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Comment. Note that since these lecture notes are part of a manuscript, much of the language used
here follows that of a book, with reference to chapters, sections, etc. In addition, some material
in the notes may be more advanced, or will not directly be related to discussions in class. Please
view these parts as stimulating extensions, where you are welcome to contact us about questions
and relevant references.

Problem 5.1 (Nearly free electrons— 4 points). Consider one–dimensional periodic potential
of triangular form as small perturbation.

ℋ̂ =
𝑝2

2𝑚
+

~2𝑞2

𝑚
𝑣𝑎(𝑥), 𝑣𝑎(𝑥) =

∞∑︁
𝑛=−∞

[︂
1 − 4

𝑎
|𝑥− 𝑛𝑎|

]︂
𝜃

(︂
2 − 4

𝑎
|𝑥− 𝑛𝑎|

)︂
.

How does small periodic potential change spectrum of free electrons (no calculation is needed to
answer this part of the problem)? Find the width of energy band gaps ∆𝑛 up to the first order
in potential strength 𝑞2 ≪ 1/𝑎2.
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Figure 1: Triangle periodic potential.

Problem 5.2 (𝛿–Kronig–Penny model— 7 points). Consider a one dimensional crystal for which
the potential is a periodic array of delta-functions,
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𝛿(𝑥− 𝑛𝑎).

where 𝑎 is the lattice constant.
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1. (Exact solution — 4 points) Compute the energies for this model. Draw a picture of the
band structure for positive and negative values of 𝑞.

2. (Tight–binding limit — 3 points) If 𝑞𝑎 is large and negative, there is a tightly bound
Wannier state 𝑤𝑛(𝑥) associated with each delta function. Find zero–order Wannier functions
and calculate the width of the energy band within tight–binding approximation. Also,
deduce the band width from exact solution you found before and compare the two.

Hint. Read Chapter 10 in [1] to learn how to derive tight–binding approximation in 1D.
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Figure 2: The 𝛿-function Kronig-Penny Model

Problem 5.3 (Tight–binding chain— 4 points). Consider one–dimensional chain of nodes with
alternating hopping amplitudes between nearest neighbors 𝑡1, 𝑡2 ∈ R. Such system is known in
the literature as Su-Schrieffer-Heeger model.
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Here h.c. stands for hermitian conjugate and 𝑐𝑖 are fermionic annihilation operators on site 𝑖.

1. (3 points) Compute the spectrum.

2. (1 point) Imagine that you have one electron per node. Is it a metal or an insulator?
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