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Chapter 1

Introduction

1.1 Motivation

Theory of elasticity of two—dimensional crystalline membranes as we know it today has been
developing since the 1980s [!] and is able to qualitatively describe some unique two—dimensional
elastic phenomena such as crumpling and buckling [2], yet there are many qualitative and
quantitative problems unsolved. Such theory mostly served to describe polymerized membranes
in biological matter (e.g. red blood cells), however recently interest in that field of study has
been revived with the experimental observation of graphene — a single atom layer of carbon.
That is exactly the application I would keep in mind below.

Most prominent and curious phenomena of elastic physics of graphene are anomalous Hooke’s
law and negative Poisson ratio. In Figure 2a you can see the experimentally measured stress o
versus strain £ dependence of a free-hanging graphene sheet [3]. That dependence is believed

to be described by power law

Ly — L,—g o [\
§e = o Zhe=0 T (T . 1.1
g= oL a%(@) oo (1)

Here Yy ~ 22 ¢V-A~2 is the (bare) graphene Young modulus and o, ~ .5 N-m~! is the character-
istic scale of the non—linear regime. Exponent o > 0 is not known exactly, but several analytical
approximations and numerical studies suggest that its value lies in the range .6 < ajean S .7 for
the clean membranes and ag;s < .3 for disordered membranes (e.g. graphene with dislocations).

Poisson ratio (PR) is defined as the strain ratio in perpendicular directions when stress is

VAN

(a) Crumpled piece of paper. (b) Buckling transition.

Figure 1: Tllustration of crumpling and buckling phenomena.
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(a) Experimental evidence of anomalous
Hooke’s law ag¢ ~ .1 in graphene [3]. (b) Definition of Poisson ratio.

Figure 2: Unusual elastic phenomena peculiar to two—dimensional membranes.

applied only along one direction (see Figure 2b). In conventional linear regime it is given by
material dependent lame coefficients and is usually positive, which means that stretching in one
direction leads to shrinking in another.

Ey A

T T (D -

For graphene 1y ~ .1. However, it so happens that in the non—linear regime (1.1) the Poisson
ratio becomes a universal number for all two—dimensional crystalline surfaces, which is believed
to be negative [1]. Also in such a regime, in addition to the absolute Poisson ratio, a differential

one is defined.

v = _fy(O'm, 0) — §y<07 O) pdiff 65%/(0-937 J)/ao-ﬂﬁ
’ 0&,(0y,0)/00, UI:U'

Universal value of Poisson ratio in the regime o, < ¢ < o, has been believed |5, 6] to be
unprecedentedly close to Vgesa = —%, however it was recently explicitly shown [7] that there is
no reason to believe in the exact relation v3iff = 1, .

Both anomalous Hooke’s law and auxetic phenomena may be understood with the simple
notion of ripples — small waves on the membrane surface, which are always present due to
thermal fluctuations (see Figure 3). At finite temperature a free-standing surface is nearly flat
but due to folds its projected area is smaller than that of the same membrane at absolute zero
T = 0, i.e. it is shrunk in both directions. Thus, the application of external tensions will at
first flatten the surface and only after that stretch the crystalline structure, which means that
it is easier to spring out the membrane at small stresses. Also such initial thermal decrease of
projected area is naturally isotropic, so flattening by pulling in any direction leads to expansion

in both, i.e. negative Poisson ratio.



1.2 Problem statement

In my thesis I am going to study the elastic properties of a two—dimensional crystalline mem-
brane in the non-linear (universal) stress regime o < o,. In order to do that, at first I am going
to derive a model of a 2D membrane under finite stress (Chapter 2) and develop a controlled
perturbation theory (Chapter 3) in order to obtain analytical expressions depicting the anoma-
lous Hooke’s law. Specifically, I am going to use perturbative approach to answer the following

questions.

1. How does the critical exponent a from the anomalous Hooke’s law differ from the known

approximate values, namely, the self-consistent screening approximation [9]7 (Section 3.3)

2. Can the value of the Poisson ratio v in the universal regime be expressed in terms of
a, or is it an independent critical index? How does it differ from its value given by the

self—consistent screening approximation [10|? (Section 3.4)

I am going to reinforce my conclusions based on perturbation theory with numerical Monte
Carlo simulations using the effective energy functional I have derived. In Chapter 4 I explain
how the simulations are made and review and discuss existing articles reporting on numerical
values of critical indices.

Appendix A contains calculations that are too lengthy to be presented in the main text.

Conclusions and a results summary are presented in Chapter 5.

Figure 3: Graphene lattice with ripples [source].


https://www.researchgate.net/figure/Model-of-a-crumpled-graphene-membrane-Adapted-from-reference-24_fig1_236687549
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Chapter 2

Theoretical model

2.1 Free Energy of two—dimensional membrane

The model used to describe two—dimensional crystals (tethered surfaces) for the past several
decades [11] takes into account the surface bending energy and the bonding potential [12, Ch.
6.

E=xY (1-ne-ny)+ Y V(rg—ry).
(xy)

(xy)

Here x is a discrete index running through the D = 2-dimensional lattice nodes and the sum
is taken over neighboring atoms; the normal vectors ny are located at the center of an adjacent
cell (see Figure 4). At zero temperature 7' = 0 the membrane is presumed to be perfectly flat,

at finite temperature its profile is given by the r(x) function.

x1 + up(x)
r(x) = | o3 + up(x) x = (11, 79) € R?.
h(x)

In the limit of continuous media, the energy of a smooth (without self-intersections) nearly flat

surface could be expanded in gradients of r(x).

1

Figure 4: Parametrization of the membrane in the plane phase.
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Bending energy The membrane surface is parametrized by the equation z = h(x + u(x)).
As will be seen below, it is enough to approximate z &~ h(x); the normal vector is then expressed

as follows.

. —0ih

1
n— —— —Obh hx ei%hx+ eiyvhx+_ei7v2hx‘
1+ (Vh)? 12 * (€ V)it 50 V)

In the equation below 3¢ is proportional to . The proportionality coefficient depends on the

lattice type and is equal to 1 for a square lattice and 1/ /3 for the graphene hexagonal lattice.

14 (Vhy)? (Vhy, V(hy — hy)) o1 | )
e T T (W 2 [ L+ (Vi) e, 1 g VeleWhgs
%Y (1-ny-ny) = g/de (0a0shx)* = g/de [(V?hy)? — 2det(9,05hy)] -
(xy)

The last two terms are the mean and Gaussian curvature; the second term may be omitted since

it is a perfect derivative and boundary contributions are negligible in the thermodynamic limit.

Potential energy In the same way, the potential energy can be expanded in displacement

gradients.
1
V(lrx —ry]) =V(0) + 9,V (0) |(e;, V)rk + 5(61', V)yHrE 4+

After averaging over lattice basis vectors I obtain the expression (2.1) with coefficients ¢, \,
it having some tensor structure. This happens because, generally, couplings like (8ara)2 and
(0ars) (0pra) and other quartic terms are also possible; however, in the text below full rotational

invariance is assumed for simplicity.

Continuous limit Altogether, energy is written as

Flr] = % / dPx

The sign of ¢ governs the transition between the crumpled and plane phases, as may be seen

- by )

5 (V2h)? + 1 (Oars)® + g (Our - 51)° + 7 (Dars) (2.1)

from a mean—field consideration [I, 13]. For my purposes the membrane could be considered

deep in the plane phase (¢ < 0), then it is convenient to rescale r — &r and introduce » = 2,

12



=&, A = &\ with & = —t/(fi+ DA/2).

Flr] = % / d"x [%(VW + g(aar -t — Gap)® + %(@lr - — D)?| . (2.2)

2.1.1 External stress

In the presence of external stress, the free energy should obtain the —o,300,75 addition [1],

similarly to the term —pdV in the thermodynamics of gases.

Fiot|r, 0ap] = Fr] + Fext [T, 00sl, Foxt = —/de 00p(X)0ars(x).

Generally, one has to distinguish between coupling the stress directly to the strain tensor, as
it is done in |14, §3|, and using a more precise definition of work. As I will show below, the
difference between these two options is negligible.

In this work I will only consider the case of uniform stress 0,3 = const(x). It is realized,
for example, in the case of a suspended rectangular or circular membrane to which a uniform
tension along the edge is applied. In each of these cases I can rewrite the additional term as a

boundary integral.

