
MAGNETO–OPTICAL STUDIES OF

STRONGLY CORRELATED MATERIALS

A DISSERTATION

SUBMITTED TO THE DEPARTMENT OF PHYSICS

AND THE COMMITTEE ON GRADUATE STUDIES

OF STANFORD UNIVERSITY

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS

FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY

David Saykin

July 2026



© Copyright by David Saykin 2026

All Rights Reserved

ii



I certify that I have read this dissertation and that, in my opinion, it is fully adequate

in scope and quality as a dissertation for the degree of Doctor of Philosophy.

(Aharon Kapitulnik) Principal Adviser

I certify that I have read this dissertation and that, in my opinion, it is fully adequate

in scope and quality as a dissertation for the degree of Doctor of Philosophy.

(Ian Fisher)

I certify that I have read this dissertation and that, in my opinion, it is fully adequate

in scope and quality as a dissertation for the degree of Doctor of Philosophy.

(Steven Kivelson)

Approved for the Stanford University Committee on Graduate Studies

iii



Abstract

This thesis presents a series of magneto–optical investigations into strongly correlated quantum

materials, focusing on the emergence of unconventional orders and their interplay with electronic

structure. The magneto–optical Kerr effect (MOKE), implemented via a cryogenic Sagnac inter-

ferometer, serves as the primary probe, enabling the detection of time–reversal symmetry-breaking

(TRSB) phenomena with state-of-the-art precision.

The first part of the work examines infinite–layer nickelate superconductors, a newly discovered

class of high–temperature superconductors closely related to cuprates. We report the observation of

a spin–glass state that onsets well above the superconducting transition temperature. This finding

provides unambiguous evidence of a disordered magnetic phase embedded within the superconduct-

ing state, shedding light on the role of magnetic frustration in nickelates.

The second part addresses the ongoing debate over time–reversal symmetry breaking in the

kagome charge–ordered superconductor CsV3Sb5. Using high–sensitivity MOKE at multiple wave-

lengths, we compile and analyze an extensive dataset obtained over several years. While the collec-

tive body of experimental evidence remains contradictory, our measurements enable us to present

well–reasoned arguments against the presence of time–reversal symmetry breaking in this material.

By combining high–precision magneto–optical measurements with careful material–specific anal-

ysis, this work advances our understanding of how complex electronic orders emerge and coexist in

strongly correlated systems. It highlights the unique power of MOKE as a probe of subtle broken

symmetries.
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How to read this thesis

This thesis unfolds across six chapters, each contributing a distinct thread to the broader narra-

tive. For the reader who seeks the essence of the work without venturing into the intricate terrain of

theoretical derivations or the delicate machinery of the experimental setup, I recommend focusing

on the Introduction and Conclusions.

Chapter 1, Introduction, raises the curtain on the stage where this scientific story takes place.

Here, the central themes are introduced, the key players are cast, and the reader is offered a first

taste of the questions, tensions, and discoveries that will shape the chapters to come.

Chapter 6, Conclusions, gathers the threads of the narrative into a concise yet complete tapestry.

It distills years of research into their essential findings, leaving the reader with a clear view of what

has been learned, what mysteries remain, and where the path may lead next.

Chapter 2 is intentionally pedagogical in nature, serving as a foundation for everything that

follows. Here, I lay out the essential principles needed to develop an intuitive and rigorous way of

thinking about magneto–optical probes and the interaction between light and matter. The ideas

themselves are deceptively simple — yet, curiously, they have been the source of many spirited

debates whenever I have presented my work. This only reinforced my conviction that it is worth

assembling all the pieces clearly and deliberately before leading the reader into the complexities of

the primary data, even if that means revisiting concepts that might seem elementary at first glance.

This chapter is designed as a compact but comprehensive reference for students embarking on the

study of magneto–optical phenomena, bringing together in one place the theoretical tools they will

need. It will also be valuable for any reader who has ever puzzled over how the microscopic electronic

properties of a material leave their signature in the measured changes of light’s polarization upon

reflection, and who wishes to explore the more profound logic linking the two.

Chapter 3, Sagnac interferometer, offers an in–depth exploration of the principal instrument that

underpinned my research—the Sagnac interferometer. While much of the system’s foundation is not

new, having been refined and employed for years by many students before me [1, 2, 3, 4, 5], this

chapter approaches it with a fresh perspective. I revisit well–established concepts through the lens

of my own experience, offering new strategies for extracting richer information from the device and

proposing practical upgrades that expand its capabilities.
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Beyond serving as a technical manual, this chapter is intended as both a guide and an inspiration

for those who wish to construct a similar system themselves—or even design an entirely different

probe using the same principles. By unpacking the key ideas behind the Sagnac interferometer’s

design and illustrating its remarkable versatility, the chapter aims to engage not only the builder

seeking step–by–step insight but also the engineering–minded condensed–matter physicist who enjoys

seeing elegant instrumentation pushed to its limits.

Chapters 4 and 5 form the heart of this thesis, containing its principal discoveries and most

significant scientific contributions. Each chapter follows a parallel structure—Introduction, Results,

and Discussion—allowing the reader to navigate according to interest. Those wishing first to grasp

the overarching narrative may choose to skip the technicality-heavy ’results’ section on the first read.

Chapter 4, Spin–glass in nickelate superconductors, begins with a gentle introduction to the

concept of spin–glass state, and then briefly discusses most of the known studies of magnetism in

nickelate superconductors to date. The magneto–optical Kerr effect measurements presented here

constitute one of the two principal findings of this thesis. Our data provide compelling, irrefutable

evidence for the existence of a spin–glass state in nickelate superconductors – remarkably, one that

emerges at temperatures higher than the superconducting transition temperature and persists in

coexistence with it. We further explore how the properties of this state depend on fabrication

conditions, focusing in particular on the role of substrate engineering. The chapter concludes with

a discussion of the broader implications of these findings for understanding the electronic structure

and emergent order in infinite–layer nickelate superconductors.

Chapter 5, Mystery of CsV3Sb5, addresses a question that has stirred intense debate in the

community: does the charge–density wave (CDW) order in this material spontaneously break

time–reversal symmetry (TRS)? Here, we gather and synthesize all relevant experimental evidence,

presenting it through the lens of this central question. The Kerr effect measurements reported in

this chapter are the culmination of years of meticulous work, informed by countless discussions at

conferences with many of the world’s leading condensed–matter physicists, and represent the second

principal finding of this thesis. While the existing body of data remains contradictory enough to

resist a definitive verdict, we offer a carefully reasoned assessment of the evidence on both sides. We

conclude the chapter by sharing our perspective on the most plausible resolution of this puzzle.
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Chapter 1

Introduction

1.1 Strongly correlated materials

Strongly correlated materials are solids in which electron–electron interactions are so strong

that they qualitatively reshape the electronic ground state and low-energy excitations. In weakly

interacting metals, single-particle band theory and Landau’s Fermi-liquid picture work remarkably

well [6]. By contrast, in correlated systems, interactions lead to a cascade of unconventional ordered

states: charge order, nematicity, topological magnetism, and superconductivity [7].

Interaction strength

Naively, one could characterize how strong interactions between electrons are by comparing the

average kinetic energy of electron quasiparticles and the Coulomb electron energy. In atomic units

where distance is measured in Bohr’s radii a∗B = ℏ2εeff/m∗e2, and the energy unit is the Rydberg

constant Ry∗ = e2/εeffa
∗
B , the ratio between potential and kinetic energy follows from typical inter-

electron spacing.

Ĥ =
∑︂
i

p̂2i
2m∗

+
∑︂
i̸=j

e2

2εeff

1

|Ri −Rj |
=

Ry∗

2
·

⎡⎣∑︂
i

(︃
∂

∂r

)︃2

+
∑︂
i̸=j

1

|ri − rj |

⎤⎦
Typical (dimensionless) distance between electrons rs can be estimated from carrier density as

rs ∼
1

a∗Bn
1/d

,

1
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This parameter is sometimes called the dimensionless Wigner-Seitz radius, and it doubles as a

parameter describing interaction strength since

Upotential

Ekinetic
≃ rs ≃

e2

ℏ
m∗

εeffn1/d
.

We see that we would expect correlation to be strong in heavy–fermion m∗ ≫ me or in low–carrier

density n ≪ a−dB electronic systems; conversely, screening of Coulomb interaction εeff ≫ 1 would

lead to non–interacting Fermi gas–like behavior.

Plugging the numbers for typical metals such as aluminum and copper, we find a Wigner-Seitz

radius of order one. It might be an indication that considering Coulomb interaction as a perturbation

is not legitimate; however, we know from experience that in metals, the impact of electron–electron

interactions is small and mainly shortens quasiparticles’ lifetime. On the other hand, there exists a

special family of materials where the parameter rs could be much larger. In parent compounds of

copper oxide superconductors we have rs ≃ 10, in uranium based heavy–fermion superconductors

rs ≃ 100, and in van der Waals nanodevices depending on position of Fermi level controlled by

voltage gates interaction strength could range from rs ≃ 1 to rs ≃ 100.

Hubbard model

A better way to get a sense of the physics of strongly correlated materials is to model them with

the Hubbard model.

H = −t
∑︂
⟨ij⟩,σ

(︂
ĉ†i,σ ĉj,σ + ĉ†j,σ ĉi,σ

)︂
+ U

∑︂
i

n̂i,↑n̂i,↓, n̂i,σ = ĉ†i,σ ĉi,σ

The first term describes the kinetic energy of the system, parameterized by the hopping integral t.

The second term is the on-site interaction of strength U that represents the electron repulsion.

In the non-interacting case U = 0, the Hubbard Hamiltonian reduces to the hopping Hamiltonian

and can be diagonalized in Fourier space, for example, for a square lattice. εσ,k = −2t
∑︁

i cos kia.

The ground state is a Fermi gas of itinerant electrons, which is metallic at half-filling. In the opposite

case t = 0, all sites are decoupled and electrons are localized.

At the same time, the Hubbard model is also able to describe superexchange anti-ferromagnetism.

In the strong coupling limit U ≫ t, it can be shown that the low-energy effective theory of a Hubbard

Hamiltonian at half-filling is the antiferromagnetic Heisenberg model

Heff =
4t2

U

∑︂
⟨ij⟩

Si · Sj .

Next, let us provide short information about typical strongly correlated systems, and build some

intuition based on examples.
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1.1.1 Examples of strongly correlated materials

Cuprates

Figure 1.1: Phase diagram of BSCCO
[Sobota et al, 2021]

Cuprate superconductors are a prototypi-

cal example of strongly correlated materials,

where electron–electron interactions dominate

the low-energy physics and cannot be treated as

small perturbations. Their parent compounds,

such as La2CuO4 or Bi2Sr2CaCu2O8+δ, are

Mott insulators with long-range antiferromag-

netic (AFM) order despite having partially filled

Cu 3d bands. This insulating behavior arises be-

cause the strong on-site Coulomb repulsion in

the CuO2 planes localizes electrons, preventing

metallic conduction predicted by simple band

theory. These correlations set the stage for a

rich phase diagram when carriers are introduced

via chemical doping [8, 9, 10].

The link between strong correlations and high-Tc superconductivity in cuprates is believed to lie

in the magnetic exchange interactions inherited from the parent AFM phase. The superexchange

interaction between neighboring Cu spins provides an effective attractive mechanism for electrons.

This magnetic ’glue’ enables unconventional pairing without the need for phonon-mediated interac-

tions, allowing cuprates to reach Tc values far above those of conventional BCS superconductors.

Flat-band van der Waals materials

Figure 1.2: Phase diagram of MATBG
[Cao et al, 2018]

Another famous example of strongly correlated

systems is van der Waals (vdW) nanodevices: artifi-

cial heterostructures assembled from atomically thin

crystals, such as graphene, hexagonal boron nitride

(hBN), and transition metal dichalcogenides, stacked

together using the weak interlayer van der Waals

force.

Among the most striking examples of strongly

correlated electronic behavior in such systems is

magic-angle twisted bilayer graphene (MATBG) —

two sheets of monolayer graphene stacked with a

small relative ”magic” twist angle of about 1.1◦. At
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the magic angle, moiré interference between the two layers’ lattices produces a large-scale super-

lattice, which dramatically modifies the electronic band structure. In particular, the lowest-energy

moiré bands become nearly flat, quenching the kinetic energy of electrons and enhancing the role

of Coulomb interactions. This is analogous to the Mott insulating behavior of cuprates; however,

in MATBG, the underlying mechanism is the band flattening from moiré superlattice effects rather

than from narrow d-orbitals.

As a result, MATBG exhibits a rich set of correlation-driven phases: correlated insulators at cer-

tain fractional fillings and superconductivity at other filling factors, which can be swiftly controlled

continuously via gate voltages, allowing for the traversal of the entire phase diagram in a single

device without chemical doping [11, 12].

Heavy-fermion superconductors

Heavy-fermion unconventional superconductors are among the most striking examples of how

strong electron–electron correlations can reshape the very notion of a quasiparticle. In Cerium and

Uranium-based superconductors, conduction electrons hybridize with localized f-electron moments,

producing a narrow band near the Fermi level with an effective mass m∗ that can be hundreds of

times the free electron mass me [13]. For example, effective electron masses in UPt3 were estimated

to be 100− 200 times larger than the bare electron mass using upper critical fields [14], far infrared

absorptivity [15], and quantum oscillation studies [16, 17].

Figure 1.3: Re-entrant superconductivity in UTe2 [Ran et al, 2019]

The interplay between magnetism and superconductivity is particularly rich in heavy-fermion

systems. In UPt3, superconductivity coexists with weak antiferromagnetic order, and the multiple

superconducting phases in its temperature–field phase diagram reflect a highly anisotropic, possibly

odd-parity pairing state.

UTe2 offers a different twist: it is believed to host spin-triplet superconductivity and exhibits

re-entrant superconductivity [18]: destroyed by moderate magnetic fields, the superconducting state
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unexpectedly reappears at higher fields, possibly stabilized by field-induced magnetic fluctuations

or changes in the Fermi surface topology.

Similar to copper-oxide high-Tc superconductors, these systems show that magnetism is not

always an enemy of superconductivity; it can be its accomplice.

Iron–based superconductors

In iron-based superconductors (FeSCs), electronic correlations are ”orbital-selective” rather than

Mott-localizing, so magnetism, nematicity, and superconductivity are tightly intertwined and are be-

lieved to coexist in the vicinity of a quantum critical point. For example, in Co-doped BaFe2As2,

electron doping suppresses the spin-density wave (SDW) and the nematic orders, producing a su-

perconducting dome with a broad interplay regime between SDW and superconductivity [19]. The

fluctuations near such a critical point are thought to play a key role in boosting superconductiv-

ity, making these materials prime examples of how strong electronic correlations can drive rich and

tunable quantum phenomena.

Figure 1.4: Phase diagram of BaFe2As2 [Fernandes et al, 2017]

1.1.2 Discussions

Across seemingly disparate families of unconventional superconductors—cuprates, magic-angle

twisted bilayer graphene, heavy-fermion compounds, and iron-based materials — a unifying theme

emerges: strong electronic correlations give rise to rich phase diagrams where superconductivity

coexists and competes with other collective states. Magnetism, charge order, and nematicity of-

ten intertwine with the superconducting order, suggesting that these phenomena share a common

microscopic origin.

Next, we describe in more detail two systems studied in the present thesis and show how they

share many of the hallmarks of strongly correlated materials and provide insights into the physics

of the interplay between different quantum orders.
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1.2 Infinite-layer nickelate superconductors

Figure 1.5: Crystal structure of
(prototypical) CaCuO2 and
LaNiO2 [Botana et al, 2020]

The discovery of a novel family of superconductors

R1−xSrxNiO2 (R = La, Nd, Pr) by Li et al in 2019 [20] was

a significant milestone in the quest to understand unconven-

tional superconductivity beyond the cuprates. Infinite-layer

nickelates are in the same P4/mmm structure as the prototyp-

ical parent cuprate CaCuO2, and Ni1+ atoms have the same

3d9 electronic configuration as Cu2+ (see e.g. Ref. [21] for a

review).

Like the cuprates, nickelates possess quasi-two-dimensional NiO2 planes with a dominant dx2−y2

orbital character at the Fermi level (see Fig. 1.5). Both families show unconventional supercon-

ductivity emerging upon hole doping, and similar to spin-fluctuations present in cuprates, there is

evidence for long-range AFM fluctuations in nickelates revealed by RIXS and NMR studies [22, 23].

While the magnetic structure of infinite-layer nickelate superconductors is yet to be fully un-

derstood, particularly as it affects superconductivity, its most salient features are the absence of

long-range AFM ordering and the freezing of spins into a glass phase even in the parent compound

[24, 25, 26]. In the cuprates, magnetism originates from copper spins in the CuO2 planes, which is

also the starting point for models of the SG state [27]. By contrast, glassy dynamics observed in

polycrystalline LaNiO2 samples were attributed to the presence of subtle local oxygen disorder in

the form of remaining apical oxygen [24].

Figure 1.6: Magnetic state of nickelates remains
largely unexplored

Because superconductivity has so far

only been detected in thin-film nickelates

[28], their associated magnetic states have

not yet been established. A comprehen-

sive muon spin-relaxation (µSR) study of

R1−xSrxNiO2 by Fowlie et al [29] discov-

ered intrinsic magnetism, which gradually

onsets in the 100-150 K temperature range

across the rare earth (R) series, and co-

exists with superconductivity. These authors speculated that the observed glassy magnetic phase

is intrinsic in nature and reflects the AFM coupling between the Ni+ spins. On the other hand,

scanning superconducting quantum interference device (SQUID) microscopy has picked up an inho-

mogeneous ferromagnetic background in La0.85Sr0.15NiO2 slightly above the superconducting tem-

perature, which has been attributed to extrinsic NiOx particles on the interface between the nickelate

and the SrTiO3 capping layer [30].

Ultimately, comparing nickelates and cuprates side by side sharpens our understanding of how

strong correlations, magnetism, and band structure conspire to produce high-Tc superconductivity.
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1.3 Charge–order in kagome superconductor CsV3Sb5

Recently discovered kagomé metal families AV3Sb5 (A = Cs, Rb, K) [31] and ScV6Sn6 [32]

have attracted significant attention due to their intriguing electronic properties stemming from a

kagomé lattice structure. In CsV3Sb5 the charge-density wave (CDW) state emerges below approx-

imately TCDW = 94 K, characterized by a lattice reconstruction within the vanadium plane [33].

The sister compound ScV6Sn6 exhibits a CDW state below TCDW = 92 K, associated primarily

with the modulation of Sn atoms along the c–axis. Notably, superconductivity has been observed in

CsV3Sb5 below 3 K, further intertwining with its CDW order and adding complexity to its electronic

phases. For comprehensive reviews on these materials and their associated electronic phenomena,

we refer the reader to Ref. [34].

Figure 1.7: Orbital currents
in chiral flux state
[Guo et al, 2022]

The CDW state in AV3Sb5 kagomé metals is theoretically pre-

dicted to exhibit a chiral flux phase, characterized by loop currents

that break time-reversal symmetry (TRS) [35, 36, 37]. Such chi-

ral flux phases represent an intriguing state of matter, potentially

hosting exotic transport and optical responses due to nontrivial elec-

tronic topology and orbital magnetism.

Experimental evidence regarding time-reversal symmetry break-

ing (TRSB) in AV3Sb5 (A = Cs, Rb, K) metals has been controver-

sial. Initial scanning tunneling microscopy (STM) studies reported

chirality switching of CDW peaks under high applied magnetic field,

indicative of a TRS-broken chiral state [38, 39, 40]. However, sub-

sequent STM studies of CsV3Sb5 with spin-polarized tips found no

evidence of chirality switching or local magnetic moments [41], chal-

lenging earlier interpretations. Similarly, an independent STM study of KV3Sb5 reported the ab-

sence of sensitivity of CDW peaks to magnetic field [42]. Still, at the same time, a recent report on

RbV3Sb5 has confirmed the possibility of chirality flipping with the sign of the magnetic field [43].

Muon spin relaxation (µSR) experiments have also provided conflicting results. Studies of

CsV3Sb5 observed enhanced internal magnetic fields below the CDW transition [44, 45] and in-

terpreted it as evidence of TRSB. Similar µSR evidence for hidden magnetism was reported in

ScV6Sn6 [46]. At the same time, µSR experiments on KV3Sb5 [47] attribute observed changes in

relaxation rates at the CDW transition to nuclear rather than electronic fields, thus concluding that

no evidence of TRSB is present.

Transport measurements have revealed an appearance of non-linear-in-H behavior below the

CDW transition in CsV3Sb5 and related compounds, which was interpreted as a precursor to anoma-

lous Hall effect indicative of spontaneous orbital magnetism [48, 49, 50, 51]. However, recent detailed

studies of CsV3Sb5 propose an alternative explanation: these apparent anomalies could arise from
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high-mobility low-density Fermi pockets opening below TCDW and specific Fermi surface reconstruc-

tions rather than intrinsic TRSB phenomena [52, 53].

