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Problem 1.1 (Madelung constant — 6 points). NaCl is an ionic crystal which is a type of
crystal made up of positive and negative ions, such that the Coulomb attraction between ions of
opposite sign is stronger than the Coulomb repulsion between ions of the same sign. Obviously,
charge neutrality is maintained in each unit cell.

While “attraction wins” within a unit cell, there is also short-range repulsion so that ions do
not collapse into each other. Ion-ion interaction can be written as

𝑈𝑖𝑗 = 𝑈0𝑒
−𝑟𝑖𝑗/𝜆 + (−)𝑖−𝑗 𝑒

2

𝑟𝑖𝑗
, 𝑟𝑖𝑗 ≡ |r𝑗 − r𝑖|

Since 𝜆 . 𝑅 — distance between the nearest neighbors, repulsion term is only relevant for
neighboring ions. Hence, energy that includes interaction with 𝑖–th ion is given by the sum

𝑈𝑖 ≈ 𝑧𝑈0𝑒
−𝑅/𝜆 +
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𝑅
, 𝛼𝑖 ≡

∑︁
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|r𝑖 − r𝑗|

Here 𝑧 is a coordination number (number of closest neighbors) and 𝛼𝑖 = 𝛼 is a dimensionless
number called Madelung constant.

1. (2 points) Find an expression for the equilibrium separation 𝑅 in terms of the potential
parameters 𝑈0, 𝜆 and 𝛼 (no need to solve for 𝑅).

Figure 1: Crystal structure of NaCl.
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2. (2 points) Calculate 𝛼 for a one dimensional NaCl crystal.

3. (2 points) Calculate the first few terms in 𝛼 for the 3-dimensional case. What can you say
about the convergence of the sum (rigorous mathematical answer is not required)?

Problem 1.2 (Toy bonding model — 8 points). In order to see how shared electron results in
attracting force between the atoms, consider a 1D particle in a potential of two 𝛿–wells located
on a distance 2𝑎 from each other (see Fig. 2).

𝐻̂ =
𝑝2

2𝑚
− ~2κ

𝑚
𝛿(𝑥− 𝑎)− ~2κ

𝑚
𝛿(𝑥+ 𝑎). (1.2.1)

1. (4 points) Find localized eigenstate 𝜓0 of a single 𝛿–well

𝐻̂0 =
𝑝2

2𝑚
− ~2κ

𝑚
𝛿(𝑥), 𝐻̂0𝜓0 = 𝐸0𝜓0, 𝐸0 < 0.

Use it to find zeroth–order localized states 𝜓(0)
1,2 and energies 𝐸(0)

1,2 of Hamiltonian 𝐻 in
the limit of large separation between the wells 𝑎 ≫ κ−1. Next calculate first non–trivial
correction to the ground state energy, compare your result with exact solution (next part
of the problem).
Hint. Correct solution method is described after problem 3 in [1, §50].

2. (4 points) Solve eigenproblem (1.2.1) exactly and compare it to approximate solution.

Show that in the ground state, there is an attraction force between wells.

Figure 2: Potential of two 𝛿–wells.

Problem 1.3 (Ion bonding— 8 points). Let us consider a hydrogen molecule ion 𝐻+
2 as a

hydrogen atom 𝐻 and a hydrogen nucleus 𝐻+ far away (see Fig. 3).

𝐻̂ =
𝑝2

2𝑚
− 𝑒2

𝑟
− 𝑒2

|r−R|
+
𝑒2

𝑅
.

In the leading approximation in 𝑅 ≫ 𝑎𝐵 second Coulomb’s potential could expanded in 𝑟 ≪ 𝑅,
hence action of the second ion could be reduced to the electric field ℰ it produces.

𝐻̂ ≈ 𝐻̂0 − |𝑒|(ℰ · r), 𝐻̂0 =
𝑝2

2𝑚
− 𝑒2

𝑟
, ℰ = − |𝑒|

𝑅2

R

𝑅
.

Consider electric field term as perturbation 𝑉 = −|𝑒|(ℰ ·r) and compute correction to the ground
state energy. Do hydrogen nuclei attract or repulse?
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Hint. Second–order energy correction 𝐸(2) =
⟨︀
𝜓(0)

⃒⃒
𝑉
⃒⃒
𝜓(1)

⟩︀
could be found by solving equation

for first–order wavefunction correction[︁
𝐸0 − 𝐻̂0

]︁
𝜓(1) =

[︁
𝑉 − 𝐸(1)

]︁
𝜓(0).

This equation allows for separation of variables, hence 𝜓(1)(𝑟, 𝜃, 𝜙) = 𝑟−1𝜒(𝑟)𝑌𝑙𝑚(𝜃, 𝜙), where
spherical function should be chosen such that it fits spherical part on the r.h.s.

Figure 3: Hydrogen molecule ion.

Remark. We only found leading term of 𝐸(𝑅), 𝑅 → ∞ expansion, it does not allow us to see
stable configuration of hydrogen ion. It turns out that (as it usually happens) there are also
exponentially small corrections [2, 3], which could be viewed as valence bonding contribution and
begin to play a role for distances 𝑅 < 10𝑎𝐵 [1, §81].
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