Fext = _Uaﬁ/ dPx Dors(x) = —Uag§£ no(x)rg(x)dl.
Q X

€00

I define the stretching coefficients as the ratio of the given length to the initial length (at 7" = 0)
and shift the integration variable in Fi in such a way r, = 2, + 7, that the external term

becomes r—independent and thus may be excluded from the action.
FiotlpaTa + 071y, 00p] = Fl€uaTa + 07)] — LDfBaUOcB

since 0r, = 0 at the boundary by construction. It is easier to see how that happens on the

explicit examples below.

Rectangle The simplest possible case, which is considered in the rest of the paper, is a sample

of rectangular shape.

13



Strain tensor and stress term have the simplest possible form

L,
g:r:p - E; fyx = 07
! I, Fext = —0Oaalo L) — 0y, Ly LY.
5563/ =0 5yy = 70
Y

Here L,, L, are the actual sizes of the membrane, i.e. the sizes of the projected area, whereas

LY, LY are the sizes of the x—grid.

Circle Another way to have a uniform stress tensor is to impose a circular geometry.
Qcirc = {X : |X’ < Ro}

Similarly, the actual R is a function of stress.

"Ry B Fuxt = —0TRRy.
bo=0 £,y =0.

General approach In the general case of non—uniform stress, similar expressions may be
obtained in the thermodynamic limit. Following the idea of the paper [7], I am going to work
in the setting with a fixed spatial derivative (J,rs) = mqp(x) rather than a given stress tensor

0a3(x). I define the Legendre transform of the functional Frot according to the usual rule

Froalmes) = [fm[o—ag] + [ @ s mast) (2.3)

Oap=0ap(Mag)

where 0,4 is expressed in terms of m,s through the inverse of the relation

1 dFi
Mag = (0aT8) 5. = ~ 7D 50;;-
In turn, such a functional has to satisfy
L1 0F.
of = L_Démaﬂ'
In the article [7] it is stated that ]:"tot[mag] coincides with F evaluated with the constraint

(Oarp) = Map, such an action can be written as

e VT = e FIT5(0,15 — M)

14



Or, equivalently, with an integral over s,g that runs along the imaginary line.

Filr,mag| = —Tln/D[sag] exp {—]% + / &%ﬁ (Oars — Map) de]

= —Tln/D[sag] exp [—M —/&%ﬁmangxl

Evaluating the integral over s,g in the saddle point approximation, I come to (2.3).

15



2.1.2 Harmonic approximation

It was shown in the previous section that in order to describe a free-standing membrane with

fixed uniform applied stress 0,3, one can consider the action

Flr] = % / d"x {%(V%)2 + g@ar -t — Gap)® + %(%r -9 — D)?| . (2.4)

with the shifted variable F = F[{,o24 + 07,] and imposed conditions

oF
0&pa(X)

0aylso =0, = 0a8(x). (2.5)

In order to simplify the action I make the substitution

&1 + up (X)
r(x) = | &m0 + ug(x)
h(x)

and expand all terms in (2.4). Let me define a strain tensor as

tap = 5 () Psta + &) Datis + 0au - 95+ Dol - 9sh)

N | —

then I can rewrite the following terms

0ot - Ot = (§(1)0ay + Datly + Dahy)(§()08y + Osuy + Dghs)
= (§(a)0ary T 0aty)(§(5)08y + Opti) + Oahr - Ogh
= {()&(8)0as T+ 2Uagp-

Dol - O = E2 + 2Upq,

where the Einstein summation rule is presumed as always, so that, for example, £2 = £,£* =

&+&
Here I define proportional deformations ¢, in the following way supposing that &, ~ 1.

ooy — 1 AL 1 (& -1
gai—ﬁﬁ() ~E— 1= €= (fm )

2 2 \e-1

Local proportional deformations for uniaxial deformations are given by the diagonal elements

of the strain tensor; I denote them as %Ka.

2 T
Ka:‘Qua(a), K= ( “ >

2y,

16



I modify expressions further.

i(@ar Ot — Gag)? = i(g(a)g(ﬁ)aaﬁ B+ 208 (€ €510t — Oy + 2t
= (€(a)0ap + Uap)(E(a)0ap + Uap)
= €2 + 26(a)Uaa T Usg
= o (Ea + Ka) +ulp.

i(@ar Our — D)? = }l(gg P

1 1
- a _Ka 1a =
<8 + 5 ) 38 (85 + 5 g)

= calap(ep + Kp) + (uocoz)Q’

Here 1,5 is a 2 X 2 matrix with all elements equal to unity. The sum of these terms is

=

A A A
(Oat - DT — 0up)” + g(aar cO0ur — D)? = ¢, |:M5a5 + 5%5} (65 + Kp) + p(tiaa)® + Euiﬁ.

So that the free energy is given by (compare with |11, (4.1)])

A 1 _
.F[ll, h, 5] = /dDX {g(VQh)Q + M(Uaa)Q —+ 5“2,8 + 5504Mo<5<5ﬂ + Kﬁ)} s (26)

where I have introduced the matrix

Mag — 2:“/5046 + )\104[3; M

20+ A A 27)
A 2u+ 0] '

and switched K, with their space-averaged values.

— dPx D

Ky= | 75 K= [ d”x(9su- Ogu+dsh- d5h)
since u(0) =u(L) =0.

Harmonic approximation In order to move on, I first consider the harmonic limit. I define

the Green functions as

17



For simplicity I set &, = &, = &, then in the harmonic approximation |15, D2].

W _ 1 1
T CuENE+ (A1) ¢?
P _ 1 1
T p+(p A1) ¢
Gy = r

seqt + (p+ A)(§% — 1)¢?

From here I see that for ¢ < ¢,, = \/p/» ~3 A7 Tcan neglect! uu < hh in the expressions for

. . . . . e —1
the strain tensor u,g and K,. Since g, is numerically of order the ultraviolet cutoft ~~3 A
that is what is usually done [15].

Now it is suitable to rescale {()ua > Uq, S0 that

1 — dPx
Uag = 5 ((’9/3% + 8au[3 + O h - 8ﬂh) K,g = / L_D (8(@}1 . agh> .
High d. expansion Here I note that the anharmonic terms contain no smallness, which makes
the problem of calculating the functional integral intractable analytically. I introduce a fictitious
large parameter d. > 1 — the size of the h vector. The physical case corresponds to d. = 1;
however, keeping arbitrary d. helps to develop a controllable perturbation theory, which will be

done in Chapter 3.

1 K K KK
Flu,h] = §/dDX {%(Vzh)2 + 20(Uaa)? + Ml + Mas Kaa + f) (65 + —ﬁ> _ s 5} } :

The strain tensor is now written as

1 —
Uag = 5 (Ogtia + Dot + 0ah - Oph) Ky = / —5 (9 - dsh).

!The conventional theory of elasticity neglects both u? and k2, thus making the action Gaussian.

18



2.1.3 Effective action for flexural phonons

In order to proceed I want to integrate out u—modes.

o FerlBl/T _ / Dlu]e—Fluhl/T

I expand u,s terms

1
(tap)® = 7 (Optta + Datus + Ouhr - Osh)”

1 1
(8au5)2 + §8au5 . agua + 8au5 . (6ah . 85h) + Z(E)ah . 65h)2

NG NGR

(Uaa)? = = (20a11q + Oyh - D4h)°

aaua)Q + 05U5 . (aah . 8ah) + i(@ah . Oah)Q

—~

and divide energy into three parts

F = Fu+ Fun + Fh,
where F, is quadratic in u, F,; is linear in u and F}, contains everything else.
Fu= 5 [ {e[0us) + Bus O] + MO}
Fun = /de {uaauﬁ (Ouh - Dsh) + %aﬁuﬂ (- 6ah)} _

Fh = %/de {%(Wh)2 + g@h - 95h)* + 2(6ah - 0u0)% + Mg .. -]} :

I impose periodic boundary conditions since it is much easier to work with them than with zero

boundary conditions. Performing a Fourier transformation
igx qu igx 1 gx
U(X) = /(dq)e q Ug = /We 9 Ug = L_D 26 q Ugq (28)

and exploiting that the u fields are real, u_q = ug, I come to the expressions

1
Fu=3 / (da) (ug)™ {1 0as + (11 + N)ags } ug.

. A
Foun = /(dq) /dDX e"¥(0,h - 9sh) {MiQa(sﬁw + 52'%5&5} Ug-

19



Gaussian integration For each momentum q # 0 integration over ug has the form 2
(dufy)™ A dug, 1 1 1
B * _
/ | | exp{ 2T( ) Agﬂuq—i— ﬁ(Bﬁ) uy + 2TB;*(M) } =
TD

= exp {21T(Bq) (A% B] } det Ad’

with the following matrix and vector

Ay = 1q°0as + (114 N)qads,

By =3 / d”x ™' (9ph - Oph) {14adpy + Hdp0ar + Ady0as}

Since det is simply a number (not a function of h) it may be omitted in Fog, thus B*A™1B is
of interest. The inversion of the 2 x 2 matrix A9 is easily done in the basis of q = q/q and its

orthogonal partner ¢ since the matrix is diagonal in it .
A5 = 100 + (1 + Naags = ¢* (1P + 20+ AP,
1 /1 1
A= S (SPL+ Pl
( )aﬁ qg <M af 2M+>\ aB

Here PCL'B = qaqs/q* is the projector onto the q line and Pjﬁ = 0ap — ¢aqp/q* is the projector

onto its orthogonal complement.