Magneto-optical Kerr effect (MOKE) experiments have provided some of the most contentious

and intriguing results regarding TRSB. Initially large Kerr rotations (∼ 1 mrad) concurrent with

the CDW onset were reported, interpreted as strong evidence of TRSB [54, 55]. Contradicting these

claims, Saykin et al found no observable spontaneous Kerr rotation within the 30 nrad noise floor

over the d = 10 µm beam spot size [56]. Furthermore, Farhang et al demonstrated that the large

optical rotations of linearly polarized light are isotropic and independent of magnetic fields, thus

unrelated to TRSB [57].

In this work, we present comprehensive MOKE measurements on CsV3Sb5 and ScV6Sn6 at two

wavelengths, 830 nm and 1550 nm. We report no observable spontaneous magnetization in either

material at both wavelengths. Notably, Kerr susceptibility changes induced by the CDW transition

are less sensitive at 830 nm compared to 1550 nm. Additionally, uniaxial strain of magnitude ±0.1%

does not cause spontaneous Kerr signals in CsV3Sb5 , despite significant strain sensitivity previously

reported in transport [58, 59] and STM measurements [43]. Our findings significantly constrain the

potential magnitude of the orbital flux phase and challenge theoretical models that predict significant

observable TRSB effects [60].

1.4 Magneto-optical probes

Optical and magneto-optical probes are potent because they directly access charge dynamics,

spectral properties, and broken symmetries encoded in the optical conductivity.

By sweeping photon energy, you can isolate Berry-curvature “hot spots” tied to specific inter-band

or excitonic transitions, and separate orbital from spin contributions — all information a DC Hall

measurement integrates away. In the THz limit, Kerr rotations connect cleanly to the Hall conduc-

tance (enabling magneto-optical readout of QAH states). At the same time, in the visible/near-IR

they highlight band- and exciton-selective responses, thereby probing quantum geometry beyond

transport.

Pump–probe magneto-optics (TR-MOKE / TR-Faraday) resolves spin dynamics from femtosec-

onds to microseconds. A short “pump” perturbs the spin/electronic system—via ultrafast demag-

netization, photo-doping, transient anisotropy, or the inverse Faraday effect—while a time-delayed,

weak probe tracks Kerr/Faraday rotation. From the sub-100 fs drop and ps recovery, one can extract

electron–spin–lattice coupling; from damped oscillations, one gets coherent paramagnon frequencies,

g-factors, anisotropy fields, and lifetimes.

Imaging modes turn these dynamics and hysteresis into maps. Wide-field Kerr microscopy (in-

cluding cryogenic, confocal implementations for 2D materials) records pixel-resolved data so one can
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extract spatial distributions of coercive field, remanence, nucleation/propagation paths, and defect-

controlled switching — all without contacts. Scanning variants push to diffraction-limited spots;

near-field MOKE can reach 100 nm spot size, resolving moiré or granular textures.

Figure 1.8: RMCD in twisted MoTe2
[Cai et al, 2023]

Compared with transport, magneto-optics uniquely

provides (i) spectral resolution — how σxy and circular

dichroism evolve with frequency; (ii) ultrafast dynamics

— pump and probe method; (iii) spatial resolution –

scan over the sample surface; (iv) contact-free compat-

ibility with gated devices and suspended heterostruc-

tures.

A beautiful example of the successful application of

a magneto-optical probe is the reflective magnetic cir-

cular dichroism (RMCD) measurement in twisted bi-

layer MoTe2 moiré Chern insulators [61] (see Fig. 1.8).

Photoluminescence (PL) was used to find resonant light

frequency for different filling factors, and then circu-

lar dichroism measurements in a magnetic field were

used to demonstrate the ferromagnetic nature of the

electronic state at fractional filling. This demonstrated

that optical probes alone can reveal topological invari-

ants and spontaneous ferromagnetism, without relying

on quantized DC Hall plateaus. Subsequent transport

on the same platform observed both integer and frac-

tional QAH, providing a cross-check. Thus, the first-ever fractional quantum anomalous Hall state

was discovered.



Chapter 2

Basic notions from theory of

gyrotropy

In this chapter, we review the electrodynamics concepts essential for describing the propagation

of light in crystalline media. Although these topics are described in detail in textbooks [62, 63], they

are generally omitted from a standard ’Electricity and Magnetism’ course.

2.1 Electrodynamics of continuous media

Propagation of electromagnetic waves is described by Maxwell’s equations, which for fields in

vacuum are typically written as

∇ ·E = 4πρ, (2.1)

∇ ·B = 0, (2.2)

∇×E = −1

c

∂

∂t
B, (2.3)

∇×B =
1

c

∂

∂t
E +

4π

c
j. (2.4)

In the electrodynamical problem, Gauss’s laws for electricity and magnetism (2.1), (2.2) are usually

considered as initial conditions for Faraday’s and Ampere-Maxwell’s laws (2.3), (2.4) since they

don’t govern the dynamics. Indeed, let us remember the continuity equation

∂tρ+ ∇ · j = 0 (2.5)

10
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and compute divergence of (2.3) and (2.4).

∇×E = −1

c

∂

∂t
B ⇒ ∂

∂t
∇ ·B = 0

∇×B =
1

c

∂

∂t
E +

4π

c
j ⇒ ∂

∂t
(∇ ·E− 4πρ) = 0

We see that, up to a constant, Gauss’s laws can be considered a consequence of Ampere-Maxwell’s

and Faraday’s laws and the continuity equation.

Charge and current in equations (2.1), (2.4), (2.5) are describing media charges. There is typically

a separation into external charges, which are assumed fixed, and charges bound to the media, which

should be determined alongside electromagnetic vector fields1.

ρ = ρext + ρmed, j = jext + jmed

We will not introduce external charges, so we will always use ρ and j to denote media charges.

2.1.1 Constitutive relations at optical frequencies

When solving an electrostatic problem in dielectric media, in order to describe charges in media,

it makes sense to introduce the concepts of polarization P and magnetization M, defined as dipole

moment and magnetic moment densities.

ˆ
P dV =

ˆ
ρr dV (2.6)

ˆ
M dV =

1

2c

ˆ
[r× ρv] dV (2.7)

However, when considering dynamics of electromagnetic field inside a dielectric medium, such de-

scription breaks down at optical frequencies. As explained in [62, §79], if we assume that (2.6) is

true, then from Ampére-Maxwell’s law follows

j = c [∇×M] + ∂tP

It can be further shown that (2.7) is only true when ∂tP ≪ c [∇×M], which is always true in

electrostatics, but not so at optical frequencies.

Generally speaking, in the absence of (2.6) and (2.7), there exists an additional degree of freedom

in choosing P and M, akin to a gauge transformation of the electromagnetic potential A. Indeed,

charges and current in a material always satisfy the continuity equation (2.5). If we found some

1Sometimes fixed currents are called ”free” and unknown currents are called ”bound”, but this terminology is
confusing. This separation has nothing to do with whether electrons are itinerant or localized.
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vector fields P and M that describe the media’s response, i.e., such that

ρ = −∇ ·P, j = ∂tP + c [∇×M] (2.8)

then for arbitrary field X, fields

P̃ = P + [∇×X] , M̃ = M− 1

c
∂tX.

would correspond to the same distribution of charges and currents. To eliminate this ambiguity in

the dynamical problem, one could demand (2.6) and then derive M according to (2.8). However, it

turns out that in the presence of spatial dispersion [62, §103] (see also discussion in [64]), it is more

convenient to instead postulate

M = 0.

This convention is going to be used throughout this manuscript, i.e., we would always assume

magnetic permeability to be µ = 1 and B = H.

In other words, polarization vector is by definition

P(t, r) =

ˆ t

−∞
j(t′, r)dt′. (2.9)

We choose it in such form to satisfy j = ∂tP, then from the continuity equation follows ρ = −∇ ·P.

Just like we did in electrostatics, we introduce the electric displacement field vector

D = E + 4πP. (2.10)

This lets us rewrite Maxwell’s equations in a form that contains D but does not have j or ρ.

∇×E = −1

c

∂

∂t
B ∇ ·B = 0

∇×B =
1

c

∂

∂t
D ∇ ·D = 0

The first equation lets us express B through E, and the second — D through B; however, in order

to complete this system of equations, we also need an additional relation between D and E (or

equivalently j and E).

This relation is given by Ohm’s law j = σE, which is always expected to hold for small enough

values of electric field strength, and needs to be obtained from some microscopical model of the

system. We would further always assume that the media is uniform in space and time, hence, in the
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most general form, the relation between the current and the electric field is

j(t, r) =

ˆ
σ(r− r′, t− t′)E(t′, r′) dt′dr′ ⇔ jω,k = σ(ω,k)Eω,k

From Ohm’s law and (2.9), (2.10) we also immediately get an expression for permittivity tensor

Dω,k = ε(ω,k)Eω,k, ε(ω,k) = 1 +
4πi

ω
σ(ω,k) (2.11)

The Drude–Lorentz model is the simplest classical framework that captures the main behavior of

conductivity at optical frequencies; it is derived in Appendix A.

2.1.2 Structure of permittivity tensor for uniform media

Uniaxial crystal What possible form could the permittivity tensor ε have? If the crystal is

isotropic, the only option is for ε to be a scalar εij = ε0δij . The simplest type of birefringent material

is a uniaxial crystal, such as Iceland spar, meaning that there is a single direction a governing the

optical anisotropy [62, §98]. In the basis consisting of a and its orthogonal complements,

ε =

⎛⎜⎜⎝
εx

εy

εy

⎞⎟⎟⎠ (2.12)

In an arbitrary system of coordinates, the same statement could be written as

εij = ε⊥(δij − aiaj) + ε∥aiaj . (2.13)

This expression follows from the fact that the identity matrix δij and vector a are the only invariant

objects present, so ε has to be a linear combination thereof.

Magneto–optical effects For isotropic media in the presence of magnetic field H [62, §101]

εij = ε0δij − igϵijkHk (2.14)

Since the magnetic field is a pseudo-vector, it needs to be multiplied by the Levi-Civita pseudo-

tensor. For example, within the Drude model (A.1) without dissipation τ → ∞ permittivity tensor

looks like

εij =

(︄
1 −

ω2
p

ω2 − Ω2

)︄
δij −

iω2
p

ω(ω2 − Ω2)
ϵijkΩk +

ω2
p

ω2(ω2 − Ω2)
ΩiΩj .

https://en.wikipedia.org/wiki/Iceland_spar
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Here Ω is the cyclotron frequency and ωp is the plasma frequency.

Ω = − |e|
mc

H, ω2
p =

4πne2

m
.

In (2.14), higher order terms H2 were neglected since cyclotron frequency is much smaller than any

characteristic frequency, and also usually E ⊥ H.

For uniaxial material in magnetic field terms (2.13) and (2.14) are combined, and the coefficient

g becomes a matrix.

εij = ε⊥(δij − aiaj) + ε∥aiaj + iϵijkgklHl

Spatial dispersion So far we have assumed that ε0, ε⊥, ε∥, g only depend on frequency. Once

we remember that in general ε = ε(ω,k), we could also use vector k to construct possible tensors.

When crystal is isotropic and has an inversion symmetry [62, §103] most general form is

εij = ε⊥

(︃
δij −

kikj
k2

)︃
+ ε∥

kikj
k2

.

However, there is also a special case of spatial dispersion in materials with broken inversion, which

creates a linear–in–k term similar to the magnetic field called natural optical activity [62, §104]

εij(ω,k) = ε0(ω)δij + igϵijk
kk
k
. (2.15)

Chiral materials are known to be optically active, such as the materials with cholesteric order [65].

Gyrotropy Terms like (2.14) and (2.15) are called gyrotropy, because they rotate polarization of

the light in transmission. It is, however, important to note that when transparent material is passed

twice in the opposite direction, rotation due to natural optical activity cancels out, while rotation

due to the magnetic field is doubled.

Whether rotation in reflection could happen due to natural optical activity and not only due

to magnetic gyrotropy is still an open question (see Ref. [3] for review). It’s tempting to say that

rotation of polarization in reflection is indicative only of time-reversal symmetry breaking effects;

however, a long list of controversial experiments and theories does not let us come to a simple

conclusion. We will discuss this topic in more detail and circle back to the definition of gyrotropy

later in this chapter.

2.1.3 Propagation of plane waves

Next, let us consider the propagation of light in media. Namely, let us assume that electromag-

netic fields have the form of a plane monochromatic wave E ∝ e−iωt+ikr. Maxwell’s equations are
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simplified to the following form.⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∇ ·D = 0

∇ ·B = 0

∇×E = −∂tB

∇×H = ∂tD

→

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

n ·D = 0

n ·B = 0

B = n×E

D = −n×H

with n =
k

ω
. (2.16)

Substituting H = [n × E] into D = εE = −[n × H], we obtain an equation [62, (97.8)] which

resembles an eigenproblem with additional relation between eigenvalues and the matrix itself.

(︁
n2δij − ninj − εij

)︁
Ej = 0, i, j, k = x, y, z. (2.17)

In order for a nontrivial solution to exist, the matrix has to be degenerate, i.e.

det
(︁
ε+ n⊗ n⊺ − n2

)︁
= 0 (2.18)

Equation (2.18) is a dispersion relation2 since it implicitly establishes the relation between the

frequency ω and the wavevector k. To make it more obvious, we can rewrite it as

det

(︃
ω2

c2
ε+ k⊗ k⊺ − k2

)︃
= 0

Solutions of this equation ωi(k) determine allowed values of frequencies and wavevectors, and eigen-

vectors En give corresponding allowed polarization directions.

2.1.4 Effective 2D permittivity tensor

Let us study the structure of equation (2.17) a little more carefully. Let the direction of wavevec-

tor k = −kez be parallel to the z-axis. Then explicitly in coordinates, we have⎛⎜⎜⎝
εxx − n2 εxy εxz

εyx εyy − n2 εyz

εzx εzy εzz

⎞⎟⎟⎠
⎛⎜⎜⎝
Ex

Ey

Ez

⎞⎟⎟⎠ = 0

As long as εzz ̸= 0, we can always express Ez through Ex and Ey

Ez = −εzαEα

εzz
≡ −εzxEx

εzz
− εzyEy

εzz

2Sometimes it’s called Fresnel equation, but we would avoid this name not to confuse it with Fresnel equation for
reflection and transmission amplitudes.
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and obtain

ϵαβEβ = n2Eα, α, β = x, y. (2.19)

with effective 2D permittivity tensor

ϵ =

(︄
εxx εxy

εyx εyy

)︄
− 1

εzz

(︂
εzx εzy

)︂
⊗

(︄
εxz

εyz

)︄
(2.20)

Eigenproblems (2.19) and (2.17) are equivalent as long as εzz ̸= 0. If we solved eigenproblem

(2.19) and obtained an eigenpair n2, E⊥, then we can automatically find solution of eigenproblem

(2.17) with n = (0, 0, n), E = (Ex, Ey, ε
−1
zz εzαEα). We see that the effective eigenproblem is two-

dimensional, so there are only two solutions: ordinary and extraordinary waves.

2.2 Normal propagation

So far, we have only considered uniform media. Now we will show how an electromagnetic

wave is reflected upon normal incidence from the phase boundary between vacuum and media with

permittivity ε. In this section we take the customary approach: we assume that deep in the bulk

and far away from the boundary in the vacuum, previously derived relations for uniform media hold.

At the boundary, two waves are going to be linked to each other by matching values of electric

field and its derivatives. In the next section, we would generalize this method to position-dependent

permittivity tensor.

2.2.1 Boundary conditions

Figure 2.1: Phase
boundary

Let us assume that the incident wave is in vacuum ε0 = 1. Let E, E′, E′′

be the incident, reflected and transmitted waves respectively (see Fig. 2.1).

From Maxwell’s equation ∇ × E = −1
c∂tH we deduce boundary condition

E⊥ + E′⊥ = E′′⊥, which has to be true along the whole z = 0 plane, i.e. for

any position along the boundary rτ = (x, y, 0).

E⊥e
−iωt+ikrτ + E′⊥e

−iω′t+ik′rτ = E′′⊥e
−iω′′t+ik′′rτ .

From this identity follows ω = ω′ = ω′′ and k⊥ = k′⊥ = k′′⊥, where k⊥ =

(kx, ky). Since kz = 0, we deduce that k′ and k′′ are parallel to the z-axis. Furthermore, since

ω = ω′, from dispersion relation n2 = 1 which holds for vacuum, we find |k| = |k′|, hence only

two options are allowed k′z = ±k. We choose signs k′ = (0, 0,−k) and k′′ = (0, 0, k) based on the

physical meaning of reflected and transmitted waves. Generally speaking, a transmitted wave could
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consist of two waves E′′ = E′′(o) + E′′(e); however, for the same reason as above, both transmitted

waves should have the same frequency and wavevectors.

A full set of boundary conditions is⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∇ ·D = 0

∇ ·B = 0

∇×E = −∂tB

∇×H = ∂tD

→

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

D
(1)
ν = D

(2)
ν

B
(1)
ν = B

(2)
ν

E
(1)
τ = E

(2)
τ

H
(1)
τ = H

(2)
τ

Here Eν = (ν ·E) is the component normal to the phase boundary plane, and Eτ = E− νEν is its

orthogonal complement. In the case of normal incidence n = ν, even for the transmitted wave, so

we would not differentiate between the two. We also note that we reserve notation E⊥ = (Ex, Ey)

for 2–dimensional vectors, while Eτ = (Ex, Ey, 0) is 3–dimensional.

As can be seen from (2.16), for any plane wave n ·D = 0, hence boundary condition D
(1)
n = D

(2)
n

is automatically satisfied. Furthermore, since we assume µ = 1 for all media, the magnetic field

is continuous at the phase boundary H(1) = H(2). Overall, for an optical normal plane wave, the

boundary conditions are ⎧⎨⎩E
(1)
τ = E

(2)
τ

H(1) = H(2)
(2.21)

2.2.2 Reflection from phase boundary

Let us define the operator
√
ϵ through its action on eigenvectors of (2.19). When dielectric

permittivity is scalar, it coincides with the refraction index
√
ϵ = n = |n|, but generally it is a

matrix

√
ϵ =

∑︂
λ

√
λEλ ⊗E⊺

λ, (Eλ ·Eλ′) = δλλ′

given by eigenvalues {λ} and normalized eigenvectors {Eλ} of matrix ϵ. Then from (2.16) we can

express magnetic field

H =
∑︂
λ

[nλ ×Eτλ] = sgn (kz)
∑︂
λ

√
λ [ez ×E⊥λ] = sgn (kz)

[︁
ez ×

√
ϵE⊥

]︁
Here we used nλ = sgn (kz)

√
λez, and we implicitly converted 2D vectors E⊥ = (Ex, Ey) into 3D

vectors Eτ = (Ex, Ey, 0) when computing cross product between ez = (0, 0, 1) and 2D vectors
√
ϵE⊥.
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Probably a better way to write this expression would be with the Pauli matrix

H⊥ = sgn (kz)(−iσ2)
√
ϵE⊥λ, Hz = 0.

Finally, boundary conditions for a normal wave incoming from the vacuum are⎧⎨⎩E⊥ + E′⊥ = E′′⊥

E⊥ −E′⊥ =
√
ϵE′′⊥

We can immediately find E′⊥ = 1
2 (1 −

√
ϵ)E′′⊥ and finally reflection and transmission amplitudes

defined as E′⊥ = rE⊥ and E′′⊥ = tE⊥.

r =
1 −

√
ϵ

1 +
√
ϵ
, t =

2

1 +
√
ϵ
. (2.22)

Generally speaking, E′′z is not zero.

2.3 Scattering problem

Let us now consider a non-uniform medium, whose characteristics depend only on one coordinate

z. Let us first rederive some relationships we’ve used before in the case of a uniform space and show

how they are modified in the case of a position-dependent medium.

We are interested in waves propagating along z, so all the fields are assumed to depend only on

z and t, hence ∇ = ez∂z, while time-dependence has a familiar plane-wave form e−iωt. In other

words, we can take the time-Fourier transform of Ampere-Maxwell’s and Faraday’s equations.⎧⎨⎩∂tB = −∇×E

∂tD = ∇×B
→

⎧⎨⎩B = 1
iωez × ∂zEτ

−iωD = ez × ∂zB
(2.23)

Previously, we had plane waves with a fixed wavevector and relations (2.16); now, the derivative

with respect to z is left untouched. Since the electric field enters only in a vector product, its z-

component is irrelevant and can be disregarded E ↦→ Eτ ≡ (Ex, Ey, 0). Combining two equations

(2.23) we obtain one-dimensional wave equation

∂2zEτ + ω2D = 0.

From here, it also follows that Dz = 0; however, in general, Ez ̸= 0 inside the medium.

For an arbitrary non-uniform medium, vectors D and E are connected via a general linear
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response theory relation

D = ε̂E, Di(ω, z) =

ˆ
dz′εij(ω, z, z

′)Ej(z
′) (2.24)

Here, hat-notation is used to distinguish the function operator from regular matrices. Similar to

Eq. (2.20) we can exclude Ez using Dz = 0 condition

0 = ε̂zxEx + ε̂zyEy + ε̂zzEz ⇒ Ez = −ε̂−1zz (ε̂zxEx + ε̂zyEy)

and introduce a modified dielectric tensor

D⊥ = ϵ̂E⊥, where ϵ̂ =

⎛⎜⎜⎝
ε̂xx − ε̂xz ε̂

−1
zz ε̂zx ε̂xy − ε̂xz ε̂

−1
zz ε̂zy

ε̂yx − ε̂yz ε̂
−1
zz ε̂zx ε̂yy − ε̂yz ε̂

−1
zz ε̂zy

⎞⎟⎟⎠
Here E⊥ = (Ex, Ey) and D⊥ = (Dx, Dy) are two-dimensional vectors. So we have the wave equation,

which is reduced to

∂2zE⊥ + ω2ϵ̂E⊥ = 0 (2.25)

For the remainder of this section, we will drop the notation distinguishing three-dimensional vectors

and will only use two-dimensional ones E⊥ ↦→ E, D⊥ ↦→ D.

