETPUpOoBauNa ypasuenue dpearonvma
CROMATCA K auay (8.52) nunenod JaMeHoH HeIABHCHMON NepeMeHHaH.
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(a) TMoka3saTb, YTO pe3onbBEHTa MOAYMHAETCS MHTETPAILHOMY YpaBHe-
HHIO

1
R0 =K() +) [ K(o,)RE w0 at
0
(6) Moxa3aTh, 4TO PE30ALBEHTY MOXHO 3anucarh B Buae psaaa Hefimana

R(”ay;’\)=iA"_'Kﬁ(31y)v (853)

n=|

[le NMOBTOPHBIC AAPa HaXOOATCH M3 PEKYPPEHTHBIX COOTHOLIEHH i

1
Ki(z,y)=K(z,y), Kn+l(msy)=/K($1t)Kn(t7y)dtv n=12,....
]

(8) MokasaTh, 4TO MPOH3BOALHOE MOBTOPHOE AAPO MOMYMHAETCA Gop-
Myne

]
Ka(2,9)= f Kn@ ) Knm(t,y)dt, n=23,....
0

(r) Noxasars, 4To WIS GPEAroNLMOBA AApPA, WIA KOTOPOTO

| . |
1K= [ [|K(z,y)| dedy<oo,
/]

paaunyc cxonumocTH psaaa Helimana (8.53) naetcs HepaBeHCTBOM |A| < ﬁ,—"

270. C nomomwmbio npsiMoro cymmupoBaHus pana Heiimana (8.53) Haittu
PE30/BBEHTBI CAEAYIOLIMX Aiep ypaBHeHUs PpearonbMa:

(a) K(z,y)=1;
(6) K(z,y) =exp(z—y);
(8) K(z,y)=zxy.

271. Haiitn pelterive ypasHeHuit OpearonbMa ¢ BLIPOXKACHHBIMU A0pa-
MH;

(a) fexp(—a:z—sz)¢(s)ds:¢(z)+m2;

I

(6) [ 225'¢(s) ds = p(z) + 2%
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H
(8) $(z)- A / (1+2%) $(y) dy==";
0

i
) #(z)- [ exp(z —y)(1 + 29) () dy = exp ().
1]

272. Toxasatb, YTO ecnW M3IBCCTHAa dyHkumMs Tpuna G(z,y) xpaesoi
3aa4m

Lu=po(2)u™ +p(@)u" "V + ... + pul2)u=fo(2),
Vi(u) = aio)u(()) + ai')u'(ﬁ) +...tog+
+B7u() + B (1) 4. + 8 D (1) =0,

rae af), ﬁf) — KOHCTauTHi, k=1,2,...,n, To ypasHenne OpenronsMa
1
w@)=1 [ Glenu)ay+ 1)
0
CBOIMTCA K 3anaie Ha COOCTBEHHBIE 3HaueHNs

Lu=Ju+folz), Vi(u)=0,
ecau Vi(f)=0. Kax ceasann dywkunn f(z} u fo(z)?

273. Tyrem ceneHnsn K nuddepeHUNANLHBIM YPABHEHHAM DEIUNTS YPaB-
Henus Ppesronsma:

I
(8) $(z)+A / K(z,2)o(2)de' =2 -z, K(z,2)=zlas 1), A>0;
0

3

H
(6) $la)+ / jo—sl(a)do = 5 .
S|

274. Haiitn peuieHKe ypaBHEHHA ¢ HCHOPMHUPYEMbIM RAPOM:
o0

Hz)=e""+2A / cos(2zs)p(s)ds.
o

275. Pewntsb CREKTPaibHYIO 34824y /ISl YPaBHEHUN C HEHOPMHUPYEMbIM

SAPOM:
e+

B(z) = [ exp (~[z ~ y) P(y) dy.

— X
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276. Pewutb 3anauy Kot ¢ Ha4anbHBIM yclioBreM u(:z:,0)=2exp(—.1:2)a:2
Lt MHTeTpo-aAn(depeHINANBHOTO YpaBHEHNA

ou

-(.9}_=—yu(m,t)+V/K(z,3)u(s,t)ds

¢ sinpoM Kuncona—Cropepa (8.40).

277. Haiith pewieHns ¢(s) ypasHeHuit YpoicoHa:

(a) j B(8)p(z — s)ds =~

6) | ¢(s)p(z—s)ds=sinz.
/

278. Haittu Bce pewsenns ypaswenuii Tammepumeiina c BhIPOXACHHbIM
AOpOM:

1
(a) ¢(z)= / zs¢2(s) ds+ -3—::;
0

_ [ cos2s 3 1
©) 9lz)= 0/ R s)ds ——, ze(0,)).

279. Moxasats, uTo B snpe F(z +y), onpeneneHHOM GopMyaoit (8.35),
Ko3ddHUHEHT

2 —iC,
" a'(ix,)

TMOJNIOXKHTENECH.

2
280. [ns noreHumnana U(z)= a%;‘; € NOMOLUIBIO TPEYFONLHOFO NpeNcTa-

BJICHHsA HaTH coBCTBEHHBIE DYHKLIWHM HETIPEPHBHOFO CHEKTpa.
281. Haittu ko3dpduumenTt npoxoxnenus d(k)za—('k—) LIS NOTeHLMana
_

U(:E) = Chixz®

282. [lna Ge3oTpaxaTeNbHBIX NOTEHLMANOB [10Ka3aTh, YTO A0po Tpe-
yrofsHoro npeacrasacHus K(z,y) seipaxaetcst B Bume

K(m,y) = Z ¢"(m)e—x.y,

re P, (&) ecth cobeTBeHHan GyHKUMA N-TO AHCKPETHOTO YPOBHSH,
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8.7. Oteernt

el k’l L]
262. R(z,9)=)_ 5 ¥=(@)¥2(y)-
=t "

263. (a) Vkasanue: Moacrasum pemetnne (8.48) B ypasrenue Boasreppa (8.47)
#, MEHAR MOPANOK MHTErPUPOBAHMS, MOAYUHM YPaBHEHWE HAa DPe30sib-
seHTy (8.49).

264. (a) R(z,y)=exp({z—1y).

(6) R(z,y)=VAshvA(z~y).
(8) R(z,y)=exp2(z—y).
(r) R(z,y)=rexp[Mz—y)+z*-¢].

(@) R(z,y)=»\expl,\(w—y)1‘c’~—§’§.

265. (a) R(z,y)=x—y.
(6) Riz,3)= -15 shv3(z—y).

7
(8) R{z,y)=cxp (?—:2:2) (chr+ \—;-gshr), rz—\{i;———ﬂ,

266. (a) QuddepenunanbHoe ypasHeHNe CBOAMTCSE K ypaBHeHHIo Boabrep-
pa (8.47) ¢ aapom K(z,y) = ~p(z) — ¢(z)(z — y) n npasoi yacTbio

1(®) = £o(2) - pl2)C1 — g(zNCr2 + Cy).

(8) R(a:,y):.—%(i ~ %)

268. Yiaianue: YpaBHeHue Alens peLiaeics ¢ nouolmbxo npeobSpa3oBaHus
Abens. [lepeoGo3HauuTh Z — ¢, YMHOXHTE Ha <7a=7+ MPOMHTErPHPOBATH
no dt s npenenax or 0 A0 z, NOMEHNTHL NOPAAOK WHTEIPHPOBAHUA

z
U BOCIIONB30BATHLCA TeM, uto [ dt(z —¢)~'/3(t~3)1=x.
¥

P

pra

¢(x)=

270. (a) Riz,3:\)= ——

(=X

L exp(z-y)

(6) R(m,y. A) = m-
(8) Riz,y:N)=—

(1=A73)
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274. ¢(z)=

271. (a) Yxasanue: YpasHerve GpearosibMa ¢ BHPOXIEHHBIM AAPOM CBOANTCS

K CHCTeMe areGpandecKux ypaBHeHUH.

¢(z)=—z’+%2/f—;exp(—z’).
2
©) 9te) =~

(») ¢(z)— ’V 6('A"/2) 2 +>‘/4(IZA/45)’

A= (4A2—54A+45) £0.

2
o3 (3] vt

212 f(0)= [ Gl 1ols)do
0

273. (a) Anpo K (z,z') cnyxut dyHkumeit Tpuna xpaeoit sanaum (a):

u'=folz), u(0)=u(1)=0,

a gynkuua f(2) yooBneTBopsieT TeM X TPAHMYHLIM YCJIOBUAM. 3HauYMT
ypaBHeHHe DpearonsMa SKBUBAICHTHO KpaeBoil 3ajiaue

" +20=1"(x)=2, ¢(0)=¢(1)=0.

®ynxuns IpuHa Taxo#l KpaeBoll 3a0auu nocrpoeHa b (a).

(z)— [l cos kz—]_

k
s sinkz], k=\/X:;61rn, n=1.2,....

(6) Yxasanue: Y paBHeHue cBoauTCs K AHbdEpEHLHANLHOMY ¢ +24=2
C rpaHMuHBIME ycnosuamu ¢'(—1)+¢'(1)=0, ¢(0)+¢(1)=¢'(—-1)~
¢'(1). Pemenue uMeer Bun

sinv2z
A oy
exp(—z)+ A/(1 +4z?) 2
1-x22/4  APEE

275. Y onepatopa HeT cOGCTBEHHBIX BYHKURI B Kiacce L2(—00,00). Hmeloten

pelleHHsi Ha KRacce HEHOPMMUPYEMBIX, HO OrpaHHYEHHBIX GYHKIHIL:

1+k?
2 bl

A= d(x) =exp(ikz).

224
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3aecy Imk =0, unave pewenne He Gyaer orpaHHyYeHHRLIM Ha Beell OCK.
Beakoe HelCTBUTENBHOE A > § ABAAETCH COGCTBEHHMLIM 3HAYCHHUEM.

276. Yxaszanue. Pasnenuts nepeMeHHble T ¥ £ M BOCTIOAB3OBATLCA METOAOM

Dyphe: paItoXNTh PLUICHHE N0 HARICHHbIM B 3aa4e 254 coBCTBEHHBIM
bYHKURAM,

u(z,t) = [l +(=1+22%)exp (-—vt(l - az))] exp(—2?).

277. (a) Yxaszaunue: YpaBuenue ®pearosibmMa— YpLICOHa THNA CBEPTKY pela-

¢Tca npecbpasosarem Dypee.

Hz)= =7 2”2 7 exp (- 22%).

(6) Ykaszanue: Boinonuuts npeoSpasosanue Jlansaca ¥ pemuTs noay-
uuBlreecs ypaBHenue. OGparnoe npeofpasoBasue RACTCS KOHTYPHBIM
HHTErpajiom

exp(Aa:)

2m i

rae KouTyp C OXBaTbiBaeT TOUKH BeTsnexusa +i. JedopMupyem ero Tax,
ytofibt OH npoxoaun saosb Geperos paspesa (puc.8.1). Mocae zamens
A =isinyp (8.54) npespaiaercn B uHTerpassHoe npeacrasnende beccens.

¢(z) =xJo(z).

&) =+ — (8.54)

YBE

+7

Puc. 8.1. Koutyp unTerpuposanus wis obparHoro rnpe-

—i C obpazosanus Jlanaaca MOXHO 3aMKHYTb U gedOpMHpO-

‘ Bath B KoHTYp C. Paspea, coeanHAIO1MI TOUKY BETBACHHNA
flonbiHTErpaibHON GYHKUHY, 3aUITPHXOBAH

278. (a) Ykazanue: Bocrionb30BaBILKCE TEM Xe TIPHEMOM, 4TO H B 3anaye (a),

MOXKHO CBECTH 3alaYy K KBaJpaTHOMY ypaBHeHHK., OTBeT UMeeT BUI

diiz)=2, ¢i(z)=13z.

(6) ¢(z}=

COsST.

I
(i-=)
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279. Ykaszanue: Bocnonpaosarscs GOpMYIOH TEOPHH BOIMYILIEH#MIE 18 CBUTa
aHepruu 6E = —(4|6U|¢) ana onepartopa Lpéannrepa.

L tthrx +k
X k — akzm__.
280. y(k,z)=e vy
_ (k—ix)
281. a(k)= ctin)

Inasa 9

Ipynnbi u npepcraBnenun

9.1. Ipynnbt

Tpynnoii Hazmsaetcs MHOXeCTBO 3eMenToB G = {a,b,¢,. .. } c GunapHoi
onepauueil. bBuHapHo#l onepaunei HadbiBaeTCH OTOBpaXeHHE, COMOCTARIAI-
Hiee ABYM 3feMEHTaM gy, g; € G 3AeMEHT g3 € G, KOTOphit HaskiBaeTcs «IIpO-
H3BEACHHEM? §; M ¢, a 0GO3HavaeTCs KaK ¢3 = ¢,¢;. [IpHueM BRImONHMIOTCH
CJIeAYIOIUNE YCAOBHA:

(a) (ab)e=a(be) (accoumnarnsHOCTL);

(6) cywecrayer rako# anemenr 1, 4t0 la=al=a 13 moboro a € G (cyme-
CTBOBaHME EAMHWLbI);

(8) man Beskoro anemeHTa a € G cyulecTByeT Tako# aneMeHT a~' € G, uTo
a~'a=aa"'=1 (cywecrsosanue o6paTHOTO 3neMeHTa).

Ipynna, cocTofiman U3 KOHEYHOTO YHCAA SACMEHTOB, HA3BIBAETCH KOHeY-
Hoii. MowHocTs |G| MHOXECTBA 3EMEHTOB TPYNNLI G HAIBIBACTCA NOPAOKOM
epynnw G. [loamuoxectBo H snemeHToB Irpynnul G, caMo SBAsIOIIEecH
TPYnno, Ha3kIBACTCH nodepynnoi rpynnot G. Ecan ana A106bIX 3/eMEHTOB
91,92 € G ¥iMeeT MECTO PaBEHCTBO ¢1g2 =gag:, TO Takas [Pynfa Ha3biBaeTcs
abeneeod nan Kommymamuenoil. Ilopadkom (nepuodom) asemenma T Ha3bipa-
€TCA TaKOe HAaMMEHbLUEE HATYpaIbHOE YMCIO M, YTO T =1, ecam Takoe n
Haitnercd.

Orobpaxenne G — H anementon rpynnol G Ha sneMenTs rpynnst H
Ha3bIBACTCA 20Momopdusmom Tpynnpl G Ha rpynny H, eciu OHO COXpaHSiET
onepauuio, T.e. u3 gy — hy U g — hy chenyer, uto g;g; — hh;. fomomopduam
rpynnst G Ha rpynny H, SRS0mUACS B3aHMHO OZHO3HAYHHIM 0TOBpaXKEHH-
eM, Hasbisaercs usomopguimom rpynnsl G u rpynnsi H. [lycrs aana rpynma G
u noarpynna H. Muoxectso anementoB Buga hz, rae b — moGo#l aseMent
u3 H, a £ — QUKCHPOBAHHbBIN 3/1EMEHT U3 G, HA3LIBAETCS HMPABLIM CMENCHUM
kaaceom 1o H wn obosnauaetcs Hz. AHAAOTHYHO, MHOKECTBO 3/IEMEHTOR
BUla zh, rae onsnTe kb — moGoit anemeHT U3 H, HAILIBACTCA 1CEWM CMENCHOM
Kkaaccom 2 H no noarpynne H. KapauHanbHoe YHCI0 (MOLIHOCTL MHOXECTBa)
T Pa3AMYHbIX CMEXHBIX KIACCOB Ha3blBacTes undexcom nodepynnn H B rpyn-
ne G # obosnavaerca r=|G:H|. Tlycte H,Hzx,,... Hz, — MHOXeCTBO
CMEXHBIX KJIACCOB, KOTOPhIE HE NEPECEKAIOTCH M HCUEPNBIBAIOT BCIO TPYNAYy,
4yT10o obo3HavaeTcs Kak G=H + Hzy,+... + Hz,.



9.2. [Ipedcmasaenus 227

ByneM roBopuTh, uTO 3neMeHT x rpynnbl G conpsxcen ¢ SNEMEHTOM Y,
€C/M HaiilleTcs Takoi z € G, 4to y=2"'z2. MHOXECTBO 31€MEHTOB, CONps-
XEHHBIX C &, Ha3bIBAETCS KAACCOM CONPAICCHHHIX IAEMEHMO8 T , CONEPXALINM Z.
IMonrpynna H rpynnbl G Ha3biBaeTCs uHEAPUAHMHOL NoOZpynnoii WAV HOPMAAb-
Holm Oenumenem, ecav =~ He = H s Beex & € G. 1o o6o3Havaercs H <G.

[tyctb T9G u G=T+Tz;+... +Tz,. B KauecrBe 3n1eMeHTOB HOBO#
rpyniisi G BO3bMeM cMexHbie Kiaccel T'z;. Onpenenum npouspenexme B G
dopmynoit (T'2;)(Tx;) =Tz, ecnn z;z; € Tzi B G. [lposepum, uTO Mpo-
H3BENICHUE onpeleNicHo oaHo3HayHoO. Ilycts tya; € Tx; u tyx; € Tx;. Torna
t,m;tzzjzt,m;tzz;"-a:.'mj=t3a:,-mj, Tak Kak T<G. Ho ecin z;z; € Txy, 10
tyz;z; € Tz, TakuMm obpa3oM, Bce Tpou3BefeHUs 3/ieMeHTOB U3 T'z; Ha 3ne-
MeHTs M3 T'z; NonafaloT B TOT Xe cMexXHBbIif kaace Tz, [pynna G Ha3biBaeTCs
@axmop-2pynnoii G no T n ob6o3Havaetcs G = g

9.2. lipeacraBnenun

byneM HasbiBaTb npedcmaecaenuem rpynnsl G moboit roMmoMopdHIM a
rpynnel G B Hekotopyio rpynny W. Mampuunsim npeacTapieHHEM CTENEHU
(pa3mepHocTH) 1 rpynnbl G Haa MoieM KOMIJIEKCHBIX yucen C HasbiBaetcs
romomopduam T: g —T(g) rpynnei G B noarpynmy rpynnsl GL(n,C), rae
GL(n,C) — rpynna HeBbIPOXIEHHbIX MATPULL Pa3MEPHOCTH 7 HAL MOMEM
KommiekcHuIX yncen C. TNpeactaBneHde Ha3biBAETCH MOYHBIM, €CH OTO6pa-
XeHHe a — u3oMopdusM. MaTpHuHOE NpeiCTaBleRMe SIBNSETCH TOYHBIM,
ecnu 3 T(g) = E, rae E — equHu4YHas MaTpULA, CAEAYET, YTO ¢ — €AMHUY-
HBII1 3JIEMEHT.

IpuMepaMy MaTPUUHOTO NMPEACTABACHMS KOHEUHON IpyTifibl MOTYT Ciy-
KHTb €JUHUYHOE M perynspHoe npeactaBneHus. Edunuunoe (TpuBHANbHOE)
NPEACTABNCHUE TNOJIY4YaeTCs, €CltH BCE 3JEMEHTHl TPYNMbl OTOBPAXAIOTCA
B €IMHHIlY, KOTOpas paccMaTpuBaeTcs KaK MaTpuua pasmepa 1 x 1. [lycrs
G={gi,...,gn} — KOHeyHas rpynna nopsaaka n, a V — n-MepHoe BEKTOp-
HOE MpPOCTPaHCTBO ¢ 6a3ucoM v,...,v,. Idng toro, 4Tobbl ONpEeNeNUTh elle
olHo MaTpuyHoe npexacraeietue T'(g), nocTynuM cneaylolum oGpasom: s
Kaxaoro 1, 1 <i<n CYWECTBYCT TAKOE OXHO3HAUYHO OMpENENEHHOE YHUCIO J,
1<j<n, o gg; = g;. Torna nonoxum T'(g)v; =v;. Takum obpaszom, T(g) —
Matpuua npeobpa3osaHus npoctpaHcTBa V B Gasuce v,...,v,, NMEpeBosi-
wiast i-A 6a3UCHBIA BEKTOD v; B j-it Ga3sMCHBIH BEKTOp v;. DneMeHT B (j,1)-i
KJIETKE 3TOH MaTpHUbI paBeH |, a ocTalbHble 3NeMEHTsi -0 ¢Toabua u j-i
cTpoku matpuubl T(g) paBHbl Hyno. Oto6paxenue g— T(g) W HasblBaeTcs
PecyAApHbHIM TIPENCTABJIEHHEM Tpynnsl G.

Bynem rosoputb, uto nBa mpenctasnenus T u T' sxeusasermmust, eciu
cyuecTyeT Takast Matpuua S € GL{n,C), yto T'(9)=5""'T(g)S mns moboro
g € G. Marpuunoe npeacrabnerne U: G — GL(n,C) HasbiBaeTCst npugodumsin,
€CJIM OHO PKBUBAJIEHTHO npeacTapienuio T Buaa

228 Thaea 9. Ipynnut u npedcmasnenusn
Ti(g) Vig)
T(g)= s (9.1)
(9) 0 Tog)

re Tj(g) marpuua r; xri(j=1,2),r;+r;=n. B nporusHoM ciydae npen-
CTAaBJIEHHE Ha3lblBaeTca wenpusodumsim. Ecnu V{(g) — Hynesas MaTpuua, 10
Tpe/CTaBAeHHE HA3bIBAETCS snoane npugodumum. Xapaxmepom x(g) npencra-
Bienna Q rpynnei G HasbiBaetca caen G: x(g) =TrQ(g). Xapakrep HenpH-
BOAMMOTO FIPEACTABAEHMS HAIBIBAETCH COOTBETCTBEHHO HENPUGOOUMBIM XAPAK-
mepom.

YHCAo HEIKBUBANEHTHBIX HENPHUBOAUMBIX MPEACTABICHUH PABHO YHCHY
KJIaCCOB COMPsXEHHBIX aementoB B G. [lycth @y,...,0, — MHOXECTBO
KnaccoB conpsxexHbix anementon, D)(g),..., D¥(g) — marpuumi Bcex
HETIPUBOMMBIX HEIKBUBANEHTHBIX npeiactasaenmit, x'(g),...,x'(g) — Bee
HEMPUBOMMbIE HEIKBUBAIECHTHbIE XapakTepsl rpymrsl G. Toraa cipasenimso
COOMHOMIEHUE OPMOORAALHOCIU HENPUEOOUMBIX npedemaenenuii

) 1G]
E Dsj) (9)9;3 g)= ';6uﬁéik6jh

geG (9-2)

a,f=1,...,8, i,ji=1,...,0, Kkl1=1,...,ng

TAE Mg — PAIMEPHOCTD npeacTabienns D(?(g), s — KOAMYECTBO Pa3IUUHBIX
HENPHUBOAUMMBIX TIPEACTARTEHMIt rpynny G.