Altogether, the effective free energy consists of the following contributions

1 . _
Fer = Fi = 5(B7) (A%),, B

= %/de {%(VQh)2 + Mg <£a + %) <€g + %)} +OFEC 1 o FEe.

where I singled out the interaction with q # 0 coming from integration over u and the £hh,
%hh terms, and the interaction at q = 0 produced by KK and the £hh, %hh terms in Fy.

Momentum dependent interaction

1 !
OF " = 8 / (dq) /(dkdk/)ka(_k — @)p(hi - hoyxg)ke (=K + q)p (b - hoyerg) - Cogorg,

1

!
- / (dq) / P AP (Bph - Ogh)|, - (Db - Dgh)|, - € Claporsy (— i) €% (2.9)

From the line (2.9) it is clear that C,g. 5 is contracted with a tensor symmetric in the o, 8 and

2For q = 0 the coupling is absent and therefore the B* A~ B term only contributes to the F.g for q # 0.
3Here I explicitly used the two-dimensionality of the setup, so that further on D = 2.

20



o, B" indices; thus, the a <+ § and o <+ ' permutations are allowed in the expressions below.

20qa0 AG~0q 1 1 201G O g1~ =+ NGy Opr g7
0250/5’:2M5aa’5ﬁﬁ’+)‘5a55a’ﬁ’_ M08y + A40ab (—Pl + PH ) o Opy + Ay Oa’s

q po " 2u A q

by — APl Py — 2l pl o A s s Pl S — Gu P
HOaa 084! WL o BB 2 +)\ oo ﬂﬁ’ 2,U+)\ aBPa’p’ apfa’p’ apt o pr
tensor structure: #,./#sp tensor structure: #.s5#% /s

Here I substitute 6,5 = P” +PL B everywhere and use that P” P/ﬂﬁ/ = q_4qaq5qa/q5/ = PCUBP!J,@.

2/1/\ 2,u)\ I
_ 1
= 2/J,P /Pﬁ,@/ + )\ aa’ ' BB + 2'“ + )\ |:P P o' B P/aﬁfpﬁg}

L (] L (]
tensor structure: #,#gg tensor structure: #,5#q/s

20U\
T 5y Pas Pt (2.10)

_ J_

For D = 2 this expression may be simplified further owing to the existence of the fully anti—
symmetric tensor €,5 that allows one to present Pcfﬂ = p?papp Where p, = €,5qs is a vector

perpendicular to q (q L p).

PaPB _ €oa'€ppdords _ (00parpr — Oarg0ap ) Qo qpr _ 00pq” — 4l _pL
P2 DDy € Uy q2 of

Therefore, Pja,PﬁLB, = p *Papsparpy = P ﬁP 75- In other words, only for D = 2 can the

operator P be presented as a tensor product of two vectors.

. . 000
P5:2:<0 1>:(0 1)®<1> Pt.=1010|#£vew

All in all, for D = 2 dimensional case expression (2.10) becomes

20121 + D)
2+ ND —1)’

Ap(p+A) 1
Cgﬂa’f)” == mp P o'f = K)P P o' B }/E) =

where Y is the Young modulus of a two—dimensional membrane. And since in 2D )pqu’ =

21



|[k x q]|, with the unit vector q = q/¢, the contribution 5?:?0 can be rewritten as

Yo

SFaF0 — 20
et 8

[ ) [t < @l < e b))
Momentum independent interaction Now let me get back to the q = 0 contribution.
Recalling how to pass from integration to summation over discrete momenta (2.8), I modify the

following expressions

%/dDX {g(aah - 9sh)? + %(aah : 8ah)2} =

11

= 51LD /(dkdk’) [2u(k - K')* + A(kK')?] (hy - hoy)(hye - h_y) + //(dq) e

The space-averaged anomalous deformations transform as
— 1
K, = / dPx (0,h - Onyh) = 75 / (dk)kaka) (i - h_y),

; / dPx Mg K, Kg = (dkdk') [2p(K2(K,)? + k2 (k;)?) + M(kK')?] (hi-hy) (hye - h_y)

2LP

The sum of the two contributions gives

2
0F g ’ 2§D (dkdK')k,ky kK, y(hi-h ) (he - h o) = QLLD [/ dPx (0,h - 8yh)] )

Effective action Altogether, the effective free energy depending only on out—of-plane fluc-

tuations reads (compare with |7, (19)])

Fest[h] = % / dx {%(Wh)2 + Mag (aa + %) (56 + %) }+2LLD [ / d"x (9,h - ayh)] 2 +

Y, k x ql?[k’ x q?
+ go (dqdkdk’) [k xq] q[4 q (hi - h_x q)(he - h_wiq).

22



2.1.4 Balance equation

The constraint (2.5) has the physical meaning of a balance equation, and the stretching factors

¢ are thermodynamic variables that play the role of the volume.

af F T CF o lhel/T
O'a:a—ga, :ﬁ:—ﬁln/D[h]e lh.el/ .

If the strain tensor was linearized uag = (0aug+dsu,) then, as is seen from (2.6), the equation
of balance would simply read

oo = Maseg

with the matrix M,z given by (2.7). The presence of the h? term in the strain tensor leads to

a non-linear equation of balance [3].

_ _ T o~ Felhicl/T
ow= Mo (ea + (). (Ra(o) = LPp 2o .11

This equation may be inverted and the e = ¢(0) dependence obtained.

€ 1 —u o K,) (o)
()5 () ()00 =

where Y; and v are the classical expressions for Young’s modulus and Poisson ratio, respectively.
Because of the non-linearity, equation (2.11) may have a non-zero deformation € even in the

absence of stress o = 0; then the true deformations would be given by (o) — £(0).

Absolute Poisson ratio Let me now consider a membrane subjected to a uniaxial stress in
the x direction o, = 0, 0, = 0. The balance equations (2.12) become simpler and I extract an

expression for the PR.

gy _ Mt (Ky)(0,0)/20 - _<Fy> (5,0)
& 1-Yo(K,)(0,0)/20 (K,)(0,0)

The last approximation is done in the limit of large anomalous deformations, ¢ < Yj <fa> ~
YoT'/ 5.

23



Differential Poisson ratio For the finite stress o, = 0 + do, 0, = o linear responses de, =

—v4f§e, are connected via, so called, differential Poisson ratio. From (2.12) follows

e T (62), () o),
0ca | % (a((%%)) (0(K.) [002),

9y log=0y=0

24



Chapter 3

Perturbation theory

The effective action for flexural phonons derived in the previous chapter can be split into three

parts.

1

=3 / (dp) [5p" + aMaspis)] (hp - hop),

Foom) = & [ (akdl) - (12, o212 o kkt k| (e b (e - hy)
off 4 LD | o M{B) Rz Ry k- D_x)(y - Dy

Yo

FIm] = 3 /(dkdk/) //(dQ)[k X k" x qf*(hy - h_ye_gq) (e - Doy q)

As is evident from Subsection 2.1.4 all information about Hooke’s law is contained in the cor-

relation function (I drop brackets and bar sign from now on)

dPx X 2
K‘“:/L—D ((8uh - deyh)) = /LDp(a)<h h)>=dc/(dP)P<a>gp>

where G, is the exact Green’s function. Before developing a perturbation theory I take a deeper

look at the interaction structure.

3.1 Diagrammatics

Bare Green’s function is given by

« 6 *
), - | [H w] ) e |-

k,af

QTLD o Jﬁp(ﬁ (hp ) h;)

T
spt + olpt 4 o9p3’

= (2m)Ps(p — q)0" Gy, Gy =

p

I have two distinct types of interaction presented on Figure 5
Because of the momentum constraint, tadpole-like diagrams are only allowed for momentum

non—bearing interactions. That is why there is only a self-energy-like contribution in first order
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* * *
hk’+q hk—i—q hk”rq

Figure 5: Interaction diagrams.

in Y.