Of course in practice, instead of (2.24) a concrete microscopic model needs to be found to describe

conductivity and permittivity tensors. It’s reasonable to assume that displacement field depends

only on the electric field at the same point, i.e.

Di(z) = ϵij(ω, z)Ej(z).

Deviations from locality are usually considered as small corrections and we will invoke them when

we’re dealing with natural optical activity.

2.3.1 Quantum mechanical analogy

There exists a beautiful correspondence between scattering problem in electrodynamics and quan-

tum mechanics [66, 67]. Formally, wave equation for time-translation invariant system looks exactly

like stationary Schrödinger equation

−∂2zE− ω2ϵ(ω, z)E = 0 ⇔ −∂2zψ + U(z)ψ = 0
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with potential profile being set by permittivity tensor U(z) = −ω2ϵ(ω, z). If we have a piece-wise

permittivity function, such that inside each region ϵ is a scalar constant, then, similar to the 1D

Schrödinger scattering problem, the solution is given by plane waves with different wavevectors k

inside each medium, and related to each other through boundary conditions (compare to (2.21))

E(z − 0) = E(z + 0) ⇔ ψ(z − 0) = ψ(z + 0),

B(z − 0) = B(z + 0) ⇔ ∂zψ(z − 0) = ∂zψ(z + 0),

Importantly, the wavefunction ψ in this analogy is two-dimensional, i.e., it is a spinor, and

the potential felt by each component is different, while mixing between different spinors is also

possible. Let us decompose the two-dimensional permittivity matrix into the basis of Pauli matrices

ω2ϵij(ω, z) = σij · B(ω, z). Now wave equation (2.25) looks like Pauli equation with fictitious z-

dependent magnetic field B.

−∂2zψ − (σ · B)ψ = 0, ψ =

(︄
ψ↑

ψ↓

)︄

For example, a birefringent material has B along the z-axis, so each spinor obtains a different phase.

One needs to be accurate, not to stretch this analogy too far, namely, the spin matrix σ and

permittivity tensor ϵ behave differently when the coordinate system axes are rotated. Let’s say we

rotated all vectors around z-axis by angle η, electric field transforms as Eη = RηE and permittivity

matrix transforms as ϵη = RηϵR−η, with Rη = exp[−iησy]. Remarkably, this is equivalent to

rotating components (Bx,Bz) by angle −η. However, a true spinor would have rotated according to

exp[− i
2ησz].

Energy flow conservation This analogy is helpful in many ways. For example, we know that

transparent material does not lead to any dissipation; this is equivalent to energy conservation,

which is provided by the hermiticity of the Hamiltonian in quantum mechanics. Similarly, in optics,

when ε† = ε, energy flow is conserved.

Let’s consider a medium with asymptotically constant permittivity

ε(ω, z) =

⎧⎨⎩1, z → −∞

ε∞(ω), z → +∞

Next, we take the wave equation (2.25) and its complex conjugate, multiply the first by E∗ and the

https://en.wikipedia.org/wiki/Pauli_equation
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second by E, and subtract one from the other.⎧⎨⎩∂2zE = −ω2εE

∂2zE
∗ = −ω2ε∗E∗

⇒ E∗ · ∂2zE−E · ∂2zE∗ = −ω2E∗
(︁
ε− ε†

)︁
E

Assuming the transparency (ε† = ε), we find E∗ · ∂zE − E · ∂zE∗ = const. From the asymptotic

behavior of the wave, we get

E =

⎧⎨⎩
(︁
eikz + re−ikz

)︁
E0, z → −∞

ein∞kztE0, z → +∞
⇒ I = r†r + t†n∞t = R+ T

Here, T and R are transmission and reflection coefficients, defined as the ratio of energy density

currents; a quantum mechanical analogy would be a probability density of currents.

2.3.2 Phase boundary with natural optical activity

Let’s consider a case of a single-phase boundary between a vacuum and naturally active me-

dia. We have already calculated the transmission and reflection amplitudes for a single boundary

without natural optical activity earlier, as shown in (2.22). We would consider the simplest case of

isotropic media, in which the permittivity is given by (2.15). However, we must be cautious with

this expression, as it was shown in Ref. [68],

Di = ϵ1Ei + γeij∂zEj +
1

2
∂zγ · eijEj (2.26)

where eij is totally anti-symmetric tensor Levi-Civita. Since γ(z) = γθ(−z), we can further simplify

this to

D = ϵk=0(z)E + γ(z)[ez × ∂zE] − γ

2
δ(z)[ez ×E] ϵk=0(z) =

⎧⎨⎩ϵ0, z > 0

ϵ1, z < 0

and the wave equation becomes

−1

ω2
∂2zE = D = ϵk=0(z)E + γ(z)[ez × ∂zE] − γ

2
δ(z)[ez ×E]

Boundary conditions are modified to

E(z + 0) −E(z − 0) = 0,

∂zE(z + 0) − ∂zE(z − 0) = ω2 γ

2
[ez ×E]
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Wave in zeroth media (air) satisfies (∂2z +ω2ϵ0)E = 0, so it has to be a plane wave with wavevectors

k±0 = ±ω√ϵ0. For the wave inside the media, our intuition from the uniform case tells us that

circularly polarized light diagonalizes the permittivity tensor with a gyrotropic term. Thus, we

propose that the solution has the form.

E(z > 0) = E↘0 e
−ik0z + E↗0 e

ik0z,

E(z < 0) = E+
1 e+e

−ik+
1 z + E−1 e−e

−ik−
1 z

Here e± = 1√
2

(ex ± iey) are unit circularly polarized vectors. Then, inside the media

∂2zE + ω2ϵ1E + ω2γ[ez × ∂zE] = 0

Since [ez × e±] = ∓ie±, we can project this equation to each circular polarization to get

(k±1 )2 ± ω2γk±1 = ω2ϵ

These dispersion relations determine values of k±1 for each of the circularly polarized components.

Each equation has two solutions, but only one with Re[k±1 ] > 0 should be considered, as we’re

interested in forward propagation solutions only.

k±1
ω

=

√︃
ϵ1 +

1

4
ω2γ2 ∓ 1

2
ωγ.

Let us introduce k̃1 according to k±1 = k̃1 ∓ 1
2ω

2γ. Then, due to cancellation of ± terms in the

boundary conditions, we are left with⎧⎨⎩E↘0 + E↗0 = E+
1 e+ + E−1 e−,

k0E
↘
0 − k0E

↗
0 = k̃1

(︁
E+

1 e+ + E−1 e−
)︁

Just as before, reflection and transmission amplitudes are

r =
k̃1 − k0

k̃1 + k0
, t =

2k0

k̃1 + k0
.

Importantly, k̃1 enters the expression instead of k±1 . Due to the last term in Eq. (2.26), the boundary

condition was modified, and as a result, the reflection amplitude matrix r turned out to be a scalar.

Hence, E+
1 = E−1 .

We see that there is no polarization rotation in reflected light when gyrotropy comes from natural

optical activity. This is a significant result since it allows us to distinguish between TRS and TRSB

types of gyrotropy. Of course, magnetically gyrotropic media would have rotated reflected light.
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2.3.3 Transparent slab

Let’s consider a case of propagation through a single layer of z ∈ [0, a] of the material with

permittivity ε(ω) surrounded by vacuum (see Fig. 2.2a).

ϵ(ω, z) = 1 + (ϵ(ω) − 1)θ(z)θ(a− z)

We shall denote as E±0 and E±1 the amplitudes of waves in vacuum (0) and medium (1) on the

boundary z = 0 (± corresponds to forward and backward propagation along the −z axis).

At the second boundary, these fields get a phase shift E±1 → e±iϕE±1 , where ϕ = kan, n =
√
ϵ,

and ϵ is generally speaking a 2 × 2 matrix. After the second boundary, only the transmitted wave

remains E+
2 .

From the boundary conditions

(0 → 1) :

⎧⎨⎩E+
0 + E−0 = E+

1 + E−1

E+
0 −E−0 = n̂

(︁
E+

1 −E−1
)︁ (1 → 2) :

⎧⎨⎩eiφE
+
1 + e−iφE−1 = E+

2

n
(︁
eiφE+

1 − e−iφE−1
)︁

= E+
2

.

we can immediately find scattering amplitudes E+
2 = tE+

0 , E−0 = rE+
0 .

r =
i(n2 − 1) sinφ

2n cosφ− i(n2 + 1) sinφ
, t =

2n

2n cosφ− i(n2 + 1) sinφ

And for the reflection R and transmission coefficients T :

R = r†r =
(n2 − 1)2 sin2 φ

4n2 + (n2 − 1)2 sin2 φ
, T = t†t =

4n2

4n2 + (n2 − 1)2 sin2 φ

where we assumed transparency, i.e., ε is hermitian.

(a) Transparent slab (b) Back-and-forth transmission

Figure 2.2: Scattering problem setups



CHAPTER 2. BASIC NOTIONS FROM THEORY OF GYROTROPY 24

2.3.4 Jones formalism

Let us now consider the following example, important in practice: light travels through trans-

parent media, reflects from a perfect mirror, and travels back. Can we somehow use the result we’ve

obtained above? Maybe it’s legitimate to say that light travelling is multiplied by the transmission

coefficient on the way forward, then multiplied by the reflection amplitude of the mirror, and finally,

once again, by the transmission transfer matrix on the way back?

Such an approach, which deals with multiple consecutive optical elements sequentially, is called

Jones calculus. Let us derive the applicability condition of the Jones approximation.

Consider the setup shown in Fig. 2.2b. When the second boundary is the perfect mirror E+
2 = 0.

We can immediately derive the following expression from the reflection amplitude obtained above.

rM = −n cosφ+ i sinφ

n cosφ− i sinφ
, RM = r†MrM = 1

In the Jones matrix approach, with rm = −1 being the reflection amplitude from a perfect mirror,

we would instead get

rJ = t10e
iφrme

iφt01 = − 4ne2iφ

(1 + n)2
̸= rM , RJ = r†JrJ ̸= 1

How to reconcile the two results? The multi-ray interference approach (like in the Fabry–Pérot

interferometer) extends the Jones formula.

rFP = r01 + rmt10t01e
2iφ

∞∑︂
l=0

(︁
rmr10e

2iφ
)︁l

= r01 +
rmt10t01e

2iφ

1 − rmr10e2iφ
= r01 +

rJ
1 − rmr10e2iφ

t01 =
2

1 + n
, r01 =

1 − n

1 + n
, t10 =

2n

1 + n
, r10 =

n− 1

1 + n
⇒ rFP = rM

We see that if reflection upon exiting the media back into the air, is small |r01|, |r10| ≪ 1, Jones’

formula coincides with the self-consistent approach rM ≈ rJ . This is the applicability condition

of the Jones’ approximation. Alternatively, if we’re dealing with conducting or absorbing material,

such that after each pass through the material light intensity is dramatically reduced, we could also

ignore many Fabry–Pérot reflections.

https://en.wikipedia.org/wiki/Jones_calculus
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2.4 Definition of Magneto–optical Kerr Effect (MOKE)

Figure 2.3: Naive
definition of Kerr effect

Let us start with a remark that John Kerr made many contributions

to the foundations of optics and named a plethora of different phenom-

ena after himself. Here we are only interested in the so-called magneto-

optical Kerr effect (MOKE), a sibling of the magneto-optical Faraday

effect (MOFE). The Kerr effect is loosely defined as a rotation of the

polarization of the light upon reflection from magnetized material (see

Fig. 2.3). This is a very confusing definition for the following reasons:

1. It ignores the fact that the rotation of linear polarization could be

caused by linear birefringence or linear dichroism, which are non-

magnetic in nature.

2. It implicitly assumes the incident light is linearly polarized since it

cannot be generalized to the case when the incident light is nearly

circularly polarized.

A more accurate definition should encompass the microscopic properties of the interaction be-

tween light and electrons. At its core, the Kerr effect is caused by the magnetic orbital motion

of electrons. Hence, we ought to say that material exhibits the Kerr effect when its microscopic

properties lead to a change of polarization of the light in the same manner as a magnetic field

would.

In the classical picture, this means that electrons shaken by an incoming electromagnetic wave

move in a curved trajectory, which causes polarization of the re-emitted light to rotate (see Fig. 2.4).

Figure 2.4: Lorentz force as a source of MOKE

To clarify our point, let us provide an analogy. The transport Hall effect is not defined through

a measurement procedure (e.g., applying a current along the x axis and measuring the voltage along

the y axis). One can choose to measure conductivity instead of resistivity, or Corbino disk geometry

instead of a Hall bar. The definition remains independent of setup, leaving implementation to the
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experimentalist. Likewise, the Kerr effect should not be defined solely by polarization rotation, but

rather through linear response theory, which describes light–matter interactions.

Information about the orbital motion of electrons is encoded in the conductivity tensor. In

sections 2.1 and 2.2, we have demonstrated how to obtain the reflection Jones matrix r, which

relates amplitudes of the normally incident and reflected electric field Eref = rEinc. Starting from

Maxwell’s equation, we have demonstrated that given a conductivity tensor, we can obtain the

reflection amplitude r. Conductivity, in turn, needs to be calculated from some microscopic model,

using something like the Kubo formula or the DFT scheme. This procedure could be pictorially

represented as follows.

Drude-Lorentz

Kubo formula

DFT calculation

. . .

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
−→
(2.11)

ε −→
(2.20)

ϵ −→
(2.22)

⎧⎨⎩ tr
⎫⎬⎭ −→

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Kerr/Faraday effect

Circ. dichroism

Lin. birefringence

. . .

In this section, we will focus on the manifestations of different types of changes in polarization

upon reflection and classify the manifestations of electron-light interaction in polarization-sensitive

measurements.

2.4.1 Basis convention

Figure 2.5: Circular
polarizations

When operating with reflection matrices, it is essential to consider

the chosen basis. In this manuscript, we always use a fixed system of

coordinates, such that the mirror has an identity reflection matrix in

both linear and circular bases.

S =

(︄
1 0

0 1

)︄
Σ =

(︄
1 0

0 1

)︄

Here Σ = O−1SO is matrix in basis of circular polarization

e± =
1√
2

(ex ± iey), (2.27)

which are related to each other with a unitary matrix

O =
1√
2

(︄
1 1

i −i

)︄
O−1 =

1√
2

(︄
1 −i
1 i

)︄

However, the most popular convention used in the literature is different. In Jones calculus, the

system of coordinates is linked to the direction of propagation such that the z–axis is always aligned



CHAPTER 2. BASIC NOTIONS FROM THEORY OF GYROTROPY 27

with the wavevector k. Because of it, upon reflection, some axes are flipped z ↦→ −z and y ↦→ −y ≡ ȳ.

This leads to bizarre results: the mirror’s Jones matrix is the Pauli matrix σ3.

S(xy,xȳ) =

(︄
1 0

0 −1

)︄

Furthermore, when working in a circular basis, instead of using the same vectors before and after

reflection, adepts of Jones calculus also choose to complicate their life and choose right and left–

circularly polarized unit vectors as a basis. Handedness is defined with respect to the direction of

propagation.

Incident light (k ↓↑ ez) : e↙r =
1√
2

(ex − iey) , e↙l =
1√
2

(ex + iey) .

Reflected light (k ↑↑ ez) : e↗r =
1√
2

(ex + iey) , e↗l =
1√
2

(ex − iey) .

Obviously, proper circular basis (2.27) does not change upon reflection. Naturally, there is a one-

to-one relation between matrix elements in these two representations(︄
S++ S+−

S−+ S−−

)︄
=

(︄
Slr Sll

Srr Srl

)︄

We will not use a confusing basis that flips the axis upon reflection and will avoid distinguishing

circular polarization by handedness. We will use ± circular polarizations (2.27) instead.

2.4.2 Structure of reflection matrix

Sample’s reflection matrix S is, generally speaking, an arbitrary 2 × 2 complex-valued matrix,

which does not have any constraints. Such a matrix has eight real parameters. A perfect mirror

does not change polarization, so its reflection matrix is scalar. Without loss of generality, the scalar

part can be chosen to be unity, so the most general matrix has the form

S = 1 + Λσ1 − iΘσ2 + ∆σ3 =

(︄
1 + ∆ Λ − Θ

Λ + Θ 1 − ∆

)︄
Σ =

(︄
1 − iΘ ∆ − iΛ

∆ + iΛ 1 + iΘ

)︄

In fact, since σ1 and σ3 are related by the rotation matrix

Rη = exp [−iησ2] =

(︄
cos η − sin η

sin η cos η

)︄
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the phase of Λ can always be fixed to an arbitrary value, i.e., it can be considered to be purely real

or purely imaginary.

RησxR
−1
η = cos 2ησx − sin 2ησz,

RησzR
−1
η = cos 2ησz + sin 2ησx

[︄
Λ

∆

]︄
↦→
η

[︄
Λη

∆η

]︄
= R−12η

[︄
Λ

∆

]︄
=

[︄
cos 2η sin 2η

− sin 2η cos 2η

]︄[︄
Λ

∆

]︄

This representation makes it obvious that rotations preserve [Re Λ]2 + [Re ∆]2 = const as well as

[Im Λ]2 + [Im ∆]2 = const. Rotations do not affect the Θ term, naturally.

Linear birefringence and dichroism

Looking at the expression for the permittivity tensor of a uniaxial crystal (2.12), we can imme-

diately find the reflection amplitude S using (2.22).

ϵ =

(︄
ϵx 0

0 ϵy

)︄
S =

(︄
rx 0

0 ry

)︄
rx,y =

1 −√
ϵx,y

1 +
√
ϵx,y

As we will show next, when β = 1
2 arg(rx/ry) ̸= 0 such material exhibits linear birefringence and

|rx| ̸= |ry| manifests itself as linear dichroism.

Circular birefringence and dichroism

Next, let us consider the permittivity tensor of materials with magnetic gyrotropy (2.14). Obvi-

ously, circularly polarized plane waves diagonalize such ε, i.e. O−1ϵO = ε0 + gσ3.

ϵ =

(︄
ϵ0 −ig
ig ϵ0

)︄
Σ =

(︄
r+ 0

0 r−

)︄
r± =

1 −√
ϵ±

1 +
√
ϵ±

ϵ± = ε0 ± g

Typically, this matrix is parametrized with two real parameters: θK — Kerr angle (circular bire-

fringence) and εK — circular dichroism (Kerr ellipticity).

r−
r+

=
1 − tan εK
1 + tan εK

e2iθK = tan
[︂π

4
− εK

]︂
e2iθK ≈ 1 + 2i(θK + iεK) εK , θK ∈ R. (2.28)

Meaning of matrix elements

To sum up, the reflection matrix generally looks like

S =

(︄
1 + ∆ −Θ

Θ 1 − ∆

)︄
Sη = RηSR−η =

(︄
1 + ∆ cos 2η −Θ + ∆ sin 2η

Θ + ∆ sin 2η 1 − ∆ cos 2η

)︄

with Θ = θ + iε describing circular birefringence (MOKE θ) and dichroism (RMCD ε), and with

∆ = δ+iβ describing linear birefringence (β) and dichroism (δ). Notably, the Θ–term is proportional
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to σy, and the rotation matrix Rη = exp[−iησy] commutes with it. In circular basis

Σ = O−1SO =

(︄
1 − iΘ ∆

∆ 1 + iΘ

)︄
Ση = exp[iησz]Σ exp[−iησz] =

(︄
1 − iΘ ∆e2iη

∆e−2iη 1 + iΘ

)︄

From here σ−−/σ++ ≈ 1 + 2iΘ, which agrees with more general parametrization (2.28).

2.4.3 Optical rotation of linearly polarized light

Let’s see how the rotation of linear polarization induced by different types of optical activity

depends on the incident polarization angle.

Figure 2.6: Reflection of linearly polarized light

Optical rotation due to linear dichroism

Assume linearly polarized light coming at angle nα, after reflection it is going to have amplitude

E′ = [1 + σzδ]nα =

(︄
(1 + δ) cosα

(1 − δ) sinα

)︄
nα =

(︄
cosα

sinα

)︄

Such a resulting vector is oriented at an angle

θR = arctan

[︃
1 − δ

1 + δ
tanα

]︃
= α− δ sin 2α.

Importantly, rotation caused by linear birefringence only is π
2 –periodic, while the presence of linear

dichroism makes the rotation angle π–periodic function of incident polarization angle.

Optical rotation due to linear birefringence

Jones matrix of a linearly birefringent sample in the main optical axis basis is J = exp iβσz.

Upon reflection, light is elliptically polarized E′ and we are mostly interested in the orientation of
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its major axis.