PaccMoTpHM Kakoe-HHEYOb NPEACTARAEHME, TOTAA XaPAKTEPhl JAEMEHTOB
x(g'), BXOMAIIMX B OAMH KJIACC COMPSXEHHBIX 3AeMeHTOB g € o', paBHb
Mexiy coboit, uTo MoOXHO 3anucats B Buae x(g') = x(c'). HannuieM Tabanuy
Xapakrepos rpynnst G

‘a’. U
X9 [ xi - xi
xX@ixi - x

Hna crpok >1o#t TAGAULIBI CRPABCAAHBO COOMHOWERUE OPMOZOHANGHOCMU XA~
pakmeposg, apnsmouieecs cnencreuem (9.2):

3
> ohix™ (@)X (0:) = 1Gldap, (9.3)
i=1
rae h; — uucio 39eMEHTOB B Kaacce o;. Tipu 3ToM cToabust Tabauus (xoTo-
PYIO MOXHO paccMaTpiBaTh Kaxk KBaApaTHYIO MATPHUily) TakKe OPTOTOHAIBHBI
Mexny coboit, T.e.

- G
ZJ: x“'("f)xa(gj) == %:i ij- (9‘4)

TMoCKONLKY XapaKTep €IMHWMHOTO 3NEMEHTa TPYNIbl PABEH Da3MEPHOCTH
npeacrasnenua x'V(1) =n,, 10 A n, cnpapeannsa popmyna
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;n.’. =laGl, (9.5)

CBAI3BIBAIOILIAs PA3MEPHOCTH MPEACTABNEHHI M MOPALOK [PYMIIBL.
MponsponbHoe npencrasnenye T(g) koHeuHOH rpynnbl G MOXHO pas-
NOXHTH B NPAMYIO CYMMY HENPHBOIMMBIX npeactasnenmit T(g) = ¢, T (g) &
TA(g)®... ®c,T1(g). Uncna ¢, NOKa3BIBAIOT, CKOMBKO pa3 HETIPUBOMIK-
moe npeactanienve T ctpevaercs B T(g). Apyrumu ciosamm, CYLLIECTBYET
6asuc, B KOTOPOM MaTpHlia NPHBOAWTCA K GJOYHO-IMATOHANBHOMY BHIY
npueM 60k T()(g) BcTpeuaetcs ¢, pas, 610k T?(g) — c; pas n T.4.

KoadpuuneHTsl pasnoxeHus c, HaXoAATCs C MOMOLHBIO COOTHOILEHMS opro-
FOHANBHOCTH XapakTepos (9.3):

I
=i thx‘(o.-)x“(as) =(x"(9)x"(9))-

3neck x(g) — xapakrtep npeactamnenus T'(g), a {...) o3Hauaer ycpenHeHue
no rpymne.

OcHOBbI TeOPUH TPYIIN U IIPENCTARNEHMH HANOXEHDI C I0KA3ATENLCTBAMM
B [Xon62, Cmu74al.

9.3. Mpumeps:

283. Mocmpoums u30MOpuIM 2pynnui cum-

mempuit mpeyzonsruxa Dy u epynnw nodcmariosox
mpex 31emMeHmoe:

»={(i 23}

Pemenne. 3anymepyem BepuinHbl Tpeyroas-
HHKa NMpOTUB YacOBOW CTpejikd undpamu 1, 2, 3
(puc.9.1). Mycts p nosopot Ha 120° npoTHs ya- 3
COBOH CTPEJIKH, ¢ — TOBOPOT, NMEPECTaBS oM

BepuiMKbl | U 3 u ocraBnsiomieit BepmnHy 2 Puc. 9.1. Hymepauus sep-
Ha mecre. Torna LUMH TpeyroNbHHKa

(P23 2, {123 123
p (231) P*’(3|2) °“’(321)
~(r23 2 123 t23
pe (213) ""“’(132) 1*(123)-

Jlerko yGemutsesi, Y4TO NOCTpPoEHHOE oroBpaxeHne sBaseTcs WioMopdu3-
MOM.
»

R L T 1 %)

1

230 Thasa 9. [pynnw u npedcmasaenun

284, Joxazams, umo dea nesvix (npaswix) cmexciux xaacca epynnst G
no H usu ne nepecexaiomcsi, uau cosnadaiom.

Pemenne. Ecin Hx v Hy He nmelor oGIMX 3AEMCHTOB, TO HEYEro
BoxaswiBats. [lostomy nycre 2€ Hz u 2€ Hy. Torna z=h,z=h,y. Orciona
z=h'hyy u hz= hh!“hzy:h’y. Mosromy Hx C Hy. Auanormuno HyC
Hz. 3uaynt, Hx = Hy. >

285. Mycms G — xoneunas zpynna, H — nodepynna zpynns G. foxazamo,
umo |G|=|H|-|G: H|.

Pewense, G=H + Hzy+ ...+ Hz,, cmexubie iaccst Hz; w Hz; co-
AepXaT OAWHAKOBOE YHCIO IMEMEHTOB, paBHoe (H|, a uMCAO T Pa3IHYHBIX
CMeXHbIX Knaccos H ecth |G : HY. >

286.

(a) flyems Cg(z) — mrowcecmeo 3nemenmos zpynnv G, NepecmanoBo4HbIX
¢ £ €G. Joxasamv, umo mozda Cg(x) — nodzpynna epynnsl G.

(6) Ilycms C; nexomopwit ksacc conpaxcentvix nemenmos, T € C;. Toz0a
mownocms |C;| muoxcecmea saemenmos & xracce C; pasna undexcy |G : Cg(z)|
nodzpynnu Cg(z).

Pewenne, Iycts C = C{z) ¥ aneMeHTH!, COIPAXEHHEIE C T C HOMOUIBIO
91,92 € G, pashsl, T.¢. g; 'xzg) =g¢; '2g;. O603Hauum c=g,g; ', Torna

c"%c:gw,“’a:g;g{' == TC=ED.

3uauut c€cC=>Cg,=Cgs, T.€. g§1,§2 AEKAT B ONHOM NPABOM CMEXHOM
kaacce G no C.

TTycThb g1, g2 A€XAT B OXHOM MIPABOM CMEXHOM KJiacce rpynnsl G 1o noa-
rpynne C, T.e.

Cgi=Cqp=>c=g9; €C.
Toraa
e=c'ze=(g107") '2zg197 " = g 29 =97 'z,
T.€. JICMEHTHI, CONPAXCHHLIE T C noMoub1o g, g2, pPaBHBbI. TaK“M OﬁpaSOM,

YUCAO PAITHYHBIX 3JEMEHTOB, COAPSIXEHHbIX C 3AEMEHTOM I, PaBHO 4HCAY
MpaBbIX CMEXHBIX Kiaccon rpynnsl G no noarpynne C. »

287. Haitmu nopsdox cpynnet cummempuis Ky6a.

Pewenne, TiponymepyeM BeplliuHbl KyOa. CHMMETPUAMH, TOPOXAAI0-
WLHHME FPYIY, ABASIOTCS ABA BPAlLEHHS BOKPYT OCelt TPETHEFO U UETBEPTONO
nopsiaka (puc. 9.2} u oTpaxenue.
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4 3
: (12345678
1 2 “\2 34167 85
b= 1 2 3 456 7 8
: “\l1 4 85 12 3 76
- U 7 {1 2 3 45 6 7 8
““\s56 78123 4
5 6
...... L= (T
T i Puc.9.2. DneMeHTH CHMMETPHH
- Ky6a: oCH BTOPOrO, TPETbEro H
n=2 In=4 n=3 YETBEPTOrO NOPANKOB

OnemeHTHl @ ¥ b nopoxaaloT rpynny G;, orobpaxaioliMe KaxXiyio
BEPLUMHY B J1I00YI0 APYIyI0. 910 BHAHO U3 AWATPAMMBI

1525354 5 %657 %,

. I . . .
3nech i — j O3HAYaeT, YTO 3NEMEHT T MEPEBOMMT i B j. DNEMEHTHI, OCTa-
Bsiowne 1 Ha mecte, oGpasyior noarpynny H, rpynnsl G|, 1 Mbl MOXeM
pa3noxuts G no H;:

G=H,; +Hyzy+ Hizz+ Hyeg+ Hyzs + Hizg+ Hz7+ Hyxs.

IMockonbky Bee aneMenTh! Knacca H\z; nepesoast | B BepluMHY i, a BEPIIHH
BCETro 8, TO 31eCh BBIMMCAHDBE BCe CMeXHble Knacchl no Hy u |G, : H, |=8. Ove-
BUIHO, uto H|={e,b,b’}, t1e e — ToXmECTBEHHOE otobpaxeHue. [Noatomy
|G\|=|H,|-|G: H | = 3-8 =24. Otobpaxenue ¢ He conepxurtcs B G|, HO TaK
Kak =1, ca=ac, chb=a’balc, Mn BUAMM, uTo G=G, +Gc, noaToMy
|G} =48. >

288. [Toxazams, 4mo nodzpynna undexca 2 — uneapuanmmuas nodzpynna.

Pentenne. Ecnu G=H+Hz, 10 G=H +zH. Chenopatenvho, Hx=zH.
»

289. fToxazams, umo:

(a) xapakmep seanemca QynKyueil Kaacca conpauceHHbx IneMenmos, m. e.
XAPAKMEPLl CONPANCERHBIX INEMEHMO8 PABHYL;

(6) akeueasenmuste npedcmasnenun umeiom paensie xapaxmepui.

232 [haea 9. Ipynnw u npedcmasaenun

Pemenne. Ecan 4 — maTpHia n X n, To ee XapaXTEPUCTHHECKH it MHOTO-
4JieH paBeH

JN=14-2AB|=(~1)" [N"~ e A" "+ .. +(=1)"a,],
rae a;=TrA. Mlyers T — HeBbpoX/cHHas MaTpHua, Torda |T~'AT — AE|=
[T"YA-AB)T|=|T"'|-|A—AE|-|T|=|4~AE|. Takum 06pasoM, Marpu-
ust 4 u T~ AT uMeIoT OIHH U TOT Xe XaPAKTEPHCTHYECKHH MHOTOY/IEH U TEM

Gonee onuH u ToT ke cnen. [Moaromy marpuust T(g; '9g1) =T~ (9.)T(9)T(g1)
1 T(g) umetoT paBHbie Chensl, T. €.

x(97 '991) = x(9)- >

290. floxazams, umo ecaxoe npecmagnenue Koneunoil 2pynnsl IKEUBANEHM -
Ho yHumapnoMy (npedcmaenenue yHUMApHO, ecau €20 MAMPULK YHUMAPHY).

Pemenne. Iycts 7'(g), g € G — KOMILIEKCHOE NPEACTABACHHE CTEREHH 1
KOHeuHOM rpynasl G W nycts gy =1,4,...,9: — 3emenTn rpynnm G. Torna

M=E+T g)T(g) +... + T (9)T(g)

— NONOXUTEALHO ONIPEAENCHHAR IPMHTOBA MATPHUA, TaK KaK KaXioe caara-
€MO€ B OTAEABHOCTH €CTh MONOXKHTENLHO ONpeie/ieHHas 3PMUTOBA MATPHIIA.
3ameTuM, 410 Ans moboro gE€G

t
THe)MT(g) = T'()T"(9:)T(9:)T (g) =

=]

t t
=Y T'9g)T(g:9)=Y_ T'(g)T(g) = M.
=1

i=1

{9.6)

B xypce nuueilHoi anreBpbi A0KA3LIBRETCA, YTO ARA NIOGOH HOAOXUTEABHO
onpeneieHHOH 3pMUTOBOH MaTpuubl M CcyllecTBYeT Takas HEBHIPOXACHHAS

martpuua C, uto CtMC = E. Orciona nonysaem M = (C”)tC“'. Moxcraanss
37O BbIpaxenve Ln M B Toxaectso {9.6), noay4aem

T'(g)(c™")'c™'T(9) = (7)™,
OTKyAa
(c"'T(g)c) (¢"'T(9)C) =F,
no3tomy npencrasneHue T'(g) =C'T(g)C ynuurapHo. >

291. Hanucame matauuy xapaxmepos epynnei Ds.

Pewennte. Ipynna D3 uMeeT TpH K/1acca COTIPSKEHHBIX JIEMEHTOB:

U1={l}a Glz{pwpz}v aSZ{CapC)pzc}-
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MosToMy cyllecTByeT TpH HeNpHBOAMMBIX MpelCTaBieHMsl rpynnbt S3 pas-
MEPHOCTH 1y, 1; U n3. [ons3ysich Gopmysnoit (9.5), nonyyaem

nf+n§+n§=|D3|=6.

3TO paBeHCTBO BHIMOJIHAETCH TONLKO, ecu 7, =1, ny =1, n3=2. Ipynna S,
HMeEET [1Ba OJHOMEPHLIX MPERCTABACHUS, KOTOPbie MOXHO OTOXIECTBHUTb C UX
XapaKrepaMHu:

a) TpuBHanbHoOe fpeacTaBieHue x'(g)=1 — romomopdusm rpynnu S;
Ha IPYINMY, COCTOSILYIO M3 OJIHOTO 3/IEMEHTa;

6) npencraBieHune xz(y)=:|:1 — roMomopdH3M rpynnbl S; Ha Tpynny

{1,-1}, anpoM KoTOporo ABNAETCS NOATPYINNA, TOPOXIEHHAS I0BOPOTOM
2
Ha 7. T.e., ecan p — nosopor Ha &, 1o 1,p,p? > 1, a ¢, pe, pPc— —1.

W3 oproronaybHocTH cTonbuoB Tabauibl xapaktepos (9.3) nonyunm
4] g, oy

x'| 1 1 1

9.4. 3apaum

292. TMoka3aTs, yto B mo6oi rpynne (ab) '=b"'a"! n Boobuwe

| 1

~1 -1 - -1 -1
(a1a02...0,-18;) =@y, a,_,...a; a; .

293, lMoka3aTk, YT0 @ ¥ a~' — 3neMEHTHI PAaBHBIX MOPSAKOB.

294. lMoka3aTb, YTO €C/IH 3TEMEHTBL T U Y CONMpPAXKEHbI, TO OHU MMEIOT
paBHbie MOPAAKH.

295. Toka3aTb, 4TO 3MeMeHTsl ab U ba UMEIOT paBHble NOPAAKM.

296. Tloka3atb, YTo Npeobpa3oBaHmMs CUMMETPHU PaBHOCTOPOHHETO TpE-
yronshuka o6pasyior rpynny. Hoctpouts tabauuy ymuoxenus. Haitu noa-
TPYNTIbL.

297. Myctb G — rpynna, H — noarpynna G. JIokasaTb, 4T0 MHOXECTBO
MPaBbIX CMEXHBIX KIACCOB PABHOMOLIIHO MHOXECTBY NIEBbIX CMEXH bIX KJIACCOB.

298. Tloxa3satb, 4To

(a) anemeHT z rpynnsl G conpsxeH caM ¢ coGoit;

(6) ecau  conpsikeH ¢ y, TO ¥ CONPAXEH C T;

(B) eciv @ conpsiXeH ¢ ¥, a ¥ CONPAXEH € 2, TO £ COMPAXEH C 2,
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(r) rpynna G ects OOBEAMHEHHE HEMEPECEKAIOLIMXCA KAACCOB COMpsi-
KEHHBIX 31EMEHTOB:

G=Ci+...+C,.

299. IMokasars, 4TO SAVMHCTBEHHOMN KOHEUHO rpynnoil ¢ AByMA KiaccaMu
CONPAXCHHLIX CMEHTOB SBAACTCE IPYANA nopaaka 2.

300. okasate, yTo B rpynre npeodpaszoBaHuil NPOCTPAHCTBA NOBOPO-
Thl Ha YroA @ BOKPYr ABYX OCCH CONPAXEHBl, €CAM B IPYINE cyillecTByeT
npeobpazosaHue, Nepesosniliee oAHY 0Ch B JpYryio.

301, Tloxasats, YTO TIOBOPOTH BOKPYF OJHO# W Toit Xxe ocH OO0
Ha yIABl ¢ U —{p CONPSIXEHBI, ECNH:

(a) uMeetcs och BTOPOTO NOPAAKA, NEPrieHAMKYAApHaA 00';

(6) mMeercs 3epkanbHas TIOCKOCTh, Npoxonsilias uepes ock OO,

302. Haitry xnacchl CONPSXEHHBIX JMCMEHTOB RS CACAYIOUIMX rpynn
CHMMETDPHMU:

{a) PaBHOCTOPOHHETO TPEYTONLHHKA;

{6) xBanpara;

() mpaBuiILHOrO TETPadapa.

303. Toarpynna H » G vHBapHAHTHa TOTAA M TOABKO TOTAA, KOTAA Ka-
MBI NIeBbI cMeXHbI Knace Hx ecTh TakxKe M npasblit cMexHblil kKnace o H.

304. Iycrs H — romomopodHilit 06pa3 rpynnst G. PaccMOTpHM MHOXeE-
creo T sneMeHToB t € G, oroOpaxaloumxcs Ha eavHuuy rpynnsl H. Tokasarts,
y1o T — uHBapraHTHas noarpynna 8 G.

305. Ilokasathk, yTO rpynna cuMMeTpuit KkvGa roMmomopdHa rpynne noa-
CTAHOBOK TPEX CHMBOJIOB,

306. Jokazarh, 4TO €CAM HOPAAOK KOHEYHOM IPYAMALI HE NPOCTOE YHTIO,
TO TPYNNa HMEET HETPHBHAAbHBIE® NOAPYIITIbI.

307. Muoxectso neMeHToB Z(G), NEPEeCTAHOBOYHBIX CO BCEMH 3e-
MeHTaMy rpyniisl G, HasbiBaetrcs yesmpom rpyninbi G. Joka3zath, 4TO e¢cau
#g) — UMKAMYecKas rpynna, To G — aGenesa rpynna.

308. [loka3aTh, YTO BCE HEMPHBOLHMbIC NPEACTaBieHus abenesoli rpyn-
Tl OQAHOMEPHBI.
309. MNycts G — rpynna CHMMETPHHM KBapara.

(a) Tokazath, YTO 3Ta IPYNNa NOPOXAAETCA ABYMSA 3NEMEHTAMH CHMMe-
TPpUM @ ¥ b, KOTOpBIE YIOBRETBOPAIOT cooTHOmeHMaAM a* =1, b2 =1, (ab)? = I.

) TpusHansHEMH NOATPYNNAMN HAILIBAIOT CAHHRILY FPYNNL ¥ caMy rpynny.
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(6) Mycrs matpuun T'(a) u T(b) Takue, yto
[r@]'=E, [T®)]'=E, [T@)T®) =F. 9.7)

Toraa, oueBHaHO, OTOOpaxeHHE a‘b/ — [T(a)]i [T(b)]j 3aJaeT NpeACTaBNeHHe

rpynnbl G. [lpuBecTd nmpumMepn! MaTpHil, KOTOpbIE YAOBNETBOPAIOT YCAOBH-
am (9.7).

310. Mycrs T(G) — npencraBneHHe KOHEYHOH TpPYINNbI MATPULIAMH
Han C. [okasars, yTo Toraa:

(a) xapakrep x(g) paBeH cyMMe KOpHe# M3 eNMHHLIbL;
(6) x(97")=x(9)".

311. Mokaszats, YTO NpeacTaBIcHHE GaKTOP-IPYNIbI —,C-"I- (H aG) asnsercs
H npelcraBieHueM G.

312. PaajioxuTh TpeXMepHOE NPEACTABICHHE IPYNbl 53, MATPHIIL KOTO-
POro noy4aloTcd U3 eAHHWYHON MepecTaHOBKAaMH CTPOK, Ha HENPHBOLUMBIE
NIPEACTAB/ICHMNS.

313. 3amarth perynsipHoe npeicTaBieHHMe IPYIns S;.

314. Pa3noxXHTh peryispHoe MpeacTaBieHHe IPYNibl S3 Ha HENpPUBOIH-
Mble.

9.5. OTBeTni

295. Vxasanue: OHW COTIPSIXEHBI,

296. Bocnoabsyemcs ofGo3HaueHusMy 3agauu 283, Torma Ta6amua ym-
HOXEHHS TPYMIbl TPEYroAbHHKA UMEET CIERYIOUHI BUM:

1 p p* ¢ pc Pe
1 1 p p* ¢ pc ple
plp P 1 pc pec ¢
P| P L p pe ¢ pec
c | ¢ p¢ pc 1 P p
pc|lpc ¢ p¢ p 1 P
Peiple pc ¢ p p |1

B rpynne TpeyronsHMKa MMEETCS YEThIPE MOATPYIbl, OTAHYHBIX OT €11~
uuuHoit M Beeil rpynme: H,={1,p,p?}, Hy={l,c}, Hy={l,pc},
Hy={1,p%}.

297. Ykaszanue: Knaccy gH craBum B cootseTcTBHe (gH) '=Hg .
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299.

305.

306.

308.

309.

312.

13,

314.

Yxazanue: Tlycte oy=1 n 0; — KAacChl COMPAXEHHBIX 3NEMEHTOB
rpynnst G. Torna G =0+ 0;. Ecau {G]=n u |oal=m, 10 n=1+4+m,
npUYeM ™ BEANT Haueno n (3anaya (6)).

Yxazanue: Mycrb ,y,2 — TPH NpPAMbIE, COEANHSAIOWIKE LIEHTPBI TIPOTH-
BOTIONOXHBIX TpaHell KyGa. Torga cuMmMeTpRH Kyba HHAYUMDPYIOT IPyriny
NOACTAHOBOK MHOXECTBA (Z,¥,2).

Yxazanue: Aycte g€ G n g# 1. PaccMoTpxTe NOATPYRRY, COCTOAMUYIO
13 BCeX cTeTieHeli anemenTa g: 1,9,6%,.. ..

Yxazanue: PaccMOTpHM BEKTOpHOE NpocTpancTBo V, Ha KoTopoMm abe-
nesa rpynna G peanM3cBaHa Xak Tpynna auHeiiHbix npeobpasosaHuii.
[lyct g€G v g# 1, Toraa ROANPOCTPAHCTBO COBCTBEHHBIX BEKTOPOB
3]IEMEHTA §, OTBEYAIOLIMX HEKOTOpPOMY COGCTBEHHOMY 3HAYEHHWIO A,
apisiercs G-WHBAPHMAHTHBIM NOARPOCTPAHCTBOM, 2 3HAYHT COBNAlaeT
¢ V. MNpeobpazoBaHHIO ¢ COOTBETCTBYET MATpHUa, NPONOPLUHOHAALHAA
CIAMHUHHON,

(6) MpuBenem NpUMep TOYHOIO HEMPHBOAWMOTO MaTPHYHOTO MPEACTa-
BACHH#A TPYNNsl KBaapara:

T(a)z(? “é), T(b):(? é) T(ab):(_{l) (1))
T(g) =T (g) TV)g).