Y I 1
Gt = =20 (it i x i (i) i (e i)
L ] L ] 0

.Yy [’ .
=~ | (da)p x q'2n) 3k = 0)[GyIGy
dcYo

=2 [l < 'y,

Another correction, of the same order in L=, comes from .7-"35:0 term with M,z and the following

coupling.

Got = _?/ (dkdk’) k;2 M, 5 (B)) <(h . h* )(hk 'hik:)(hk, .hl*{,)>
2 M / (dl) (K 5)2(2m) 25 (k = 0)(2m) P53 (K = 0)[G02G,
= Ly MaalGRJ? [ () 0y

Tadpole diagram with 2k, kok! kb is zero because of its tensor structure. Diagrams correspond-

ing to these two contributions are depicted on Figure 6.

1
Yo M
/’—-~\\ !
/,, I :
0 , 0 ) 0 0 | 0
Gp ; Gap Gp Gp ! Gp

Figure 6: First-oder corrections (in interaction strength).

The problem with the former expressions is that ¢, ¢ are some unknown numbers here;

they are connected with the true tension oy through (2.11). In other words, I would like to
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operate with
T

sxpt + 017 + 09p3

p=

instead of Gg. It so happens that’s exactly what the momentum-free interaction Fqy—¢ is re-
sponsible for. One way to see that is to use Ward’s identity [7], but a simpler way is to isolate

all contributions in leading order in L=P.

Infinite size L limit

Any diagram that does not vanish in the L — +oco limit has the form of the diagram that one
can produce using only the momentum—bearing interaction Yy with the bare Green function Gg

replaced by Gp. The function G}, is given by the series re-summed in Figure 7. It so happens

Ok
‘M
Gy el Gl Gy

= @ —2 4

Figure 7: Stress renormalization equation.

that renormalization of o provided by M,z changes ¢° — o exactly. Diagrammatic equation in

Figure 7 reads
M,
0
Gp = G G Gpp a) 5T /(dk)k(ﬁ)d Ok.

and results in correction of o, namely,

Mg

_ -1 1 _
Gp = ((GY) " +d0upl,) ,  doa= / (dk)kfsydeGie = 5 Mas (K5)

That being said, I exclude the interaction with q = 0 completely. In other words, from now on

I work with the following expression for the free energy.

Fid) = 5 [ (dp) Lot + aanty] (g b, (31)

Falb = 3 [ ) | e @ < - hosg) (- b

Green function from now on stands for

P spt 4+ op? + o9pd
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and the only Y—-interaction vertex present in Figure 5 is left.
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High d. expansion

Now I develop perturbation theory. Since the initial action does not contain a small parameter
in the form of an anharmonic term I construct it myself by treating h as a vector of size d..
Each Green function bubble is proportional to d., so I have to encounter the screening of Fi

via the polarization bubble.

Figure 8: Screening of interaction.

Interaction constant effectively starts bearing momentum Y and is given by

Yo Yo Yo\
A =(1+—-0
2 2(+2q)

where 1l is the polarization operator given by

d. . d.T
g = = / (dK)GyGq ik x 4]* = =P (ﬂ>

no qo
(k) [k < q*
P - [ B R

Here qo = /0 /5 is the characteristic scale set by stress and P(q) is the dimensionless polar-
ization operator that is calculated in Appendix A.2. At the moment it is only important how

P behaves at large argument values.

[k xat 31
P<Q>>1)_/ Fk—qt  1omq

From here a new characteristic scale set by the interaction strength ¢, appears, that tends to

infinity together with d.. Since all the anomalous physics comes from the ¢ < ¢, range, such

an artificial parameter is expected to give a good approximation.

Yqu_%a 1

3 d.Y T
2 Iy, d.T P(q/q)’

16w 22

=g << g =

XIa

After the screening is accounted for, Yy becomes explicitly small in 1/d. — 0. To draw all
the diagrams in n—th order one has to count the number of loops (closed Green’s function lines)

— each gives d. — and the number of interaction lines — each gives 1/d..
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3.2 Scaling Ansatz

Here I for a moment forget about perturbation theory and describe a general statement that is
known about the exact Green function. Formally, the exact Green function is given by a sum of
the asymptotic perturbation series, which can be formally rewritten as the series for the exact
self-energy X, and exact polarization operator Il,.

_ Y, Yo\
Go = (GL+T3,) " % = 50 (1 + Hq“) . (3.2)

In the diagrams below the solid line denotes the exact Green function G, and the dashed line

stands for V, — the interaction screened with the exact polarization operator. There is an

CSam”

H ) Q + ' _l_ a

Figure 9: Formal asymptotic series for self-energy and polarization operator.

ansatz for the exact Green function

T 1, D > P,
spp* + 01p7 + 02p3 (0«/D)", D <K s

That asymptotically satisfies equations (3.2) since the scaling of the bending rigidity implies

the same scaling for any diagram in the series presented in Figure 9.

n 2n
4 P+« 4 dcT q 3A dc}/oT
pocdcT<P) b qo<%2q2 (p*> ’ Pa<P 167 32

Here p, coincides with the scale set by the interaction strength defined in the previous section
up to an unknown prefactor A of order unity and n > 0 is an unknown critical index. The

number 7 is unambiguously connected with the exponent (1.1) from anomalous Hooke’s law

as will be shown later, so it is of great interest to find that number.
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3.2.1 Self—consistent screening approximation

Self-consistent screening approximation (SCSA) allows |9] one to find 7 in some manner; it has
no controllable parameter, yet is believed to give numerically satisfactory results [5]. The idea
of the approximation is to take only the first terms in the series in Figure 9, ie. solve the

following system of equations.

9p Gp Gp Yo 9p
—— — — _|_ ] .
“~ yq "l'
Va Yo Yo Yq
--------- — - ———— = _|_ - ———— - - momowm

Figure 10: System of self-consistent screening approximation equations.

These diagrams (Figure 10) correspond to analytical expressions

d, ) _ _
g = T /(dk)gkgk—q[k x g, Op = (Gpl + Zp) 1
' ) Y, Y Yo\
Ty = / (da)Gp—qYq[p x @], 7(1 = ?0 (1 + Hq?()) :

In the absence of strain (0 = 0) there are two regimes presented in (3.3). For p > p,, I
assume the integral over q comes from ¢ ~ p and substitute Yy ~ Y, and see my assumption

satisfied. For p < p,, I guess power law dependence s, = s(Ap./p)".

d.T B , k x ¢]*(dk
Mg = A 11(n, n)g*" 2, H(n,n)z/ ke < al (k)

o ka7
2A"%(n, n) (p*)" 1 / / "[px afe
=T ro V) P X(n,n) = =~ (da).
P TdI(n,m) " \p 1) (b —q)* (da)
Functions 3(n,n) and II(n,n) are calculated, for example, in [13, 5. Self-consistency demands

22(m.n) _,

4
dcI1(n,n) = d, + /16 — 2d, + d?

Number A may not be determined from that consideration.

2
~ (.82 nwd—, d. — 00.

C

de=1

The problem with that result, however, is that it is not done under any controllable approx-

imation. That’s why I am not satisfied with it and develop a perturbation theory in 1/d..
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3.3 Ciritical exponent expansion

In order to find the critical exponent 7 as a function of the complementary dimensionality d..,
I calculate the small-argument asymptotics of the self-energy (without external stress o = 0)
perturbatively in 1/d.. The scaling ansatz (SA) tells me that at small momenta the bending
rigidity behaves as

TY K

where the exponent 77 = 7(d,) is the number I seek to calculate up to the second order in 1/d..

Averaging rules Throughout the calculations I am going to frequently use the following

identities
Pxd'\ 3 .o
<(p - 01)4>61 = gmin{p’, g}, (3.5)
[p x qf* — mindpt o [ maxdp?. o2 —lmin 5 o
<(p—q)2>q_ {p’Q}( et -5 {p,q}>7 (3.6)
pxda?\ _ 1
<(P - (1)4>(31 ~ 2max{p?, ¢}|p? — ¢?|’ (3.7)

3.3.1 First—order self-energy

Expansion of self-energy in 1/d, starts from the trivial term (Figure 11-11a)

ng):_YoT/< pxdl'(da) _ i (\/53)_

” p—q)*(1+ 2I1,) 2d, D«

In the absence of stress 0 = 0 the polarization operator is simply

2
q; 9 3 d.YoT

VL = & __9

0%%a g%’ % 16m 2

and the dimensionless self-energy is given by the function

S(p) = 167T/( [pxa'(da) 167T/( pxdida) _ oo

3 p-q)i+(p—-q? 3 p—a)*(¢* +¢?)