E′ =

(︄
eiβ

e−iβ

)︄(︄
cosα

sinα

)︄
=

(︄
eiβ cosα

e−iβ sinα

)︄
= cosβ

(︄
cosα

sinα

)︄
+ i sinβ

(︄
cosα

− sinα

)︄

In order to find the major axis orientation and the ellipticity of elliptically polarized light, it’s useful

to transition into a circular basis.

E ′ = O−1E′ =
1√
2

(︄
1 −i
1 i

)︄(︄
eiβ cosα

e−iβ sinα

)︄
=

1√
2

(︄
cos(α+ β) − i sin(α− β)

cos(α− β) + i sin(α+ β)

)︄

Ellipticity εR and major axis orientation θR of polarization of reflected light are given by

cos(α+ β) − i sin(α− β)

cos(α− β) + i sin(α+ β)
=

1 + tan εR
1 − tan εR

e−2iθR

Finally, the major axis orientation is

θR =
1

2
arctan

sin(α+ β)

cos(α− β)
+

1

2
arctan

sin(α− β)

cos(α+ β)
≈ α− β2

2
sin 4α, β ≪ 1.

Optical rotation due to circular dichroism

Now, let’s assume that the sample only has circular dichroism.

E′ = (1 + tan εσy)nα =

(︄
cosα− i tan ε sinα

sinα+ i tan ε cosα

)︄

We obtained the amplitude of elliptically polarized light with the major axis at an angle θR = α.

Thus, we’ve shown that Kerr ellipticity does not rotate linearly polarized light, but rather only

makes it elliptical.

Optical rotation due to circular birefringence

Finally, the most interesting case of Kerr rotation.

E′ = exp[−iθσy]nα =

(︄
cos(α+ θ)

sin(α+ θ)

)︄

We see that reflected light has polarization, which is rotated by a fixed amount independently of the

initial polarization θR = α+ θ. Once again, we see that Kerr rotation is unique in its manifestation.
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2.4.4 Classification of optical effects

We have classified every matrix element by the physical effect they have on linear polarization.

They can be characterized by their action on linear polarization, which is summarized in Tab. 2.1,

where θT = θR − α is the total rotation.

Name Element Rotation angle
Linear dichroism δ θT = −δ sin 2α

Linear birefringence β θT = −(β2/2) sin 4α
Circular dichroism ε θT = 0

Circular birefringence θ θT = θ

Table 2.1: Classification of optical effects

What if we have several effects combined? We should expect to get a combination of the effects,

for example, if both linear and circular dichroism are present, then we would expect total rotation

to have the same sin 2α harmonic; however, ellipticity would be modified. Indeed

E′ =

(︄
1 + δ −iε
iε 1 − δ

)︄(︄
cosα

sinα

)︄
=

(︄
(1 + δ) cosα− iε sinα

(1 − δ) sinα+ iε cosα

)︄

which, in a circular basis, reads

E ′ = O−1E′ =
1√
2

(︄
1 −i
1 i

)︄(︄
(1 + δ) cosα− iε sinα

(1 − δ) sinα+ iε cosα

)︄

Major axis orientation

θ =
1

2
arctan

(1 − δ − ε) sinα

(1 + δ − ε) cosα
+

1

2
arctan

(1 − δ + ε) sinα

(1 + δ + ε) cosα
≈ α− δ

1 − ε2
sin 2α.

Combining circular dichroism with linear optical activity does not lead to unexpected results.

2.4.5 Isotropic rotation as evidence for TRSB

Most importantly, the isotropic (i.e., α–independent) component of total rotation is only present

when the θ matrix component is not zero. Let us demonstrate it. The most general form of reflection

matrix without circular birefringence is S = r0 + r′′σx + r′σz, i.e., there is no term proportional to

σy in the linear basis. Which is equivalent to Σ = r0 + r′σx + r′′σy.

S =

(︄
r0 + r′ r′′

r′′ r0 − r′

)︄
Σ =

(︄
r0 r′ + ir′′

r′ − ir′′ r0

)︄
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Here 2r0 ≡ r+ + r− = rxx + ryy, 2r′ ≡ r±+ r∓ = rxx− ryy, and r′′ ≡ 1
2i (r+−− r−+) = 1

2 (rxy + ryx).

The reflected polarization vector in the linear polarization basis is

(︂
cosα sinα

)︂
S =

(︄
(r0 + r′) cosα+ r′′ sinα

r′′ cosα+ (r0 − r′) sinα

)︄T

The same equation in circular polarization basis reads

1√
2

(︂
e−iα eiα

)︂
Σ =

(︄
r0e
−iα + r∓e

iα

r0e
iα + r±e

−iα

)︄T

≡

(︄
α+

α−

)︄T

In order to find the orientation of the major axis, we need to compute

1

2
arg

[︃
α−
α+

]︃
=

1

2
arg

[︃
r0e

iα + r±e
−iα

r0e−iα + r∓eiα

]︃
= α+ θT

Since it’s a generic matrix and r0 ̸= 0, we can redefine r1 = r±/r0 and r2 = r∓/r0; obviously, r0

does not change optical activity since it’s an overall factor that affects both polarizations equally.

θT (α) =
1

2
arg

[︃
1 + r1e

−2iα

1 + r2e2iα

]︃
=

1

2
arg
[︁
1 + r1e

−2iα]︁− 1

2
arg
[︁
1 + r2e

2iα
]︁

= −1

2
arctan

[︃
|r1| sin(2α− ϕ1)

1 + |r1| cos(2α− ϕ1)

]︃
− 1

2
arctan

[︃
|r2| sin(2α+ ϕ2)

1 + |r2| cos(2α+ ϕ2)

]︃
Here r1,2 = |r1,2|eiϕ1,2 are arbitrary complex numbers for which it is reasonable to assume |r1,2| < 1.

Now we want to show that θT derived above has no isotropic component θC , in other words, we

need to show that

ˆ 2π

0

θT (α)dα = 0

Indeed, we can expand the integrand in a Taylor series valid for |r| < 1, exchange the order of

summation, and obtain an asymptotic series

ˆ 2π

0

arctan

[︃
|r| sinα

1 + |r| cosα

]︃
dα =

∞∑︂
m=1

(−1)m+1 |r|m

m

ˆ 2π

0

sin(mα)dα = 0.

This conclusion lets us use the isotropic component of polarization rotation as a test for magnetism

in a crystal.

Next, we provide an alternative method for experimentally probing the same matrix element θ,

responsible for the magneto-optical Kerr effect, also known as circular birefringence, by utilizing

circular polarization instead of linear polarization.



Chapter 3

Sagnac interferometer

3.1 Design of Sagnac interferometer

Figure 3.1: Circular
birefringence

The all-fiber design of zero-area loop Sagnac interferometer

(ZALSI) used in the present thesis was invented by Xia et al [69, 1],

who modified the previous design of Sagnac interferometer invented

by Kapitulnik et al [70, 71, 72].

Over the last two decades, the ZALSI apparatus has proven it-

self to be an extremely sensitive magneto-optical measurement tech-

nique. It was used to detect ferromagnetism in ultra–thin films

of SrRuO3 [73], and inverse proximity effect in superconductor-

ferromagnet structures [74]. Due to remarkably high shot–noise–

limited sensitivity of 100 nrad/
√

Hz ZALSI is even able to observe a time-reversal breaking super-

conducting order parameter in heavy–fermion materials Sr2RuO4 [75], PrOs4Sb12 [76], UPt3 [77]

and UTe2 [78, 79].

Figure 3.2: MOKE in SrRuO3

[Xia et al, 2006]

At its core, the Sagnac interferometer measures the differ-

ence between the phases acquired by right and left circularly

polarized light waves reflected from the sample (see Fig. 3.1).

To create an interference pattern between the two waves, a

non-monochromatic light source (superluminescent emitting

diode) is used, which guarantees that only wave packets that

traverse the same optical paths would interfere. The light is

sent down a polarization-maintaining (PM) fiber with bire-

fringence through a polarizer, which splits the light equally

between the slow and fast axes of the fiber. Upon exiting the

33
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Figure 3.3: Core elements of Sagnac interferometer design.

fiber, light goes through a quarter-wave plate (QWP), ori-

ented at 45◦ with respect to the axis of the fiber, which turns linearly polarized light into circularly

polarized, and after reflection from the sample QWP converts circular polarization back into linear.

The light traveling along the slow axis of the PM fiber on its way to the sample travels in the

fast axis on its way back, and vice versa, because passing twice through the QWP is equivalent to

passing through a half-wave plate (HWP). On the way back, light is projected on the single axis

and sent into the photodetector, where two beams interfere. A simplified version of ZALSI is shown

in Fig. 3.3 .

Significantly, because a broadband light source is used, a portion of light, which, after reflection,

does not change its helicity (handedness), would not contribute to the interference pattern. Hence,

optical rotations due to linear birefringence/dichroism are excluded by design.

Indeed, if, say, some part of the light beam traveling along the slow axis of the fiber gets reflected

into the slow axis, then by the time it reaches the detector it would have acquired the phase φxx =

2nslowL, where L ≃ 5 m is the distance between the 45◦ polarizer and the sample. Only the

beams traveling along the time-reversal symmetric copies of each other’s path and acquiring phase

φxy = nslowL+ nfastL will interfere as guaranteed by the finite bandwidth of the source.

This incredible property could also be viewed as a consequence of the reciprocity of the apparatus:

two light waves interfering at the detector can be considered time-reversal symmetric copies of each

other as long as they interact with the sample in the same manner. In other words, to have a

non-trivial interference term in the intensity at the detector, the sample must break time-reversal

symmetry (TRS).

3.1.1 Extracting Kerr angle

To measure phase shift 2θK induced by magneto-optical Kerr effect, we use an electro-optical

modulator (EOM) to modulate the phase of the light passing through the slow axis of the fiber (see

Fig. 3.4). Let the sample be described by some arbitrary reflection matrix S, which in the basis of
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Figure 3.4: Schematics of the zero-area-loop fiber-optic Sagnac interferometer

circular polarizations has elements

Σ =

(︄
r+ r∓

r± r−

)︄
θK =

1

2
arg

[︃
r−
r+

]︃
.

Then, the power at the detector (up to an overall factor) is given by

P = |r|2 + 2|r+r−| cos 2 [θK − ϕm sin(ωt+ δ)] , (3.1)

where the first term |r|2 ≡ |r+|2 + |r±|2 + |r∓|2 + |r−|2 is the total power without modulation and

interference, while the second term comes from interfering two counter–propagating beams. Phase

shift δ = (ω − ωp) τ
2 is the phase acquired from traveling from EOM to the sample and back.

Modulation frequency ω and modulation amplitude ϕm in equation (3.1) are parameters of the

waveform generator, which we are free to play with. We fix the modulation frequency to a proper

value ωp = π
τ ≃ 10 MHz determined by the time τ it takes the light to make the round trip (see

the later section for details). In doing so, we minimize the contribution from the residual–amplitude

modulation, which is ignored in the formulas above and below. Phase modulation amplitude ϕm is

chosen to maximize J1(2ϕm), which in turn maximizes signal-to-noise ratio.

Producing the Fourier decomposition of the signal (3.1), we split the signal into three main

components:

P0 = |r|2 + 2|r+r−|J0(2ϕm),

Pω = 4|r+r−| sin(2θK)J1(2ϕm) sin(ωt+ δ),

P2ω = 4|r+r−| cos(2θK)J2(2ϕm) cos(2ωt+ 2δ).

(3.2)

where J1 and J2 are Bessel functions. From here we see that the first harmonic Pω is only present

when θK ̸= 0, and the Kerr angle can be calculated as

θK =
1

2
tan−1

[︃
J2(2ϕm)V RMS

ω

J1(2ϕm)V RMS
2ω

]︃
, (3.3)
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which is independent of optical power or sample reflectivity. Here, V RMS
ω ∝ Pω is the voltage reading

on the lock-in amplifier. Finally, to maximize the signal-to-noise ratio, we set the modulation am-

plitude value ϕm and first lock-in phase δ such that the first harmonic is maximized when measured

from a magnetic material.

3.2 Reciprocity

Reciprocity is the most essential property of the zero-area loop Sagnac interferometer. It follows

from the finite bandwidth of the light source. We are using Thorlabs SLD1005S and SLD830S-A20

superluminescent diodes with finite bandwidth (see Fig. 3.5). As a result, when two wave packets

(a) SLD1005S (λ = 1550 nm) (b) SLD830S-A20 (λ = 830 nm)

Figure 3.5: SLED optical spectrum (from thorlabs.com)

with different optical frequencies are added together, the total intensity is given by the sum of

individual intensities without the interference term. To illustrate this, we can consider the light

as the sum of monochromatic components, where each component interferes with the element from

the second source that has the same wavelength. Total intensity is given by the sum of individual

intensities Iλ weighted with the correct distribution function, which could be, for simplicity, assumed

to be Gaussian.

I =

ˆ
(dk) exp

[︃
− (k − k0)2

2(∆k)2

]︃ ⃓⃓
eikzEx1 + eikzEx2e

ik∆z
⃓⃓2

(3.4)

= |Ex1|2 + |Ex2|2 + 2 Re [Ex1E
∗
x2]

ˆ
(dk) exp

[︃
− (k − k0)2

2(∆k)2

]︃
cos k∆z

= |Ex1|2 + |Ex2|2 + 2 Re [Ex1E
∗
x2] exp

[︃
− (∆z)2(∆k)2

2

]︃
cos k0∆z

We see that for a significant enough difference in optical paths ∆z, the interference term between

two non-monochromatic waves dies out (this argument was copied from [3]).

Probably, a better way to model the same phenomenon is to consider a source which emits light

https://www.thorlabs.com
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with a random phase ϕ(t) with zero average ⟨φ⟩ = 0 and two-point correlator

⟨φ(t)φ(t+ τ)⟩ = e−τ/τφ .

This means that the light emitted by such a source has roughly the same phase as long as the time

passed between emission events is smaller than coherence time τ . When the intensity of the light

is measured at the detector, it is averaged over a period much larger than τ , and as a result, the

interference pattern is smoothed out.⟨︃⃓⃓⃓
eiφ(t1)Ex1 + eiφ(t2)Ex2

⃓⃓⃓2⟩︃
= |Ex1|2 + |Ex2|2 + 2 Re [Ex1E

∗
x2] ⟨cos ∆φ⟩

= |Ex1|2 + |Ex2|2

+ 2 Re [Ex1E
∗
x2]e

−∆φ
ϕφ cos ∆φ

≈ |Ex1|2 + |Ex2|2 , ∆φ≫ ϕφ

This model shows the same result as above in (3.4), however, it directly indicates the temporal nature

of decoherence (as opposed to spatial decoherence).

3.2.1 Coherence time

The polarization-maintaining fiber used in the ZALSI, which works due to a birefringent core,

namely Thorlabs PM1550-XP, has refractive indices of ny = 1.4492 and nx = 1.4496 along the fast

and slow axes, respectively. Light traveling inside the core has a wavelength which is effectively

shorter λn = λ/n, while frequency is the same as in vacuum. In our case, λ = 1550 nm and FWHM

spectral width ∆λ = 50 nm, the frequency of the light is about f = ω/2π = c/λ ≃ 200 THz.

Since such a light wave packet consists of waves with different frequencies, which do not interfere

with each other, such a wave packet has a finite coherence time τφ calculated as ∆ωτφ ∼ 2π

or ∆fτφ ∼ 1. This time can be estimated from the following argument: if after time τφ wave

components from the edge of the spectrum ω ± ∆ω
2 are single period apart, then the sum over all

frequencies in between will average out to zero.

Similarly, one can define the coherence length lφ = vτφ. Since ∆f/f ≈ ∆λ/λ = ∆λn/λn we can

express coherence length and coherence time as

lφ =
λ2

n∆λ
= 33 µm, τφ =

λ2

c∆λ
= 160 fs.

Alternatively, we could also define phase difference, which leads to decoherence

ϕφ = 2π · f

∆f
= 2π · λ

∆λ
≃ 31 · 2π.
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In our case, birefringence is δn = 4.2 · 10−4, so the two waves inside the core of the PM fiber will

acquire a phase difference δϕ = ϕx − ϕy ∼ ϕφ after traveling for

L =
k

δk
lφ =

n

δn
lφ = 3451 · lφ =

λ2

δn · ∆λ
= 114 mm.

This means we should always think about two perpendicular components traveling inside the fiber

as decoherent wave packets. Let us now demonstrate it with a simple test.

3.2.2 Demonstration of decoherence

We perform a simple test by comparing two setups that would have resulted in the same outcome,

assuming we had a monochromatic source. In scenario (a), we use a free-space 45◦ polarizer. In

scenario (b), we use an input port EOM as an in-line polarizer, since the input and output ports

have orientations of the PM fiber axis rotated by 45◦.

(a) Free-space polarizer. (b) In-line polarizer.

Figure 3.6: Decoherence demonstration setups

In scenario (a), after incoming light is equally split between the x and y axes, it travels through

the air and then through a rotating half-wave plate. Orientation of HWP β = 0 corresponds to

22.5◦ between HWP major axis and polarizer orientation, hence intensities of x and y components

follow

Px =
1

2
(sin 2β)

2
, Py =

1

2
(cos 2β)

2

In scenario (b), the result should be the same for monochromatic light. However, in our setup, the

coherence length is short. Consequently, light passing through the HWP consists of two decoherent,

linearly polarized components that are perpendicular to each other and rotate together, resulting in

no change in the intensity distribution, as seen in Fig. 3.7b.

This observation has an essential consequence: right and left circularly polarized light waves that

hit the sample are decoherent; they do not add up to a single linearly polarized wave.
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(a) Free-space polarizer (see Fig. 3.6a) (b) In-line polarizer (see Fig. 3.6b)

Figure 3.7: Intensities of x and y components of the light

3.3 Proper modulation settings

In this section, we explain the rationale behind using a specialized set of modulation parameters

and provide guidance on how to configure them in practice.

3.3.1 Residual amplitude modulation

A real-life electro-optical modulator not only modulates the phase, but also affects the amplitude,

so that the change in polarization when light passes through the EOM is described by the Jones

matrix (in linear polarization basis)

Mϕ,α =

(︄
(1 + α(t)) · eiϕ(t) 0

0 1

)︄
ϕ(t) = ϕm sinωt,

α(t) = am sinωt.

On the way from the circulator to the sample and back (see Fig. 3.4) light passes through EOM,

QWP, reflects from the sample and then goes through QWP and EOM again, hence initial and

final polarizations are related by Jones matrix J = Mϕ2,α2QOΣO−1QMϕ1,α1 , where Σ = O−1SO is

sample’s reflection matrix in circular basis, and Q is the Jones matrix for the quarter-wave plate.

Since

QO =

(︄
0 1

i 0

)︄
O−1Q =

(︄
1 0

0 i

)︄
⇒ QOΣO−1Q =

(︄
r± ir−

ir+ −r∓

)︄

and for the total Jones matrix

J =

(︄
(1 + α1)(1 + α2)eiϕ1eiϕ2r± i(1 + α2)eiϕ2r−

i(1 + α1)eiϕ1r+ −r∓

)︄
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Here ϕ1 = ϕ(t) and ϕ2 = ϕ(t + τ) correspond to two passes through the EOM. Since we use a

broadband light source, only light waves with the same optical path will interfere; hence, the power

at the detector is P = |J11|2 + |J22|2 + |J12 + J21|2.

Next, let us assume for simplicity that we’re measuring reflection from a perfect mirror r± =

r∓ = 0, r+ = r− = −1, then

P = 2 + 2αΣ + 2(1 + αΣ) cos(ϕ1 − ϕ2),

cos(ϕ1 − ϕ2) = J0(2φm) + 2J2(2φm) cos (2ωmt+ (ωm − ωp)τ) + . . .

Here we have ignored O(α2) compared to O(α) and used notation αΣ ≡ α1 + α2 since RAM enters

the expression only as the sum

αΣ = am sinωmt+ am sin(ωmt+ ωmτ) = 2am sin
(︂
ωmt+

ωmτ

2

)︂
cos

ωmτ

2
.

Decomposition into Fourier components gives us a modified version of Eq. (3.2)

P0 = 2 + 2J0(2φm)

P1 = [1 + 2J2(2φm) + [1 + 2J0(2φm)]]αΣ

P2 = 4J2(2φm) cos (2ωmt+ (ωm − ωp)τ)

Note that product cos(ϕ1 − ϕ2)αΣ = J0(2φm)αΣ + J2(2φm)αΣ + . . . also contains a contribution to

the first harmonic due to the product of the first and second harmonics.

We observe that residual amplitude modulation introduces a parasitic contribution to the first-

harmonic signal, which contains the most significant information about Kerr rotation. Luckily,

αΣ ∝ cos ωmτ
2 , so it can be minimized by selecting the right frequency ωp = π/τ , called proper

frequency.

3.3.2 Proper modulation frequency and amplitude

We have the freedom to choose the modulation frequency and amplitude. Reading at the detector

with arbitrary modulation settings, for a material with a Kerr angle, ignoring RAM, looks like

P0 = |r|2 + 2|r+r−|J0(2φm),

Pω = 4|r+r−| sin(2θK)J1(2φm) sin(ωt+ δ),

P2ω = 4|r+r−| cos(2θK)J2(2φm) cos(2ωt+ 2δ).

(3.5)

with φm = ϕm sin ωmτ
2 . At the proper frequency φm = ϕm, but in general this is not the case.