(
r((273))=]0

0

\ 0
/0

0

_}]¢
~10
1

\ 0

T(g)=TNg)®TD(g)&2T"(g).

_—DoDoC
DO QO
[N R~ R R}

CoCO—-00 DOOOO -

e D

DOOW— O

_—OWLOOO
(=1



[nasa 10

HenpepbiBHbie rpynnbi

10.1. pynnobi u anre6psi Jin

PaccMoTpHM rpynny JuHeHHBIX TNpeoGpa3oBaHMi, 3MEMEHTH MaTpHL
KOTOPHIX ABIAIOTCA AHATMTHYECKHMH (DYHKLHAMM BelleCTBEHHBIX Mapame-
tpoB. Ilycrs g(a),z,...,a;) — 2nemeHT Hawe#h rpynnei G. Tlapametphl
a=(a),a,...,a,) BHIOMpAIOTCA TaKHM 0GPA3OM, YTO CYLIECTBYET B3aHM-
HO-OIHO3HAYHOE COOTBETCTBME MEXIY OKPECTHOCTBbIO Hadajla KOOpPAMHAT
B 7-MEPHOM TIPOCTPAHCTBE NMapaMeTPOB M OKPECTHOCTLIO SAMHHYHOLO 3Je-
MeHTa rpyinel. [lpuueM HyneBoMy HaGopy napamMeTpoB COOTBETCTBYET €JH-
HUua rpynnbl. Ecau

g(a|702" . °’ar)g(a,l’al2" ¢ '7a:')=g(a’],)a’2”“ "a:',)’

TO
"_ L '
Q, _¢k(ahaZv' ’war’ahab---,ar)a k=1,...,r

Eci QyHkumu ¢ GeckoneuHo audrbepeHilMpyeMbl N0 BCEM apryMeHTaM,
TO Takue Irpynnbl MpUHaLAEeXat K kiaccy epynn Jlu. Uucno napamerpos r
Ha3LIBAETCA pasMepHocmbio rpynnyi G,

Anzelpoii /lu Ha3biBaeTCR THHERHOE NPOCTPaHCTBO L, cHaGXeHHoe ome-
pauneii, HasbiBaeMoi ckoGkoit Jlu (KoMMyTMpoBaHKeM) u 0603Hauaemoit
|z, y], mna koropoit BLINONARSIOTCS chenyOLLMe YCIOBHS (z,9,2z€ L, a€C):

1) az+y,z]=a[z,z]+[y,2] ("WmneitnocTs);
2) [z,y]=-ly,z] (anTCUMMETPHYHOCTD);
3) [=,ly,2]] + [2,[z,9]] + [1.[2,2]] =0 (voxaectso SkoGH).

MNMpumepamu ckoGok JIu MOIYT CAYXWTb OnepalMH KOMMYTHPOBaHWS KBa-
ApaTHbIX MaTpul, ckobku TlyaccoHa M BEKTOpHOE Npon3BeNEHWE BEKTOPOB
u3 R3.

PaccMOTpHMM MaTpHYHYIO peannsauuio rpyniisl G TMHERHBIX NpeoGpaso-
BaHUi, UMEIOILYIO MATPHYHBIC MMEMEHTHI gir = ¢ix(c,. . .,a,). Beenem B pac-
CMOTPEHHE NPOM3BOIHbLIE OT 3THX MATPHU MO NapaMeTpaM «; B TOYKE HYJlb,
T.€. PACCMOTPHM MaTpHusl I; ¢ 3neMeHTaMH

Agix )
)= — .
( I)lk (3(11 M =ay=. . =a,=0
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Matpuust I; Ha3bIBRIOTCH UHGUAUMEIUMANOHOMU onepamopamu (zenepamopa-
mu) rpynnst G. Kommyrarop {5, L] =11, — I, 1, aBnserca aunelitolt xoM-

SuHaumeit Matpuu I
[ L1=) cuak.
1

Jluneiinasg 060704Ka reHepaTopoB rpynnkt obpasyet anrebpy Jiu L, nockoabKy
BBE/ICHHBIH XOMMYTaTOp yIaoBaersopsieT ceolictsam -3 cxobxu Jiu. Ora an-
re6pa HasbiBaetca arzefpoii JTu rpynnel An. KoadhdULMeHTB ¢, HA3BIBAKOTCA
cmpykmypHamu Koncmarnmamu anreGpel Jlu L rpynnsl Jin G.

Tpynny JIx MoXHO BOCCTaHOBHTHL MO ee anrebpe JIn oaxoanauHo, eciH
rpynina Jix cesa3Ha u oaHocesA3Ha (MHoroobpasue Ha3biBacTCHd ORHOCBA3HBIM,
€CAM KAaXIas 3aMKHYTast KPHBas MOXeT ObiTh HEMpEpLIBHO CTAHYTa B TOY-
Ky). Tax, 411 BOCCTAHOBJICHHS OIHONAPaMETPHUECKON IPYRMbI CMPaBeuIMBO
IKCHOHERWUAAbHOe omobpaXcente:

|
exp (8I) = 1+az+59212+‘..‘

10.2. MpeacraBnexun rpyninbi BpauieHnin

[Ipedcmasnenuem rpynnst Jlu G HasbiBaeTcs roMomopdusM G B rpynny
npeoGpasosanuit T(g) nnueiinoro npoctpaHctea V. lNpeacrasreHte rpymnmnst
Jin B sexTopHOM npocTpaHcrse V HasbiBaeTrcsl NpuBoauMbiM, ecan Vo co-
NEPXKHT HHBAPHAHTHOE OTHOCHTENBHO G MOANIPOCTPAHCTBO, OTTHYHOE OT V
W HYJI€BOrO NOANPOCTPRHCTBA.

JIMHe Hoe NPOCTPAHCTBO MNPeACTtaBACHHA MOXET ObITh K HECKOHEUHOMED-
HHIM, HanpUMEp, MMALGEPTOBBIM, WAW TAKMM IPOCTPAHCTBOM, MOMOJHECHHUE
KOTOpOro ~ FibbepToBo npoctpancteo. OGo3HayuM F ApocTpaHCTBO Gec-
KoHeuHo AudepeHuupyembix byHkiuvit f{z), £ € R’, sananHbix Ha coepe.
KaxaoMmy aneMeHTy g € SO(3) nocrasuM B COOTBETCTBHE IHHENIHOE TIpeobpa~
30BaHue

T(g): f(@)— f'(2)=1(9"'z), (10.1)
oToSpaxaloiliee npocTpancTBo F Ha cebs. @opmyna (10.1) onpexnesnser ded-

cmaue 3aemenma 2pynnei Ha gyrxuuio. Ecim 3a npeobpaiosaruem T'(g,) cnenyer
HoBoe npeobpazosanue T(g:), a HMEHHO

T(g2): f'(2) — f"(z) = ' (97 '2),

TO Pe3yALTaTOM OYIeT KOMMO3HLHS

T(@)T(g)): f(x)— 1"(@) = £ (g7'2) = 1 (97 ' (97 '2)) = 1 ({gag1) "'2).

Takum obpasoM. T{(g2)T(g1) =T{(g:29:). Toatomy coorserctane g— T(g)
ABNAETCA NpeacTaBieHuesm rpynnbi SO(3) Ha 6eCKOHEUHOMEPHOM NPOCTPaH-
c1Be (byHKUMIL.
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Ins onpeneneHWsA HENPUBONMMMLIX TPEACTABACHMI TpYNMbl BpalleHHi
S0(3) nocratouHo paccMOTpeTh ee¢ anrebpy so(3), reHepatophl KOTOpO
(cM. 3anavy (a)) yAOBNETBOPAIOT KOMMYTALIMOHHBIM COOTHOIIEHUSM

[Jm"ﬂ] =1iEagyJy,

e J; — € TOYHOCTBIO A0 MHOXMTENA i MHOUHHUTEIUMATBHLIE ONEPATOPBI
AOBOPOTA BOKPYr OCH <. B kBaHTOBOH MexaHuke onepatop J Ha3biBAIOT One-
paropoM MomeHTa. [lockonbky no anreGpe JIu mMoxeT 6biTh BOCCTaAHOBJIEHA
rpynna, To A BbIACNICHUA HEMPHBOAMMBIX MPEACTABIEHHH 1OCTATOMHO pac-
CMOTPETb COOTBETCTBYIOLME mMpeAcTaBneRusa aureGpbl. DTa 3aja4ya CBORMTCH
K HaXOXeHHIO CMEKTPa OTIEPaTopa MOMEHTa J 2 U €10 COBCTBEHHBIX BEKTOPOB.
Kaxnoe HenpHBOAMMOE INpeACTABNEHWE 3aNACTCH COGCTBEHHBIM 3HAaYeHHEM
j(3+1) oneparopa J2. PasmepHocTs HEMPHUBOAMMOTO NMpEACTaBIEHHS paBHa
2j+1 — 4Hcy (NpM 3a5aHHOM ) BO3MOXHBIX MPOEKLMH MOMEHTa Ha OCh
KBaHTOBaHus (z).

Mycts V u U — KOHe¢YHOMepHblE BEKTOPHbIE MPOCTPAHCTBA Haj TO-
nem C pasmepHocTH m U n cooTBeTcTBeHHO. Tlycts {v;} w {u;} — 6asucl
npoctpaicts V. u U cootsercrBenHo. Jlng mobbix vEV, w€U paccmo-
TPHMM MHOXECTBO KOHEUHBIX CyMM (POpDMANbHBIX NPOM3BEACHUI BUIa v Qu
CO CNCAYIOWIUME CBOMCTBAMU:

v (U +u")=v@u +veu”,
(V' +1")@u=v'@u+v"®u,
Mveu)=(Av)@u=v®(Au), rcC.

floctpoeHHoe TakuM 06pasoM MHOXECTBO SBASETCH BEKTOPHBLIM MPOCTDaH-
CTBOM, HATSHYTHIM Ha M X7 GasMCHBIX BEKTOPOB v;@u; =w;j, Iae i=
l,...,m, j=1,...,n. OHO Ha3blBAETCA meH3OpHbIM npouseedeHueM Tpo-
cTpaHcTB V u U n obosnavaercs W=V QU. Eciu V u U — npocrpancTsa
CO CKANSIPHBIM MPOM3BEACHHEM (.,.), TO CKansapHoe NpousBeseHue B VU
MOXeT ObITh onpeaeneHo GhopMyaoi

(01 ®u, 1 ®uy) = (v),92)(uy, up).

Beenem nousitue mensoproeo (npamozo) npouseedenus matpuu. Iycts
umeeTcs e KpaaparHble Matpuubt T =|{¢;;|| u R=||r;;|| nopsiaka = u m co-
OTBETCTBEHHO. [TpsAMbIM NpousseneHnem Matpuubl T Ha Matpuuy R sBasercs
KBalpaTHasi MaTPHLIA TIOPAAKA R X T, HMEIOINAs CAEAYIOIWHH BUJL;

tWR tpR ... t,R
taR tpR ... t,R
TerR=| 1 2T i
taR thR tnnR

3amernM, uto Tr(TQ R)=TrT-TrR.
Ilyctb 3anannt npenctaenenus T{g) u T'(g) rpynnet G, g€ G, T.e. Ka-
XIOMY 2neMEHTY g rpynnbl G cOOTBETCTBYeT AuHeiHblii onepatop T(g)
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npoctpacrsa V u nuueltunii onepatop T'(g) npoctpancrsa U, npu-
uem T(919)=T(g:))T(g:) u T'(9:192) =T"(g1)T'(g2) ans mobLix 3nemeH-
TOB g M ¢y u3 G. OnpeseanMm menzoproe (npamoe) npoussedenue npen-
crasiennit rpynnel. BeibepeM 6a3uckl npocrpaHctea V W npocrpancrsa U:
V={v,v5...,9), Us={u;,4,...,%,). Hyctb B oTux Gasucax omeparopy
T{(g) cootsetctayer matpuua D(g), a oneparopy T”(g) cooTsercTByeT MaTpHLia
Di{g), 1.e.

T(gyvi=_ Djilg)vj, T'(gym=Y  Dulg)ur
=

i=t

OnpenennM auHeiinbie oneparoput T7(g), melicTByOUiME B NPOCTPAHCTBE
VeU dopmynoii:

T"(g)(vi® ) =T(g)v; ®T (g)ws =
=" Djilg)v;® Y Dirlg)m = _ D;i(9) Dixlg) (v; ®m).
J i § A

Jlerko npoBepuTh, YTO MATpHiia, COOTBETCTBYIowan omnepatopy 1"(g), ects
npsmoe npousseacHue marpuu D(g)® D'(g}. 3o u ectb npamoe (TeH30pHOE)
nipov3BeneHue npeacTapienuit rpynnst. TpAaMoe npousBeseHne npeacrasie-
HUl MOXeT GBITHL PalNoOXECHO Ha HENPUBOAKMMSIE NpeacTapleHHs (3anava
Knebusa—Topaana). dns rpynnsl $O(3) 31a 3ana4a COOTBETCTBYET KBAHTOBO-
MEXAHHUECKOR 320aYe COXEHHS MOMEHTOB.

Mycrs DY) y DU — pa HenpuBOAMMBIX NpPENCTABIEHHS [PyNNbi
BpallleHHsl CO 3HAYCHUSIMU MOMEHTA j; M Jj COOTBeTCTBEHHO. Toraa npsimoe
npou3senenue npenctasnennit DUV Q@ DUY) paanaraetca Ha HeNpUBOAMMBIE
npeiacTasieHus B Buae (cM. 3azauy 334):

DU!)®D(J'2) - DUIH:) @D(jl“hﬁ—!) D... @Dﬂjl "J‘z!)' (10.2)

310 M ecth pamioxenue Knebua—lopaana nis rpynnst SO(3).

U3 paanoxenns (10.2) cnenyer, uyto 6asucst npenctamnenuit DY) |JM)
(-J <M <J), Moryr GbiTh pasnoxeHsl o 6a3UCy NpAMOro NpoH3BeACHHs
npeacTaBacHuit |f,m) ® [jam,):

UM jij)= 3. Coomjmmlirm)®ljzma).

m+my=M

Koadidnunentsi pastoxeuns Ci M ;. HassiBaioTes koadduunentamu Kne6-
wa—fopaana,

[lycts uMeeTCH MAaTPHYHOE NIPeACTaBieHHe Pa3MePHOCTH n rpynnsl G,
T. €. KaXIOMy 3NeMEHTy g Ipynnb coorseTcTByeT Marpuua Dix(g). Habop

sycen T'=T; .. 4. Ti i, €EC =1, ., n, kE=1,...,7, HA3BLIBACTCH MEHIOPOM
panea v omuocumenstto epyanst G, ecau T npeobpa3yercs Mo 3aKOHY:
Tiiv i, = Dig (@ Di(9) - - Din, (@) Tkt 5, - (10.3)
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(3mech NMo MOBTOPSIOIIMMCS MHAEKCAM MOIPA3yMEBACTCA CYMMMPOBAHHE.)
Yucna T;;,. i Ha3bIBalOTCA Komnonenmamu (Koopdunamamu) Temsopa. Muo-
XECTBO BCEX TEH30POB JAaHHOTO paHra T o6pa3syioT BEeKTOPHOE MPOCTPAHCTBO
pasmepHocTH n". Ten3zop T Ha3biBaeTCsl UHEAPUAHMHHLIM OTHOCHTENbHO Acil-
CTBMA Tpynnbl (G, eciM eroc KOMIOHEHThI He MEHSIIoTCS Moj JciicTBHeM
npeobpasoBaHUi M3 rpyansl G. 3aMeTHM, YTO HHBapUAHTHBIA TEH30p HMeeT
CTONILKO HE3aBHCHUMBIX KOMIOHEHT, CKOIbKO pa3 BXOAWT eAMHUYHOE NMpPeNcTa-
BJIEHHE B Pa3JIOXKEHUE TEH3OPHOTO TIPOM3BEACHNS TIPeNCTaBACHUIt IPYTIBL.
BaxHBIM CBOWCTBOM TEH30pOB ARJIAETCA TOT ()akT, YTO ONEpauUs me-
PECTAHOBKH HMHAECKCOB KOMMYTHpPYET ¢ aeicrsueM rpynnet G. Ilycth S, —
rpynna noACTaHOBOK T CUMBOJIOB., JTa Ipyrina COCTOMT U3 3/1EMEHTOB BHA

1 2 ... r
a:(il i ... i,.)' (10'4)

Kaxnas nepecranoBKa onpene/iseT iuHeliHOe npeobpa3osaHie NPOCTPAHCTBA
TEH30pOB paHra r B COOTBETCTBHU C GopMyioit 0Ty q,...q, = Tﬂ,'l,,'l._.,,,'r =
Ta,iy. gy DTH MHElHBIE PEOGPA30OBAHUA, COOTBETCTBYIONIME rpynme S,
KOMMYTHPYIOT ¢ Aei#cTBHeM rpynnbi G. Tensop T =1T;,;, i, Ha3bIlBaeTcs CHM-
MeTpHUYHBIM, ecv sT =T anst noboi NOACTAHOBKH 3 € S, H KOCOCUMMETPUY-
HbIM, €C/IM [UISS HEYETHBIX MOACTAHOBOK s BhinonHserca sT = —T, a qns yer-
Hbix 3T =T. TakuM 06pa3oOM, CHMMETPHUHbBIE TECH3ODBI ABIAIOTCS COBCTBEH-
HBIMH BEKTOpaMM /110001 MOACTAHOBKHA H3 S, OTBEHAKWMMHA COOCTBEHHOMY
3HadeHnio 1. To3aToMy cUMMeTpHYHBIE TEH30pbl OOPa3yIOT WHBAPUAHTHOE
OTHOCUTENbHO (G TIOAHPOCTPAaHCTBO. AHANTOTHYHO, MHOXECTBO BCeX KOCO-
CMMMTPHYHBIX TEH30pOB sABAsieTcsl G-MHBAPHAHTHBIM NOANPOCTPAaHCTBOM,
Ecnm G — rpynna ppawenut SO(3), T,.i, — TEH30pbI N-TO paH-
ra, 3ajaHHble B TPEXMEPHOM EBKJIMIOBOM NPOGCTPAaHCTBE (TOUHEE FOBOpS,
OHM — 3/eMEHTbl mpocTpancTa R’®...®R%), 1o D(g) B 3aKkoHe npe-
obpasoBanns (10.3) ecTb CTaHZapTHOE MpeACTAaBIeHME IPYNIbl BpaweHMUA,
OTBEYAIOLIEEe HEIPHUBOAKMMOMY TNPEACTABACHHUIO ¢ MOMEHTOM j=1. B 3tOM
ciydae D}:i):. ,(21,)_2 . Df';c B (10.3) ecTb TeH3OpHOE NPOM3BENEHHE HENPHBO-
JHUMBIX TpefCTaBNEeHHA ¢ j=1. D10 NpoU3BEAECHHE MOXET OBITh Pa3AOXKEHO
10 HENMPUBOAMMBIM HpeAcTaBaeHHAM. Kaxmoe W3 HelpMBOAMMBIX NpPEACTa-
BAEHWIi L1 IaHHOTO TEH30pa N-TO paHra 6yeT BbileNsATh €0 HHBADHAHTHYIO
4acTh. Hanpumep, TeH30p BTOpPOro paHra a;; MOXeT 6biTh NPEACTABICH B BUAE

a;; = ! (aik +ay; — 2 auém) + 'l‘(a'ik —ay)+ ! aybiy. (10.5)
2 3 2 3
Kaxablit uneH B 3TOW CyMMe eCTb MHBAapHAHTHbIH TEH30pP OTHOCHTENLHO
rpynnsl BpawteHuit SO(3). Tepsoe craraemoe B (10.5) MMeeT HyneBoii ciel
M COOTBETCTBEHHO 5 HE3aBUCHMBIX KOMIMOHEHT. JTOT TEH3OpP COOTBETCTBY-
er MomeHTy J=2. Bropoe cnaracMoe oTBeuaeT BekTopy (MomeHT J=1),
a nocieaHee — ckanspy (J =0),
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Mo Teopuu rpynn JIu MOXHO OTOCHAaTH uWTaTens K Kuuram [Kup78,
Pux84, TH®79]. HexoTopble BONPOCcH TEOPHHU IPYIIN, HMEIOLIHE NPHIOXKEHHE
K aTOMHOIl ¥ MonexyaapHoi# dusuke, paccmorpens 8 [JUJ174].

10.3. Npumepw

315. Paccmompum odnonapamempuneckyio zpynny G = g(6). Ilapamemp 6
anibepem maxum obpazom, 4mo

9(61)9(62) =9(8, +63), (10.6)

g(0)=E. (10.7)

yems Iy = (%) gop — WHDUHUMEIUMAnbMGR Mampuyua, coomeemcmeyiowan
napamempy 8. Ioxazams, wmo mozda

9(6) =exp (40). (10.8)

Pemenne. [Tponuddeperunpyem obe yactu pasencrea (10.6) no 8; n no-
aoxuM 3ateM 4, =0, 0, =40. TMoayunm %:Igg(O). OTH ypaBHEHMS HMET
eNMHCTBEHHOE pellieHHe, YIORIETBOPSIoies HayanbsHoMy yenosiio {10.7). »

316. Mycms g{a;, a3,a3) — mampuya, coomeemcmeylOuan noeopomy 60-
Kpye ocu epawenus o= {(ay,az,a3) Ka yeon 8= (a’+a+a3)'2 [okaszamo,
4mo moz2da

g(ay, a3, a3) =exp (Iyay + hoy + Gas),
20e I, I, I — ungunumesumansnue mampuus zpynnei SO(3).

Pemenne. PaccMOTPHM OHONAPAMETPHHECKYIO IPYNITYy MOBOPOTOB BO-
KpyT ocy, HanpamieHHOM no BexTopy a. Bocnonbsyemcs dopmyion (10.8)

3
da_,-
g(6) =exp (‘Isé‘) =exXp 9122; I; Ty

3aecn .
o =0cos(0z, ), ay=8cos(Oy,a), a3= fcos(Oz,a).