L [ dq . ) 1 4 2 4 2 2
=§/0 q2+qmm{p,q}=§{(p—1)1n(1+p)—p1np+p}-
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Therefore the first-order term has the following asymptotics
72 ~ 3% ln | - = <
P dc p 61/4 p* ) p p*

That allows me to find

el/4 A
A(dc):ﬁer—lJr..., n(d,) =

2 T2
— 4+ =+ ... 3.8
Ttmt (3.8)

3.3.2 Second order. SCSA-like contributions

Second—order consists of two trivial SCSA-like contributions and four non—-SCSA corrections.

Together these two give the result that may be found from

Nscsa (dc)

B 4 —2+1+0(1>
Cdo+ 16 —2d,+ 2 d. )

Plugging (3.8) into (3.4) with 7o = 1 + dne and expanding in 1/d, I come to

™= 3 6
d? %pi = —21In? [\/Epﬂ} + (24 d12) In {\/ﬁﬁ] 3" % — 24, (3.9)

I see that with logarithmic accuracy SCSA-like contributions to self-energy should produce at
small momenta —2In*[v/2p/p.] + 21In[p/p.]. Let me check that.

____________

(11a) Fan diagram. (12a) Rainbow diagram (12b) Upset diagram

Figure 11: SCSA-like self-energy corrections up to the second order.

Rainbow diagram Explicit expression for the diagram in Figure 11-12a is

Ty _ 7Ps gea) ( Noid ) st = (167r) / (da)[p x a*q~*S(q)

P d? Pe 3 (P—a)*+(p—q)?
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Since I only need the asymptotic at small p, I calculate

L
= 5/0 quqS(f) min{p*, ¢*} (maX{pQ,q} - %min{pz,q}>
~ % (ln2p— Inp+ 21;—4%2) p".

since it is convergent, it is enough to find the leading asymptotic; however, it happens to be not

enough to find the number under the logarithm. What was left is the following integral
4

S(2a)(p) - S(Qa)(p) —— (]—gﬂ') / E?S)qu>;2(ﬂ—4i(;]2 N _71p4 /Ooo %%\/Z) ) (3 ) 7T2) %
As a result,
o () ] 25

Upset diagram Expression for such a diagram is

Yo\’ ; ;
TRC) = dc/(dqdk) (%) GpoqGro TSV p x @'k x ¢)*

:_3% 48217 (\@ﬁ)’
D

>
S (1?)/ @ <iq;[p . q]zo [ <[k = 09 -
[ [ i 1o()
~ %4 <1m2p—1np+é — E)
As a result,
S ([ emlveg] -5+ 5).

Sum of SCSA-like diagrams Two SCSA-like second order corrections together give

(2ab) 2
%5 1 2
d2— —21n? [\/—p} 4+ 21In [\/—p] %

sp?

So good so far. Next, I'm interested in non—-SCSA corrections
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3.3.3 Second order. Non—SCSA contributions

In order to find 07, I need to calculate the following four diagrams.

_____

(12¢) Crossed diagram (12d) Pill diagram
(12e) Omnidroid diagram (12f) Double—pill diagram

Figure 12: Non-SCSA contributions

Here I provide the summary of the results and details of the calculation are presented in the

next paragraphs. Asymptotics of the diagrams in Figure 12 at p < p, are as follows.

YY) 7
d? %;;4 = —gln [pﬁ} + const, (3.10)
75 (2d)
d? p4 =+2In [2] + const, (3.11)
»p yze
LTS8 58 [p
d: e +§ln o + const, (3.12)
725" 3468¢(3
d? %;4 _ 5t 274( ) In [pﬁ] + const. (3.13)

Thus, according to (3.9), the difference between SCSA and the true value of the critical exponent

is seen in 1/d*-order and equals

_ . 16
one = lim M~ Tses —_Z+2+58_3+68C(3) _ 6 — 68¢(3)

_ o0 ~ —1.32.
deroo  d2 3 27 27 27

Critical exponent from Hooke’s law is then a = qigesa + drn/d? with dan = 2(Qsesa/Mscsa) 2072

1 1 33—2V156 1 1.6
- P (e SIS PR S (I
1420 1+ 20008 21 &2 1+ 2065065 &2
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3.4 Absolute Poisson ratio

I would like to find the absolute Poisson ratio in the regime o < o, of small stress.

. VO—}/O(sKQ/O' - 5K2

14+ YK /o 0Ky

I would like to construct an expansion in 1/d. using the perturbation theory in the screened
interaction developed in the previous section. However, I notice that the zeroth order phonon

correlator diverges at small momenta

(dp)pisopi
sept (sep* + opi)’

JKY = KY(0) — K (0) = d.T /

To see that explicitly I rewrite integrals as follows.

n2d.T
SR — 5K = =20

AT ¢

2 (dp) In2] d.T
SKO 4 6K =9 / 7l — o
1O Pp*+2) 4m| x

Exact correlator does not have such a problem since the self-energy removes the divergence.

1 1
0Kz =d.T — 2(d
? / Lp‘* —Tx5=0  sp*+opi — TEJ P5(dp)

Scaling Ansatz (SA) tells me that in the absence of stress ¢ = 0 the renormalized bending

rigidity behaves as

3 d.YoT
16m 22

n
Hy = — p*4TEg:0 ~ 3 (A%) , PP pl=

where the critical exponent 7 is believed to be close to 0.8 and the number A is of order unity,
which will be hidden in the redefinition of p, till the end of that section.

It is clear that in the case of finite stress such behavior is only valid when the characteristic
momenta are large enough to disregard the op? term, i.e. for p > p, = pop;®, @ =1n/(2 —n).
There are some assumptions about how the rigidity renormalizes at finite strain [16]; however,
knowing the asymptotic behavior of s, at p < p, is not enough to calculate the Poisson ratio
since the integral for the correlation function § K comes from all momenta p < p, as may be

seen from the following model.
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3.4.1 Oversimplified model

Here I calculate the correlational function in the framework of the model

1, Do < Psx <P .
o Po Po
sy =29 (p/D)",  Pe <P <ps Do = TPo (—) = TP (—) < P

(p+/Ps)", P <Ds < Ds

I keep the number x ~ 1 in order to see what part of the answer is going to be cut-off-dependent.
In what follows p, may be considered the ultraviolet cut-off since contributions coming from

higher momenta have weaker scaling with stress. For ¢ < o,
> »op}pi(dp) P s
0Kp ~ 45 2y T (dp) | —— R— 5
d.T s, (35,p* + oY) P<Po HIp® +opy  Hppt + opy

L+ ) o0 a\° / pzﬂ p% a\*
=T “Py) | — ) + d — 2
|4 S T <p1 plB>p| (U*) p<ac( p) p4 +p% p4_” +p% Oy

]
AE; Ud,

1] 5-1
AB ~d,

In the limit d, — oo the first term behaves as a~! ~ d. and the second turns into zero together
with 7 o< d;1. One could also see that the dependence on the cut-off z is only present in the

second contribution. In that model the expansion of PR in inverse powers of d. looks like

__A[2_1}+A[21}+"'N_%<1+A_[2H_A_[lu>
-1 1 ~20+2 —1 —1
AP Al () Ayt oA
—1
= 1 —n%c,) + 0O
1+2a( 776)+ (77)

Integrals AE] strongly depend on the cut-off x.

Ar ( 0] / D=0 T npdp
c;=— (A7 — A ) ~ 4T ———=p Ilnp(dp) = — ——s
n \! 2 )0 v (PP +17)? (@p) o (1+p2)3/2

zlnzx

V14 2?

Number ¢, varies between 0 and ¢; = arcsh 1 ~ 0.88; as © — 400 it tends to In2 ~ .69.

= arcshx —

Of course, such an oversimplified model could not produce correct numbers since the integrals
are determined by the full crossover area p ~ p, and the exact s becomes strongly anisotropic
at p < p,. Yet that model happens to correctly predict the fact shown below that the naive

answer (1 + 2a)~! is valid up to the first two orders in 1/d..
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3.4.2 Regular perturbation theory

In order to cope with the divergence, yet be able to develop a perturbation theory in 1/d,, I
propose to expand 0K in %, = £970 — X,

1 1 5%
6Kg=d.T — P | P
g / [%p4 —T¥5=0  sept + opi — TEg=0 * (sep* + opi — TXg70)2 * } P3(dp)
2,2 2
opzpi(dp) / p5(dp) 1 2
- dcT/ +d.7T | —2 = 7650 + 4.7 [ (dp)p?. .. 3.14
. s (55" +opi) (op* +opl)? P (p)7 . (314
SK D a2 SK M d? S ~d !