We have demonstrated that the exceptional value of modulation frequency ωp = π/τ minimizes

RAM. It turns out that the same value also maximizes the second harmonic, since it maximizes
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φm over ωm. As can be seen from (3.3), maximizing second harmonic amplitude V2ω maximizes

sensitivity when converting ratio voltage to Kerr angle.

Figure 3.8: DC and 2nd harmonic signal as a function of modulation parameters

Similarly, choosing modulation amplitude ϕm such that J1(2ϕm) is maximized leads to increased

sensitivity of V1ω to Kerr angle θK , which means that proper modulation amplitude should be defined

as ϕp = argmaxJ1(2ϕm). In practice, we would measure the first harmonic from the magnetic signal

with a large θK and sweep the modulation amplitude until V1ω is maximized.

As usually happens, in practice, measured data deviates from ideal formulas (3.5). Figure 3.8

is a false-color plot that shows how measured voltage is changing when modulation amplitude and

frequency are varied. The yellow color corresponds to high values and the blue to smaller values;

exact values are not shown, because they are only determined up to an oversampling factor. The

Newport 1811 photodetector exhibits different sensitivities in the DC and AC channels, which are

not accurately listed in the manual, as shown below. This means that the conversion coefficient

from voltage to optical power is different for DC and AC signals. However, even if we can determine

these coefficients, the overall optical power remains dependent on the input power and the insertion

losses of many optical components. Therefore, for now, we will ignore this dependency and focus on

the function’s dependence on modulation parameters ωm and ϕm.

Figure 3.9: RAM (1st harmonic) as a
function of modulation parameters

One can see from Figure 3.8 that the DC signal V0

(corresponding to f ≲ 100 kHz) depends smoothly on

modulation parameters and follows the predicted behavior

quite nicely. The same cannot be said about the second

harmonic magnitude V2ω. At high amplitude modulation,

we clearly see that instead of a single maximum at ωm ∼
ωp ≃ 2π · 5 MHz, we get two maxima at fm ≃ 5± 1 MHz.

The same effect is present at modulation amplitudes closer

to the optimal value ϕp ≃ 1 Vpp, yet it is not visible on

this scale.

Most interesting is the behavior of the first harmonic.
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Figure 3.9 shows the value of V1ω measured from a non-magnetic aluminum sample, i.e., a perfect

mirror without the Kerr effect. While there is a clear minimum at ω = ωp, there is no apparent

symmetry in frequency around ωp.

In practice, to find the proper frequency and modulation, it’s more practical to iteratively produce

one-dimensional sweeps with all but one modulation parameter fixed. We typically start by choosing

a modulation amplitude close to 1
3Vπ, as specified in the EOM manual. Then, we sweep the frequency

ωm and record the DC signal using the corresponding output of the photoreceiver, and demodulate

the 1ω and 2ω harmonics. The obtained data should be fitted to

P0(ϕm, ωm) − P0(0, 0) = A0

[︃
J0

(︃
2ϕm sin

ωm

ωp

)︃
− 1

]︃
, (3.6)

P2(ϕm, ωm) = A2J2

(︃
2ϕm sin

ωm

ωp

)︃

Figure 3.10: Modulation frequency sweep

Here, P0(0, 0) is DC power/voltage in the absence

of modulation. In principle, responsivities A0 and

A2 are specified in the photodetector’s manual;

however, in practice, their ratio never matches

the official value. Hence, they should be fitted as

two independent parameters. Modulation ampli-

tude ϕm should also be used as a fitting parameter

shared between DC and 2f signals. As a result,

the proper frequency can be determined, which

is roughly equal to 5 MHz for a 10 m fiber and

10 MHz for a 5 m fiber connecting the EOM and

free-space collimator.

The first harmonic, as measured from non-

magnetic material, contains information mostly

about RAM, which is minimized at the proper

frequency. As seen from Fig. 3.10, there is a spe-

cial frequency at which the first harmonic is min-

imized and the second harmonic is maximized at

the same time. Raw data is shown in black; the

blue dashed line represents the fit, and the red

dashed line indicates the proper frequency. Furthermore, the maximum of the second harmonic

corresponds to the minimum of the DC component magnitude R0. This illustrates conservation of

energy: as frequency is swept, energy is converted from DC to AC. Fig. 3.10 can be viewed as a

one-dimensional slice of Fig. 3.8 along the line of fixed modulation amplitude.

Once the proper frequency is found, the next step is to sweep the amplitude while holding ϕm
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fixed. Once again, the Fourier components of intensities are given by (3.6), while the first harmonic

contains garbage when measured from the mirror. The data shown in Fig. 3.11 was recorded from

magnetized materials: Co-based and Fe-based heterostructures. As a result, the first harmonic

follows

P1 = A1J2

(︃
2ϕm sin

ωm

ωp

)︃
.

Similarly to the plot above, raw data in Fig. 3.11 is shown in black; the blue dashed line represents

the fit.

Coefficient A1 contains information about the Kerr signal. However, it is also proportional

to the overall intensity; therefore, it’s more practical to look at the ratio A1/A2, which does not

depend on sample reflectivity or input laser power. In practice, it is sufficient to select a single value

of modulation amplitude and measure the power at the detector as a function of other external

parameters (e.g., magnetic field). Proper modulation amplitude is picked to correspond to the

maximum of the first harmonic (red dashed line).

(a) Proper amplitude is reached at Vpk = 1.14 V.
λ = 1550 nm.

(b) Proper amplitude is reached at Vpk = 0.54 V.
λ = 830 nm.

Figure 3.11: Modulation amplitude sweeps.
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3.3.3 Proper phase

Finally, the signal-to-noise ratio could be improved if the proper phase of the lock-in amplifier is

set. As seen from Eq. 3.3.1, the parasitic RAM signal is out of phase with the true magnetic Kerr

signal. If we choose the phase of the lock-in such that the Kerr signal is in-phase, then RAM will

be in quadrature. This way, we minimize sensitivity to RAM when we use the in-phase component

to calculate the Kerr angle.

To set the proper phase, one can find a paramagnetic or diamagnetic material, such as glass, and

measure X1ω and Y1ω as a function of the external magnetic field. When the lock-in phase is set

correctly, only X1ω would change with the field, while Y1ω doesn’t respond to it.

Note that several factors can reverse the sign of the Kerr angle: rotating the QWP by 90 degrees,

changing the phase of the lock-in by 180 degrees, or modulating the fast axis instead of the slow axis.

Therefore, the sign should be determined experimentally. The easiest test is to measure the Kerr

(Faraday) effect from the glass (e.g., fused silica or N-BK7). It is known that glass has a negative

Verdet constant over a wide range of wavelengths, with a larger magnitude for shorter wavelengths

(V ∼ λ−1). Of course, the sign of the magnetic field needs to be determined first.

Alternatively, one could use a known ferromagnet. However, this is not the best option. Even

though remanent magnetization is always aligned in the direction of the training field, Kerr rotation

could be both parallel and anti-parallel to magnetization θK ∼ Imσxy ∼ ±Mz.

3.4 RMCD-ZALSI

Is it possible to use a zero area loop Sagnac interferometer to measure circular dichroism instead

of circular birefringence? Is it possible to build an apparatus that would be as good for the detection

of TRSB as Sagnac is? Such a machine could be used for detecting TRSB, as circular dichroism

in reflection can only appear due to magnetism. In transmission, naturally active optical media

demonstrate circular dichroism without the need for magnetism.

Since the only difference between Kerr angle and Kerr ellipticity is that the former affects phase

and the latter affects amplitude, it would be natural to assume that using an amplitude modulator

instead of a phase modulator would bring the desired outcome. Indeed, since the rest of the ZALSI

design is left untouched, such an apparatus would possess the same reciprocity property and would

neglect all non-magnetic signals. Thus, such a modification of ZALSI would only be sensitive to

reflecto-magnetic circular dichroism (RMCD). Let us analyze such a system from the point of Jones’

calculus.
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3.4.1 Jones analysis

The Jones matrix is J = M2QSQM1 with the modulation matrix being determined by two

parameters: insertion loss α0 and modulation amplitude αm.

Mi =

(︄
1 0

0 α0 + ai(t)

)︄
a1(t) = αm sinωmt,

a2(t) = αm sinωm(t+ τ).

Here, α0 is at most 1/2 when the modulator is biased at the Q point and has no insertion loss. In

practice, α0 ≈ 1/4 due to high insertion loss. We could also make it very small α0 ≈ αm if we

bias the intensity modulator at the minimum of the transfer function. Of course, the modulation

amplitude and frequency output of the waveform generator should be redefined to account for

frequency doubling. For now, we will keep α0 as a parameter.

Following a procedure similar to conventional ZALSI, we can simplify the resulting Jones matrix

to

J =

(︄
σ21 i(α0 + a1)σ22

i(α0 + a2)σ11 −(α0 + a1)(α0 + a2)σ12

)︄

where σij are the elements of the Sample Jones matrix in circular basis.

Finally, in order to get the resulting amplitude, we should multiply matrix J by nπ
4

= 1√
2
(1, 1)

to account for the polarizers, which is equivalent to summing all the elements in the matrix J .

However, not every wave will interfere with every other one. Since phase difference that J11 and J22

acquired is larger than decoherence phase, only J12 and J21 will interfere.

The intensity detected at the photo diode is

I = |J11|2 + |J22|2 + |J12 + J21|2

= |σ21|2 + (α0 + a1)2(α0 + a2)2|σ12|2 + |(α0 + a2)σ11 + (α0 + a1)σ22|2

= |σ21|2 + (α2
0 + α0a+ + a1a2)2|σ12|2 + |(α0 + 1

2a+)(σ11 + σ22) − 1
2a−(σ11 − σ22)|2

Here, we used a simple identity

a2σ11 + a1σ22 = 1
2 (a1 + a2)(σ11 + σ22) + 1

2 (a1 − a2)(σ22 − σ11)

≡ 1
2a+(σ11 + σ22) − 1

2a−(σ11 − σ22)

≡ 1
2a+σΣ − 1

2a−σ∆

Expanding the brackets and ignoring higher-order contributions, we can rearrange the resulting
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power by combining the same harmonics.

I = |σ21|2 + α2
0|σ+|2 + α4

0|σ12|2+

+ 2α3
0a+|σ12|2 + α0a+|σ+|2 − α0a−Re

[︁
σ+σ

∗
−
]︁

+ α2
0(a2+ + 2a1a2)|σ12|2 + 1

4a
2
+|σ+|2 + 1

4a
2
−|σ−|2 − 1

2a+a−Re
[︁
σ+σ

∗
−
]︁

+ O
(︁
α3
m

)︁
+ O

(︁
α4
m

)︁
Furthermore, we introduce some shorthand notation for brevity

a+ ≡ a1 + a2 = 2αm cos
ωmτ

2
sin
(︂
ωmt+

ωmτ

2

)︂
,

a− ≡ a1 − a2 = 2αm sin
ωmτ

2
cos
(︂
ωmt+

ωmτ

2

)︂
,

a21 + a22 = α2
m − α2

m cosωmτ cos (2ωmt+ ωmτ) ,

a+a− = a21 − a22 = α2
m sinωmτ sin(2ωmt+ ωmτ),

2a1a2 = α2
m cosωmτ − α2

m cos (2ωmt+ ωmτ) .

Assuming σ11 = σ22 ̸= 0 and σ12 = σ21 = 0 (perfect mirror)

IDC = α2
0|σΣ|2,

I1ω = α0a+|σΣ|2

= 2α0αm cos
ωmτ

2
sin
(︂
ωmt+

ωmτ

2

)︂
|σΣ|2,

I2ω = 1
4 (a2+ − ⟨a2+⟩t)|σΣ|2

= − 1
2α

2
m cos2

ωmτ

2
cos (2ωmt+ ωmτ) |σΣ|2.

We define proper frequency as before: I1ω is minimized when reflection is measured from the mirror.

We find ωp = π
τ so that ωmτ = π ωm

ωp
.

3.4.2 Circular dichroism parametrization

Let us introduce parametrization

σ22
σ11

=
1 − tan ε

1 + tan ε
e2iθ = tan

[︂π
4
− ε
]︂
e2iθ ≈ 1 + 2i(θ + iε) ε, θ ∈ R.

Here, θ is the Kerr angle, and ε is circular dichroism; of course, the two are intimately related to

each other through the Kramers-Kronig equations. Equivalently, we can set σ11 = σ0

2 (1 + tan ε)e−iθ
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and σ22 = σ0

2 (1 − tan ε)eiθ, with σ0 > 0 then

σΣ = σ0(cos θ − i sin θ tan ε) ≈ σ0(1 − iεθ),

σ∆ = σ0(cos θ tan ε− i sin θ) ≈ σ0(ε− iθ),

Re [σΣσ
∗
∆] = σ2

0 tan ε.

Im [σΣσ
∗
∆] =

σ2
0

2
(1 − tan ε) sin 2θ.

Re

[︃
σΣσ

∗
∆

|σΣ|2

]︃
=

tan ε

cos2 θ + sin2 θ tan2 ε
≈ tan ε

cos2 θ
≈ tan ε.

Suppose that circular dichroism is present ε ̸= 0, then the first harmonic has two contributions.

I1ω = 2α0αm cos
ωmτ

2
sin
(︂
ωmt+

ωmτ

2

)︂
|σ+|2 − 2α0αm sin

ωmτ

2
cos
(︂
ωmt+

ωmτ

2

)︂
Re
[︁
R++R

∗
−−
]︁

and Re
[︁
R++R

∗
−−
]︁

= R2
0 tan ε. The quantity that we would use to extract circular dichroism could

be chosen as

IRMS
1ω,X(ωm = ωp)

IRMS
1ω,R(ωm = 2ωp)

= −Re [σΣσ
∗
∆]

|σΣ|2

Here, IRMS is the root-mean-square (RMS) lock-in reading of the intensity at the photodetector.

The sign is due to the fact that the fast axis is modulated, rather than the slow axis. There are

many other reasons for the sign to flip, such as QWP orientation.

Since the phase is not guaranteed to be precisely zero even at multiples of proper frequencies,

we have to find the proper phase at ωm = ωp empirically. For the value of the first harmonic at

ωm = 2ωp, we can use the magnitude.

3.4.3 Tests

In order to see if this idea works, we build the system and measure hysteresis in 70 nm thick

Li0.5Al1.0Fe1.5O4 (LAFO) sample, which suits our needs well since it has low coercivity and relatively

large magneto-optical signal at room temperature. Remarkably, this sample is an example of a

ferromagnet with the Kerr sign opposite to magnetization.

We observe hysteresis in both Kerr angle and Kerr ellipticity measurements. However, noise is

much higher in the latter, about 20 µrad, which does not allow us to use this apparatus for real-life

applications.
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(a) Kerr angle in LAFO (b) Kerr ellipticity in LAFO

Figure 3.12: Comparison of PM and AM ZALSI.



Chapter 4

Spin-glass state in nickelates

4.1 What is a spin-glass?

4.1.1 Exchange interaction

Typical ferromagnetic (e.g., Fe, Co, Ni) and antiferromagnetic (e.g., NiO, MnO) materials owe

their properties to the exchange interaction between spins of unpaired electrons. Exchange inter-

action arises from the combination of the Pauli exclusion principle and the Coulomb repulsion. In

metals, such as elemental iron or nickel, spins of itinerant electrons align due to the so-called Stoner

mechanism [80, Ch. 12]. When electrons are localized, the energy of spin configuration can be

succinctly described with the Heisenberg Hamiltonian

H = −
∑︂
i,j

Ji,jSi · Sj ,

where Ji,j is the so-called exchange interaction integral, whose value is determined by the overlap be-

tween neighboring electronic wavefunctions. It can be positive or negative depending on interatomic

distances and electronic orbitals.

Ji,j =

¨
U(r1 − r2)ψi(r1)ψi(r2)ψj(r2)ψj(r1)dr1dr2

When J > 0, the spin-triplet state of ψ1 and ψ2 is more energetically favorable since it corresponds

to an odd spatial wavefunction ψ1,2(r1, r2) = −ψ1,2(r2, r1) and reduces Coulomb repulsion energy.

However, in materials such as NiO, localized unpaired 3d Ni2+ electrons interact with each other

through the 2p orbital of oxygen. This effectively leads to antiferromagnetic (J < 0) alignment of the

spins in neighboring Ni atom electrons. Such indirect exchange interaction is known as superexchange

and is typical for Mott insulators.

49
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(a) Disordered ferromagnet (b) Spin–glass

Figure 4.1: Types of disorder in exchange interaction integrals [Mondal et al, 2024]

Another type of indirect magnetic coupling between localized spins is possible through the RKKY

(Ruderman–Kittel–Kasuya–Yosida) mechanism. In a material such as Cu1−xMnx with x ≪ 1,

copper electrons form a delocalized electron band, which interacts with rare randomly distributed

magnetic Mn atoms. These scattering events lead to spin polarization of itinerant electrons and

modulate electronic density in a Friedel-like manner. As a result, neighboring Mn magnetic moments

interact with each other through the sea of conduction electrons with effective exchange energy

JRKKY ∼ cos 2kF r

r3
.

Since the distance between Mn atoms is random, the sign of Ji,j fluctuates. As a result, such

a system does not behave like a ferromagnet nor like an anti-ferromagnet; instead, it shows new

emergent behavior known as spin–glass (e.g., see [81, 82] for modern examples).

4.1.2 Hallmarks of spin–glass

Figure 4.2: Magnetization in
FeMnTiO [Katzgraber et al, 2007]

Spin-glasses demonstrate a plethora of peculiar phe-

nomena (for reviews see [83, 84]).

Irreversible magnetization

First of all, magnetization in spin-glasses depends on

how the system arrived at the thermodynamic state it is

in. In Fig. 4.2, magnetization of Fe0.5Mn0.5TiO3 measured

during different protocols is shown [85]. In the first mea-

surement (red circles), the sample is cooled down in zero

field (ZFC), then the field is ramped up to 5 Oe, and mag-

netization is measured during the warmup. In the second

experiment (blue circles), the sample is cooled down in a

finite field H = 5 Oe (FC) and then the magnetization is



CHAPTER 4. SPIN-GLASS STATE IN NICKELATES 51

measured during warmup while the field is kept fixed.

For a typical paramagnet, magnetic susceptibility doesn’t depend on cooling history, hence

MZFC(T ) and MFC(T ) curves would coincide. However, when a spin-glass system is cooled down

through its transition temperature, spins freeze in different orientations depending on the applied

field magnitude, leading to irreversible magnetization.

Thermo-remanent magnetization (TRM) can be measured with FC-ZFW protocol: cooldown

in field, ramp the field down at base temperature, measure during warmup in zero field (black

circles in Fig. 4.2). This result is akin to ferromagnetism; however, in spin-glass systems, the

value of remanent magnetization depends on the magnitude of the cooling field, and the onset

of magnetization MTRM(T ) at the freezing temperature is more gradual, not like a second-order

transition.

Aging

The second most prominent hallmark of spin-glass is slow time dynamics of magnetization [86].

The reason the spin-glass system acquired its name is its resemblance to silica glass materials,

which are known to flow very slowly under the pull of gravity. Similarly, in the spin-glass state,

magnetization slowly changes as a function of time at the scales which can be measured in minutes,

hours, or even days. This is nicely demonstrated in the following experiment.

Figure 4.3: Aging in AgMn
[Vincent et al, 1997]

Figure 4.3 presents experimental results on AgMn

[84]. The sample was rapidly cooled in a field of

H = 0.1 Oe from above Tg down to T = 0.87Tg,

where it was held for a waiting time tw. After this in-

terval, the field was switched off and the subsequent

relaxation was recorded as a function of the obser-

vation time t measured from the field cut-off. We

see that magnetization is logarithmically slowly re-

laxing as a function of time. Amusingly, it turns out

that the longer the wait time, the slower the relax-

ation. The inflection point of the relaxation curves

systematically shifts to longer times with increasing

tw, consistently occurring around t ≈ tw. When the data are plotted versus the scaled variable t/tw,

the curves nearly collapse onto one another. This slow time relaxation behavior is known in the

spin-glass dictionary as aging.

Memory

Lastly, let us mention one more well-known, yet quite peculiar, property of spin-glasses. Low-

frequency f = 0.1 Hz AC susceptibility χ measurements performed on CdCr1.7In0.3S4 (Tg = 16.7
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K) by Lefloch et al [87] revealed a new facet of spin-glasses: memory effect.

Figure 4.4: Memory in CdCr1.7In0.3S4

[Lefloch et al, 1992]

Figure 4.4 shows the results of measurement of

dissipative part of susceptibility χ′′ (responsible for

relaxation) during a run in which the system was kept

at T = 12 K during a time t1 = 350 min just after the

quench from above Tg, then the system was cooled

down to T = 10 K and left for a time t2 = t1, and

finally heated back to T = 12 K, and measured for

another period of t3 = t1. On each of the three time

intervals, clear aging behavior is observed. When

the temperature is decreased by ∆T , a new aging

process is started with a different relaxation rate and

equilibrium asymptotic value from the one during the

first time interval. However, when the temperature

is raised back to T = 12, susceptibility χ′′ immediately comes back to the quasi-equilibrium level

reached before the temperature cycle. No new aging is observed. In the insert, the experimental

data taken during t1 and t3 have been gathered and plotted vs. the total time spent at T = 12 K,

and the curve looks incredibly smooth. This effect is interpreted as a memory: when the system

is heated back to the previous temperature, it remembers all the dynamics that happened at this

temperature before.