INoszromy
glay,az,as)=exp (Iiay + ha + h). >

317. Haimu ungunumesumansuvie Mampuys:
(a) epynnu spawenuit SO(3), napamempusosannoti kax yxazawo é 3ada-

ye 316.
(6) cneunansnod ynumapnoii epynnst SU(2), cocmonmeii us mampuy, euda

eicosp  €Psing
= ) ; — < <.
v (_e~w sing e #cosy )’ TEME ST
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Pemennte. (a) B kauectse napamerpos rpynns SO(3) Bo3bMeM TpH Co-
CTaBISIIOWINE @,y (3 BEKTOPA (¢, HATIPABACHHOIO M0 OCH BPaUIEHHUS W paB-
HOTO IO ITHHE YIJY [TOBOPOTa:

1 0 0
9(a),0,0)=]| 0 coso sina.).
0 -—sina; cosa

0 0 0

=(0 0 l).
=0 0 -1 0
001 010

Iz=( 00 0), I3=(—l 0 0)
-100 000

Pemenue. (6) YHuTapHbie yHRMOLYASIPHBIE MATPHLIb 2-T0 MOPSAKA HME-
10T BHA

Orciona

— 0g(a|1070)

I
: Bal

AHaJIOrn4yHo

U= ecosy  e¥sing
—e"¥sing e ¥cosy

W 3aBHCAT OT TpeX BELIECTBEHHBIX flapaMeTpos &,7),p. B xauecrBe aByx
reHEepaToOpOB MOXHO BbIOpaTh NMPOH3BO/HDIE

U i 0
X{:;{-(0,0,0): (:) —i)=i03’

au 01
x'l= 0_ﬂ(0’0,0)= (_l 0) =10,.

Mockonbky U(£,n,0) He 3aBMCHT OT ¢ npu =0, B KauyecTBe TDPETHErO
reHepaTopa MOXHO BISITh

1 U 0 3
X = e —— = . =1
eves 390(0’0’0) (1 0) io|. [

318. Mocmpoums zomomopguzm zpynner SU(2) na zpynny SO(3).

Pewenne. Matpuunt u3 SU(2) umeior sua

a f
(3%)

ranceau ,6 — TIPOHU3BONBHBIC KOMIIJICKCHBIE YHCJIA, NOAYHHAIOLIHMECH TOAbKO

ycnoeuio aa’+ Gf* =1. Ipynna SU(2) Bcex Takux matpuu — 3TO rpynna
JHHeHHBIX npeobpa3oBaHuit

u=au' +pv', v=-p"+a'V, (10.9)
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OCTABJIAIOWMX UHBApUAHTHONH opMy uu® +vo*. C nNoMolIbI0 KOMIUIEKCHBIX
MepPeMEHHBIX MOXHO ONPEAENUTb TPH AEHCTBUTENBHBIX NIEPEMEHHBIE

o =v'v+v'y, T=-—ilWv-v'u), zy=uu'-w'. (10.10)

[Mpu atom
D+ i+ zi=(utut+v'v) (10.11)

JNuneitHoe npeo6paszosanue (10.9), mpuMEHeHHOE K (10.10), ungyumpyet
AMHeilHoe Npeobpa3oBaHUE NEPEMEHHHIX X[,T, T3, NMPUHALIEXalee B CHIy
pasenctsa (10.11) oproronansHoi rpynne SO(3).

BrinuweM 310 JuHeiHoe npeobpa3oBaHue:

1
) =5(az+a2* - B - ")zl +

+%(—a2+a2"—ﬂ2+ﬁz')m'2+(—aﬁwa'ﬁ‘)mﬁ,

272:%(02—02“,524-[12*)33?'1'
1
+§(a2+a2'+ﬂ2+ﬁ2‘)m'2+i(—aﬁ+a'ﬁ')m'3,

3= (af’ +a’p) 7| +i(a’B-ap’)zy+ (aa’ - 8"}
D70 OTOGPAXEHHE HE TOMHO, MATPULIbI

(61« (o)

NpeACTaBASIOTCA eanHMLeH rpynnbl SO(3). >

319. Mokazams, wmo mpexmepHoe esxaudo8o npocmpancmeo, 20e ckoo-
ko JTu cayscum onepayus 6eKxmopHo2o yMHONceHus, ecmo anzebpa Jlu. Kaxou
epynne coomeemcmayem dannas ancebpa Ju?

Pewenne. R’ ecTh AMHEHHOE MPOCTPAaHCTBO, B KOTOPOM 3afaHO BEK-
TopHoe nipou3senerue: [ax b€ R3. BexTopHOE NPOU3BEAEHUE YIOBAETBOPSET
BceM cBoiicTBam cko6ok Jin. [Tostomy R3 ecth anre6pa Jln, ee pasMepHOCTD
paBHa 3. [lns BoccTaHOBJEHHMs rpynnbl Jin no ee anrebpe AOCTaTOUHO 3a-
METHTb, YTO JIOOOMY BEKTOPY MOXHO MOCTaBHThL BO B3a¥MHO-OQHO3HAYHOE
COOTBETCTBHE AHTHCHMMETPHUYHYIO MaTpuLy 3 X 3:

0 a —a3
a— | —a 0 a ).
a; —ap 0

Takum o6pazom, R® n3omopdHo anrebpe aHTHCHMMETPHUYHBIX MaTpull 3 X 3,
NIpUYeM B 3TOM CJlyuae BEKTOPHOE MPOM3BEAEHHUE MNEPEXOAHT B KOMMYTATOp
matpull. B xauecTBe 6a3UCHBIX BEKTOPOB B anrebpe MOXHO B3STh €AMHUUHDIC
BEKTOPA, KOTOPble, KaK JIETKO BUAETh, COOTBETCTBYIOT reneparopam Iy, I, Iy —
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WHOHHHTE3MMAIBHBIM MATPULIaM MOBOPOTa (HaiineHbl b 3anaue (a)). Otciona
CJIEAlyET, YTO COOTBETCTBYIOWAA IPYNNa €CTh IPYIa OPTOTOHAbHBIX MATPHLL
3x3, KkoTopas mpencTaBaseT coGoOM CTaHAApPTHOE NpeiCTABNEHWE TpPYHMEL
Bpaiuennit SO(3). lanHoe npeacrasnenne DV nenpusonumo, cootsetcTayer
MOMEHTY j = 1. >

320. Mycmo f(6,9) — dynkyun, 3a0annas wa cdepe edunuunozo padu-
yea, g — nosopom Ha yzon o eokpye ocu Oz, Komopomy coomeemcmeyem
mampuya T(g). Haimu I, f(0,¢), 2de I — zenepamop nosopoma sokpye ocu z.

Pemenne. INockonexy T(g) f(8,¢0) = f(8,9 —a), 10

T{(9)1(8,0) = £(8,¢) _af{%_‘!ir .= Lf(6,p)= _Bfé(a?;w)'

321. fyems Ay, Ay, A3 — anmuspmumoas: Mampuyn, y0oeremeopaouue
COOMHOWeEHUAM

Ajdr— M)A\ =43, MA3-A3A=A,
A3Al —A|A3 = Az.

Paccmompum auneiinvie xombunauuu

(10.12)

H, =14, — 4, H_=1iA, + Ay, H;=iA4,,
(a) Moxazams, umo
[H+3H—]=2H31 [H:ErH:;]::FH:h-

(6) Mycms vy — cobcmeennsiii sexmop mampuysi Hy, coomeemcmeyroujui
coicmeenromy 3nauenuio \. Hoxazame, umo H. +Ux — cobcmeennbiii gexmop Hy,
coomeemcmeyiougui cobcmeennomy snauenuro A\+1, a H_vy, — cobcmeennmii
eekmop Hs, coomeemcmeayiowuii cobemeennomy snauenuro A— 1. Haiimu HOpMY
sexmopos Hyv), ecau ||vylj=1.

Pewenne. (a) KoMMyTauMoHHOE COOTHOILEHHE NOYYaETCS NMPAMDBIM Bbi-
YHMCTIEHUEM.

Pemenne. (6) Mycts H3vy=Avy — coGCTBEHHDIN BEKTOp MaTpuubl Hj,
OTBEYalOWHH COGCTBEHHOMY 3HaueHHIO A. Toraa, cornacHo KOMMYTallLMOHHO-
My cooTHoiuenuio H, ¢ Hj,

H;Hi'l),\=Hi(H3:}: l)v,\ :(Aﬂ: l)Htv,\.

3Hauut, H,, H_ — COOTBETCTBEHHO NOBBILIAIOLINI 1 NMOHUXAIOLWH onepa-
Topbl. TakuM oGpa3om,

Honn=p0 v, H oy=ayv,_,

rae Yncna ay 1 F) onpeRensiorcs yCIoBUAMH HOPMUPOBKH Juy| = 1 st Beex A
Haiinem yncna ay u B). Tax Kak MaTpuLbl H,_ v H. 3pMUTOBO CONpsiXeHbl,
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(Heva,vai1) = Ba(as,a0) = Ba,
(”A:H—"’A+l)= ar(va,m)= arq,
[O3TOMY
Br=ax. (10.13)

Tpu renepatopa rpynnbl A),A;, A3 06pa3yloT 3aMKHYTYIO anre6py.
H3 H{UX MOXHO MOCTPOUTL OMEPATOP, KOTOPHIA KOMMYTHpYET go BCEMH re-
HepaTtopam Ipynnst (onepamop Kasumupa) C = — (A?+ A3+ A2). Buipasum
onepatop Kasumupa uepe3s marpunst H:

Cz%(H+H_+H_H+)+H§= (10,14
=H}+H_H,+H;=H}+H,H_-H,.
Myctb J MakcHmanbHoe cobcTBEHHOE 3HayeHue oneparopa Hs, T.e. H, v;=0,
toraa u3 (10.14) moryuum
(vs,Cv;)=J(J+1).

Bui6epeM cpeau coGcTBeHHBIX BeKTOpoB H3 Te, KOTOPH¢ ONHOBPEMEHHO ABNA-
10TcA cOBCTBEHHBIMU BEKTOPaMH onepaTtopa C ¢ COOCTBEHHBIMM 3HAYEHUAMH
J(J+1). Oux mony4yaloTcA M3 vy C MOMOILBIO MHOTOKPAaTHOro NeHCTBUA

oneparopa H_.
Mycts A — cofcTBeHHOE 3Ha4YeHHe, KoTtopoe MeHblle J. Torna

1 1
Hovy, = ;;H+H_‘UA = Z: (H_H++2H3)‘D,\ =

1
=—(ara1Ba+20) vy =0 ).
Q)

Orciona, yuntsisas (10.13), nonysaem
Bi+2A=6},. (10.15)

Ecnn A=J, to H,vy=0 u, cnegosatensto, §5_, =2J. Hcnonssys (10.15),
M0 WHAYKUMH nerko fonyuuts B2 =J(J+1)=A(A+1). Orcoza no (10.13)
umeeM af = J(J+1) — A(A—1). Takum obpaiom,

Hyvy = Avy,
H_v\= \ﬁ(-’*‘ =AA=Huy,
Hoon= /T +1) =M+ Dorr. >

322. Joxazame, umo sce cobcmaennsie snavenus mampuusi Hy cymob yeasie
wau noayyeavte wucaa. —j,—j+1,...,5—-1,7.
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Pemenme. JleiicTBys noCNESOBATE/IBHO CTENEHAMM MOHMXAIOILETO Ofle-
patopa H_ Ha COGCTBEHHBIN BEKTOp CTaplero Beca vy, nony4yaem HaGop

COGCTBEHHBIX BEKTOPOB Uj,¥j-1,.... [lOCNENHUM BEKTOPOM B ITOM HaGope
6yneT BexTOp v-j, Tak Kak H_v_; =0. Yucno Bcex coBCTBEHHBIX BEKTOPOB
B MPEACTaBICHUM ¢ HaHHbIM J paBHO 2J + 1. 3Hauutr, J — uenoe uiu
NOJIyUenoe Yucio. >

323. Haiimu xosgpduyuenmn Knebua— lopdana

m . I 3
C;m,j;m; = <J m']' ml .72 m2))

lFimyjama) = jim) @ jamy),  [jm)=|jm,j )
ong fi=1, j2=2,5=1, m=0.

Pemenne. HauHeM ¢ BeXTOpa ¢ MAKCHMAJIBHO BO3MOXHLIM npu j =1 3Ha-
ueHHeM m = | (BeKTOpa cmapuiezo geca), KOTOPBIN PAIIOKHM 110 BO3MOXKHBIM
COCTOSIHMAM C MOMEHTaMHM j| U J,, MCHIONb3YS COOTHOLLEHKE M =M + m;,

[11)=all10)]21)+B[1 1)]20) +[1 — 1)|22), (10.16)

rae Ko3hGUMUMEHTH a,(,Y HamieXuT Hafitn. O6o3Haunm 6ykBoit V npo-
CTPAHCTBO ¢ 6a3nucoM
|] - l)) “0): “ l)r

a U — npocTpaHcTBo ¢ Ha3zucoM
Torza nosblmalommit oneparop J,., deHCTBYIOLMI B npocrpaHctee VU
MOXHO 3anHcaTh Kak ’

J,=J\QE +E'®J2,
rae E',E? — enuHnuHble ONEpaTophl, a .L'L,Ji — MOBBILIAICILME OTIEpaTophl,
Ielcreylomye B npoctpancteax vV, U.

MozeitctByem Ha obe uvacTy (10.16) noselAOWMM orniepatopoM J,
H BOCMOfb3YeMCA HOPMYNOi MUt €10 MaTPHYHLIM 3EMEHTOB

Jalim)=/iG+1) -m(m 1) |jm1).
[Moayuurcs
0=v2a|11)]21)+2a10)[22) + VBA|1 1}[21)+ v27]10)22),
OTKYa HailieM
av2+pve=0, 2a+9V2=0.
Tpetbe cooTHoweHue naercs Hopmuposkoid a?+B2+42=1, orciona a=
b B=—Jg.1=-\/1

Tenepb noaeiicTsyeM Ha BekTOp CTapiuero Beca (10.16) noHnxkaloWwMM
OMEpaTopoM M npuBeneM noaobleie wieHsl. TloayunTes pauioxeHue

V2|10) = (av2+2y)|1 - 1)[21) + (aV6+ BV2)[10)20) + VE|1 M2 - 1).
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B urtore Haiiiem Bce TPH MCKOMBIX Koabduuunenta Knebwa—Ilopnana

3 2
Clin=Cllr=-y/%, Cu

, = >
10 1020 m

324. Ckoabko He3asuCUMbIX KOMNOHEHmM y meH30pa 2-20 panea, uHea-
puanmnozo omuocumensio Oeiicmeus epynnet G, ecau G seagemcn epynnoi
cumMmempuii mpeyeotoHuka?

Pemense. 3aMETHM, YTO CHMMETPHH TpeyrojibH1Ka 06pa3yioT MoArpynmny
rpyMnbl COOCTBEHHbIX BpallleHWii TpexmMepHOro mpocrpaHcTsa. [lanee, Boc-
MOAb30BABLUIMCh TEM, YTO I[OBOPOTY Ha Yrojl @ COOTBETCTBYET XapakKrep
1 +2cosp, U TeM, 4TO CJlefl TEH30PHOTO NPOU3BEAEHUSL MATPHLL PaBEH MPOH3-
BeJleHHIO CJIeJOB COMHOXMTENE i, MOXHO BEIYMCIIMTD XapaKTep NpeacTaBlIeH A
TpymNnbl TpeyroabHuka. [ycTb 01,032,063 — K1acChl COMPAXEHHBIX 3JIEMEHTOB
rpyNibl TPEyroAbHUKA, KaK B 3aaade 291, Toroa

| oy Oy O3
x|9 o 1
KpaTHOCTb BXOXAECHUA ¢IUHUYHOTO MpEACTABJICHUS paBHa ABYM, 3HaA4YHT
nMeeTcd B¢ He3aBUCUMBIE KOMITOHEHTDI. »

325. [Moxazames, 4mMo onepanus REPecMAaHO8KU UHOEKCO8 KOMMymupyem
¢ deiicmeuem zpynnoi G HG npocmpancmee men3opos panza 7.

Pewenne. DT0T (PaKT YCTAHABIMBAETCA HENOCPEICTBEHHOW MPOBEPKOI.
[TycTb 3aeMeHTy g U3 G cOOTBETCTBYeT MaTpuua D;;, Toraa

(O'T’)a.a)...a, = T’ D D

A1y ¥a(2y- - Dgir) -

= Da, - Do, (0T, &, =0TV, -

ke aﬂlf)ka(r)Tku(l]-“kn(v) =

4

326. Kaxosa paimeprocms ROONMPOCMPAHCMEA CUMMEMPUHHHIX MEH30POE
3-20 panea?

Pemenne. /19 KOMIOHEHT CHMMETPUYHBIX TEH30pOB 3-TO paHra Bhbi-
NOAHAKTCA paBeHcTBA: Sijx = Sjii = Skij = ik = Skji = Sy 1=1,2,3, J=
1,2,3, k=1,2,3. Jlerko Bumetb, 4to nMeercs [7 He3aBUCHMbIX YCROBHA
Ha kommoHeHTbl. TTOCKONBKY pa3MepHOCTb APOCTPAHCTBA TEH30POB 3-ro paH-
ra pasHa 27, TO NOAMPOCTPAHCTBO CUMMETPHYHbIX TCH3OPOB HMEET pa3Mep-
Hocth 10. »

327. [pedcmasrenue D* koneunoir epynnot G noaysaemcs us dannoeo D
nyment npocmozo komnaexcrozo conpaxcenus. (Ecau D* u D coenadarom, mo D
HO3BIEAIOM GelECEeHHbIM npedcmasienuem.) Paccmompus npamoe npoussede-
nue D= D' @ DV nenpusodumuix npedcmaenenuis epynnot G. llokazames, umo
6 pazioxcenuu D na Henpugodumvie moxcdecmeenroe npedcmaeieniie Moxcem
scmpemumosca MOAbKO 8 MOM CayHae, ecil Di@) = p)
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Pemtenne. Pa3noxum npsaimMoe NpousBefeHUe IByX HENPHUBOOUMBIX NpEa-
CTaRiieHHik B PAMYIO CyMMY HETIPHBOAMMBIX npeactaancHuii: D= @ ey DW.

X
HaiineM, CKOJBKO pa3 BCTpeuaeTcsl TpHBUaNbHOe npeactaBieHue B D. s
s10r0 yMHOXHM xapakTep X(g) = x'*(g) x'¥(g9) npeacrasnenus D Ha xapak-
Tep TpuBManbHOro npeactasienua x!'*(g) =1 u npocymmupyem fo rpynne:

1 & oa)x
e =g X" @X " (@)X (g) = bap:
g

MocnenHee paBeHCTBO Noyyaercsa B cuny dopmysb (9.3). >

10.4. 3apaum

328, OO6pa3yloT M HENpepBIBHYIO TPYINY:
{(a) NOBOPOTHI Ha MAOCKOCTH;
(6) pacTsiXeHHMs ¥ CABMIH Ha IUIOCKOCTH;
() npeoSpa3zosanus JlopeHua;
(r) apoGHO-AMHeHbE MPe0bpa3oBaHHs KOMMAEKCHON IIOCKOCTH
, az+b
z = .
cz+d
329. KakoBa pa3MepHOCTb C/IEAYIOLIHX MaTPpUYHBIX rpyrm JIn, eciu 31o:
(a) monnaa nuneiiHas rpynna GL(n,C);

(6) ynumonynsipHas rpynna SL(n,C), Biioyaolias Bce MaTPHUBI, ofipe-
IenuTefib KOTOPBIX paBeH |;

() yunrapnas rpynna U(n,C);
(r) oproroHanbHas rpynna O(n,R);
(n) rpynna spawenuit SO(3).

330. Mposeputs, uTO AAs reHepatopos rpynnsl SO(3), napameTpu-
30BaHHOM Kax B 3agaye 316, cnpaBeiNWBbi cCheaylOUlMe KOMMYTallMOHHBIE
COOTHOLUEHUA:

LiL-hLIi=hL, LL-LL=1, LL-LIL=1L.

331. Myctb f(9,9) — GyHKLUMA, 3a0aHHas Ha cdepe EAMHMUHOTO pa-
Iuyca, § — MOBOPOT Ha YIol & BOKPYF ocH Oz, KOTOPOMY COOTBETCTBYET
matpuua T'(g).

(a) NMycrs f=Y¥,(0, ). Kak neitcteyer il; Ha f?
(6) PaccMOTPHUM BEKTOPHOE MPOCTPAHCTBO, HATAHYTOE Ha BEKTOPbI
Yi-,Yi,. .. Y

Haiitu B 310M Gasuce marpuily D(g), COOTBETCTBYIOULYIO TOBOPOTY Ha Yo o
BOKpYr ocH Oz.
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332. lNoka3ath, YTO MOBOPOTH HA OAMH M TOT XE€ YTON BOKPYT PasfiHYUHbIX
oceil BXOAST B OLMH M TOT X€ KJIacC COMPSXEHHBIX IeMeHTOB rpynnisi SO(3).

333. Haiitu xapaktep 2+ |-mepHoro mpencramienus rpynnsi SO(3)
(v3 3anaun (6)).

334. Mycrs DY n DU) — HempuBonuMbie NpeAcTaBAeHMS TPYTIIbI
SO(3). Joka3ath, yTO

D(J) ®D(J') — D(J+J') $D(j+j'—]) e . eD(']“J'I)
pa3jioXEHHEe cOla—lopiaHa).
Kne6 It

335. Haittu koadduuments Kne6ia— fopnana ans paxioxenus D/ g
DD Ha HenpuBORMMBIE TPEACTARIEHHUS.

336. Cx01bKO HE3aBHCHMbIX KOMIIOHEHT Y TEH30pa 2-Io paHra, MHBapH-
AHTHOTO OTHOCHTENbLHO AefcTBHA rpynnsl G, ecnu G =S0(3)?

337. CKOAbLKO HE3aBMCHMbIX KOMIIOHEHT ¥ TeH30pa 3-To paHra, MHBapy-
AHTHOTO OTHOCHTE/IbHO HeHCTBUS rpynnbl G, ecan a) G =SO0(3); 6) G asna-
eTCst rpynioi cMMMeTpHil TpeyroibHuka?

338. PamioXuTb TEH30p 2-ro paHra Ha HerpyBOANMbIE YACTH OTHOCH-
TeJbHO AekicTBUs rpynnbl G =SO0(3).

339. Tlycts F — npocTpaHCTBO BeeX HeckoHeuHo MH(depeHUNpPyeMbIX
dyukumit f(z) B R3. Jlns xaxmoi marpuubl Bpamenua T'(g), g€ SO(3)
nonoxum (gf)(z)=f(T~'(g)z). TocTpouTb reHepaTOphl 3TOFO MpPEACTaB-
neHud.

340, PaccMOTPHM MHOXECTBO OJHOPOAHBIX NMOAMHOMOB CTENEHH N BHAA

Z ak,mz"ylz"', kl,m2>=0.
kt+i+m=n
Bce NOAMHOMBI 06Pa3’ylOT BEKTOPHOE MPOCTPAHCTBO.
(a) HaiiTu pasMepHOCTDb 3TOTO NMPOCTPAHCTBA.
(6) HaiiTh pa3MepHOCTb MOANPOCTPAHCTBA FADMOHHYECKHX MOJHHOMOB
(7. €. NOAMHOMOB, YAOBNETBOPAIOUIMX ypaBHeHHIo Jlannaca).