Here I note that in the last line I defined K E] with 0¥, = (ES). Hence 0K /[32] contains
contributions both like [§25"]2 and like 455,

Since X, has a clear expansion in 1/d., expression (3.14) allows me to find §Kjs up to the
desired order in 1/d.. The problem is that I actually have two small parameters now and,
strictly speaking, I need to take the limit o/o, — 0 first, i.e. I have to sum up the logarithms
Ino /o, in all orders in 1/d.. Let me forget about that for a moment and take a closer look at
IKY).

Leading term is convergent and may be found in the limit ¢ < o, in terms of 7.

s deT [ dp PP
BT ( " (eplp2— ~2
T Jo  p \x(ps/p)"(epip> +0p7) /4

d.T /°° dp <ﬁ%aﬁ%>ﬁ o n 2«
or J, A

P ) Gt YT 2y

4T (o a] <A2O“2> ; _/oopn—ldp/%r_ 14+
= o) L (PPa)g *~Jo @*7+1) 4sinwa’

Thrown away part of the integral is of order o/0, < (0/0,)".

Yoo K 2 167 o\
B A2 2
- ~ 3 1, <p1 Ps)s (J—*) ) 0 K 0.
Angle averages may be expressed via the Euler '-function, but for the PR only their ratio is

important.

(0] — — — _
ve== = T 7 2ar2\ =-1+—-+0
kT (). T 1+ 2a e

d;

SKL (BID3), 1 2 ( 1 )

Since (3.14) is an expansion in 1/d,, it only makes sense to keep a up to the desired order in
1/d..
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Hypothesis I see that both logarithmic series next to d? and d. summed up to the same
function of o. I make a hypothesis that in the limit 0 < o, the dependence of 6Kz on o is the

same as for 0 K [[30] and only the number in front is renormalized.

a (0,0)
24 o A2 A2 #6 1
f(SKﬁ = Cﬁ(dc) (0__*) ) Cﬁ(dc) =d.I, <p1 p5>15 (1 + dg + O(d_§)> :
That assumption may be checked in every order of perturbation theory, where I can neglect the
difference between ¥, and Zgzo in every Green’s function since I already have 6%, in front. Let

me show how it is done for § K,

[ — %/ ( T2k x §)*(dk) _d.T (&)2’7 P, <

splkAn 4 okf) (sepl(q — k)4 + o (qn — F1)?)  x2p2

50 / [QT [p x ¢]*(dq) 2T [p x 4(dq) } _#y (&) s, (p)7

Oy spl(p— Q)+ o(pr— )2 170 5epl(p — q)*~"

where II,, and S, are some dimensionless functions.

i) = LF (1) [ R — e ()

%\ Da (prn+p})? ”

where characteristic scale is
«@ 1+«
Po Po
Ps = Do (_) = D« <_) L po K Py
D« D«

It follows from that hypothesis that the information about the Poisson ratio is encoded in the

numbers #gl,o); in particular, the number #% may be found from § K with 3¢, = .

Correction to the leading order value v of the Poisson ratio comes from § K E}. In the limit

d. — oo the correlator 6 K E] is simply a number

mo_ pj(dp) 2T [p x a* 2T [pxq’
! =7 [ oy | T —a ot —a ~ Tt =) (9
2T [ p(dp) 1 p x 4 1 [pxg!
= ) () / [P(q) P-a)'+ (i —a)? Pla)p-— q)‘*} (dq)
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where dimensionless polarization operators are defined according to
7=0 — dcT/ k x qJ*(dk) dCTP »x \ 3 dT1
a2 H(q—-k)* 2o’ o) 167 2 ¢*’

. T2k x &]*(dk) 4T P
o = T / (sck* + ok?)(3e(q — k) + o(q1 — k1)) »o B ( aq) '

Dimensionless polarization operator for uniaxial stress P;(q) is calculated in the appendix.

Answer Since 0K g)] ~ %, d. — oo, the Poisson ratio in the first non—trivial order may be

written as
K + 6kl + . 6K sl KM
V= ] =T | T e T e
5K2[0] 8T [1] [1]
—_ 1 ——<5K _ K )
K + ET 2 1) T

1 c 1
- —_— 1 — —_—
1+2a[ +d3+0(d§)]

where the number ¢ = 87r(#§0’0) — §°’°)) is of interest.
.y { (5 — k3)lk x a)* (B Rk <) ]
16m  Jox [PH@(R + R (k=)' + (ki —@1)?)  Po(a)(k* + k)*(k — q)*

Such an integral may be computed numerically with Py(q) = 16%(]*2 and the expression for
Pi(q) is provided in the appendix. The answer is ¢ = —0.56 £0.01, which allows me to conclude
that the true expression for the absolute Poisson ratio in the non-linear regime o < o, is not
given by a simple expression such as 1/(1 + 2a/), but a more complex function.

In the next section I relate the critical exponent « to its approximate (self-consistent) value

Qe in order to find the Poisson ratio up to 1/d2.
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Chapter 4

Numerical simulations

4.1 Overview

In this section I sum up and give brief comments on recent published numerical studies of the
universal regime of the model (2.2). Papers from the previous century are added selectively; for

a more complete list the reader is directed to the recent review |5, Fig. 1]. Some notions in this

| Year Author Method | ps | Size, L7 | n | Voo |

1996 [17] Bowick Hausdorff dim ~ 4 1282 72+ .12

Space correlator ~ 4 ~ .6
1997 [18] Falcioni et al Space correlator ~ 4 1282 ~ .62 —.3+0.06
2001 [!] Bowick et al  Self-avoiding 95 —.37+0.6
2009 [19] Los et al Molecular dynamics | — 190 ~ .85

Fourier correlator 9/ n2y | <790 £ .01
2012 [20] Troster Fourier Greon 44 | 640°(40%) ~ 761
2016 [21] Los et al Space correlator 4 195 ~ (.84 +.275
2019 [#] Saykin Fourier Green 3 3602 78+.02 | —.76 £.05

Table 4.1: Selected reports on numerical values of critical indices.

table require additional clarification. Most of the papers use Monte Carlo simulations of the
action (2.2), some work in r—space, some in Fourier k—space, some papers study the behavior

of the Green function itself, some study the correlator

K.p = /dx(@ar - Ogr)

instead. Column pg contains information about the interaction force. It is useful to measure it

in the dimensionless number

Ps = Ppaa = a\| ———,

where I use a = 2.46 A for the graphene lattice constant, Yy ~ 22 ¢V-A~2 and » ~ 1.1 V. For
T =300 K it gives pg = .41.

One can see that there are many discrepancies between the reported data, which calls for an
explanation. Below I reproduce the method used in [20] and calculate n and the Poisson ratio

Vs=0-
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4.2 Simulation description

I use the Metropolis—Hastings algorithm and run Monte-Carlo simulations with the weight
function e~*/7 and I use the (3.1) expression with ¢ = 0, which in dimensionless form looks as

follows.
P33 ()l + 52 sl
o o\ q] 3 72 Pl
with the following function

2m 7
St =) [fk x Q} (g - et
K£0

and all momenta replaced by sin—value

2 2
%k‘l — sin (%k‘l) , ¢? — 4sin? <%q1> + 4 sin? (%QZ> .
Vector product is defined by its value in the first Brillouin zone and continued from there by
periodicity.

Running ~ 10° Monte—Carlo steps I find the Green function

2 1 [ 27p -
% = (Iwil’), . = 2 (T)

I choose the phase space exploration step so that the acceptance rate varies between 35% and
55%. As is mentioned in [20] the step must be momentum-dependent and could be heuristically
chosen from the relation dpg ~ hyg.

From the Gy dependence I extract the value of the critical exponent 7). I present the results in
Figure 13 and Figure 14. As can be seen the smallest wave vectors behave inconsistently, which
may be called a finite-size effect [20]. That’s why I only use the third and higher momenta for
the fit. I report the value

n = 0.78 £ 0.02.