4.1.3 Theory of spin glass

There are two main schools of thought on which physical principles govern the thermodynamics

of spin-glasses: model of hierarchical free energy landscape pioneered by Parisi [88], and phenomeno-

logical droplet model developed by Fisher and Huse [89, 90]. There have been several attempts to

experimentally determine which model is better at describing spin-glass state, such as AC suscep-

tibility measurements in CdCr1.7In0.3S4 of Lefloch et al [87] and mesoscopic resistance fluctuation

experiments in CuMn of Weissman et al [91]. Both investigations concluded that observed phe-

nomena are inconsistent with the droplet model, but can be understood within the picture of a

hierarchical ground state. This evidence seems convincing to us and makes us believe that the

droplet model does not capture the essential physics of spin-glass systems.

Even if there exists an explanation of the mentioned experiments within the droplet model,

such an explanation must be very involved and should be disregarded according to Occam’s razor

principle. Furthermore, according to Dotsenko [92], some materials which exhibit spin-glass-like

behavior may indeed be described by the droplet model; however, such systems should not be called

spin-glass because they are in fact not a new phase of matter, but just a highly complex ferromagnet.
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Finally, Parisi’s model provides a clear, intuitive way to explain the experimental signatures of spin-

glass, which is the main reason why we will concentrate on it.

Parisi’s theory is based on Sherrington-Kirkpatrick’s solvable model of spin glass [93]

H = −1

2

∑︂
i̸=j

Ji,jSi · Sj , Si = ±, P(Jij) ∝ exp

[︃
− (Jij − J0)2

2J2

]︃
. (4.1)

This is an all-to-all mean-field-like Ising model with randomly distributed exchange integrals (see

Fig. 4.1). Computation of disorder-averaged statistical sum within this model requires a mathemat-

ical manipulation called replica trick based on a simple identity lnZ = limn→0
1
n (Zn − 1) . Since

averaging free energy F = −T lnZ over disorder is challenging, but averaging n non-interacting

copies Zn of the system is doable, fictional copies called replicas are introduced. The first solution

obtained by Sherrington and Kirkpatrick was assumed to be replica symmetric. While it was suc-

cessful at explaining the kink in susceptibility, it also led to non-physical negative entropy. A better

approach was developed by Parisi, who found a replica symmetry-breaking solution of (4.1): instead

of one amorphous equilibrium state, there are infinitely many nearly degenerate spin configurations.

Figure 4.5: Hierarchical structure of
free energy landscape

[Kozelj et al, 2021]

Furthermore, it turns out free energy configurations at

different temperatures are related through a hierarchical

structure [92]. At temperatures above the freezing temper-

ature T > Tg, the system is in a paramagnetic state. As the

temperature is lowered, at each temperature T < Tg many

spin configurations appear with nearly degenerate energies

separated by macroscopically large barriers. Minima of the

free energy called valleys correspond to replica indices in

Parisi’s solution. As the temperature is lowered further,

each valley is split into several mini-valleys, so that at low

temperatures, there is a hierarchical structure of minima.

This simple picture provides enough intuition to under-

stand the physics behind spin-glass phenomena. Indeed, when the sample is cooled in an external

magnetic field, the system falls into a different valley compared to a zero-field cooldown, since the

field tilts the free energy F (m) function. Naturally, susceptibility varies across different valleys,

making it irreversible. Next, because free energy minima are nearly degenerate, when the field is

turned on, the system ’tunnels’ from one valley to the nearest one, which explains the aging phe-

nomena. Lastly, due to the hierarchical structure, when the sample is cooled down, it falls into a

new valley and ’rejuvenates’, but when it’s warmed back up, it falls back into the previous valley

at a higher temperature, ’remembering’ the previous state. Even if there were some field cycling

at lower temperatures, the system would still fall into the same valley, since all nearby valleys are

connected to a single one. Thus, we explained the memory effect as well.
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4.2 Magnetism in infinite-layer nickelates

Figure 4.6: µSR study [Fowlie et al,
2022]

While the magnetic structure of infinite-layer nickelate

superconductors is yet to be fully understood, particularly

as it affects superconductivity, its most salient features are

the absence of long-range AFM ordering and the freezing

of spins into a glass phase even in the parent compound

[24, 25, 26]. In the cuprates, magnetism originates from

copper spins in the CuO2 planes, which is also the start-

ing point for models of the SG state [27]. By contrast,

glassy dynamics observed in polycrystalline LaNiO2 sam-

ples were attributed to the presence of subtle local oxygen

disorder in the form of remaining apical oxygen [24].

Because superconductivity has so far only been de-

tected in thin-film nickelates, their associated magnetic

states have not yet been established. A comprehensive

muon spin-relaxation (µSR) study of R1−xSrxNiO2 by

Fowlie et al [29] discovered intrinsic magnetism, which gradually onsets in the 100-150 K tem-

perature range across the rare earth (R) series, and co-exists with superconductivity. The authors

speculated that the observed glassy magnetic phase is intrinsic in nature and reflects the AFM

coupling between the Ni+ spins.

Figure 4.7: SQUID data [Shi et al, 2024]

On the other hand, scanning supercon-

ducting quantum interference device (SQUID)

microscopy has picked up an inhomogeneous

ferromagnetic background in La0.85Sr0.15NiO2

slightly above the superconducting tempera-

ture, which has been attributed to extrinsic

NiOx particles on the interface between the

nickelate and the SrTiO3 capping layer [30].

Moreover, measurements of the magnetic ex-

citations in Nd1−xSrxNiO2 using resonant in-

elastic x-ray scattering (RIXS) indicate strong spin-1/2 AFM paramagnons [23], while nuclear mag-

netic resonance (NMR) measurements observe short-range glassy antiferromagnetic fluctuations [22].

These dissimilar observations call for a better understanding of the relationship between magnetism

and superconductivity in infinite-layer nickelate superconductors.
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4.3 Magneto-optical Kerr effect measurements

4.3.1 Thin-film magneto-optics

Figure 4.8: Schematic propagation
of light

Light beam experiences several reflections upon its optical

path on each interface. However, the STO capping layer and

substrate are transparent, while the nickelate layer is mostly

transparent. It has a resistivity of ρ ≃ 200 µOhm*cm, which

corresponds to a skin depth δ ≃ 50 nm, much larger than

the sample’s thickness of d ≃ 5 nm. Overall, returned light is

mainly composed of the light reflected from the bottom surface

of the substrate with a small contribution from the metallic sur-

face (see Fig. 4.8 ). As a result (in the absence of a magnetic

field), the measured optical rotation consists mainly of a com-

bination of two Faraday angles acquired upon propagation in

two different directions.

θtotalK ≃ θ↙F + θ↗F .

It is essential to highlight that the Faraday effect measured in transmission only can be present due to

non-magnetic types of optical activities, such as birefringence or dichroism; however, a combination

of two counter-propagating Faraday rotations has the exact symmetry as a Kerr angle [94]. The

situation is more complicated, however, in the presence of an external magnetic field, since then the

substrate contributes to the optical rotation as well.

As follows directly from Fresnel equations, Kerr and Faraday rotations are given by [95]

θK = Re

{︄
σxy

σxx [1 + 4πiσxx/ω]
1/2

}︄
,

θF =
2πd

c
Re

{︄
σxy

[1 + 4πiσxx/ω]
1/2

}︄
,

where d is the thickness of the material. The meaning behind this equation is simple: when electro-

magnetic wave propagates inside the media, it constantly ”shakes” electrons, which in turn re–emit

the light as radiation, however in the presence of magnetic moment, electron’s orbital motion is

curved (described by finite σxy(ω)), which finally leads to rotation of polarization. Such optical

activity is known as gyrotropy and is characteristic of many magnetic materials [62]. What is not

generally simple is the relation between Hall conductivity σxy(ω) and magnetization Mz at optical

frequencies, since it’s determined by the exact structure of all the allowed optical transitions. In

general, Hall conductivity σxy(ω) typically changes sign as a function of light energy (wavelength).
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4.3.2 In–field MOKE measurements

Figure 4.9: MOKE vs Magnetic Field

All measurements performed in the presence of a

magnetic field suffer from a background signal caused by

the Faraday effect in optical elements along the light’s

path: quarter-wave plate, lens, and cryostat window all

contribute to the measured MOKE value. This addi-

tional wavelength-dependent linear-in-field part of the

signal can be estimated based on the Verdet constant of

the material, the thickness of optical elements, and the

magnetic field they experience. However, in practice,

the magnetic field varies with distance from the cryo-

stat, which results in a noticeable change in the mea-

sured signal even when the lens is moved by 1 mm, so

it is easier to measure the contribution from optics by

placing a mirror (non-magnetic reflecting material) next

to the sample and measuring the signal from it.

Figure 4.10: MOKE in STO and LSAT

Results of such calibration measurement

performed on NSNO–on–STO sample, STO

substrate, and mirror are shown on Fig. 4.9 .

Magnetic field sweeps were performed at T =

150 K, where no history–dependent spin–glass

dynamics is expected to be present. Kerr ro-

tation measured off of the mirror comes fully

from the Faraday rotation happening in the op-

tical elements, and is as expected negative in

positive field, due to negative Verdet constant

of fused silica glass Vglass ≃ 2.5 rad·T−1·m−1 at

1550 nm. Measurement of SrTiO3 substrate results in a combination of positive paramagnetic-like

contribution from the substrate and negative signal from the optics. Subtracting the value recorded

off the mirror, we can isolate the Kerr rotation produced by the SrTiO3 substrate. Finally, to sepa-

rate the signal from the nickelate, we look at the difference between the Kerr signal detected from

the sample and from the substrate. Due to several factors, including non-uniformity of the magnetic

field around the optical components and the impact of the annealing procedure on the substrate, we

do not expect the described subtraction procedure to yield perfect isolation of the signal from the

sample. However, as seen from Fig. 4.10 , the signal from the substrate is constant in temperature,

hence the contribution from the substrate only affects the overall constant background, which is not

essential for the SG state analysis.
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Furthermore, we repeat substrate measurement at a fixed applied magnetic field of +20 mT and

sweep the temperature to obtain data presented on Fig. 4.10 . We observe almost no temperature

dependence of the STO–induced Kerr signal, which lets us conclude that the observed glassy phase

(Fig. 1 of the main text) is coming fully from the sample.

Lastly, let us emphasize that, unlike in-field measurement, running an experiment at B = 0

mT has no such drawbacks; hence, there is no need to perform a background subtraction for the

zero-field warmup datasets.

Overall, magneto-optical Kerr effect measurements are ideally suited for studying magnetization

in nickelate thin-film superconductors, since they allow for a local bulk probe (beam spot size ≈ 25

µm) of magnetization in a wide range of temperatures. However, due to the tiny absolute magnitude

of the SG signal of ∼ 5 µrad, this measurement is beyond the reach of conventional MOKE setups.

In contrast, ZALSI is able to resolve such signals with ease owing to its extremely high sensitivity

of 100 nrad/
√

Hz.

4.3.3 La0.8Sr0.2NiO2

Figure 4.11 shows evidence for spin glass behavior in La0.8Sr0.2NiO2 (LSNO). Figure 4.11a

demonstrates the presence of spontaneous magnetization. Thermo-remanent magnetization (TRM)

gradually emerges in LSNO below Tonset ≃ 80 K. When the sample is field-cooled in a small field of

±20 mT and then the field is turned off at the base temperature Tbase ∼ 5 K, any remanent Kerr

rotation is evidence for aligned magnetic moments in the material. Reversing the direction of the

training field leads to the reversal of the sign of the Kerr signal, which confirms the magnetic nature

of the optical signal. The observed smooth onset of the magnetic signal is characteristic of glassy

systems.

Figure 4.11: Kerr signal in La0.8Sr0.2NiO2
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In-field cooldown and warmup measurements (bottom panel of Fig. 4.11b) probe magnetic suscep-

tibility, which appears to be irreversible: following a zero-field cooldown (ZFC), magnetic moments

are frozen and cannot be rotated by a weak external field, while during the in-field cooldown (IFC),

moments are aligned with the field. The difference between these two measured susceptibilities (IFW

and IFC) is roughly the same as the remanent magnetization extracted during the measurement with

the ZFW protocol, as shown by the yellow line on the top panel of Fig. 4.11a.

Irreversible behavior of magnetic susceptibility and gradual onset of magnetization are known

properties of spin-glass; however, these could also be explained with domain physics alone. Thus,

to verify the SG nature of magnetic state in nickelate superconductors, we further probe dynamical

manifestations of SG phase.

After cooling the sample in zero-field from room temperature to Tbase, we heat it to T2 = 15 K,

turn on a weak external field Bz = +15 mT, and record the Kerr signal as a function of time. As

evident from Fig. 4.11c, magnetization slowly increases on the scale of minutes; this property of spin-

glass is known as aging. Once the field is turned off, the magnetization slowly relaxes to some finite

but smaller value on a similar time scale. The observed time-dependence of magnetic susceptibility

is characteristic of glass-like spin dynamics and is comparable to analogous experiments performed

on bulk polycrystalline LaNiO2 samples [24, 25].

From T2 we cool the sample down to T1 = 11 K and perform a hysteresis loop by sweeping the

field to +80 mT, then to −80 mT and back to zero. The resulting hysteresis curve is depicted in the

inset of Fig. 4.11 d. Finally, we cool down to a base temperature of T0 = 5 K, turn on an opposite

field Bz = −15 mT and record the Kerr signal during in-field warmup, which exhibits a relatively

sharp, non-monotonic features at T1 = 11 and T2 = 15 K (see Fig. 4.11b). This unusual effect can be

explained as a manifestation of the ’memory’, which happens because the system retains information

about spin dynamics that was happening at T1 and T2 prior to cooldown. Above T2, the magnetic

susceptibility recovers the same trend that was recorded during the previous in-field warmup after

zero-field cooldown. The hierarchical structure of the free-energy landscape with many local minima

leads to apparent “memory” about the state from which the system was cooled down.

4.3.4 Nd0.825Sr0.175NiO2

Finally, we direct our attention to measurements of Nd0.825Sr0.175NiO2 (NSNO) samples prepared

on SrTiO3 and (LaAlO3)0.3(Sr2TaAlO6)0.7 substrates, abbreviated as STO and LSAT, respectively

(Fig. 4.12 ). It was shown that nickelate films prepared on LSAT substrate have higher crystallinity

compared to the similar films fabricated on STO substrate [96, 97]. This is evident from the re-

duction in Ruddlesden-Popper-type stacking faults, improved metallicity, and an increase in the

superconducting critical temperature (see Fig. 4.13) when compared to NSNO on STO [98].

Superconducting transition temperatures Tc in Fig. 4.13 (indicated with dashed lines) were de-

termined as the mean of the inflection point temperature and the half-normal point temperature.



CHAPTER 4. SPIN-GLASS STATE IN NICKELATES 59

Figure 4.12: Kerr signal in Nd0.825Sr0.175NiO2

The irreversible trend in Kerr susceptibility, together with the aging effect, undoubtedly demon-

strates the glassy nature of magnetic order in Nd0.825Sr0.175NiO2 . Furthermore, the data explicitly

demonstrates a significant difference in the strength of the magnetic signal between the two NSNO

samples grown on different substrates, which we attribute to the difference in film quality as well as

strain-epitaxy.

Specifically, the magnitude of the zero-field Kerr signal at base temperature drops from about

6 µrad to about 1 µrad. At the same time, the onset temperature is decreased to Tonset ≈ 13 K

in the NSNO/LSAT sample compared to Tonset ≈ 70 K in the NSNO/STO. In fact, since the full

strength of the magnetic signal in NSNO/LSAT is just θ
(0)
K ≈ 850 nanorad (see Fig. 4.12 c), we’re

unable to demonstrate the aging phenomenon in this sample. Based on the similar measurements in

LSNO/STO and NSNO/STO samples, we would expect the aging magnitude θK(t = 30min)−θK(t =

0) to be an order of magnitude smaller than θ
(0)
K , which is below the resolution of our apparatus of

100 nanorads. Still, irreversible susceptibility and a gradual onset of the magnetic signal in zero-field

measurements are indicative of a spin-glass state. We also note that in NSNO/LSAT samples, we

observe only a single characteristic temperature at which the signal onsets, but we do not see cusp

features in the susceptibility data.

4.4 Discussions

Our results of the dynamics of the magnetic state of doped thin-film nickelates are in good

agreement with the magnetic susceptibility measurements of the polycrystalline parent compound

LaNiO2 [24, 25], which demonstrated similar hallmarks of SG phase: irreversible susceptibility,

aging, and a memory effect. The authors of [24] have also identified two characteristic temperatures
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(a) Resistivity of LSNO and NSNO. (b) Change of resistivity of LSNO over time.

Figure 4.13: Resistivity in La0.8Sr0.2NiO2 and Nd0.825Sr0.175NiO2

associated with SG behavior in the AC susceptibility of LaNiO2 : cusp-like peak feature around

Tcusp ≃ 13 K and an onset of frequency-dependent susceptibility at Tonset ≃ 85 K. Approximate

typical temperatures are summarized in the Table 4.1. Based on this observation, they surmised the

possible existence of two disorder mechanisms at play with different characteristic energy scales.

However, it is challenging to estimate the exact SG emergence temperature due to the gradual

nature of the transition. Based on Tcusp and the magnitude of the splitting between susceptibility

curves, the magnetic signal in the thin films on the STO substrate appears to be comparable to the

signal in the (undoped) nickelate crystals [24], which generally have lower crystallinity [28]. This

similarity appears to be even more bizarre when it is taken into account that polycrystalline samples

are reported to have no nickel impurities, while ∼ 37 nickel particles per µm2 have been reported

in the thin-film samples [30]. In any case, the onset temperature of the SG phase does not depend

strongly on the rare earth ion or Sr doping, which permits us to surmise the phase diagram shown

in Fig. 6.1 .

Sample Tc, K Tcusp, K Tonset, K

LaNiO2 (polycrystal) [24] - 13 85
NdNiO2 (polycrystal) [24] - 6 85

La0.8Sr0.2NiO2 / STO 9.1 20 80
Nd0.825Sr0.175NiO2 / STO 12.5 25 70
Nd0.825Sr0.175NiO2 / LSAT 15.3 - 13

Table 4.1: Summary of the transition temperatures in nickelates

Importantly, present magneto-optical measurements agree with the µSR study [29], conducted

on the same La0.8Sr0.2NiO2 sample as measured in the current work. We speculate that the spin-

glass magnetic order detected with ZALSI is responsible for the change in muon spin relaxation rate

between T = 100 K and T = 5 K reported in Ref. [29]. Since µSR confirms the bulk nature of the

magnetic signal, we conclude that the glassy spin dynamics is not caused by extrinsic factors such as

Ni clusters on the interface with the capping layer, but instead arises due to intrinsic mechanisms.
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However, in contrast to µSR, we can exclude the AFM interaction as the origin of the observed glassy

magnetic state, since compensated AFM ordered moments would not produce any Kerr rotation.

Figure 4.14: MOKE in LSNO at 1550 nm
and 830 nm

Finally, we comment on the significant reduc-

tion in strength and characteristic temperature of the

magnetic signal between the NSNO samples that are

fabricated on STO and LSAT substrates. A rela-

tively moderate increase by 20 % in superconducting

temperature (see Fig. 4.13 ) indicates that the mech-

anism for “static” magnetism in nickelates is weakly

related to superconductivity. Instead, it appears that

the overall improvement in the sample’s crystallinity

is responsible for the suppressed SG state. Further-

more, as evident from the RIXS study of PrNiO2 ,

the paramagnon spectrum does not change between

samples prepared on STO or LSAT substrates [99].

4.4.1 Wavelength dependence

In our study, we used a light source operating at

λ = 1550 nm SLED (0.8 eV) and at 830 nm (1.5

eV) ZALSI, and found qualitatively similar results.

Notably, the Kerr rotation from the LSNO at 830 nm

is reversed in sign and has a smaller magnitude compared to the signal detected at 1550 nm.

θλ=830 nm
K ∝ +Mz, θλ=1550 nm

K ∝ −Mz.

Moreover, for in-field measurements, paramagnetic-like contributions from the substrate are much

larger at 830 nm. This makes longer wavelengths more suitable for studying magnetism in nickelate

superconductors.

Figure 4.15: MOKE in elemental Ni
[Buschow, 1988]

Observed behavior is, in fact, similar to elemental nickel,

where the Kerr angle is known to reverse sign at ω ≈ 1 eV

[100]. In Fig. 4.15, the MOKE in Ni below the Curie temper-

ature, calculated within the DFT model by several different

groups (A, B, C), is shown. This raises a question: Does

the observed spin-glass behavior stem from elemental nickel

inclusions that may be present due to fabrication imperfec-

tions?
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4.4.2 Examination of NiOx inclusions

To address the question of the effect of NiOx inclusions on our measurements, we provide atomic

force microscopy data in Fig. 4.16. In Ref. [30], NiOx particles were found on the interface between

infinite-layer nickelate and the capping STO layer, and the observed ferromagnetic signal was at-

tributed to these particles. Specifically, the authors of Ref. [30] used STEM-EELS data to identify

the particles and, using atomic force microscopy, found a typical density of 37.5 particles per µm2.