(8) Moxasate, yTo npencTasienue rpynnsl SO(3) Ha NpoCTpaHCTse
rapMOHHYECKHX TOJIMHOMOB SIB/ISIETCA HEMPHBOAHMBIM.

341. [IBuXeHHE B BCLLECTBEHHOM AByMEPHOM [MPOCTPAHCTBE R? cocrosiT
n3 ppaiennit T € SO(2) n casuro. O603HAYMM [pynmy ABHXEHHHA TIOC-
KocTH M. ThyCTh g=g¢ o — INEMEHT TPYNMLI M;, 3anaoiuuit cienylomiee
OTOBpaxeHHe MJIOCKOCTH Ha cebs:

= z'\ _ [ zcosh—ysinf+¢
9\y) " \y )" \zsind+ycosb+7q /"
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Hanuuem coorBeTCTBHE MEXIY aneMeHTaMu M, u MaTpuiiamu 3 X 3;

cos@ —sind ¢

g—| sin@ cosé n]|. (10.17)
0 0 |

[posepnts, uto (10.17) spnsercs npeAcTaRAcHHEM rpynnsi M.

342. Niyctb F ofo03HayaeT MpOCTPaHCTBO Beex GeckoHeuHo audde-
peHUMpYeMbiX GYHKLUH, onpeleneHHHIX A Bcex z W y. [lpencrasnenne
rpynnbsl M, u3 3anauu 341 Ha F nonyyaeTcs nyTeM npeoGpasoBaHHs Kaxoi
dyuxunn f(z,y) B yHKuMI0

(9£)(@,5)= 1 ((z — ) cos+ (y— n)sin — (z — £)sin+ (y — ) cosb).

(a) Moxazath, 4To Wi HHPUHUTEIHMANBHBIX ONepaTopoB rpynnbl L ;3
CIpABEAIMBbLI PABECHCTBA
9 o /] /]

—, Ihy=——, LIy=y—-z—.
0z’ "oy TV "oy
(6) Haiitu [LI)LZL ILI’LJI, IL2’L3]'

() Iycts r U ¢ — nonsipHbie KOOPAMHATH MAOCKOCTH ZT,y, L¥=
Ly iL,. Y6enurtecs, yro

; O 198
L:kz_ +ip —_— -
ea (81' r&p)'

j —-
3 a'p)

L'L"=L"L*=A.

Li=-

(r)} Mposeputsb, 4TO A KOMMYTHpPYET CO Bcemy onepatopamu L, L, Ls.
343. PaccMOTpHM MHOXECTBO DYyHKUHHA
Un(z,y) =™ Jn(ar),

rae Jn(ar) — ¢yukuus Beccenst nopsaaxa m (a #0). Moxa3zate, uTo Ha npo-
cTpaHcTBe F, 6a3HCOM KOTOPOro ABASIOTCH GbyHKuMH U, ¢ uenabiMu m,
OCYILIECTRASAETCA HENPUBOAHMOE GECKOHEYHOMEPHOE MpPENCTABAEHHE [pyIl-
bt Mz.

10.5. Oreetni

328. (r) Oda, ecan

b
pa e

329. (a) 2n? BewleCTBEHHDBIX MEPEMEHHbIX.
(6) 2r%-2.
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(8) n2.
n(n-1)
(n =
(m) 3.
331. (a) il,f=m].
(6) D(g)=exp(La)=
ila 0 0 0 0
0 il-Da 0 0 ... 0
B 0 0 i{-2a O ... 0 |_
=Pl 9 o0 0 i(l-3a... 0 |7
0 0 0 0 —ila
et 0 0 0 0
0 el-Ne o 0 ... 0
0 0 ¢t2 o ... 0
1o 0 0 €M 0
0 0 0 0 e il
sin(l+1/2)p
333. XV (p)=———"
X =)
334. Yicazanue: Bocnonb3oBaThcsi TEM, 4TO I Kaxnoro g € SO(3)
Tr(DY' @ DY) =Tr D9 Tr DY,
335. Pasnoxenne npeacrasaenus DU/2 ® D(/2) ya nenpusonumbie npencra-

BICHMSA SKBHBAJICHTHA 3aMa4e O CJIOXKEHHUH JABYX CTIMHOB S| = % HS= %
B pa3noxeHHH NPUCYTCTBYIOT TONBKO ABa MyfLTHIUIETa C S = | (Tpunner,
KOTAa CNHHbI napanneisHsl) U § =0 (CHHINET ¢ aHTHNAapalnelbHLIMH
CIIMHAMH);

D(lfz) ®D(|/2) — D(l) @D(o)

Koappuumentn Kne6ina—lopaaHa ecTb KO3(PULIHEHTBI B PA3TOXKEHHH
BOJNIHOBbIX GyHKUMH. das S=1

11 11
=]33) 53),
L0} = 1 11 1 1 1 1 ll>)
0= 75 (133) [72),7573) J33),):
O N AN T ‘
n-n=|3-3) |-3),
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336.
337.

338.

339.

340.

342.
343.

Dng §=0

1 11 11
0075 (l33).5-3),-

OnHa KOMMOHEHTA.

373 53),)

a) OnHa KOMNOHEHTa. 6) YeThipe KOMMOHEHTHI,

DWeDW=DW oD eD®, npencrannenne D peanusyercs Ha
MIOANPOCTPAHCTBE CHMMETPHYHBIX GECC/IEOBLX TEH3OPOB paHra 2,

D) — Ha noanpocTpaHCTBe KOCOCHMMETpHYeCKHX TeH3opos, D® —
Ha TeH3o0pax Buaa cf;;, rie ¢ — yucno.
0 bi] 8 a 8 8
L=z —y—, Ly=2— 27—, Ly=y——g—.

: zay Yor' "% %oz 3= Yoz "’ay

(m+1)(n+2)
Ppadiosy
(6) 2n+1.

(B) Ykasanue: Bocnons3sosaswncs dopmynoit Ponpura (I1.37), nosyunm
d n+m 2

dcose) (cos"6—1)",

m=-n,—-n+1,...,n.

[Tepexons k nekapToBHIM KoopaMHATaM

Ym0, p) x r"ei""’(l - cosze)"'/2 (

rcosf=z, rsin@e¥=gz+iy, rl=zl+y’+2?
MOXHO YCTaHOBMTb, 4TO T"Y,, SBISAETCA OOHOPOJAHLIM MOJHHOMOM
crenenu n. JlioGoe orpaHHYEHHOE pelIeHHe YpaBHEHMs

A" f(0,0)=0=1""*(n(n+ 1)+ Aq) f

ans dyHkuun f, e Ap — yraosas 4acThb omepatopa Jlannaca,
MOXHO 3anMcaTh B BuAC JMHEHHON KOMOHHauMu cdepuyueckux rap-
MOHUK Yin(6,p). Moatomy nuHeiHas 06onouKa noAMHOMOB Y,
m=-n,-n+1,...,n COBaRaeT CO BCEM MPOCTPAHCTBOM FapMOHMYEC-
KHX TIOJIMHOMOB,

(6) [L1,L2]=0, [Ly,Ls]=—L,, (L2, L3]=Ly.

Yxazanue: INpoctpaHcTBo F AOMXHO NPeoBpa3oBbIBATLCE CAMO B cebs
nox nevcTBHEM Kaxaoro u3 onepatopos L), Ly, L. 3aMeTuM, yto

LV, =—im¥,, L'¥,=-a¥,,, L ¥,=a¥,_,.

IT0 ceNyeT M3 PEKYPPEHTHBIX COOTHOWEHHH Jyny (2) = —J%(2) +
Bals) Tm-1(2) = Th(2) + 2222 Mockonsky Li, Ly, Ly — nnueiipie

KomGuHauun oneparopos L, L™, L;, noayyaeM, 4to NPOCTpPaHCTBO F
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nepexoaut B ceGA noa neficTBueM rpynnbl M,. [eiictyst oneparo-
pom Lt Ha dyukumio ¥y, ana moboro m, nojnydaem HeobGpbiBalommiics
pAd, MO3TOMY NpeAcTaBieHue GeckoHeYUHOMEPHO. Jlng nokasaTenbCTBa
HEMPUBOIMMOCTH Hal0 BOCTIONB30BATLCH TEM, YTO MHOXECTBO byHKuui
{c¥n}, m=0,£1,£2,..., c€C, ¢#0, ucuepnnipacT BCe coOCTBEH-
Hble BeKTOpbl onepatopa L3 B npocTpaHcTe F, M TeM, YTO B JII06OM
M,-MHBaPUAHTHOM TMOAIMPOCTPAHCTBE COMEPXKUTCA cobcTBeHHbIt BEK-
top L3. [anee, neiicTpysi ofepaTropamu L+ v L™, nonyudM Bech Habop
dyukunit ¥, m=0,£1,+2,....



[hasa 11

Mpumenenus teopuu rpynn 8 Gpusmke

11.1. lfapmoHuyeckue koneGauusa monexyn

B xnaccuyeckoil MexaHHKe raMHIBTOHHMAH MOAEKY/H, COCTOSMIEH M3 R
aTOMOB ¢ MaccaMH M, I=1,...,n, B rapMOHHYECKOM APUGAHXEHHH HMeeT

BHA

3 n (pa)2 1 3 n

_ ] : o0 a
H=3 > T +3 2. 2 Vila'd. (11.1)
2M; 2

a=1 [=1 a,B=1l,m=1
31ech ¢f' — Q-KOMITOHEHTa MAAOr0 CMELIEHHA aTOMa OTHOCHTENbHO IOJIO-
XEHUS PaBHOBECHA B HEKOTODON N€KapTOBOH CHCTEME KOODAMHAT, i~
COTIPSIKEHHBIA MMNYJIBC, a V,‘,’n’p — TOCTOSAHHBbIE KO3 IULHeHTH. B nanp-
HelllieM Wi YOpOLIEHWs 3anMCH 6ydeM OGBeNMHATh MHAEKC ZIeKapToBoii

KOMIIOHEHThI ¢ H HOMep aToMa | B OIMH MHAEKC k, MEHSIOLLMICS OT | 1o 3n
(k=3(1- 1)+ a). YpaBHeHuUs IBUXeHNUS

in
Mk‘ik:—EijQj (11.2)
=1

ONpeAcaAIoT l:aﬁop COGCTBEHHBIX YaCTOT wl U cobemeennmx Mod (nopmansrbix
. 5)
xosebanuit) a,’. Bydem WcKaTh peleHMe ypaBHeHMik (11.2) B Bume q=

axcos(wt+5). Moncramnsa st 3asucumoctn B (11.2), nonyuaem CUCTEMY
anreGpauieckMx ypaBHEHHH Ha KO3(DHLUEHTHI a:

In
2
w Mia = E ijaj.
=1

B tepmunax amnuutys by =M e, 3anaua onpegencHus HOPMAJIbHBIX KO-
nebaHHil cucTeMb! CBOAUTCA K 3a7avye O AMarOoHanH3auuu IPMHTOBOH MaT-
puub By;:
3n
wzbkzz:Bkjbj, Bkj =
j=1 «

Vij
A, (11.3)

CHMMCTPMM Halwei CHCTEMBI — 3TO TNEPECTAHOBKK aTOMOB C OIMHaKoO-
BbiIMH MaccaMH, NOBOPOTbI N OTPaXEHHUH BEKTOPOB MasbiX CMEIULEHWH aTOMOB,

256 Enasa 11, Tlpumenenus meopuu zpynn 8 usuxe

coxpaHsioliHe Bua ramuisToHuana (11.1). Mraye rosops, rpynna cMMMeTpuu
MOEKYIbl — 3TO HEKOTOpas NMOATPYNNa NPAMOTO NPOM3BENEHHS IPYNNbl Sy
NEepeCTAHOBOK 7 ATOMOB W 7 3K3EMIUIAPOB IPYNNLI HeCOOCTBEHHBIX Bpalle-
uuit O(3) (noBopoToB ¥ OTPaXeHuit):

Sp x 0(3)x... x O(3).

JTio6oii ee 3neMEHT MOXHO TNPEACTaBHThL B BUAE NPAMOID NPOH3BECACHUA ApPO-
cThIX nepecTanoBok T' Mapbi aTOMOB M THHeHHBIX IpeobpasoBaknit R€ O(3) —
TIOBOPOTOB ¥ OTpaXeHuit KoopauHar b; Kaxaoro aroma, HanoMHuM, 4ro ne-
pecTaHoBKa Homepos k u | B 1060 Matpuite B ocyilecTaisieTcst IMHERHbIM
npeobpa3opaHueM

B— T(;;I)BT(&:), Tgu) =FE, (11.4)

rae matpuua Ty nonyyaercs W3 eqHHHYHOM nepecraHoBkof k-oro u {-oro
cronbuos. [pu neitcTBUN Ha AaHHbi BekTop b; Marpuua T nepectapaser
ero k-0 u l-10 xoMrnoHeHThl. TakuM 06pa3oM, B NPOCTPAHCTBE KOMMOHEHT
3n-MepHbIX BeKTOpoB-ammuTya b=(b,,. .., b3,) Ae#cTBYeT NMHeHHOE npes-
CTABJCHME TPYINIBI CHMMETPUH MOJEKYASl, TIPHYEM [ICPECTAHOBKAM aTOMOB
cooTBeTCTBYIOT npeobpazosanus T', a n0BOPOTaM U OTpaxXeHHAM — npeobpa-
3osanun R.

CHMMETPHA CHCTEMBI OTHOCUTEIBHO MEPECTAHOBKM GIMHAKOBBIX ATO-
moB T, NOBOPOTOB W oTpaxenuit R wan nx komMOGHHaUHil @ o3HavaeT, 4YTO

B=Q 'BQ = |[B,Q]=0, (1L.5)

rae Q — mofas MaTpuua M3 NPEACTARICHUS PYNRHN CUMMETDHH, Ocylie-
CTBAAIOWIAN NEPECTAHOBKH, HOBOPOTH W OTPaXEHUs KOMAOHEHT 3n-MEPHHIX
BEKTOPOB aMiMTYA. ITo npencrasneHde (Mbl GyneM Ha3biBaTh €10 UCXOOHBIM)
yaule BCero sBaseTcsl NpuBoAMMBbIM. C pyroil cTopoHsl, pasexctso (11.5)
o3HauaeT, YTo eciu b — cobGcTeeHHbiit BekTop MaTpHt B, To Qb — TOXE
coBCTBEHHDBI BEKTOP, COOTBETCTBYIOLIHA TOMY X¢ COOCTBEHHOMY 3HaMEHHIO.
CrenosatenbHo, 11060 OARPOCTPaHCTBO ¥y, coBCTBEHHBIX BEKTOPOB, COOT-
BETCTBYIOILMX CODCTBEHHOMY 3HAYEHHIO wl,

in
wabf =D Bb}, a=12,.. .k b €Vn,
=1

GyneT HHBAPHAHTHO OTHOCHTENILHO ICHCTBUS ONepaTopos Q-
k
Qv =Y qust’, 8,0 €V
f=1

Dro o3HayaeT, 4TO onepartopbl @ GyayT OCyllecTBAATh B V, HexoTopoe
k-MepHOE TpeACTaBIEHHE TPYNTILI CHMMETPHH, & gog OYNyT MaTpULIAMH 3TOTO
npenctasnenna. Kak fnpaBwio, Takoe NpeacTaBieHue SBNSETCH HENPUBO-
AMMBIM,. FCAl OHO OKa3biBAacTCA MPHBOIMMBIM, TO TOBOPAT O CiAy4aHHOM
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BBIPOXIAEHHH, KOTOPOE CBHIETENLCTBYET O TOM, YTO CHCTeMa OBMajaeT bolee
BbICOKOW cMMMETpHeid, yeM Mbl npeanonaraiu. Mrak, pasbusas ucxogHoe
npeacrasjieHHe rpyIilbl CHMMETPHU Ha HENMPUBOAMMLIE, Mbl MOXEM OMpele-
JIUTh PA3MEPHOCTH COOCTBEHHBIX MOANPOCTPAHCTB, T. €. KPATHOCTH BBIPOXIe-
HHUSl COOCTBEHHBIX YacTOT KONeBGaHui MONEKYJIbI.

Ecnu HopManbHbie Moapl KoneGaHMH MCIO/BL3OBAaTH B KauecTBe Gasuca
B 3n-MEpHOM NPOCTPAHCTBE BEKTOPOB aMILAMTYI, TO FAMMJIBTOHHAH CUCTEMBI
B TaKHX IIEPEMEHHBIX PHOGpETAET BUJ JHATOHAIBHON KBAAPATHYHON (OPMBI.
HHBIMH ¢/1I0BaMHU, OH CTAHOBUTCS CYMMOM raMHUABTOHMAHOB, KaXKAbIHA U3 Ko-
TOPBIX 3aBUCHT OT aMILIMTYIbl TOJBKO OAHOI HopManbHOU Moabl. IMepexons
K KBAHTOBOMEXaHHUYE€CKOMY PACCMOTPEHMIO, 3AMETHUM, YTO MOXHO IMPOM3BECTH
KBaHTOBaHHE ¢pa3y B HGa3uce HOPMaJibHbIX KosebaHuit. Toraa cTpykTypa ypos-
Hell ¥ BMA BONHOBBIX QYHKLMI CTAHET OUEBMAHLIM: CHCTEMA NpPEACTABISET
co00il COBOKYNMHOCTb HE3aBMCHMMBIX JIMHEHHBIX OCHMMIsiTOpoB. COGCTBEH-
Hble GYHKIIMH ee TAMHILTOHHAHA ABNAIOTCS MPOU3BEACHHAMH CTALHOHAPHBIX
BOJIHOBBIX GYHKUMH Kaxaoro U3 ocuusuigtopos. Ecnan y k ocuuanstopos co-
BMala10T 4acTOThl, TO 3TO NPUBOAUT K K-KpaTHOMY BHIPOXKIEHHMIO KoJieOaHMit
Kiiacc4eckoil cucTeMbl. Takum 00pa3oM, C MOMOUIbIO TEOPHHM FPYHN MOX-
HO HaHTH KPAaTHOCTH BBIPOXICHMSE KOJebaTe/IbHBIX YPOBHER MOseKyabl. s
3TOTO C NOMOILIBLIO TEOPUH XapaKTepPOB HANO Pa3jiOkUTh 10 HEIPHUBOAMMALIM
HCXOAHO€ MpeNCTaBlIeHHe IPYNRbBl CHMMETPHH Halleid CUCTEMBl B MPOCTpaH-
CTBE 3n-MEPHLIX BEKTOPOB aMILIUTYL.

3aMeTuM, YTO MATPUUBI MPeobPa3oBaHHs, OTBEHAIOIIME CHMMETPHH MO-
JIeKyJIbl, AEHCTBYIOT Ha BEKTOPHl MasbiX CMEILUECHMII aTOMOB M3 paBHOBECHDIX
NoJoXeHUH. IHEPrus, COOTBETCTBYIOLIAs AaHHOMY CMEIUEHMIO ATOMA, 3aBH-
CHT B 00lEM cliydyae OT HamnpaBieHUsi BekTopa cMellieHus. TMostomy npe-
00pa30oBaHMs. CUMMETDPUH JO/KHBI COXPAHITH OTHOCHTEJIBHYIO OPHEHTALUIO
ATOMOB, T.€. IPYINAa CHMMETPUH MOREKYJbI ABISETCS MOATPYIIION TPYHIbI
ABUXEHUI (M30METPHi) TPEXMEPHOTO fpocTpaHcTBa. McxolHoe Xe npedcra-
BJIEHWE BO3HMKAET, KORAA Mbi PacCMATPHBAEM JCHCTBME /1€MEHTOB g 3TOH
MOATPYINBI HA BEKTOPbl aMIIUTYA ATOMHbIX CMELIEHHIA.

XapakTep Xi(g) HCXOZHOTO MpecTaBlIeHMUS, TIe Npeo6Gpa3oBaHue g — ro-
BOPOT, WM OTPAXEHHME, WIH UX CYNIEPIIO3ULIHA, ABIAETCS CYMMOM Xapakrepos
3-MepHBIX BEKTOPHBIX IPEACTABNEHMI B MOANPOCTPAHCTBAX BEKTOPOB MANbIX
CMELLEHN OTAEILHBIX ATOMOB, HE MepeMELLAIOLIMXCA PH Npeobpa3oBaHuH g.
B TpexmepHom BekTopHOoM V (ncesxoBekTopHoM PV) mpeacTaBneHUsX Ma-
TpHla nosopota Ry (8) = Rpy(0) = R(0) Ha yroa 8 BOKpYr ocH z ¥ MaTpHLbl
orpaxeHust Ry (o), Rpy(0) OTHOCHTENBHO MIOCKOCTH Ty MMEIOT BUA

cos® —sind 0
R(9)=| sin® cos@® 0
0 0 |

1 0 0 -1 0
RV(O') =10 1 0 y RPV(U): 0 -1
0 0 -i 0 0

bl

_0 O
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[TockonbKy Bce NOBOPOTHI Ha JaHHbI yroa BOKPYT M060i OcH NIpHHALIEXAT
O[IHOMY KJIACCy COMPSAXEHHBIX 2JIEMEHTOB, XapakTep IMOBOpOTa Ha yron 6
BOKPYT TIPOH3BOJILHOH OCH CUMMETPHM paBeH

xi(0)=Nc-x(Rv(0)), x(Rv(8))=1+2cosh,

rie Nc — 4YUCHO aTOMOB, He MePeMEMIAIONIUXCH TIPH TIOBOPOTE MOJIEKYAbI
Ha yro 6 BOKpPYr oCM CUMMETPHMH (UMCJIO aTOMOB, JIEXKALUUX Ha 3TOM OCH).
Xapakrep OTpaXeHUs OTHOCHTENbHO MPOH3BOALHOM MIOCKOCTH paBeH

xi(0)=Np-x(Ry(0)), x(Ry(0))=1,

rae Np — YHUCAO aTOMOB, HE MEPeMELIAIOMIMXCSI IPH OTPAXEHHH MONEKYJIbI
OTHOCHUTEIBHO IUIOCKOCTH CHUMMETPHHM (YUCIO aTOMOB, JEKAHIMX HA 3TOH
TUROCKOCTH). XapakTep MOBOPOTa BOKPYT NPON3BONBHOH OCH, CONPOBOXAAK-
HIMHCA OTPAXKEHHEM OTHOCUTEJIBHO MepHeHAHKYNSPHOMN MIOCKOCTH, 3epKanb-
HO20 n0Gopoma pabeH

Xi(76)=Ns-x(Rv(0)R(9)), x(Rv(0)R(8))=2cos6 1,

rie Ng — 4MCIO aTOMOB, JeXaliHX HAa NMepeceuYeHUH OCH M IUIOCKOCTH
(Ns=0, 1).