That value is in good agreement with the numerical paper [20] and the «second-order» self—

consistent approximation [0].
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Figure 13: Log—log plot of g;l for different lattice sizes L = 200, 240, 280, 320, 360.
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Figure 14: Close—up view. Fit region is marked. Presented lattice sizes L = 200, 220, 240, 260,

280, 300, 320, 340, 360.
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Poisson ratio [ also calculate the value of the Poisson ratio in the non—linear regime as

~ 2lal<as <KﬁﬂK[yq1> - <K{zq}> <Kﬂﬂ>
2 )
2 lal<as <Kﬁ]Kf§1> - <Kffn>

Vo=0 =

(2
Kig = sin” (%ka) g

and report the value

Voo = —0.76 £ 0.05.

4.2.1 Algorithm

The idea of the effective calculation is expounded in [22]. The key idea is to keep the Siq and
dS|q) arrays and evaluate only dS|q each Monte-Carlo step. Here is the listing of the code that

does such evaluation.

for (ql = 0; ql < L; ql+4++)
for (q2 = 0; q2 < L; q2++) {
if (lql && 'q2) continue;
double p = sin|kl|*sin[q2]—sin[k2]xsin[ql]; p %= p;
double kq = sin|[k2+q2|*sin[ql]—sin|[kl+ql|*sin[q2]; kq *= kq;
double gk = sin[kl—ql|*sin|[q2]—sin [k2—q2]|*sin|[ql]; qk *= qk;
complex s = pxconj(h|[kl+ql]|[k2+q2])x*z;
s += kqxh[—kl—ql]|—k2—q2]|*z;
s += qgkxh|kl—ql]|[k2—q2]*conj(z);
s += pxconj(h[ql-kl][q2-k2]|)*conj(z);
it (M((ql+2+k1)%L) & !((q2+2+k2)%L))
S += pxzx*xzx*xd;
PF(1((ql2¢k1+2+L)%L) && 1((q2 2¢k2+2+L)%L))
s += pxconj(z)xconj(z)xd;
s = d/Q[al][q2];
dSfal][a2] = s;
w += creal ((2xS[ql][q2]+s)*conj(s));

Main body of the simulate step function is printed on the next page. Here I note these
listings are not one-to—one exact to a working code. The reader may find the source code at

github.com /saykind.
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#include <complex.h>

#include <omp.h>

int simulate (complex xxh, complex xS, complex *xdS, double xxg) {
int L = 2xN+1;
int k1 = rand()%L-N, k2 = rand()%L-N, ql, q2;
if ('kl && 'k2) {simulate(h, S, dS, g); return 0;}
double w = 0, A = Q[kl][k2], d = 2.6/A/pow(1+Y/A,.13); A x= A;

complex z = (l.xrand()/RAND MAX-.5) + (1l.xrand()/RAND MAX-.5)x1;
#pragma omp parallel for collapse(2) reduction (+:w)
for (ql = 0; ql < L; ql++)
for (q2 = 0; q2 < L; q2++) {
if (!'ql && 'q2) continue;
/* Calculation of s=dS[ql]|[q2] */
dS[ql][a2] = s;
w += creal ((2xS[ql][q2]+s)*conj(s));
}
w = —Y/L/L;
w —— Axcreal ((2xh[kl]|[k2] + d*z)xconj(z))=*d;
if (w> log(1l.xrand()/RAND MAX)) {
h|kl][k2] += dxz;
h[(L-kD)%L]| [ (L—k2)%L| += dxconj(z);
#pragma omp parallel for collapse(2)
for (ql = 0; ql < L; ql+4++)
for (q2 = 0; q2 < L; q2++)
Slat][a2] += dS[al][q2];
}
if (c & g) {
double a = creal (h|kl|[k2]|*xconj(h[kl][k2]));
g|kl][k2] += a;
g[(L-k1)%L][(L-k2)%L]| += a;
ki

return O0;
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Chapter 5

Summary
5.1 Results
5.1.1 Critical exponents
I have found the critical exponent 1 and its derivative o« = 5= that characterize the universal

2—n
regime (the system forgets about the material-dependent characteristics p, A, 3¢) of a large

enough two-dimensional crystal under not strong stress (o, < 0 < 0,) perturbatively in 1/d.

up to the first non-trivial® order.

- o)
O‘_dif 127 —5284(3)% (i),
- di =2 o)

In particular, my calculations hint that the true value of n and o may be considerably different

from the values given by the self-consistent screening approximation ngcs, = ﬁﬁ ~ 0.821 and
Qsosa = 3(1 + V/15) ~ 0.696.

68¢(3) — 46 , 3
_— @

108 Nsosa T (T/SCSA) )
= Tscsa — -331ns20$A + O(n§CSA> :
34¢(3) — 23
2—7aSCSA
= Qlgcsa — -662azcs/a + O<a§CSA) :

T = Tscsa —

QO = (gcsa — + O<a3 ) )

SCSA

In order to make even a very bold estimate of the actual values of n and « from these expressions
one has to know whether one deals with a sign—alternating series or not. I make a wild guess

that the next term goes with a positive sign, and estimate n ~ .7 and a ~ .5.

1Before, only the leading term n ~ 2/d. and the SCSA approximation were known.
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5.1.2 Absolute Poisson ratio
In the aforementioned universal regime, the Poisson ratio also becomes a universal number.

2 176 _
_Vzl_d_chd_ngO(dcg)a

=1-n+.360"+0(n’),

=1 — Tesn + 69725, + O(12es,) |
=1-2a+3.44a” + O(a?),

=1 — 20505s + 41205, + O(0d,) -

SCSA

I would also like to make a guess about the actual value of v, so I take my chances and suppose

that the series is alternating in sign, then I would say v ~ —.4 might be a good guess.

5.1.3 Numerical results

Here I report the result of Monte—Carlo simulations.
n=0.78 +0.02, Vo—g = —0.76 £ 0.05.

Please note that the value of the Poisson ratio at zero stress does not have much in common

with the value v, 0, < 0 < 0, discussed in the main paper, as was pointed out in [10)].

5.2 Conclusion

Here I give answers to the questions stated at the beginning of the paper.

1. Critical exponent « from anomalous Hooke’s law could differ drastically (10%) from the
SCSA value [9]. There is no theoretical reason to believe it is close to cgesy & .7. Numerical

simulations suggest that the value is somewhere in the range o = .64 £ .2.

2. The value of the Poisson ratio v in the universal regime is an independent critical index.
Similarly, there is no reason to believe that either the differential or absolute Poisson ratio

values are close to their SCSA approximations.
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Appendix A

Calculation details

A.1 Second order non—-SCSA contributions

Here I give the details of the calculation of the second—order contributions to the self energy

that are present in (3.10, 3.11, 3.12, 3.13).

Second—order. Crossed diagram Here goes the diagram depicted in Figure 12-12c.

ryo _ [ YETdad)b —ax WP~k x aP’lp x Ko x o _ st g ( @) |
’ B+ 5P+ ) (p-a)'p—a-Kk'(p-k*! P
0o (167N [ (dq)[p x q? [p x k]*[p — q x k]*[p — k x q]?
§ )= ( 3 ) [ @rdoar) Tme e 0w o)

167\ | [_(da)g®[p x> [ [bx K[k x 4"
N( 3 ) b /(1+q2)(p—q)4/ (k— q)? (dk), p <1

I use identity (3.7) and two more expressions

b xkPkxq*\  3/16 4 ~ 5min{k? ¢°}] cos[2pq]
(k —q)* a max{k*, ¢*} max{k*, ¢*} max{ kS, ¢%} 32 7
D x q]? __.\  3min{p?, ¢*} — max{p?® ¢°}
—< —— €OS 2pq] ) = 1 R RO R )
P—q) i max{p*, ¢*}|p? — ¢?|
r"'———(i---~kx
: p—a—k.
Pp—q ‘l pP— k :
\~~~N k ’v’,l

~
-------

Figure 15: Crossed diagram
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Changing the variables ¢*> — ¢, k* — k, I come to

1 p* [ qdqdk 6 4 1
5% (p) = ﬁ%/o 1q+qq1 (max{kQ,QQ} ' glrnam{p?,q}m2 - q|jL
4 min{k, q} 2 3min{p?, ¢} — max{p?, q}
[max{kQ, q*} B max{k3, q3}} '3 max{p*, ¢*}p* — q| )
p_4 /°° dq ( 4/3 N 3min{p?, q} — max{pQ,q}>
0

4 1+ ¢~ \max{p? ¢}|p* —q| 6 max{p*, ¢*}|p* — ¢

This integral is not hard to calculate exactly. Finally,

4
S (p) ~ T (%) In p + const.

That is the result (3.10).