Each particle was clearly visible in the AFM as a 6 nm tall protrusion.

We present AFM scans of our samples, which show that the top surface of our LSNO/STO and

NSNO/STO samples has a root-mean-square roughness of less than 1 nm. Fig. 4.16a is pasted from

Ref. [30], while b and c correspond to LSNO/STO and NSNO/STO samples that were measured

in the present work. The AFM images of infinite layer nickelates grown on SrTiO3 substrate show

a sufficiently low surface particle density to cause any potential background from NiOx inclusions

to be minimal. The planar density of surface particles is significantly lower than that reported in

Ref. [30], given similar scan sizes in AFM images.

This evidence demonstrates that the current generation of thin-film infinite layer nickelate sam-

ples has a negligible concentration of NiOx inclusions [96]. Thus, the measured optical magnetization

is likely not due to disorder at the nickelate/capping layer interface.

Figure 4.16: AFM scans of LSNO/STO and NSNO/STO
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Mystery of CsV3Sb5

5.1 Chaos of experimental data

5.1.1 Scanning tunneling microscope experiments

Since the observation of chirality switching of CDW-related STM peaks under the change of

applied magnetic field in AV3Sb5 (A = Cs, Rb, K) [38, 39, 40], there has been active debate over

whether the CDW hosts a chiral flux phase with orbital loop currents [35, 36, 37]. While the

spatial chirality of STM peak arrangements is a purely geometric property and does not by itself

imply magnetism, the fact that an external magnetic field can reversibly control chirality suggests

coupling between the CDW order parameter and the field.

It is entirely possible that the CDW is by itself magnetic, in which case the role of the external

magnetic field is in aligning magnetic order parameters across different domains. If this is indeed

the case, observed STM CDW-peaks chirality switching should still be observed after the field is

turned off. Unfortunately, none of the original experiments [38, 39, 40] and not even the consequent

STM study in RbV3Sb5 [43], dedicated to the phenomenon of STM peaks chirality switching, have

performed such experiments.

Figure 5.1: Chiral STM peaks in RbV3Sb5 [Xing et al, 2024]

63
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If, instead, the chiral CDW response exists only in a finite magnetic field and vanishes when

the field is ramped down, this behavior would not constitute evidence for time-reversal symmetry

breaking (TRSB). Instead, it would point to an interplay between the sample’s paramagnetism and

the CDW.

Furthermore, an independent STM study of CsV3Sb5 with spin-polarized tips found no evidence

of chirality switching or local magnetic moments [41], challenging chiral flux order interpretation.

Similarly, another independent STM study of KV3Sb5 reported the absence of sensitivity of CDW

peaks to magnetic field whatsoever [42].

Taken together, these considerations indicate that the observed STM chirality switching with

high applied magnetic field in CsV3Sb5 is not a compelling signature of TRSB.

5.1.2 Muon spin relaxation experiments

Figure 5.2: µSR rate in
CsV3Sb5 [Khasanov et al, 2022]

Muon spin relaxation (µSR) experiments

have also provided conflicting results. Studies

of CsV3Sb5 observed enhanced internal mag-

netic fields below the CDW transition [44, 45]

and interpreted it as evidence of TRSB. Sim-

ilar µSR evidence for hidden magnetism was

reported in ScV6Sn6 [46]. At the same time,

µSR experiments on KV3Sb5 [47] attribute

observed changes in relaxation rates at the

CDW transition to nuclear rather than elec-

tronic fields, thus concluding that no evidence

of TRSB is present.

It is an open question whether it is possible

to separate the contribution to muon rotation from the nuclei and electrons. Typically, this is

achieved by applying transverse and longitudinal magnetic fields. However, numerous experiments

have shown that high magnetic fields significantly alter electronic behavior in a dramatic and not

fully understood manner [58].

Without a clear separation between nuclear and electronic contributions, it is impossible to draw

any conclusive statements about the onset of orbital magnetism at TCDW. This is because, as nuclei

move when CDW onsets, the same landing site in the crystal experiences different atomic magnetic

fields.

5.1.3 Quasi-anomalous Hall effect

A series of transport measurements has revealed an appearance of non-linear-in-H behavior below

the CDW transition in CsV3Sb5 and related compounds, which was interpreted as a precursor to
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anomalous Hall effect (AHE) indicative of spontaneous orbital magnetism [48, 49, 50, 51].

Figure 5.3: Fake AHE in CsV3Sb5 [Yu et al,
2021]

Typical data presented as evidence for the

anomalous Hall effect is shown in Fig. 5.3 [48].

Hall resistivity ρxy is fitted to a linear function

in the field range between 1 and 2 T, and then

this linear ’ordinary’ part is subtracted; what

is left is called the AHE contribution ρAHE
xy =

ρxy (see Fig. 5.3b). Authors observe that below

the CDW onset temperature, a non-linear-in-H

part emerges and is referred to as the anomalous

Hall effect, despite the absence of hysteresis and

ρxy(H = 0) = 0.

We speculate that the logic behind this name

is probably coming from the resemblance to

strong paramagnetism, which aligns spins in a

finite field but is absent in a zero field. Such

strong paramagnetism is then interpreted as a

precursor for AHE.

Typically, analysis of Hall resistivity data

also includes subtraction of the even-in-field

part, which always contaminates the signal due

to imperfections in contact geometry. In ma-

terials that exhibit real AHE, hysteresis makes

the anti-symmetrization process tricky. Usually

magnetic field is swept up and down, and the average between the two is computed ρ̄xy(H) =
1
2

[︁
ρ→xy(H) + ρ←xy(H)

]︁
. Next even part ρevenxy (H) = 1

2 [ρ̄xy(H) + ρ̄xy(−H)] is subtracted: ρxy(H) =

ρrawxy (H) − ρevenxy (H) for each of the forward and backward traces independently. This way, anti-

symmetrization does not extinguish hysteresis (see e.g. [101] for an example of real AHE data).

Authors of Refs. [48, 49, 50, 51] do not provide data analysis details, which leads us to believe

that there is no evidence for hysteresis in the raw data as well. Thus, we conclude the presented

data does not constitute evidence for spontaneous magnetism and probably should not be called the

anomalous Hall effect altogether.

5.1.4 Explanation of fake anomalous Hall effect

Recent detailed studies of CsV3Sb5 propose a simple explanation of deviation from linear-in-H

Hall resistivity without invoking the mechanism of anomalous Hall effect. They show that apparent

’anomalies’ could arise from high-mobility low-density Fermi pockets opening below TCDW and
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specific Fermi surface reconstructions rather than intrinsic TRSB phenomena [52, 53].

Liu et al [52] demonstrated that a simple Drude model with electronic and hole bands of different

carrier density and mobility reproduces experimental results very well. Conductivity in the Drude

model is given by the sum of conductivities in each of the bands for each of the carrier types.

σxy =
∑︂
i

eniµ
2
iH

1 + µ2
iB

2
,

Here ni are carrier densities and µi are mobilities.

Next, suppose we assume that there are non-compensated (ne ̸= nh) electronic and hole bands

above TCDW, and that below TCDW a new electronic and a new hole pocket open with higher

mobilities and smaller Fermi surfaces. In that case, we can easily obtain ρxy(H) function which has

a wiggle at smaller fields.

Liu et al systematically use electron irradiation to reduce mobility of carriers and extract trans-

port parameters for relevant bands in CsV3Sb5. They show by simultaneously fitting magneto-

resistance (MR) and Hall resistance (HR) data in a field up to 20 T that the Drude model is fully

capable of reproducing the behavior of ρxy(H) observed in experiment (see Fig. 5.4).

Figure 5.4: Magneto-resistance and Hall resistance in CsV3Sb5 [Liu et al, 2025]

5.2 Magneto-optical Kerr effect studies

Magneto-optical Kerr effect (MOKE) experiments have provided some of the most contentious

and intriguing results regarding TRSB in CsV3Sb5. Initially large Kerr rotations (∼ 100 µrad)

concurrent with the CDW onset were reported by Xu et al and Wu et al ; these findings were in-

terpreted as strong evidence of TRSB [54, 55]. Both groups utilized a photo-elastic modulator to

extract elements of the reflection matrix of the sample. This powerful method enables simultaneous
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measurements of various optical properties, including circular and linear birefringence and dichro-

ism. Versatility of the apparatus, however, is also its drawback since a signal from one type of

measurement could, in principle, ’leak’ into a different mode of measurement.

Figure 5.5: Fake MOKE in
CsV3Sb5 [Xu et al, 2022]

Contradicting these claims, we found no observ-

able spontaneous Kerr rotation within the 30 nrad

noise floor over the d = 10 µm beam spot size [56].

In our measurement, we used a Sagnac interferome-

ter, which by design neglects TRS-preserving effects,

hence only being sensitive to magnetic circular bire-

fringence. Simultaneously with testing for sponta-

neous magnetic order, we have also measured Kerr

susceptibility in small but finite fields and observed

an abrupt change in the Kerr signal at TCDW consis-

tent with the opening of the CDW gap leading to a

reduction of carrier density (see Fig. 5.6a).

At first, we were perplexed by our findings and

tried to find an explanation for the ’accidental zeroing’ of the signal in our system. One possible

reason could lie in sample variability; it is possible that, depending on growth conditions, some

samples might have different electronic properties. To address this issue, we’ve measured samples

from two distinct groups: Claudia Felser’s lab in MPI, Dresden, and Stephen Wilson’s lab in UC

Santa Barbara.

To further ensure that observed zero results cannot be explained by sample-to-sample variation,

we have performed MOKE measurements on ScV6Sn6 samples, which are predicted to possess the

same chiral flux phase as hinted by µSR [46] and transport [50] data. We observed very similar

behavior, with the main difference being the sign of Kerr susceptibility: while in CsV3Sb5 , Kerr

rotation is negative in a positive field, in ScV6Sn6 samples, it has the same sign as the external field.

Conclusion for both CsV3Sb5 and ScV6Sn6 is very clear: there is no spontaneous magneto-optical

Kerr effect.

Furthermore, our collaborator Camron Farhang from Jing Xia’s group at UC Irvine has performed

similar measurements on CsV3Sb5 using an independent Sagnac interferometer and obtained MOKE

data comparable to ours. In fact, Camron measured Kerr susceptibility in a higher field and was

able to cleanly subtract the contribution from optics, showing that overall in-field MOKE response

is roughly proportional to magnetic susceptibility for temperatures above 50 K [56]. Below these

temperatures, susceptibility demonstrates an enhancement of the paramagnetic response that is

absent in MOKE data. This is due to the fact that the optical probe is only sensitive to a small

volume on the sample surface and is not susceptible to bulk impurities that are responsible for the

low-temperature behavior of magnetic susceptibility.
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Figure 5.6: Kerr signal in CsV3Sb5 (a,b) and ScV6Sn6 (c,d) at λ = 1550 nm

5.2.1 Elasto-magneto-optical Kerr effect

Figure 5.7: Two ways to mount a sample on
a coldfinger

While our findings showed an apparent absence of

spontaneous MOKE in CsV3Sb5 and all existing ev-

idence for TRSB CDW state could not stand against

any reasonable scrutiny, the scientific community was

not ready to so easily give up an exciting idea of

chiral flux phase appearing in charge-ordered state.

Many people, including ourselves, continued to seek a

possible explanation for the apparent inconsistencies

between different probes of TRSB.

One idea that was put forward suggested that the TRSB state could be susceptible to strain.

Namely, Guo et al showed that weak strain can also cause in-plane transport anisotropy [59]. Based

on this measurement, Philip Moll suggested to us in a private conversation that the strain induced

by the thermal mismatch between the sample and the copper coldfinger could be responsible for the

null MOKE result. To address this issue, we repeated the measurement in two different geometries

shown in Fig. 5.7 and found no difference.

Independently, a study by Xing et al demonstrated that the chirality of STM CDW peaks can be

switched not only by magnetic field, but also by linearly polarized electric field [43]. They explained

this effect as a result of the electrostriction effect and concluded that the TRSB parameter of CDW

can be easily manipulated with strain. The authors of this study even claimed that their findings

reconcile the contradicting MOKE measurements!

To systematically study the effect of stress on the MOKE signal, we used a commercially produced

cryogenic uniaxial strain cell, CS100, by Razorbill. This setup allowed us to control the application

https://razorbillinstruments.com/
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Photo of CsV3Sb5 on a strain cell

Figure 5.8: Kerr signal in strained CsV3Sb5 at λ = 1550 nm

of uniaxial stress to the sample and cool it down through the CDW transition with tensile and

compressive strains applied. Of course, strictly speaking, applied strain is not purely uniaxial,

but some strain in perpendicular directions is also present, which can be estimated from Poisson

coefficients.

This way, we could, in principle, probe for a magnetic order parameter that couples to both the

magnetic field and strain. If CsV3Sb5 has an order parameter ψ, which is trained by the product of

magnetic field and strain, it could in principle be manipulated by either of those.

F = −m ·H + ψ1εx2−y2Hz + ψ2εxyHz + . . .

To test this hypothesis, we cooled down the sample through the CDW transition at finite uniaxial

strain ε = ±0.1% in the presence of a magnetic field H = +25 mT, then turned the field off

at temperatures much lower than TCDW and measured during zero-field warmup (ZFW) at fixed

applied strain.

One important technical remark is that reported strain values were estimated based on the

temperature-dependent capacitance of the gap without any load. Actual strain could be different

due to present stress from the sample caused by the thermal expansion coefficient mismatch between

CsV3Sb5 and the strain cell. As a result, an unknown overall offset may be present in reported strain

values, which is likely less than 0.1%.

Similar to previously reported results [56], we did not observe any spontaneous Kerr signal. In-

field measurements of Kerr susceptibility in H = +25 mT (see Fig. 5.8a) all looked the same within

our resolution for different values of applied strain.

Based on these observations, we would speculate that uniform (k = 0) magnetic response in



CHAPTER 5. MYSTERY OF CSV3SB5 70

CsV3Sb5 in small fields is not sensitive to strain. The same can be said about spontaneous magnetic

order, which remains elusive. This does not, however, apply to measurement in high fields, at which

CsV3Sb5 seems to demonstrate unexpected properties [43, 58].

Figure 5.9: Kerr signal in CsV3Sb5 (a,b) and ScV6Sn6 (c,d) at λ = 830 nm
.

5.2.2 Wavelength dependence

Another important consideration that should be taken into account when comparing MOKE

measurements producing positive results [54, 55] and null results [56] is the dependence of Kerr

rotation on the frequency of the light. The measurement setup utilized a photo-elastic modulator

with an 800 nm wavelength, whereas Sagnac interferometry was conducted using a 1550 nm SLED

source.

Spectroscopy studies of optical conductivity [102, 103] have identified Lorentz transitions at 0.2,

0.7, and 1.2 eV, and showed that the transition at 0.7 eV includes electrons at the Fermi level (see

Fig. 5.10). This observation suggests that 1550 nm should be more sensitive to electrons involved in

the formation of the charge density wave. Furthermore, lower energy light is expected to be more

sensitive to optical inter-band transitions since the contribution to the permittivity tensor from each

transition scales with frequency as

ε
+
=

ω2
p,k

ω2 − ω2
0 + iω/τ

.

Nonetheless, it is possible to have an accidental zero in Kerr rotation or Kerr ellipticity at a spe-

cific frequency (e.g., see Fig. 4.15). To test whether the null result reported at 1550 nm [56] is in fact a

coincidence, we have built a Sagnac interferometer at 830 nm following the steps outlined in Ref. [3].
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Figure 5.10: Optical conductivity of
CsV3Sb5 [Zhou et al, 2021]

The design of ZALSI includes many wavelength-

specific components, such as polarization-maintaining

fiber, waveplates, and, most importantly, the EOM,

which is why it is not easy to perform ZALSI spec-

troscopy. Instead, all the optical parts, starting from

the SLED and ending with the photodetector, have

to be replaced in order to operate ZALSI at a differ-

ent frequency.

Result of Kerr effect measurement on CsV3Sb5 and

ScV6Sn6 performed with 830 nm ZALSI are shown

in Fig. 5.9. While the noise floor in this instrument

is larger than in 1550 nm ZALSI, we can still report

with certainty that there is no spontaneous Kerr ro-

tation above 100 nrad, which is 1000 times smaller

than observed by Xu et al [54].

Furthermore, in-field measurements of the Kerr

effect reveal no change in susceptibility at the CDW

transition in fields of up to 100 mT within our res-

olution. This observation reinforces our initial hypothesis that a wavelength of 1550 nm is more

sensitive to charge-ordered electrons.

5.3 Discussions

5.3.1 Is optical Kerr rotation magnetic?

After the report by Saykin et al [56] came out, it became clear that there is some problem

with measurements of Kerr rotation by Xu et al [54]. To avoid controversy, the authors decided

to concentrate on measurements of circular dichroism (CD) instead of circular birefringence (CB).

Kerr ellipticity can be used as a probe for time-reversal symmetry breaking just as well as Kerr

rotation, since it follows from straightforward analysis that TRS requires equality between reflection

amplitude of two circular polarizations r+ = r− [94].

Collaborators of Xu et al reported novel circular dichroism measurements at 633 nm at APS

March Meeting 2024 [104]. These data have not been confronted by Saykin et al since the two

magneto-optical effects (birefringence and dichroism) are in general different, even though they are

related to each other by the Kramers-Kronig relations. Interpretation of the data was the same as

before: time-reversal symmetry is spontaneously broken. Yet, the data is not convincing for two

reasons.

First of all, no zero-field data was presented; only circular dichroism in high-field H = ±6 T
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Figure 5.11: Circular dichroism in CsV3Sb5 [Deng et al, APS MM, 2024]

was demonstrated. This is important since a change in the in-field magneto-optical signal at TCDW

could be simply a consequence of the change in carrier density (see Fig. 5.6). Secondly, there is no

fixed relation between the sign of the CD and the sign of the external field. As seen from Fig. 5.11,

the sign of the effect flips from point to point. This could suggest that there is coupling to some

other order parameter besides the magnetic field, as speculated in [43]; however, this scenario seems

unlikely, as discussed in Subsection 5.2.1. Otherwise, the observed independence from the field

sign demonstrates that CD measured by Deng et al is actually not magnetic in nature. Similarly

to the reversal of STM peaks, a high magnetic field somehow interacts with the crystal lattice,

which changes the sign of the effect, but the order detected by CD is still time-reversal symmetry

preserving.

5.3.2 Isotropic rotation of linear polarization

Figure 5.12: Linear polarization
rotation θT [Farhang et al, 2023]

Another stab at the mystery of optical rotation in

CsV3Sb5 was taken by Farhang et al [57], who used yet an-

other setup to detect total rotation of linearly polarized light

upon reflection and extracted the isotropic component of ro-

tation θC (independent of initial polarization α). As it was

demonstrated in subsection 2.4.5 time-reversal symmetry pro-

hibits any isotropic rotation, so it can be used for detection of

magnetism.

θC =

ˆ 2π

0

θT (α)
dα

2π

In this measurement, reflected light is split into two perpendic-

ular components with a Wollaston prism, and the intensity of

each component is measured with its own detector. Reflected
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light is generally elliptically polarized with orientation of major axis at angle θT to x-axis, and

ellipticity ε. Measured intensities are

I1 = | cos θT + sin θT + i tan ε (sin θT − cos θT )|2

I2 = | cos θT − sin θT − i tan ε (sin θT + cos θT )|2

From here I1 − I2 ∝ sin 2θT (1 − tan2 ε) and I1 + I2 ∝ 1 + tan2 ε, hence the Kerr angle can be

extracted as

θ̃T =
1

2
arcsin

I1 − I2
I1 + I2

=
1

2
arcsin [sin 2θT cos 2ε] ≈ θT .

This study found an even larger isotropic Kerr rotation of about 1 mrad. Importantly, they showed

that observed rotation does not change with magnetic field and varies from sample to sample, both

in sign and magnitude. Furthermore, they conducted measurements with a Wollaston prism and

a Sagnac interferometer at the same wavelength of 1550 nm, showing that there is no accidental

zeroing of ’fake’ MOKE at 1550 nm.

The increased value of the non-magnetic optical Kerr effect (non-MOKE) can be attributed to the

lower frequency of the light. Still, it could also be explained by the lower sensitivity of the apparatus

and its higher susceptibility to errors. For example, if there is a mismatch in the sensitivity of the

two detectors δ, then the measured quantity is modified to

θ̃T =
1

2
arcsin

[︄
sin 2θT − δ sin2

(︁
θT − π

4

)︁
1 + δ sin2

(︁
θT − π

4

)︁ ]︄
.

Overall, there is a trend between three different types of MOKE measurements reported on CsV3Sb5.

The Wollaston prism setup, having the worst precision, reports the highest observed Kerr rotation.

At the same time, the photo-elastic modulator-based measurement reports ten times smaller signal

while also having better precision. Finally, the Sagnac interferometer designed to probe only TRS

breaking circular birefringence reports no signal while also having the smallest absolute measurement

error. Results are summarized in Table 5.1. Correlation between reported effect and apparatus

suggests that the observed non-trivial signals might be entirely a fluke.