Caelyer NOMHHTb, YTO IS CBODOAHON MONEKYAbl M3 2 aTOMOB B Tpex-
MEPHOM [POCTPAHCTBE MUMEIOTCA CTeNneHu CBOOGOIbI, COOTBETCTBYIOUINE ABH-
KEHHUIO MONEKYIB KaK UENOro: TPH CTENeHH CBOOOAbI COOTBETCTBYIOT TPAHC-
UMM, a TP — TOBOPOTY MONMEKYAbl Kak wuejoro®). MM cooTBeTCTBYIOT
6 HOpMaJIbHBIX MOl C HyJIeBOM 4acTOTOH — Hy/NeBbIX Mol. Y106HO ¢ camoro
Hayajla MCKJIIOUMTb ITU CTENneHU CBODOIBI, OCTABHB TOJNBKO KoJiebaTeNbHbIE.
HMcxonroe 3n-MepHoe npencrasiaeHue D;(g) rpynnsl cuMMeTpuy Hamel cu-
CTEeMbi PacKNafAbIBACTC B MPAMYIO CyMMY 6-MepHOro mpeacrasieHus Dy(g)
B NIOANMPOCTPAHCTBE HY/IEBBIX MOL U (37 — 6)-MepHoro npencrasieHust Dog.(g)
B IIOANPOCTPAHCTBE, OPTOTOHAIBLHOM HYJeBLIM ModaM D; = Dy& D,,.. UTo6hl
HaWTH Xapakrep Xosc(g) NpencTaBleHUss B TAKOM KosebamenvHom TIORIIPO-
CTPaHCTBE, HYXHO BbIYECTb M3 XapakTepa X;(g) MCXOIHOro mpeicTaBlieHHs
xapaktep xo(g) 6-MepHOro npeicTaslenysi, KOTOPHIH ONPEACHAETCH TOABLKO
TpaHcHOPMAUHOHHBIMH CBOHCTBAMM HYJIEBBIX MO (TPAHCIAUWI N BpaleHUI
MOJIEKY/Ibl KaK LIENOro), HO He MX AABHBIM BHAOM.

TpaHcasumMa 3a5aeTCA TPEXMEPHBIM BEKTOPOM, a BpALEHHE — TPEXMEP-
HbiM TICEBAOBEKTOPOM, MIPHYEM U TOT, M IPYTO HHBAPUAHTHbI OTHOCHTEJIbHO
niepectaHoBkH T HoMepoB atoMoB. 3HauuT, AeicTBUe aneMeHTa RT rpynisl
CHMMETPUH MOJIEKY./IbI HA HYJEBYIO MOIY COBMAJaeT C AEHCTBUEM OAHOIO JIU-
HeiiHoro npeobpasobaHua R. CreloBaTeNibHO, xapakrep xo(g) paBeH cymme
XapakTepoB TpeXMepHbIX BekTopHore V W nceBaoBekTopHoro PV npeacra-
BIIEHUWii. XapakTep NOBOPOTa Ha yron # BOKpYr MpOM3BOJAbLHOM OCH paBeH

x0(8) = x(Rv(9)) + x(Rpy(8)) =2(1 +2cos8).

*) s nuneitnoit MOJICKYIBl — POTATOpPAa — MMEETCH BCEro ABE BpailiateNbHble CTEneHH
CcBOOOABI, @ 3IHAYAT 5 HYAEBLIX MO
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XapakTep OTPaxeHMs OTHOCHTENLHO ITPOU3BONBHOI MIIOCKOCTH paBeH
xo(o) = X(RV(U)) +x(Rpy(0)) =0

XapakTep NnoBopoTa BOKpPYF MPOM3BOJILHOM OCH, COMPOBOXIAKOILIMIHCS orpa-
KEHUEM OTHOCHTENBHO NEPNEHINKY/IAPHOIN IIOCKOCTH, paBeH

Xo{o8) = x (Rv(a)Rv(0)) + x (Rpv(c)Rpv(8)) =0.

11.2. Pacuwennenue yposHei

B kBaHTOBOI MeXaHMKe BCTPEYAIOTCA TPYIINbl YHHTAPHbBIX npeo6pasosa-
HU# B IMHEHHOM TNPOCTPAHCTBE BEKTOPOB-COCTOSHMI. PaccMOTPUM raMmuib-
TOHHAH BUAA

fI = ﬁ() + V

e Hy — ocHoBHo# raMUJIBTOHMAH, a V — BoamyumeHue. Tlycte ramuiib-
Tonuan H, obnamaer rpynnoit cummetpuu G, T.e. H, KOMMYTHPYET C Ka-
XAbIM M3 OMNEpaTOPOB TMPEACTABIEHUS TOM TpYNIb (cm. rnaBy 8). Torma
B J106oM d-MepHOM cobCTBeHHOM MomnpocTpaHcTee Hy gercreyer d-MepHoe
HENPUBOAMMOE TIPeACTABICHME Tpynnbl G,

PaccmoTpnM Kakoe-HUGYIb 0HO TaKOE MOAMPOCTPAHCTBO, npHYyeM Nycrs
d> 1. Torzla Mbl TOBOPHM, YTO COOTBETCTBYIOLUEE COOCTBEHHOE 3HaueHue E
omneparopa Ho d-KpaTHO BHLIPOXIEHO BCAEACTBHE CUMMETPHUM cuctembl, Ecin
cuMMeTpus V Huxe, uem CHMMETDUSI OCHOBHOIO raMWjbToHMaHa Hy, To
BOSMYIIICHUE YaCTMYHO CHUMAET BBIPOXACHHE. [JeHCTBUTENBHO, B ITOM Cily-
yae rpynna cuiMMeTpuu F noiHoro ramMuibToHMana H spiasetcs MoArpynnoi
Tpynnel G. B pe3y/bTaTe HEKOTOPbIE HENMPUBOIMMBIE MPEACTABIEHUS rpyn-
nbt G CTAHOBATCS MPHUBONUMBLIMH TIPEACTABACHHIMH noarpynnel F, yro
NIPHBOAUT K PAaCIUEMJIEHHIO COOTBETCTBYIOMMUX BbIPOXKIECHHLIX YpOBHeid K
Ha NonypoBHH Fj. Kaxawit u3 E; sBnsietcsd cOBCTBEHHBIM 3HAYEHMEM ONe-

paropa H B cobcTBEHHOM NOANPOCTPAHCTBE, B KOTOPOM N€iCTBYET HEMPHBO-
JIUMoOe MpeacTaBlIcHUE Ipynnel F,

fipumep: Tiycrs ||V)| — 0, Torna Mbl MoxeMm yuects V o teopun BO3MY-

WweHNA. [ng aToro B Hayane HaliieM COGCTBEHHBIE BYHKIIMH oneparopa ﬁo,
TIPUHALTEXALIHE d-MEPHOMY COGCTBEHHOMY fIOANPOCTPAHCTBY, U Bbibepem
B 3TOM HOANPOCTPAHCTBE HEKOTOPHIit 6asuc {1, }:

Hypo=Ey,, n=12,...4d (11.6)

U3 dyukumii v, Bcerza mMoxHo NMOCTPOUTH TaKHUe JHUHEHHbIe KOMOGHHaUMH,
YTOObI

d
(‘I’,‘,?\I/j)ZAEjéi]‘, ‘I/]':Zajn’lpn.

n=|
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3uauenus AE; onpenensiorcs U3 cexyiaprozo ypaBHEHUs!
thn ~AEbpy| = 0,

rae Vin = (¢m,V¢n) ~~ MaTpPHYHbIE 3JIEMEHTHI ONEPATOpa BO3MYIlLEHUs B Ga-
suce {4, }. [oacrasnas ¥; B ypasHenue Llpéaunrepa, noayuaem cobcTBEH-

Hble 3HayeHHs onepatopa H C TOYHOCTBbIO O JNMHERHBIX MO 17| unenos
BKJTIOYHMTENBHO!

(Ho+V)¥;=(B+AE;) ;. (11.7)
ﬂonpaBKu K 3HEPrHH AE]' SIBJISIIOTCH COGCTBEHHBIMU 3HAYEHHSAMU MaTpH-

ubl V. 3amernm, uto cobeTseHHbie hyHxuuu onepatopa H npu ||T7||-»0
cTpeMsarca X ;.

YacruyHoe BRIDOXIEHHE TeM HE MeHee MOXeT ocrarhes. I[TocKoNbKy
onepatop V KOMMYTHDYET ¢ ONepaTopamu rpynnsl CUMMETpUH F MosHoro
raMWJIBTOHHAHA, TO B MOANPOCTPAHCTBEe PyHKumi ¥;, j=1,2,...,d MaTpu-
ua Vin KOMMYTHPYET C OMepaTopaMu MCXOJHOTO d-MEpHOro NpeacTaBieHUs
rpynnbl cuMMerpun F. @opManbHo 3a1a4a CTAHOBUTCS SKBMBaJICHTHOM 3a1a-
4e O JIMHENRHbIX KoNeGaHUaX MOREKYb ¢ d cTeneHsAMH CBOGOME!, pacCMOTPEH-
Hoi#l B npeabiayluei rmase. [T0aTOMY KpaTHOCTH BLIPOXAEHHA NOJYYHBLIMXCA
noayposueit E; MoXHO HallTHM Kak pasMepHOCTM HEeNpHBOAMMBIX MpeicTa-
BAEHW B pasioXEeHHH HCXOAHOTO npeactamieHns rpynnel F. HM3secTHbIM
NPUMEPOM B KBAHTOBOH MEXaHUKE SBIAETCA BHIPOXICHHE YPOBHE{t atoMa
B 3JIEKTPUYECKOM [10JIe MO 3HAKY NPOoeKIUH M yraosBoro MoMeHra J.

11.3. Npasuna ot6opa

B kBaHTOBOH MeXaHMKe 4acTo TpeGyeTcs HaliTH MATPHUYHBIH JEMEHT
oneparopa Oy; = flOlz) MHorue MarpuyHble 3JEMEHTHl BBIYUCAATL HE Ha-
A0, MOTOMY 4TO OHM OoOGpawlaioTcd B Hydb Grarogaps CHMMETPUM CHCTEMHI.
Mpasuna, no KOTOPbIM MOXHO 3apaHee OMNPEAeNUTb, KAKHE W3 MATPHUYHbBIX
3JIEMEHTOB OOpaILAIOTCS B HYJb, HA3HIBAIOTCA Mpaeuiamu ombopa. B kBaH-
TOBOW ME€XaHHKE KBaJApaT MAaTpU4HOro 3iaeMeHTa onepatopa V (11.7) npo-
NOPLUHUOHAIEH BEPOATHOCTH nepexona. Ecam Vy; =0, rosopst, yTo nepexon
W3 COCTOSIHUA i) B cOCTOSHUe |f) 3anpewen.

Ilycts B runbbeproBoM npoctpaHcTBe £ COCTOAHMIT KBAaHTOBOW CHUCTe-
Mbl ACHCTBYeT mpeacTaBieHHe rpynnbt (: 37eMeHTY g€ G COOTBETCTBYET
yHUTapHoe npeoGpasosanue U(g). Tosopsar, uto HaGop omepaTopos {5;},
AeicTByloINX B £, npec6pasyeTcs 1o npeacramieHdio ® rpynnel G, ecau

0;=U(g)0;U"(9) = ,4(9)O. (11.8)

Takue oneparopbi Ha3blBaKOTCS MeH30pHsIMU TIO OTHOLIEHUIO K rpyiine G.
Ttycts U(R) — yHuTapHblii onepaTop B rujibGepToOBOM TNPOCTPAHCTBE,
OTBEYAIOLIKI onepaTopy MoBopoTa R TpexmepHoro npoctpakcrsa (r' = Rr
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Ui 7, = Rogrg). Tlo onpenenennio, npeoGpas3oBaHHbie BOAHOBbIE byHKkunn
ecTh
P(r)=URW()=9(r)=y(R'r’). (11.9)
Onycxas WITPHXH, 3aNMINEM 3TH PaBEHCTBa B BHAC
UR)Y(r) = (R 'r), U (R)¥(r) =y(Rr). (11.10)

ina mobbix cocroauuit ¢ u f, KOTOpBi€ NOAYYEHB U3 ¥ u  nol AciicTsueM
oneparopa U(R), nmeem

[ar i iradie) = [ ar s (B ryrap(r ) =
= [ar £y R,

3ech Mbl MCRIONB3OBANH 3aMeHy MepeMeHHbIX R™'r — £ U MHBapHaHTHOCTS
MEpbl HHTCTPHPOBaHMA Npu nosopotax. TakuM ofpaiom, Mbl JoKa3alM, YTo
TpaHCHOPMANKOHHDBIC CBOHCTBA ONEPATOPOB T, COBHAARIOT C TpaHchopmaiiu-
OHHBIMH CBOHCTBAMYK COOTBETCTBYIOUIETO MATPUYHOIO /IEMEHTa

(firal$) = Rap(flrsie). (11.12)

Ilns apyrux onepatopoB 310 CBOMCTBO JOKA3BLIBAETCH AHANOTHYHO.

(L1

flpumep: Ilycte G=S50(3) — rpynna BpamieHnit TpexMepHOro npo-
cTpancTBa. HenpuBoaumble NpeacTaBieHNA 3TOM IPYNIb UMEIOT Pa3MEPHOCTb
24+1(1=0,1,2,...), rne I B pu3uYecKoR AUTEpaTYpe HasbiBaeTCH opbuTann-

HeiM MomeHToM. Torna:

(a) nannacuan A WHBapHaHTEH OTHOCHTENBHO BPAICHWI, T.e. npeoGpasy-
€TCA 10 TOXAECTBEHHOMY npencrabieHuio (! =0);

(6) Tpoiixa onepatopos r, (=1,2,3) — KOMIOHEHT panMyc-BeKTOpa © —
npeobpasyeTcs MO HENPHBOAUMOMY MPEACTARIEHHIO C OPGUTANBLHBIM
MoMeHTOM I =1;

{(B) Tpojika onepaTopoB — NpoEKUMit YIAOBOTO MOMEHTa I, = —-i[rx V], —
Takxe npeobpasyercs ro npeacrasaeHuio ¢ [=1;

(r) nsTepka onepaTopoB — KOMNOHEHT TEH3OPa KBAAPYNONLHOTO MOMEHTA

— 1
Qos =Talp — iéaﬂrz npeodpasyeTcs Mo HENPHBOLAMMOMY NPEACTABAC-
Huw c =2,
PaccmotpuM Tenepe aBa HaGopa BosiHOBbIX dynkumit: {¥,} u {¢.},

npeobpasyioumxest 0 HENPHBOIUMBIM fipeicTasieHuam V n W rpynnu G

U(g)'pn:Vnm’i’ma U(g)‘ﬁn:anﬁﬁm: (”-‘3)
u Habop oneparopos {51»}, npeobpasyiomuxcs no HENnpHBOAHMOMY TIpeh-

crasnenuio (11.8). Torsa cnpaseanuso cienyloiiee YTBEPXKICHHE: LIS TOTO,

4T00b! MATPHUIHBIN 3NEMEHT Mim = (¥,|0;|¢y) 6bin oTanmuen oT Hyns, He-
06xon1MMo, 4TOGbi B PainOXEHUM APAMOrO MPOMIBEACHHA NpPEACTABAEHM
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V*'PQ®W B npaMyio CyMMY HENpHUBOAVMMBLIX XOTA Obl OJWH pa3 BCTpe-
TUAOChH TOXIECTBEHHOE TMNpeacTaBicHye. i N0Ka3aTenbcTBa PacCMOTPUM
TOXIECTBO

M = (#a|[U " (@U(9)0;U " (9)U (g) |bm) =
= (U(9)%:|U(9)0;U (@) |U (9) ),

IpM BLIBOAE KOTOPOFO MBI MCMO/Nb3OBAIM YHHTApHOCTH omnepatopa U(g).

YuuTbiBas TpaHcopMaUHOHHbIe cBOHcTBA ¥,, ¢m (11.13) © 5]~ (11.8),
noayyaem

@OMy.  (1114)
310 PaBEHCTBO CNpaBeUIMBO Ui NPOU3BONBHOIO IJIEMEHTA § U3 TPYIITIbI G,
a MATPUYHBIH 31EMEHT M,‘:m B 3TOM PaBEHCTBE HUKAK OT ¢ He 3aBUCUT. Ma-
TPULLLL Iﬁimm (g) 06pa3syoT NpeACTaBACHNE TPYNNb , AMIAIOIIEECH MPAMBIM
NPOU3BENEHHEM HEMPHBOLHUMBIX NpeacTaBieHUin V*, @ u W. PaznoxuM 3to
NpeACTaBICHUC B MPAMYIO CYMMY HEMPUBOAUMBIX

T(g)=> axD(g)
A

My, = Vi (9)@;5(9) W (9) M2, = T2

nn',mm’

M npocymMmupyeM obe uactv paseHcTBa (11,14) mo 3nemeHtaM g rpyn-
nol G. TIpu 3ToM cymma matpuit D*(g), cOOTBETCTBYIOLIMX HEMPHBOIMMOMY
NPENCTABNEHUIO, OTAHYHOMY OT TOXAECTBEHHOTO, HaeT Hylb. DTO ABAAETCA
CNIENCTBYEM COOTHOLHEHHS OPTOTOHAIBHOCTH HEMPHBOAMMBIX NIPEACTAB/ICHH
(9.2). Orciona cieayeT, YTO MATPUUHBIA NEMEHT M3m MOXeT ObiTh OTIHYEH
OT HYJS, TONBKO €C/iU B Pa3/IoXeHUM IPAMOro NMPoH3BeeHUs NPeAcTaBICHHU i
T=V*'®®R W BnpaMyio CyMMYy HENPHBOANMbIX NPHUCYTCTBYET TOXAECTBEH-
HOe TIpEACTaBICHHUE.

CornacHo pesyabTaTy 3aga4i 327, npaBuao oTbopa MOXHO nepedopMy-
JVPOBATh TaK: YTOGbI MATPHUUHBIN 3NEMEHT (,,|0; @) Gbin OTAMYEH OT HyAs,
Heobxoaumo (Ho HenoctatouHo!), utolbl B Pa3NOXEHHH TIPIMOLO TPOM3BE-
JeHud npenctasieHuit ® @ W Ha HenpuBoauWMble XOTHA Obl OOMH pa3 BCTpeE-
TMnock V. 3aMeTHM, 4TO NOKa3aHHOE YTBEPXAEHHE eCTb CNENCTBHE TONLKO
TpaHC(OPMALIMOHHBIX CBOMCTB BOJIHOBHIX (PYHKLUMH M ONEpaTopoB, a TakxXe
MHBAPUAHTHOCTH MEPBI,

Ecau oneparop O npeobpalyeTcs Mo MPHUBOSUMOMY TMpeACTABAEHUIO,
TO CjedyeT pa3buTh €ro Ha HEeNpUBOAMMBIE COCTABIAIOLIME M YCTAHOBMTH
nepexonbl, paspelieHHbIe IS KaXA01 HeNPpBBOAMMOH KOMIIOHEHTHI OTAEIbHO.

MHorouyucieHHble pUMeEpPHl HCMONb30BAHUA TEOPHH TPYyNI B pa3Ho-
06pa3HbIX GH3MUECKUX 3a1a4ax MOXHO HaiTh B kHurax [[1T67, MY72, J1J174,
P®D70].



11.4. Hpumepui 263

11.4. Npumeps:

344. Haiimu xpamnocmu 8UPONCOEHUA COBCMBERHBIX MOD MATNX KOAeOaHull
«MOAEKYALL>, COCMORUCH U3 MpeX OOUHAKOBHIX «dMOMOE», KOMOpbie Mozym
deuzameca monvko edoab okpyxcrocmu (puc. 11.1). Tamussmonuan cucmemoi
umeem 6ud

3 3

— ! 2 k 3 _

H‘Q‘;Z%*‘”gz(%*%«*), T3 =1y, (11.15)
F=1 j=1

20e T; — OMKAOHEHUE J-20 AMOMa OM NOAONCEHUS PABHOBECUS, P; — conpaxcen-

Hblll uMnRyase.

Pemenne. [pynina CHMMETPYH CHCTEMBI CO-
BriafaeT ¢ rpynno#t D;=.S5; cMMMeTpuu pap-
HOCTOPOHHEro TpeyroibHuka. OHa paszGuact-
Cd HAa TPH KJACCa COMPHXEHHBIX 3/IEMEHTOR:
€ — CHMHHYHBIA DJEeMEHT, 03 — LHUKAMYEC-
KHE NePECTAHOBKH BCEX TPEX aToMOB (CONEePKHT
2 3fieMeHTa), 03 — NEPECTaHOBKM Naphi aTOMOB
(comepxur 3 anemenra). Umeercs 3 Heakpupa-
JNEHTHBIX HENPHBOAMMBIX TPEACTaBACHUA 3TOMH
FPynTibl, ¥ COOTBETCTBYWOLLAs TabnMLa Xxapak-
TEPOB NpHBeaeHa B peuieHuu 3anauu 291, IMo-
CKOJbKY B AAHHOM cilyyae BBHXEHHe Kaxiaoro Pme.11.l. Macen Ha xoasue,
aToMa OfIHOMEPHO, TO MCXONHOE TIpeAcTaBNeHe MOACAHDYIOLME  «MOIEKYNY»
rpynnbl D; fAeitcTByeT B TpeXMEpHOM ApocTpan- © 0o YIOMEHOR CHMMETDUE
CTBE BEKTOPOB-aMIVIMTYZ. HTOOM HalTH BHIPOXAEHHME N0 YACTOTAM, PA3NIOXKHM
MCXO/lHOE NpencTaBjieHHe Ha HenpupBoauMsie. JLisi 9Toro HaiiaeMm xapaktep
JToro npeacrasaeHns. OH paBeH YHCITY BEKTOPOB-aMILIWTYIL aTOMOB, He Mo~
BEPraioWNXCs HIMEHEHMIO NPY ACHCTBMY JAHHOIO 3NEMEHTA IPYINLL

x(e)=3, x{02)=0, x(o3)=1.