Second—order. Pill diagram Here is another one.

ryea _ 4 Yo / (dadrdk)[p x q]'[k x g’k x r]*[k —r x q]*[k — g x 1/*

P 25 ) (g + 5t + 502 (p - @)k (k- @)tk — 1) (k — g — 1)
_ 7P sea (P
2 pe)’

oo (167N [ [pxdl'e’(da) [ (drdk)lk x §P[k x 1]k —r x q]*[k — g xr
s400) =~ (75) [ e ao gt | G R g

167\° f [~ dqqg . 167’
s~ () 5 gt~ () oo

So I am interested in calculating number f.

p [ B e - (g

TR
k r
P ;

Figure 16: The Eye of Sauron diagram
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In order to average over angles I change the variables to z = exp [z@], w = exp [irq]. I find
several potential residues z = 0, k, 1/k, kw/r, rw/k. Depending on parameters k, r they either
lie inside unit circle |z| = 1 or not. After evaluating integrals over z I come to expressions with
potential residue at w = 0, r, 1/r, k*/r, r/k?. All in all, I have six different cases depending on
relation between k > 1, r > 1, k > r. It so happens that relation k2 > r does not change the
answer. Altogether contributions give f = (1/2)(3/167)?. Thus,

Ty (2d)
d? P ~2In P + const.
< mpt 2

That is the result (3.11). Results (3.12), (3.13) are obtained in a similar manner.
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A.2 Polarization operator

Here I calculate the polarization operator for the case of uniaxial stress o1 = o, 05 = 0.

= ot o= e (y79).

P(q) = / (dK) fic faze = / Exe 2 (x),  f(x) = / [klzi‘;i]% 1 (k).

Function f(x) may be calculated in coordinates. Let me define

kekb
f(a’b)(X) _ / 172 e’kx(dk), &,b c N()’ a+b 7& O,

Kt + ki
ikx 1
00 (x) = [ &~ (4K
1000 = [ g @),
then the function I'm interested in is given by f(x) = —[q x V]2f(9(x). Unfortunately, I don’t

know how to calculate f(®0. Fortunately, f9 and f@9 + f(02) gre possible to calculate.
ekx(dk) kdk Jo( kx o ) x T

v/2 _ L D

ZQz/inzkl 222/% JEy o o 9 M0y

e (dk) kdk J, k’x 1 oz, x
(2,0) (02 0 etr/2 _ = oy Tl ”
PR+ f Z /k:Qi—zkl / o k241 o g 0y

From these expressions, with the help of the property fetmb+m) — (—ig,)"(—idy)™ f(@* 1 am

able to find the following functions.

1 T r x T T
(20)——[h—1K———1 h—lK—]
/ ir (g tog Ty Mg )

1z T T
oy =2y e
/ 47T91:S 9 oy
(02 [hﬂKf 1 hEK f]
/ 1r (g ey s g g

Now I need to multiply different functions in x—space and perform the inverse Fourier trans-
form. Let me define F(®bed)(x) = fl@b)(x) fled)(x) and F@¥)(x) = fl@b)(x) (@Y (x), then the

polarization operator is given by

P(q) = ¢ F"? + 4616 F(MY + G FO? + 24163 F0*0) — 4gdGo FO21D — 4g,3 FFOMY. (AL
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To evaluate these integrals I use the following identities.

X (T _ 2arcshg _
/ i3 () dolanie = 250 = 24(q)
* 2 arcsh g
K K Ji(qr)dr = —— = 2¢A(q),
/0 0(2) 1(2) I(Q) \/TC]Q q <Q>

/000 Ky 6) [Jl(qx) N % =2 [‘1 — V1+¢*arcsh q] = —2q(1+ ¢*)A(g) + 2g.

Let me show how to calculate these integrals one by one. Let me begin with

d*x 2
1,1 —igx
F{ >_/ )Qe (2 Ta3)

—’qu 'T2> +x1 1 K2£
(= - 1)K

dz 0,
:m/ %xWML@mwMMMKﬁ
0
1
=5 Re 0, [qg(l +¢*)A(q) — po(1 +P2)A(P)}

where I have introduced vector p = (¢1 + i, g2). The following two are similar.

d*x Ty, T T\2
0,2) __ elax 1 1
0= [ oy y Q@WK%+;*3“Q

2
o (e preg e pem kIR + () (e - )
x T

d 19) Oy . .
= Re/ f6x ([Jo(px) + Jo(gqz)] K 05 + Qz—qJO(px)K02K1 5 + ?q [p1J1(px) — ¢1J1(qx)] K
0

= Re{Ap) + Al) ~ 2mAR) + 0 [1(1 + P)A) — p(1+p)AR)]}

([B3(1+¢%) +1+¢] A(g) + ¢§ — Re {[p3(1 + p°) — 1+ 2ips + pi| A(p) +pi})-

1
87

The same way but with another sign is done the next one.

d? 2
720 _ X iax (ch Kox—ﬂsh KL )
q ) 2

(4 9
= 8i7r Re {A(P) + A(q)+2ip1A(p) + 01 [Q1(1 + ) A(Q) — pi(1 —|—p2)A(p)]}
= o7 (B0 + 0 + 1 +1] Al + 6 = Re { [0+ 27) — 1-2ips +51] AG) + 7)),

23

2
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(0, (0,2;1,1)

The next one is also very similar to Fy 2 Functions Fy and Ff’oﬂ’l) are done similarly.

F(O,Q;Q,O) _ d*x 6—qu h2 T K2_ . (ﬂ) h2 T KQ'I
a (4m)? 202 x 12

- 8% Re {A(p) + Alg) = 01 [ (1 + QQ)A(q) —p(1+p)AW)]}

= 8i7r ([_(ﬁ(l + @) +1— qﬂ Aq) — ¢ — Re{[—ﬁ%(l )1 _pﬂ A(p) —ﬁ%})

Altogether, required functions are

8rF? = (@ +¢° + 1] A(g) + G —Re{[p3 +p* — 1+ 2ip1] A(p) + 53},
STERY) = [2+ > + 1] Alg) + & —Re{[p2+p* — 1 —2ip] A(p) + 12},
8rF Y = [q + ] (q) + d5 —Re {[p} +p°] Alp) + 53},
8w %0 = 65+ ¢* — 1] A(q) + ¢ —Re{[p5+ 1+ 1] Alp) +pi},
—8r P = g1y <1 — A(g)) —Re {[~pip2 + ips] Alp) + pr2} .
=8 FOMY = G1ga(Alg) — 1) —Re {[p12 + ip2] A(p) — pr2} |

with A(q) = arcsh(q)/q/1+ ¢* and p = (¢1 + 7,¢2). That together with (A.1) sums up the

answer for the polarization operator.
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Asymptotics of Polarization operator I rewrite an expression separating different orders in

q.

8P (a) = (1 —44); [(A(e) — 1) —Re{¢’p*(A(p) — }] -
—44163(43 — ) - G1 ' Re {igp™*(A(p) — 1)} +
+ [¢°A(g) — Rep® A(p)] +
+ [A(q) + Re A(p)] +
+44763 [A(q) — Re A(p)] -
—2(4i — d3) Reip1A(p)—
— 4414 - (4142) " Reip2A(p).
with A(q) = arcsh(q)/q\/1+ ¢ and p = (¢ + i, q2)-
With the help of Mathematica software, I find

P(q) ~

3 3 In 2 4p — 32 2 1
n2q cosdp Ccos g0+0(

(3 —2c0s2 — — 0.
167 | 6drgt (3 — 2 cos 2¢) 167" 1927 q4>’ 4=

From here it follows that

1 0 1 9 In2q¢ 44 cos2¢ — cosdyp
(2 + q—) P(q) ~

Li(q) = - - 3 2082
Ha) = Bq 13omgt T B T2t T e 1T
—9/4 4 31n2g

Comment Earlier I've used the following expression for asymptotics of L.

1 k2 (dK) kxq*\ _ [ dkf(k) i
<L1(q)>q 4/ (k4+k2/q2)2 <(k_él)4>él /0 2k <<k2+f€%/q2)2>f(

__/OO dk f(k) —9/4+31In2q
dmq? k2(1/q% + k?)3/2 32mqt ’

q — 0.
Which somehow justifies the validity of the used way to calculate asymptotics in the main text.

Small argument At ¢ < 1 the asymptotic of P(q) is highly anisotropic.

1 l7 QS>>QI7
P(q)~={T Vai+a <1
(a) CRPAEY G t+a <

atla| V2, & < q,
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