Pasnoxum xapakTep B CyMMy HENIDMBOZMMBIX XapaKTepos

x9)=3exilg),
i

tne xi(g) — xapakrep aneMeHTa g B [-M HEMPHBOLMMOM FIPEACTABRCHUH,
a4 ¢ - KpaTHOCTh BXOXIACHHA TIpEeACTaBACHHA B pasmoxenue. Bocnonbio-
BaBIINCH OPTOTOHANbHOCTLIO XapakTepos, HailleMm xoadduumenTsl ¢: ¢; =1,
€2 =0, ¢; = |. Takum 06pa3om, HCXONHOE NPEACTABICHHE PA3IAraeTCsl Ha OHO
CAMHUYHOC ¥ ORHO IBYMEPHOE HETIPHBOAWMDIC NNPEACTaBACHUA. DTO 03Havaer,
YTO CHCTEMA MMEET Be COBCTBEHHbIE HaCTOTh, OJHA M3 KOTOPBIX ABYKpAarT-
HO Bhipoxaexa. Haitnem o1v vactorsl. CoGCTBEHHBIM A8 TOXAECTBEHHOTO
NPEACTABICHUA ARISETCH BEKTOP-aMILINTYAA, He MEHAIUacs ApU 100LIX
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TpynnoBsix npeofpa3oBaHUAX, T. €. AEPECTAHOBKAX aTOMOB. JT0, OYEBHIHO,
b =(1,1,1).
W3 ypaBHeHUM IBMXKEHKS

m
~ S ="Witb by,

—%w2b22b1-2b2+b3, (11.16)

~i:;w2b3=b.+b2~2b3
HAXOAMM, 4TO CcoGCTBEeHHas yactora Moan b paBHa Hynio (oaHopomHas
TPAHC/ISHMA BAOAL OKPYXHOCTH He TpeGyeT cxkartus npyxun). OproroHais-
Hoe gononHenmne K b' obpasyer asymepHoe coOGCTBEHHOE NOANPOCTPAHCTBO.
BoifepeM B Hem Kakoii-uubynb sextop, Hanpumep b?=(0,1,—1), u noxn-
ctapum B {11.16). B peaynsTate noaydum sbipaxeHue LTS BTOPO#H 4acTOThI:
3k
=3
[paBUALHOCTE HAXOXAEHHA YaCTOTH CHMMETPHUHOTO KoaebaHus Ierko
MIPOBEPUTH, 3aMETHB, YTO TNPH TAKOM ABMXEHMM HENOABHXHBIMM OCTaKOT-
cq ATOM ¥ CepeMHA NPOTHBONOAOKHOH <«NPYXHHbI», HO3TOMY XECTKOCTb
«APYXUHbI», AciicTBYIOME Ha Maccy m, coctaBiaseT k. >

&=

345. To xce 0an cucmemsi u3 yemuipex OOUHGKOBHIX GMOMOS, PACNOAONCEH -
HbIX 8 pasHoGecuy & eepuunax xeadpama. Famunrvmonuan nosywaemces us (11.15)
3AMEHOIl 8EPXHE20 NPEOEAR CYMMUDOGAHUR NO J HA 4 U NepuOsUecK 020 ZDAHUYHOZ0
YCAoGUR HA T4 = Ty,

Pewenne, [pynna CHMMETPHM CHCTEMbE COBNIALACT ¢ TPYNNOH Dy cuMme-
Tpru kpagpara. [TocaeaHsas COCTOMT u3 8 31€MEHTOB M COGEPXHT 5 KiaccoB
CONPAXEHHBIX 3JIEMEHTOB: € — EeAMHMWYHbII 3/leMeHT, 0; — TMOBOpPOT BO-
Kkpyr uentpa Ha 180°, o; — oOTpaxeHHs OTHOCUTENLHO OBYX AuaroHane,
04 — OTPAXCHUS OTHOCHUTEIbLHO ABYX NPAMBIX, NPOXOASIUIMX YEPE3 CEpelm-
Hbl [IPOTHBONONOXHBIX CTOPOH KBaipara, Os — I[TOBOPOTHl BOKDYT HeEHTpa
Ha 90° un 270°. PaamepHOCTM HENPUBOAUMbLIX TPEACTABICHHA MOXHO Hai-
™ U3 ycnosus (9.5). Toabko oana cyMMa NSATH KBaApaToB jJaet yucao 8§,
umenno 12+ 124+ 124+ 12422 =8, Tax uto MMeerca 4 OZHOMEPHBIX NPCACTA-
snenna E, Ay, Ay, A4 n oaHo asyMepHoe npelcTasieHue B. CooTsercTnylonian
TabAuUa XapaKTepoOB HMEET BULL

e [5] g3 T4 as
E 1 1 1 ! 1
A |1 | 1
A1 1 10 -1 -t
Ay 1 [ [
B 2 -2 0 0 0
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XapakTep YeThIPEXMEPHOrO HCXORHOrO nipeactasnenns T(g) B mpocTpascTee
BEKTOPOB-aMILIMTYL:

X(e)=41 X(a2)=0’ X(a3)=2) X(64)=07 X(US)ZO'

BocnoJis3yeMcsi OpTOTOHabHOCTBIO XapaKTepoB HENPUBOLMMBIX TNpeAcTaBie-
HHI K C NOMOINBIO YcpeAHeHUs MO Tpynile HafxeM xo3(ppUUMEHTH pa3no-
KEeHHSA HCXOAHOrO MpencTaBleHUs Mo HENMPUBOLUMBIM:

T=FoA:0B.

JT10 03HAuaeT, YTO UMeETCA ABE HEBBIPOXKICHHbBIC ¥ OJHA ABYKPATHO BbIpO-
JKIeHHast 4yacToThl KOoAeOaHM#. YacToTa, COOTBETCTBYIOIIAA TOXKIACCTBEHHOMY
TIpEACTABACHHIO, KAaK M B npenpiaymieyl 3ajlade, pasHa HYJ/O: b =(1,1,1,1),
w*=0. JIna ofipedencHHA HOPMANBHEIX MO, NpeoBpasyloliuXcs No npeacTa-
BRCHUAM A3, B, BocnonpayeMca TeM, 4TO onepaTop

Pa= ﬁ 3 X 9)T(g) = (X" (9)T(s))
geaG

ABASETCA C TOYHOCTBIO JO YHCAEHHONO MHOXHUTE/A MPOEKTOPOM Ha WHBa-
PHaHTHOE NMOANMPOCTPAHCTBO, COOTBETCTBYIOLIEE HEMPUBOAHMBIM TNpEACTaBe-
HuaM R=E, Ay nan B, ecim nocneaxee BCTpevaercs B pasnoxeHuu T(g)
MO HENPUBOAUMBIM POBHO OIHH pa3s. YcpeaHEHHE NPOBOANTCS 3AECh IO BCEM
aneMenTaM rpynnsl, a x{®(g) o6osHauaeT xapakTep npeicTaBIEHUSA R(g)".

B HallleM cliyuae HenpUBoOAMMbIE MpeacTapieHnsi Ay u B Bctpevalorca
pPOBHO 1O 04HOMY pa3y. [1polle Bcero NOCTPONTL NPOEXTOP Ha NOANPOCTPaH-
cTBO, npeobpasyiolteecs No npeacraBreHMo B. [ina 31oro, Kak 3TO BHAHO
U3 TabauLibl HENMPUBOAHMBIX XapaKTepoB, HYXHO 3HaTh ABHBIH BYA MaTpull
HcxoAaHoro fipeacrapaeHuss T ToNbKO ANS ABYX 3MEMEHTOB € U 03:

i
Pg= §(2T(e) —2T(02)),
1000 001 0
0100 000 I
TEe=1g 0 1 0] T@={| g ¢ o
00 0 I 0100

JeficTeys nocnegoBatenbHO oneparopoM Pp Ha 6azKcHbie BEKTOPbI HCXOMHOTO
npeacTapieHus (HOCTATOMHO MeEPBLIX ABYX), MOJIyYaeM, YTO OANPOCTPAHCTBO,
npeobpasyiolieecs Mo NpeicTaBleHWIo B, sBaseTca 1ByMEPHBIM MPOCTpaH-
cTBOM ¢ Oa3ucoM:

b=(1,0,-1,0), b =(0,1,0,~1).

Y Ecnn ofHO HeNPpHBOAMMOE NPEACTARICHHE BCTpeyaeTcs Gonee oaHoro pasa, To PR npoex-
THPYET B NPAMYIO CYMMY NOANPOCTPAHCTS, B KOTOPLIX JEACTBYIOT NpPeaCTaRNeHHA R(g)
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Moacrasnas b uin b B ypapHeHUA IBUXEHHS
m
- ?wzb. = —2b; + by + by,

m
——I—c-wzbzzb; —2by+ bs,
m (11.17)
2
—'i":-w by=by— 203+ by,

m 3
-7;-«3 by =by +by — 2by,

MOJY4aeM BhIpPaXeHHE wy = \/g g coOCTBEHHOR 4acTOThl JABYKPATHO Bbl-
POXKIACHHOTO KONCOAHUS CHCTEMbI.

Bextop 0%, npeoOpasywouiniics No APEACTABACHHIO A;, ORHO3HAYHO
onpeaenasercs YCaoBHEM OPTOrOHAILHOCTA K BekTopam bf, b, b':

b =(1,-1,1,-1).

YacroTa, COOTBETCTBYIOLIAN 3TOH MOJE, BHIMUCINAETCS aHANOIMYHO &) M PABHA

wy=2 X »

m

346. Haimu xpamuocmu elpoNcoenus HOpMaibHux Koaebanuii monekynst
6odsi Hy0, Komopyio MoxcHo cxemamuyecku npedcmagums cele 6 eude pasHobe-
dpernozo mpeyzonsiuka (puc. 11.2).

Pemenne. B cnyuae monexynst HO rpynna
cumMeTpuu Cy, COCTOMT M3 YETHIPEX SIEMEHTOB:
envHUYHOre e, nosoporta r Ha 180° sokpyr ocu 1,
OTpaXeHus §; OTHOCHTENLHO MIOCKOCTH MOJIEKY-
Jbl ¥ OTpaxeHus §3 OTHOCUTENLHO LIOCKOCTH,
NepHneHARKYIAPHON MAOCKOCTH MONEKYIb H ApO-
xonsied vepes och ! {cm. puc. 11.2). Tpynna,
oueBUAHO, abenieBa, M Kaxabii saeMenT obpasyer Fwe. 11.2. Monekyna H,0
Kiacc cam o ceBGe. CreaoBarenbHo, HMEIOTCA 4 OHOMEDPHBIX HEPHBOAWMBIX
npeacTaBieHns ¢ Tabnnuel xapakTepos:

e r & &

xge |l 1 1 1 1
xall 1 -1 =1
!
I

¥
H
H
H
¥
+
¥
1
1
‘
.
»
i
H
H

XB -1 |

Xc¢ -1 -1 1
Byksa F 3gech ¥ nuxe o6o3HavaeT ToXaecTBeHHOE nApeacTasaeHue. M3 on-
HOMEPHOCTH HEITPHBOAWMBIX NPEACTARICHUI CIICAYET, YTO BCE 4acTOThi KO-

neGanuii HembipoxaeHHnie. Mcxoanoe npeacrapaeHne &; B npocTpaHcTse
pasMepHOCTH In =9 UMeeT CIEAYIOILHEe 3HAYCHUSA XapaKTepa:

xi(e)=9, xi(r)=1+2cosm=~1, xi(&1}=3, xi(&)=1.
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BuluWTag M3 HHMX 3HA4YEHMs XapakTepa
MpencTasieHdss B TORNPOCTPAHCTBE HY-
JieBbiX Mol (MOCTynaTe/ibHOe ABHXEHHE
Y BpalleHHe MONEKYJIbl KaK LENoro), ans
Xapakrepa npeacrasieHns ® s konebarenb-
HOM TOATNPOCTPAHCTBE C PA3MEPHOCTBIO
3n-6=3 nonyunm:

x(e)=9-6=3, x(r)=-1-(-2)=1,
xt6)=3, x(&)=1

Hcnonb3ys OpTOrOHANBHOCTh Xapak-
TEPOB HEMPUBOMAMMBbIX PeACTaBICHUN, Ha-
XOHHMM pa3ioXeHHe & B MPAMYIO CyMMY
d =2FE® B. Bce TpH 4acTOTHI B 3TOM ¢y-
yae HeBbLIpOXIAEHHbIe. PaBEHCTBO eNUHKLIE
Xapakrepa 3nemMeHTa {; B npeacrasncHmsax E u B o3HavaeT, YTO BO BCeX
TPEeX HOPMAIbHBIX MOJAX aTOMbl KOJEGMIOTCH B TUIOCKOCTH TPEYTroAbHUKA
(puc. 11.3). >

Puc. 11.3. HopManrcHuie KoneGanus
mojiekynsl H,0

347. Onpedenums xpamuocmu evipoxcienus Hopmanbhux KoreGanuil au-
neiinoti Monexyam yeaexucaoo eaza COy (puc. 11.4).

Pewenne. Jlunelinan Mmonexyna CO, nMmeer 18e Bpa- O e O
HIaTebHble CTENeHU cBOGOABI, MO3ITOMY YKCIO Koneba- 0 C 0

TEeNbHBIX cTeneHeil cBoGoasl paBHo 3n—5=4. Ipyn-
na cuMMmeTpru D, ABAsiCTCA NPAMBIM MIPOM3BEICHMEM
C; ® Coop TPYIINIBI HHBEPCHU H IPYNTIHI Copy, KOTOPAS CO-
JepPXHT HeNpepbiBHYIO IPYIITY BPALLCHKE BOKPYT OCH MOMCKYABl 1 OTPAXCHMSA
B MJIOCKOCTAX, NMPOXOMLIHX Yepe3 OCh MOJIEKYJbl. DTO NMPUBOAKHT K IBYKpaT-
HOMY BBIPOXIACHHIO YacTOThl KONMeOaHHil, HapyLIaOUINX TPAMOAHHEHHOCTD
MOJIEKYABL: K0JIeGaHMsE B ABYX B3aUMHO NEPNEHANKYJIAPHbIX NIOCKOCTAX, MPO-
XOMSALIMX Yepe3 OCh MOJEKYNbl, OAWHAKOBLL. UTO KacaeTcs ABMXEHWH BAOJb
OCH, TO B 3TOM TPEXMEPHOM MOANPOCTPAHCTBE AeUCTBYET MpeacTaBicHHe
(bakTop-rpynmbr = = C; Ipynbl CHMMETPHUM, COCTOALICH W3 ABYX 3JIEMEH-
TOB: €IWHUYHOIO U UHBEPCUH 1 OTHOCHTEJLHO TONOXEHHS aTOMa Yriepoja.
W3 Tabauibl XapakTepoB 3T0it rpynnsl

Puc. 11.4. JluHeiinan
monekynra CO,

XE 1
XEx l - 1

cJlefyer payioXKeHHe HAaLlero UCXOIHOro MpeACTaBleHs OTKIOHEHH aTOMOB
OT paBHOBECHS BIOJbL OCH MOJEKYJbi, Xapakrep Kortoporo pasex x(e)=3,
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x(i)=- 1*), Ha HenpuBOAUMBIE

®=FE®2E",
COOTBETCTBYIOmEe CUMMETpUuHOMY (E) u antucummerpuutomy (E*) wop-
MaJIbHBIM KONeGaHHAM M COBUTY MOJNIEKYNbl Kak ueoro (E*). >

348. Onpedenums kpammocmu ewipomcdenusn Hopmarsnuix xosebanuii Mo-
nexynol ammuaxa NHs, npedcmaensioweii coboii nupamudy ¢ paenecmoponuum
mpeyzoabHUKOM 8 OCHOBARUU,, 8 GePUIUNAX KOMOPO20 HAXO00AMCA amoMsl 8odopoda.

Pemenne, Ipynna cummerpuu C3, MOMEKYAbl COCTOMT M3 6 3/1eMeH-
TOB, pacnaJalolUXCA HA TPU Kiacca: eAMHUYHBIA e; 2 noBopoTa T Ha 120%re
1 240° BOKpYT BEPTUKANBLHOMN OCH, Npoxoasuleii yepes atoM N; 3 oTpaxeHus ¢
OTHOCHTERBHO TUIOCKOCTEH, MEPNEeHANKYIAPHBIX OCHOBAHUIO M NPOXOAALLIMX
yepes atoM N u onvH 13 atomos H. TaGnnua xapakrepoB 3To# IpyImnbl NpH-
BelleHa B peureHuK 3anaqu 291. McxonHoe npeacrasnerue b; B mpocTpaHcTae
pa3sMepHOCTH 4n = 12 MMeeT clienylouInil xapakTep:

2
xi(@)=12, xi(r)=1+2c0s =0, x(0)=2.

BblunTas M3 HHX XapaKTepbl MPEACTaBAEHUS B MOANPOCTPAHCTBE HYAEBBIX
MOQ, AJIA XapaKTepoB TpeactaBieHus ¢ B KoneGaTebLHOM NMOANPOCTPAHCTRE
Pa3MEPHOCTH 4n — 6 =6 MOJIyYUM:

x(e)=12-6=6, x(r)=0, x{o)=2.
Pasnaras Ha HernpHBOAMMbBIC TIPEACTAaBACHHUA, Moay4yaeM (B 0603HAYEHMAX
3amaun 291)
&=27"g21%.

TakuM obOpasoM, ¥MeeTCs IBE HEBLIPOXAEHHbBIE N ABE ABYKPATHO BbIPOXKIEH-
HBI€ YaCTOTbl KONebaHMiA, »

349. Amom c noanvim momenmom J =1 nomewen @ eepuiuny mempasopa
C OCHO8GHUEM 6 GUde PAGHOCIMOPOHHE20 MPEY2OAbHUKA, 0GPA306AHHOZ0 AMOMAMU
dpyzozo copma (cM. puc. 11.5). Muumweaa eausnue smux amomoe, Hatimu
Kpamnocmu 8vipoxclenuii u pasbuenue no noodypoeHam cOCMOSHUE € PA3HBMU
npoexyusMu momenma Ha oco cummempuu (evicoma h).

Pewenne. Ipynna cuMMeTpuu F CHCTEMbi COCTOMT M3 €AMHMUBI, IBYX
MOBOPOTOB HA YIibl 27' M 4T1 BOKDYT BbICOTHI h TeTpasapa (ommH wkiacc r, r2)
M TPeX OTPaXeHUI OTHOCHTE/IBHO TUIOCKOCTEH, MPOXOAALIAX YEPES 3TY BHICOTY
¥ OHY M3 BEPUIMH TPEYTOJbHUKA OCHOBaHUsA (Kiacc g, or, or?). Dra rpynna
nsoMopdHa rpynne 53 MepecTaHOBOK TPEX EMEHTOB, €€ TabJIM1IA XapaKTepoB
BBIYMC/ICHA B PEIUCHUH 3aiaun 291, OCHOBHOM raMMILTOHMAH MHBAPHAHTEH

*) MHBepcHto BCerIa MOKHO NPENCTABNTH BUle NOBOPOTa BOKPYT ocH Ha 180° n oTpaxeHus
8 JLTOCKOCTH, NEPACHAMKYASPHON 3Toit ocu. B Hauem ciyuae x(i)=—1, a He —3, nockonbKy
PACCMATPUBAETCS OJIHOMEPHOE NBHAKEHHUE.
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Puc. 11.5. AroM B none, cozgapacMom TpeMs

aTOMaMH JApyroro copra, pacriofOXeHHbIMH
B BEpUIMHAX IpaBUIAbHOrO TPCYTOJIbHUKA

OTHOCHTEABHO NOJIHOMA Tpymitbl BpaleHnit O(3), vcxonHoe COCTOSTHUE MM
CTeNEHb BhIpOXaAeHMsA 2J+1=3. B Hem aeiicTBOBaNO TPEXMEpPHOE Mpen-
crapneHue rpynnsl O(3). Ipynna F seasercs noarpynnoit O(3). Xapakrep
MCXOHOT0 NPEeACTABIECHUST MOXHO HaHTH, NMONb3YACh TPAHCHOPMALIHOHHBIMH

CBOKCTBAMM (yHKUMit ¥ ,(0,¢), tae 6 n ® — yribl B chepuyecKoit cucreme
KOOP/IMHAT C OCbIO kb BAO/AbL BRICOTH TeTpasgpa:

27 e
U(T)YJ,”I(07¢) ZY-L"‘ (07(P— —3—) :ewrm?TYJ,M(BJP)a

U(U)YJ,"I(ga ¢) ZYJ,m(a) ""‘P) = Y],—m(g’ ‘P)
Otkyna nna J =1

(11.18)

U 001
xe)=3, x()=3 " =0, x@)=T[010)=1. (1119
=, 100

Hcrnion b3y OPTOTOHATLHOCThL XAPaKTEpOB HEMPHUBOAUMBIX TNpeacTaBlIeHMIt
nojyyaem ,

_m(t 3
D=T"aT?, (11.20)

rae T() — Tpusnanshoe, a T — npymephoe HEMPUBOIUMOE TPEaCTARICHHE
rpynnbt S3. Takum 06pa3oM, HCXORHBII TPEXKPATHO BEIDOKIEHHBIH ypPOBEHD
PACIUEMMTCS Ha 1Ba TMOAYPOBHS, ONMH M3 KOTOPbIX HEBHIPOXKICHHbIN, a 1py-
TOH — 1BYKPaTHO BbIPOXAEHHbIA. BonHoBas (ymkums, npeo6pa3y;0manc;1
MO TOXNECTBEHHOMY MPEICTABNEHHIO, WHBAPUAHTHA OTHOCHTENBHO NMOBOPO-
ToB. OrCioa cnenyer, 4TO eil COOTBETCTBYET MPOEKUMS MOMEHTa Ha och
CHMMETPHH, paBHasi HYJIIO (HET p-3aBUCHMOCTH):

Ur=Y . (11.21)

BonHoBble yHKLMM ABYKPaTHO BbIPOXZEHHOTO NONYPOBHA OPTOIOHANBH bl
K nouypo?mo (11.21), noatomy oHM ABNKIOTCH NHHEHHBIMM KOMOHMHALMAMH
COCTOAHHMH C NPOCKUMUAMH MOMEHTOB t1 Ha OCb CUMMETPUH. >

350. Amom ¢ noansim yeroesim momenmom J =2 naxodumes & uenmpe
PAGHOCMOpOHKE20 Mpey2onsHuKa, 0Bpasoeantozo oduHaxkoesimu amomamu dpy-
2020 copma. Paccmampueas ux eausnue Kax 603myuenue, HQUMU, HA CKOAbKO

nodypoFHeu U KAKoU KpamHocmu pacuenumcs ucxo0Hui nAmukpamuo 8bIpOXNC-
dentsiii yposers.
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Pewtenne, [1o cpaBHeHUIO ¢ NMpeablayiLeH 3anayucit NOABAAETCHA AOMOJHHU-
TeMbHAS 06pa3yioulas rpynnsl CHMMeTpuH F' — oTpaxxeHHMe G OTHOCHMTE/IbHO
TJIOCKOCTH TPEYTOJbHMKA, 2 = e. DTOT 2NeMEHT IPYNTibl 00pa3yeT K1acc cam
no cebe, TaK KAK KOMMYTHUDYET C KaXibiM 3IeMEHTOM rpynnsl. Koanyectso
anemeHTOB rpynnbl F ynpaupaetca (JF|=12), Tak kak wis J11000r0 3neMeH-
Ta IpyNIbl CYLIECTBYET MapHbif, YMHOXEHHbIA Ha . OTCIOfa cneayeT, YTo
Hapsly C Kjaccamyl CONMPAXKCHHBIX DJEMEHTOB T W O MNOSBRSIOTCS KJacChl
7 W ¢' — pe3ylbTaT YMHOXEHHMA Ha 0. Tak Kak & KOMMYTHPYET CO BCEMM
aneMertamu F, To B nobom npencrasieHuun T'(F) =+1I, roe I — exnHninas
Mmatprina. KonuyecTso HenpMBOIMMBIX MpEACTABIEHHH Takxke yIBaUBacTCs
Mo cpaBHEHHWIO ¢ MpeabiAyuleit 3anaueit. PaccMaTpuBas Tabnuuy XapakTtepos
KaK MaTpuily, Mbl IONYYUM TabJnLy XxapaKTepoB KaK TEH30pHOE NPOH3BEICHHE

MaTPHILbE
11
1 -1

M MATPHIIBLI XapakTepoB rpynnsl Di:

e P o o r o
XE 1 1 | 1 |
xa |1 1 -1 1 1 -l
XB 2 -1 0 2 -1
XE 1 1 ! -1 -1 -1
X4 1 1 -1 -1 -1 1
XB' 2 —1 0 —2 1 0

xo |5 -1 1 1 1 |1

BuH3y Tabnuusl BLIMHCAHbI XapaKTepbl UCXONHOTO MpencTamieHns D, xoTo-
pble MOXHO NMOMYYMTb, €CAH B KauecTBe 6azuca B 5-MEPHOM NPOCTPaHCTBE
COCTOSHMII ¢ MOJHBIM MOMeHTOM J =2 BbiOpath, Hanpumep, Yjn,, ¢ npo-
eKklMeld MOMeHTa Ha OCh CHMMETpHM TpeTbero nopsaka m=-2,—1,0,1,2,
¥ BOCIOJb30BaThcs TpaHcdopMaumoHHbiMU cBoiicTBaMi (11.18), a Takxke

U(E)YJm(oa (,0) = U(E')YJ",("O, ‘P) = (— l)mYJm(0,¢),
U(r'y=U@)U(r), U(s)=U(@)U(0).
3aMeTHM, UTO OTHOCHUTEJILHO Mpeobpa3oBaHuii TPYINLl BpallEHUH COCTO-

IHME C MOMEHTOM 2 TipeoBpa3syeTcsl Kak caeayloline GyHKUHH eIHHHYHOrO
BeKTOpa M = (1, My, 7, ):

(11.22)

1
2 2 2
nh, mems, M3, n.n,, n_, (11.23)
rae ny =n,tin,.
CootroweHue (9.3) OPTOrOHANBHOCTH XapaKTEPOB HEMPUBOAUMBIX Mpel-
CTaB/EHHIl 1aeT palioxeHue

D=E®B&B'. (11.24)
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Takum o6pa3oM, ucxoausiit YPOBEHb DACIICTIWICA HA TPH TOAYPOBHA: ONUH
HEBBIPOXAEH, 4 ABA — ABYKPAaTHO BHIPOXIAEHBL. >

351. Haiimu npasuaa omGopa no wemnocmu onepamopog 3exmpuneckoeo d
U MAZHUMHO20 TN QUNOABHBIX MOMEHMO8.

Pemense. Ipynna unpepcun G ={e,P}, P’=e uMeer ToNLKO OIHO-
MEPHBIC HETIPUBOZIMMEIE TIPEACTABNEHHS, MO3TOMY (GYHKLUHHN COCTONHMI {f]
M |i) Moryr 6biTh nMGO ueTHBIMH, NHGO HEYETHBIMH, T. €. NPeodpasyioTcs
110 ONHOMEpHEIM npencTaBienusM D;(P), Dy(P)=z=1. Tak kak 31eKTpu-
YECKHH IUMONBHBLIH MOMEHT MEHSIET 3HaK MpH HHBEPCUM, a MarHWTHHIH
HE MeHsleT, T0 Dg=~1, D, =1. Tpamoe npousseneHue TIPEACTARIEHH
CONCPXHT TPHBHaNbHOE npeactasneHne Dy ®Do®D; =1, ecam DeDy=-—1
ans d unn DeD;=1 angs m. Matpuunbiit snemeHt ds; (my) MoxeT GhiTh
OTIMYEH OT HY/Isl, @ fIEPEXOIbl PA3PELIEHBI, eCH COCTOSHUSA (f| U |i) umeioT
TIPOTHBOMONOXHYIO (OIMHAKOBYIO) YETHOCTD. >

352. Haiimu npasusa om6opa onepamopa INeKmpu4ecKkoz0 OUROAbHOZ0
Mmomenma d = er:

(a) no noanomy opbumaasromy momenmy L,
(6) no npoexyuu op6umansnozo momenma M.

Pewenne. (a) Oneparop snektpuyeckoro umoNbHOrG MOMEHTa fpen-
CTapnser coboi BEKTOP, MOITOMY npeobpasyerca no TPEXMEPHOMY HENPHBO-
AMMOMY npeacrapicHuio Dy rpynnbl SO(3), ¢ J=1. O603Hauum yepes L
MOMEHT HAYaIBHOTO COCTOSIHUA, a yepe3 L' — MOMeHT KOHEYHOTO, TOrAa Npy
L > | pasanoxeHue

D=Dy®D\®Dy =D}, (D& D, 6 Dy,,)
COOCPXHUT TPHUBHAJILHOE NpEeACTaBIeHHE TONAbKO NnpHu
L'=LL*l; L>1.

Ecru xe L=0, to D, ® Dy = Dy, nostomy D= D}, ® D) corepXMT TpUBHANb-
HOE NpeAcTaBneHue Tonbko npu L' = 1. Mosromy MaTpUYHBIA 31EMEHT Mexay
ABYMS S-COCTOSHMAMM 0GpalIaeTcs B HyJb. 3ameTuM, 4T0 B aTOMe BOLOpO-
fa, COofepXallleM OXMH BNEKTPOH, Mepexos B cocrosnue ¢ I/ = I, 3anpeuieH
10 YETHOCTH.

Pewenne. (6) Bpawenus sokpyr HanpaBieHNUA OCH KBAHTOBAHHA z o6pa-
3yloT abeneBy rpynny SO(2), Bce HenmpHUBOAMMBIE NPECACTaRIEHHS KOTOPO#H
OtHOMEpHbI: Dy = exp (iM p). TMoatomy nponssenedne D= D3, ® D, ® Dy
CONEPXHUT TpUBHaNbHOE, eci M'=M 4+ m. Marpuunbiit 3eMeHT npoek-
LMK THNOABHOTO MOMEHTA HAa OCb KBAHTOBAHMS d, OTIMYEH OT HYAs1, ecln
M'=M, a pia M'=M=1 omnuus OT HYJIS MaTPUYHBIE 3JIEMEHTH! Orie-

paTopos dizd,:tidy, KOTOpbie npeoGpasylorTcst Mo npeacTaBieHusM Dy,
COOTBETCTBEHHO. >
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11.5. 3agaun

353, Tloka3aTh, YTO MaTPHYHEIE DJIEeMEHTHI CKaAPHOTO ONEPATOPa MEXAY
COCTOAHMSAMH, NpeoBpa3yIoIMMHUCS N0 Pa3TIHYHBIM HENPHBOAHMBIM TNPEACTa-
BJEHUAM, OBpALLAOTCA B HYb.

354. Joxkasarh, 4TO B PAVIOXKEHUH TIPAMOro MPOMU3BENECHHA NBYX pa3-
HBIX HETEPUBOIMMLIX TIPEACTABAEHHH HA HEMPHBOAWUMBIC HET TPHBHANBHOIO

NnpeacTaBiCHHA.

355. Haiitu npasuna ot6opa Ans BEKTOPHOro OfepaTtopa NMpu HaNHYMH
cuMMmeTpum Ds.

11.6. OtBern!

353. Vkasanue: Vicnmonb3oBaTh COOTHOLIEHHA OPTOTOHAIbHOCTH XapaKTepoB.

355. 3anpelicHbl TEpeXoabl MEXIYy COCTOSHHAMH, Mpeobpa3yloliuMucs Mo
pa3HbIM OAHOMEPHBIM IpPEACTABICHUAM.



Csoaxa dopmyn
no cneyuanbHbiM PYHKUUAM

N.1. T-pyHKyun Jitnepa

00
I(z) =/dz 2= 'e™,
0

F(z+1)=2I(x),
M(z)r(1-z)=

sinxz’
N.2. mMnepreomerpuyeckue pynxyun

11.2.1. Thnepreomerpuueckan pynkuus Taycca ; F|

Aunddeperunansroe ypapHeHue ws F\(a,b;c; z):
#(1-2)y" + [c— (a+ b+ 1)z] y' —aby=0.
PaznoxeHue B creneHHoH psa poane z =0;
b 2
JFi(a,b;c:2) = H_a z ala+1)b(b+1) z*
1 e{e+1) 2!

Ipeo6Gpazosanue Jitnepa:

Fi(a,bi62)=(1-2) "2 F) (c—a,b;c; = l) .
z—

HHurerpanbHoe npeacrannexue:

F(C) \ dt tb—l(l _t)l:—b—l

2Fi(a,b;c;z) = T(@)T() J Itz

I1.2.2. BuipoxienHas runepreoMerpuyeckan Qynxuma | F)

AuddepenunansHoe ypasHenue ansa | F(a;c;z):

zy'+(c-z)y' —a y=0.

(n.1)

(1.2)
(1.3)

(n.4)

(1.5)

(1.6)

(n.7)

(N.8)
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PasnoxeHue B creneHHoii psa Bodie x=0:

|F|(a;c;a:)=blllg)2F| (a,b;c; %) =1 +% % + :(—(:—_{I—l)) 22-'2-
Bropoe pelueHne:

y= z “Fi(a—c+1;2-¢2).
TNpeoGpazosanne Kymmepa:

1Fi(a;c;2) =e" Fi(c—a;6—2).

HnTterpansHoe npeacraBieHue:

!
I‘(C) a—1 e~a—| _zt
Fla; ;) = ———— [ dit 1-t¢ R
| l(a C z) F(a)F(c—a) ( ) €
0
Rec>Rea >0.
ACHUMITOTHYECKOE MOBEIEHHKE:
'F'(G;C;z)_I‘: )) o T — +00,
,F.(a'C':c)N—uHQu( z)™* x —» —00.
y s F(c a) b

Nn.3. Unnunapnueckue ynkyum

I1.3.1. Oyuxnnn Beccenn J, n Helimana Y,

[Ouddepenumnanstoe ypasHenue ans J,(z):

2y”+my’+($2-y2)y=0-

PasnoxeHue B cTeneHHOH paa Bodne £ =0:
(__ l)”(z/2)2"+”
Ju(z) = E !
al(n+v+1)
BripaxkeHHe 4epe3 rMNepreoMETpUYEcKYI0o QYHKIMIO:
(z/2)" omit ! .
J, F —-2v+ 132z ).
o) =rorne B\
PexyppeHTHOE COOTHOLIEHHKE:

_21_] (m) J,,._|(I) +J, H(m)'

(1.9)

(1.10)

(n.11)

(M.12)

(1.13)

(1.14)

(1.15)

(T1.16)

(1.17)
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@opmynst anddepeHLUHPOBAHHMA:

2%1,(z)=1v-l(z)—1.,+.(z),

d (M.18)
E:; (.’Dtv.’y(.’b)) = :EIiVquﬂ(l).
HUnTerpanbHble npeacrapneHms:
0+)
| dz z 1
Iola) = 211_/ o1 P (5 (z—-z-)) -
_/';r izsinp-ivp sm:'y‘/.dte—zsht—v!. (ﬂ.|9)
5 x/2
= gt 5) foverretesmn -
1 izt \w— l/2
fr(v+n/z>( ) / deem(1-¥) (f.20)

B nepeoM MHTerpaibHOM NpeacTaBAEHHH HHTECIPHPOBAHUE MICT NO KOHTYPY,
HaYMHAIOWIEMYCA M 3aKaHYMBAIOHIEMYCA B —00, obxoasiueMy Todky z=0
B nonoxuTtensHoM HarnpasneHun (puc. [1.I). B wHTerpanbHOM mnpencranie-
unu lnednn (M.19) npu uenom v OCTaeTcs TOALKO FMEPBOE C/ATaEMoe.

B uuterpane yaccona (I1.20) Rev > —§.

®

-
———) Puc. I.1. Koktyp MHTerpupoBaHus, obxoas-
b 0 wmit paspes ¢ € (—o0,0} B nonoXuTEALHOM Ha-
nipaB/leHHH
Bropoe peiucHHe:
Y, (z)= [Jo(2) cosmy —J_,(x)]. (1.21)

sinwv
ACHMNTOTHYECKOE MOBEACHHE!

2
J,,(z)':\/;r—a;cos(z-—%t—-g—), T — +00. (11.22)
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Canyuail noayuenoro uHiaekca:

2 2
Jija(z) = \/ Esinz, Joplz)= \/ 7z S8%

11.3.2. ®ynxumn Beccens ueaoro nopsaxa J,

J_n(z) =(-1)"Tu ().
IMpou3sonsiuas dyHkuus:

exp (; (z——)) Z 2" Ju(z).

n=-00

CooTtHoleHns OPTOrOHaJIBHOCTH:

1 2
/deJk(7nz)Jk(7m$):6rle (M) ’ Jk(7m)=0’
0

&Ym
|
Sum % dJi(Am)
dzzJ (M) i (Omz) =——= (1 - = } J2 (M ml—
0/ zzJ (M 2) T (M) 5 (l /\2>Jk(/\ )s D

11.3.3. Momuduunposanunas ¢pynxums Beccean I,
u $ynxuma Makaonannaa K,
AuddepeHunansHoe ypasHenne mwa I,.(z), K, (x):
:czy"+zy'— (m2+u2) y=0.

Paanoxenue B crenenHoii psaa sosne ¢ =0:

2 2n+v
I(z)= Z (z/2)
“niT(n+v+1)
BhipaxeHue yepes obuiuHbie GyHKuMKu Beccens:
IL(z)=e""] (iz).

Beipaxenue ana K, yepes I, I_,:

r[I,(z)- L ()] .

K, (z)=
(:1:) 2sinTy

(n.23)

(11.24)

(11.25)

(11.26)

(1.27)

(1.28)

(1.29)

(I1.30)
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HinTerpanbHbie APENCTaBACHHS:

]
(z/2)" -t 2w 1
I [ b A slyq g 2yw-1[2 o
() \/il‘(v+!/2),/dte (1-t9) , Rev> 3
-1
[s.4]
I\’.,(:c)m./dte"“mchut, Rez >0, (M.31)

2 00
K,(2/pq —-—(w) /z"”'e""“"”’dm, Rep>0, Reg>0.
0

ACHMNITOTHYECKOE JIOBEICHHE!

rT [x _
L(z) zﬂ—z—e’, K. (z)~ 52 ¢ ’, T +o00. (n.32)

~ (z/2)
L(z) “rv+1)’

,()_F(”)(z) . z—+0, v#0. (1N.34)

Ko(z)~~Inz, z-+0; (11.33)

f.4. OproroxanbHbie NONKMHOMDI

1.4.1, Hoaunomut Jexanapa B
W npucoenunennsie Gynknuu Jdexanapa P

Auddeperunanshoe ypasHenne s B{x):

(1-2)y" 22y + 1L+ 1)y=0. (11.35)
Auddeperunansioe ypasuenue inn P (z):

(1-2d)y" 229 + (11 +1 m’ =
y y+ D)= Jy=0. (1.36)

Dopmyau Poapura:

P(z)=Pl(z)= m, dz,(z -1,

PMe)=(1-2)"™ T Rz).

epsuie 3 noantoma:

R,(.’E)m ‘1 P|($):$, PZ((L') = 332‘” : .

(1.37)
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CooTHOllIEHHE OPTOrOHANTLHOCTH:
1

2 (+m)
m v(z) = —— ———— .38
/dzP, ()P (z) A1 (=m)! I ( )
-1
PekyppeHTHOE COOTHOLIEHHE!
2(A+1)P(z) =1+ 1)Pr(z) + 1A (@) (F1.39)
Gopmynul anddepeHUHpoBaHUA:
d d
QU+ )P (2) = - Pnlz) - o F-1(@),
f d (1M.40)
lﬁ(z)=a:a;P,(z)—- 51’1—1(3’)-
Mpoussonsiiumne QPyHKUKH:
, E v P(z), r<t;
1-2zr+7T E,JHP‘(”)’ r> 1
HuTerpanbHblie NPeACTABACHUA:
1 ¢ _dz2m
z2”
P(z) = 11.42
) 2ri \/l—-2:):z+z2 ( )
1
Pi(cosb) = - / dy(cosf+isinf cosy). (11.43)

0

B dopmyne (1.42) unterpuposaHue MAET MO 3AMKHYTOMY KOHTYpY BOKDYT
TO4KHU £ =0 B NONOXKHUTENBHOM HaNPaBJICHUHU.
ACHMTITOTHYECKOE TIOBEIEHUE:

2 sin[(i+3)0+3
n(coso):\/as‘“[(;%“], lsing] > 1. (1.44)

Cdrepuyeckne rapMonHkn Y,

Yin(8,9) = Cime™ P{™ (c0s8). (11.45)
JuddepeHunanbibie ypaBHEHKA Als Vi,

d
AgYim = _l(l + l)ylnn i?d—";ylm = _mYlm» (n46)
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rae Ag — YEI0Bas 4acTb TpEXMEpHOro oneparopa Jlannaca B chepHuecKux

KOOpAMHATaX,
CooTHOMIEHHE OPTOrOHANBHOCTH!

[ 5in0 d8dipYin(0,0)¥ers 6,0) = bt b

CootHolleHHe NORHOTH:

00 H
3D V@)V (') =b6(n-n').

1=0 m=~1

H.4.2. Tloawnomuz Dpanra H,,

Duddepenunansoe ypashenue 1ia H,(z):
y' -2zy' +2ny=0.
®opmyna Poapura:
2

Hu(z)=(-1)"€" ——-—e‘.

Nepsbie 3 noaHoOMa;

Ho(z)=1, H\(z)=2z, Hy(z)=42"-2.

CooTtHouleHHe CPTOTOHANbHOCTH!
a0
[ dze™® Hp(z)Halz) = VA2 "1 bn.

CootHolieH e NOKHOTHE:

e- @+ 2 '
- ZH,.@:)H,.(z): Hog).

2%n!
PexyppeHTHOE COOTHORICHME:
Hy{2)-22H,(z)+2nH, - (z) =0.
hopmyna audbepeHUMpOBARUS!
d
;;-Hn(z) =2nH, _i(:c).

Ipoussoasiian byuxums:

exp(22z-2%) = Z Hn(:n)

=0

(Nn.47)

(11.48)

(11.49)

(11.50)

(1.51)

(11.52)

(11.53)

(1.54)

(11.55)

(11.56)
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HUuterpanbHble rpeACTABICHMS:

;e T nr
Hy(z)= 7z /dzze cos(Zo:z——z—)

0
» 7
2
[ — ($+it)"e_‘ dt
=/
\/—_m

I1.4.3. Toannomu Jlareppa L,

Juddepenunansroe ypasenue wisa LE(z):

zy"+(v+1-2)y +ny=0.

®opmyna Ponpura:?

~¥ oF
z7e 4 e TtV

L:',(a:)= n! dz"

IMepnble 3 nonMHoMa:

Ly(z)=1, Li(@)=v+l-z,

DN(r+2 z?
;(z) = (l_—f-_)_(—]/—)_ —(U+2).’1:+ _—
2 2
CooTHOoWIEHKe OPTOrOHAIbHOCTH!
o0
s I'n+v+1
/dwe zzuL:‘n(m)L:(z) = —'S'T_l Omnn-

0

CooTHOLIEeHWE NONHOTHIL

P 'Ly (z)Lh(=')
(z2')2e= =+ n =8(z-7).
E:o I'(n+v+1)

PekyppeHTHOE COOTHOWIEHUE:

(n+ DLh (z) - Q2n+v+ | —2)In(z) + (r+v) Ly _y(2) =0.

®opmynbl anddepeHupoBaHUA:

e Li(z) = nLi(a) - (L @),

d
d_mL::(m) = —L:;t:(-’l’)-

Y B kuure 774} oBoGutetinbie noanHoMb Jlareppa onpeseneHst sisauc.

(1.57)

(11.58)

(11.59)

(I1.60)

(n.61)

(11.62)

(1.63)

(11.64)
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[Mpown3ssonsiias QyHKIMA:

(1-2)"""Texp (;—il) :ZZnL:(:L‘). (11.65)
n=0

HurterpansHoe npencrapieHve:

| (0+) n ’
v z _ ¢ dit

n (0+) n-t+v
L fu e
2w tr t

(11.66)

3pech MHTErpMpoBaHHE MAET MO 3aMKHYTOMY KOHTYPY BOKDYI TOSKM £ =0
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Konokonos Urope BaieHTHHOBUY
Ky3sHeuoB EBreHMit ANieKCaHAPOBUY
Munsmreitn Anexcanaop Unbuy
Momusunop Eprenunit BanumMoBuy
Yepubix Anexcanap MBaHoBHY
Ilanupo JaBun AGpaMoBHY
Hlanupo Enena leHnanpeBHa

3azaun no MaTeMaTHYECKHM METONAM (PHIHKH

l'pynna MOATOTOBKH H3NAHHA!

Hupexmop — [domunro Mapsnn Pukoh

3amecmumenu dupexmopa — Haransa ®rHorenosa, HpuHa Makeesa
Komnotomeprnwiia duzain -~ Bukrop PomaHoB

Bepcmxa — Hatanua bexerosa

Pedaxyuonno-xoppekmypuvie paomui — Enena Kynpsimosa, AvHa HlaGannna
O6pabomka epagpuxu — Enena Eppemona

Obpabomrka mexcma — Anya Tiopuna, Axapeit Ctynos

Texnuveckan noddepxwcrka — Haranea ApHHvesa

Hanarenscreo «Ianropuan YPCC» 113208, r. Mocksa, ya. Yepranosckasi, n 2/11, k n

Nnuensus JIP Ne 064418 ot 24.01 96 r. MMrneHuMeckHil cepTHRHKAT HA BHINYCK KHUXHOR
nponykunn Ne 77.11.8.953.11.270.3 99 or 30.03.99 r TIoanucawo x neuaru 20.03.2000 r.
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