Method λ, nm Precision Typical θK Error ∆θK
Wollaston prism [57] 1550 Low 1000 µrad 50 µrad

Photo-elastic modulator [54, 55] 800 Medium 100 µrad 5 µrad
Sagnac interferometer [56, 57] 1550, 830 High < 0.05 µrad 0.05 µrad

Table 5.1: Comparison of different MOKE measurements in CsV3Sb5 .

Finally, there is one more reason to believe that observed Kerr rotation in CsV3Sb5 is just an

experimental error. A similar story has already occurred in cuprate superconductors. Lyons et al
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[105] observed circular dichroism in reflection in YBa2Cu3O7 and Bi2Sr2CaCu2O8 below 200 K. Yet,

later Lawrence et al [106] modified the apparatus to make it sensitive only to T -violating circular

dichroism and found no evidence of magnetic circular dichroism.



Chapter 6

Conclusions

6.1 Spin-glass in infinite-layer nickelates

The main results of the present work are magneto-optical measurements of superconducting

infinite-layer nickelates La0.8Sr0.2NiO2 and Nd0.825Sr0.175NiO2, which clearly demonstrate the pres-

ence of a spin-glass phase coexisting with superconductivity and persisting up to temperatures

Tg much higher than the superconducting critical temperature Tc (see Fig. 6.1).

We presented a comprehensive study of the magnetic state of doped infinite-layer nickelates

through highly sensitive measurements of the polar magneto-optical Kerr (MOKE) and Faraday

(MOFE) effects using zero-area-loop Sagnac interferometers (ZALSI). Our work provides direct

evidence of a spin-glass state in infinite-layer nickelate superconductors through observations of:

1. Irreversible magnetic susceptibility

2. Slow dynamics and aging

3. Memory effect

The dramatic change in magnetic signal and onset temperature between Nd0.825Sr0.175NiO2 sam-

ples grown on SrTiO3 and (LaAlO3)0.3(Sr2TaAlO6)0.7 substrates indicates the importance of the

sample’s crystallinity on the magnitude of disorder in the exchange interaction energy. On the other

hand, the relatively minor effect this change has on the superconducting Tc suggests that there

is no simple, direct connection between SG order and the mechanism of superconductivity in this

material - and possibly, by analogy - in the cuprates as well. Yet, in all the samples we’ve measured,

the observed spin-glass transition temperature Tg was higher or comparable to the superconducting

critical temperature Tc, hinting that a strong exchange interaction coupling might be necessary for

superconductivity in infinite-layer nickelates.
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Figure 6.1: Comparison of phase diagrams of cuprates and nickelates

6.2 Charge density wave in CsV3Sb5

In this study, we conducted a comprehensive investigation of the kagome metal CsV3Sb5, focusing

on its charge-density-wave (CDW) order, potential time-reversal symmetry breaking (TRSB) chiral

flux phase, and the underlying mechanisms driving these phenomena.

We have described the primary experimental studies providing evidence for and against the

TRSB charge-ordered state in CsV3Sb5 and closely related compound ScV6Sn6. We’ve presented

convincing arguments as to why the available STM, µSR, and Hall transport data do not constitute

smoking-gun evidence for spontaneous time-reversal symmetry breaking in CsV3Sb5. We have paid

special attention to existing optical Kerr rotation and Kerr ellipticity data, describing the difference

between various probes used to detect magneto-optical signatures of TRSB. We can state with a high

degree of confidence that all observed finite Kerr rotations and circular dichroism in CsV3Sb5 are

not magnetic in nature.

We have completed a thorough study of MOKE in CsV3Sb5 and ScV6Sn6 using ZALSI. We

have conducted studies on samples grown in different laboratories, measuring the Kerr effect at two

wavelengths: 1550 nm and 830 nm, and repeated the experiment under tensile and compressive

uniaxial strains of 0.1% magnitude. All our studies yielded the same result: no spontaneous uniform

Kerr signal above 50 nanoradians is observed. This upper bound is four orders of magnitude smaller

compared to Kerr rotations measured with alternative techniques.

Our findings do not disregard the possibility of TRSB CDW in CsV3Sb5 completely, since the

signal from finite-momentum magnetic order would be averaged out over the 10 µm beam spot size.

Yet our results significantly constrain the potential magnitude of the orbital flux phase and challenge

theoretical models that predict observable TRSB effects.



Appendix A

Models of optical conductivity

Let us present a toy model that provides an explicit expression for conductivity. This will help us

gain some intuition into the physical meaning of the components of the permittivity tensor ε before

we delve into analyzing its general properties.

A.1 Drude model

The Drude model gives the classical description of itinerant electrons in metals. In this model,

electrons are imagined as a gas of charged balls, which are accelerated by an external electric field,

but also slowed down by the ionic lattice. Motion of such an electron in the presence of a magnetic

field is described by

v̇ =
q

m

(︂
E(t) +

[︂v
c
×B

]︂)︂
− v

τ

where τ is the mean free time, i.e., the typical time between scattering events. For Fourier compo-

nents corresponding to plane waves E(t) = Ee−iωt, the solution is

vω =
qτω/m

1 + (Ωτω)2
{E + (E ·Ωτω)Ωτω + [E×Ωτω]} , (A.1)

Ω =
q

mc
H, τω =

(︃
1

τ
− iω

)︃−1
Here Ω is the cyclotron frequency, and we assume the charge of electrons to be negative q = −|e|.
Finally, considering the case of crossed fields E ⊥ H = Hez, we find for the conductivity defined by
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j = qnv = σE

σ =
σ0

1 + (Ωτω)2

⎛⎜⎜⎝
1 −Ωτω 0

Ωτω 1 0

0 0 1 + (Ωτω)2

⎞⎟⎟⎠ σ0 =
ne2τ

m

1

1 − iωτ
(A.2)

The typical value of the mean–free time τ in good metals is 2 · 10−14 seconds, which corresponds

to ωτ = 2π
τ ≃ 300 THz, the frequency of 1 µm light. Hence, we should expect within the Drude

model that

σIR
0 ≈ σDC

0 =
ne2τ

m
σvis,UV
0 ≈ ine2

mω
.

In bad metals or dielectrics, Drude conductivity at optical frequencies would be mostly real σ0 ≈
σDC
0 . At the same time, for any reasonable magnetic field Ωτω ≪ 1, so we can simplify our result to

σ ≈ σ0 [1 − iΩτω · ς2] .

Here ςi are 2 × 2 Pauli matrices (we ignore z components).

A.1.1 Boltzmann transport equation

The same result could be obtained within the semiclassical Boltzmann transport equation for-

malism. It operates with electron quasi-particles, which are considered as wave packets with given

position and momentum. They are described by the distribution function f = f(r,k), which is

conserved in the absence of scattering events.

∂

∂t
fk +

(︃
eE +

q

c
[vk ×H],

∂fk
ℏ∂k

)︃
+
fk − f

(0)
k

τ(εk)
= 0.

Here f
(0)
k is the equilibrium Fermi-Dirac distribution function, and the scattering integral is written

in linear τ–approximation. We can perform perturbation theory in power of E and find that linear

response has the form f
(1)
k = (χ,vk)

∂f
(0)
k

∂εk
with constant vector χ. Substitution into the first equation

leads us to

1

τω
χ +

q

c
[H× m̂−1χ] = −qE
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which has the same solution as the Fourier equation on velocity in the Drude model. Finally, when

we compute conductivity according to

j = q

ˆ
(dk)vk (χ,vk)

∂f
(0)
k

∂εk
=

e2νF
v2
F

3 τω

1 + (Ωτω)2
(E + [E×Ωτω]) .

We arrive at the same result as (A.2) above; however, it now has a different meaning. It is now

generalized to an arbitrary Fermi liquid and not limited to a parabolic spectrum. This is clearly

seen from the formula for conductivity in the DC limit

σDC = e2νF
v2F
3
τ.

Even though we used the τ approximation to linearize the scattering integral, the mean-free

time is no longer a simple phenomenological parameter; it can be used to describe several scattering

mechanisms simultaneously with the help of the Matthiessen rule. Scattering here comes from

impurities, phonons, or electron–electron interactions.

A.2 Drude-Lorentz model

Drude conductivity (A.2) only considers itinerant electrons close to the Fermi energy; however,

at optical frequencies, conductivity is dominated by inter-band transitions at specific frequencies.

The classical model describing them is the Lorentz model, which imagines that the electric field

drives a gas of harmonic oscillators with frequency ωk and damping factors γk = τ−1k .

v̇ + ω2
kr =

q

m

(︂
E(t) +

[︂v
c
×B

]︂)︂
− v

τk

After producing the Fourier transform rω = iω−1vω, we get the same solution as for the Drude

model (A.1), but with a different effective frequency–dependent mean-free path τkω. In crossed

fields H = Hez, ignoring Ωτkω ≪ 1

jω =
ne2τk(ω)

m
{E + [E×Ωτω]} , τk(ω) =

iω

ω2 − ω2
0 + iω/τ

Finally, conductivity and dielectric permittivity corresponding to the optical transition at ωk are

εk = 1 +
4πi

ω
σ = 1 −

ω2
p

ω2 − ω2
0 + iω/τk

[1 − iΩτk(ω) · ς2] ,

where ω2
p = 4πne2/m is plasma frequency, for free electrons ω2

p ≃ 2π × 103 THz.
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Finally, in any materials, both are present: polarization of itinerant electrons and bound elec-

trons, so total polarization is a sum of the Drude contribution and all the Lorentz contributions.

ε = ε∞ −
∑︂
ωk

ω2
p,k

ω2 − ω2
0 + iω/τk

[1 − iΩkτk(ω) · ς2]

Here, the Drude term is included in the sum as the ω0 = 0 term, and we have also assumed that

effective electron masses are different for each oscillator; hence, plasma and cyclotron frequencies

are all independent.

For simplicity, let us consider the clean limit τ → ∞, then

ε = ε∞ −
∑︂
ωk

ω2
p,k

ω2 − ω2
0

[︃
1 +

ωΩk

ω2 − ω2
0

· ς2
]︃

For Drude and Lorentz transitions for which ω0 ≪ ω, we are left with

ε ≈ ε∞ −
ω2
p

ω2

[︃
1 +

Ω

ω
· ς2
]︃
, Ω =

|e|H
mc

.

A.3 Kubo formula

Figure A.1:
Interband optical

transition in
graphene

A microscopic framework for computing the optical conductivity of a ma-

terial is provided by the Kubo formula from linear response theory.

j(1)(t) =
ie

ℏ
∑︂
s

ˆ
dp

(2πℏ)2
f(εs,p)

⟨︃
s,p

⃓⃓⃓⃓ˆ t

0

[V̂I(τ), v̂I(t)]dτ

⃓⃓⃓⃓
s,p

⟩︃

Staring at this humongous formula for long does not really help in under-

standing the physics behind it. It’s even harder to explain how to apply this

formula to real-life materials, since they all possess a highly complex system

of energy bands and Brillouin zone geometry.

Instead, for educational purposes, let us perform a calculation of optical

conductivity using the toy model of a 2-band system: disorder-free graphene

at T = 0 in the tight-binding approximation. Following the calculation step-

by-step allows one to understand the physical meaning behind each term in the Kubo formula and

gives general intuition about the quantum nature of optical conductivity.

https://en.wikipedia.org/wiki/Kubo_formula
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A.3.1 Optical conductivity of graphene

Electrons in graphene are described by an effective Hamiltonian

Ĥ0 = v(σ̂xp̂x + σ̂yp̂y) = v

(︄
0 p̂x − ip̂y

p̂x + ip̂y 0

)︄
(A.3)

Here v ∼ 106 m/s is Fermi velocity, Pauli matrices σ̂i represent sub–lattice degree of freedom, and

p̂ is momentum operator (see Fig. A.1).

Wavefunctions of (A.3) are plane waves with correct eigenvector (we sometimes omit ℏ and use

momentum and wavenumber interchangeably)

ψs,q(x) ≡ ⟨x |s,q⟩ = eiqxus,q us,k =
1√
2

(︄
exp− i

2φk

s exp i
2φk

)︄
tanφk =

ky
kx

Let’s check that the eigenfunctions are normalized correctly. First, we compute

u†s′,k′us,k =
1

2

[︂
e

i
2 (φk′−φk) + s′se

i
2 (φk−φk′ )

]︂
=

⎧⎨⎩cos φk′−φk

2 , s′ = s,

i sin φk′−φk

2 , s′ ̸= s.

Hence u†s′,kus,k = δs′s. Next for eigenfunctions ψk we have ⟨s′,k′ |s,k⟩ = u†s′,k′us,k ⟨k′ |k⟩. We

adopt a convention

⟨k′ |k⟩ =

ˆ
dx ei(k−k

′)x = (2π)2δ(k′ − k).

Velocity operator Let’s calculate matrix elements of velocity operator v̂ = vσ̂. First, we note

that the operator v̂ is diagonal in position–momentum space. For completeness, we compute three

components of vector v even though z–component is of no use in this problem.

u†s′,kσxus,k =
1

2

(︄
e−

i
2φk

s′e
i
2φk

)︄†(︄
se

i
2φk

e−
i
2φk

)︄
=

1

2
(seiφk + s′e−iφk)

u†s′,kσyus,k =
i

2

(︄
e−

i
2φk

s′e
i
2φk

)︄†(︄
−se i

2φk

e−
i
2φk

)︄
=

1

2i
(seiφk − s′e−iφk)

u†s′,kσzus,k =
1

2

(︄
e−

i
2φk

s′e
i
2φk

)︄†(︄
e−

i
2φk

−se i
2φk

)︄
=

1

2
(1 − s′s) ≡ ⟨s′| sx |s⟩ ≡ δs′s̄
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Combining all into one formula, we get the same expression as [107, (5)].

⟨s′,k|v |s,k⟩ =
v

2

⎛⎜⎜⎝
seiφk + s′e−iφk

−iseiφk + is′e−iφk

1 − s′s

⎞⎟⎟⎠
v̂ =

ˆ
dk

|k⟩ ⟨k|
(2π)2S

v

|k|

(︄
k |k|ez + i[ez × k]

|k|ez − i[ez × k] −k

)︄

Same expression in a short form (from now on, we ignore z–component of velocity operator)

⟨k′| v̂ |k⟩ = v

(︃
k

|k|
ŝz +

[ez × k]

|k|
ŝy + ez ŝx

)︃
· ⟨k′ |k⟩

Position operator Let’s also calculate the matrix elements of the position operator. We can

employ identity v̂ = i
ℏ [Ĥ0, r̂] and find (here ℏωk = v|k|, so that εs,ℏk = sℏωk)

⟨s′,k′| r̂ |s,k⟩ = −i ⟨s
′,k′| v̂ |s,k⟩
s′ωk′ − sωk

=
v

|k|

[︃
−ik δs′s

ωk′ − ωk
+ [ez × k]

δs′s̄
2ωk

]︃
⟨k′ |k⟩ (A.4)

The first term is irregular; let’s see if we can find an alternative expression for the matrix elements

of r̂.

⟨s′,k′| r̂ |s,k⟩ = u†s′k′usk

ˆ
dr ei(k−k

′)rr = (2π)2iu†s′k′usk∇k′δ(k′ − k)

This expression should be treated as functional. We first compute

δ(k′ − k)∇k′u†s′k′usk = δ(k′ − k)δs′s̄
i

2
∇k′φk′

∂µφk =
1

1 + (ky/kx)2

[︃
kxδµ,2
k2x

− kyδµ,1
k2x

]︃
=

[ez × k]µ
k2

.

Now we simplify the expression for the derivative of δ–function using integration by parts.

⟨s′,k′| r̂ |s,k⟩ = iu†s′k′usk∇k′ ⟨k′ |k⟩

=
[ez × k]

2k2
δs′s̄ ⟨k′ |k⟩ − iδs′s ⟨k′ |k⟩∇k′(. . . ) (A.5)

We see that expressions (A.4) and (A.5) agree if we differentiate a function that doesn’t depend on

momentum direction f = f(|k|).
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Kubo formula We consider an electric field at frequency ω as perturbation which is turned on at

t = 0.

V̂ (t) = θ(t)|e|(E · r̂) cosωt = Ŵθ(t) cosωt, Ŵ = |e|(E · r̂)

The wavefunction can be found perturbatively as (in the interaction picture)

|s,k⟩It =

[︃
1̂− i

ℏ

ˆ
V̂I(τ)dτ + . . .

]︃
|s,k⟩(0)t=0

Next, we want to calculate the expectation value of the current operator

j = e
∑︂
s,k

f(sℏωk) ⟨s,k|It v̂I(t) |s,k⟩It

The zeroth-order term should be zero since there is no current in the absence of a field; indeed, the

integral over the directions of k gives zero. First–order is provided by the Kubo formula.

j(1) =
ie

ℏ
∑︂
s

ˆ
dk

(2π)2
fs,k ⟨s,k|

ˆ t

0

[V̂I(τ), v̂I(t)]dτ |s,k⟩

=
ie

ℏ
∑︂
s,σ

ˆ
dkdq

(2π)4S
fs,k

ˆ t [︂
⟨s,k| Ŵ |σ,q⟩ ⟨σ,q| v̂ |s,k⟩ ei(ωs,k−ωσ,q)(τ−t)−

−⟨s,k| v̂ |σ,q⟩ ⟨σ,q| Ŵ |s,k⟩ ei(ωσ,q−ωs,k)(τ−t)
]︂

cosωτ dτ

=
e

2ℏ
∑︂
s,σ,±

ˆ
dkdq

(2π)4S
fs,k

[︄
⟨s,k| Ŵ |σ,q⟩ ⟨σ,q| v̂ |s,k⟩

ωs,k − ωσ,q ± ω
− ⟨s,k| v̂ |σ,q⟩ ⟨σ,q| Ŵ |s,k⟩

ωσ,q − ωs,k ± ω

]︄
e±iωt

=
e

2ℏ
∑︂
s,σ,±

ˆ
dk

(2π)2
fs,k

[︄
⟨s| Ŵk |σ⟩ ⟨σ| v̂k |s⟩
ωs,k − ωσ,k ± ω

− ⟨s| v̂k |σ⟩ ⟨σ| Ŵk |s⟩
ωσ,k − ωs,k ± ω

]︄
e±iωt

After integration over q we are left with an extra δ–function at 0 argument, which gives sample area

(2π)2δ(k = 0) = S in the current normalization convention. We will now split this expression into

two contributions j = js + ja, which correspond to σ = s and σ = s̄ ≡ −s respectively. Let’s consider

the symmetric part. We see that it’s zero at charge neutrality.

js =
e

ℏ
Eα

ˆ ∞
−∞

kdk

4πω

∂fk
∂k

sinωt = 0.
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Next,

ja =
e

2ℏ
∑︂
s

ˆ
dk

(2π)2
fs,k

∑︂
±

[︄
⟨s| Ŵk |s̄⟩ ⟨s̄| v̂k |s⟩

2sωk ± ω
− ⟨s| v̂k |s̄⟩ ⟨s̄| Ŵk |s⟩

−2sωq ± ω

]︄
e±iωt

=
e2

2ℏ
Eα

∑︂
s

ˆ
dk

(2π)2
fs,k

iv2

sωk

k⊥k
α
⊥

k2
−4sωk

4ω2
k − ω2

cosωt

= −2i
v2e2

ℏ
Eα

∑︂
s

ˆ
dk

(2π)2
fs,k

k⊥k
α
⊥

k2
cosωt

4ω2
k − ω2

= −iv
2e2

2πℏ
E

ˆ ∞
−∞

kdk
f(ℏvk)

4ω2
k − ω2

cosωt

=
e2

ℏ
E

2πi

ˆ ∞
0

εdε

4ε2 − ω2
cosωt

This integral should be regularized such that it obeys causality ω = ω + i0, then half–residual at

ε = ω
2 is what we are left with.

ja =
e2

4ℏ
E cosωt

We’ve obtained a beautiful result known as universal optical conductivity.

σ(ω) =
e2

4ℏ
. (A.6)

Remarkably, this result holds for real graphene as long as ω ≫ τ−1, T [108].

Transmittance We can use the result (A.6) to calculate optical transmittance of 2D graphene

[109]. Full system of equations

∇ ·E = 4πρ ∇ ·B = 0

∇×B =
4π

c
j +

1

c

∂

∂t
E ∇×E = −1

c

∂

∂t
B

∂tρ+ ∇ · j = 0 j = σ0δ(z)E, σ0 =
e2

4ℏ
.

Here j is the linear current density and ρ is the surface charge density. Propagation of electromagnetic

waves is described by

− 1

c2
∂2

∂t2
E + ∇2E−∇ (∇ ·E) =

4π

c2
∂

∂t
j.

Let’s choose x axis along the direction of electric field E = (Ex(z), 0, 0)e−iωt. For normal incidence

∇ ·E = 0, hence ρ = 0 and ∇ · j = 0. Electric field above the membrane is the sum of incident and
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reflected waves Ex(z > 0) = E(i)e−ikz + E(r)eikz, while below the flake of graphene we have only

transmitted wave Ex(z < 0) = E(t)e−ikz. Magnitude of wavevector is the same for all three waves

because they satisfy the same wave equation and have identical frequency ω = ck.

ω2

c2
Ex +

d2

dz2
Ex = −iω 4π

c2
δ(z)σ0Ex(0).

First of all, we see that the field is continuous since δ(z) is proportional to the second derivative.

E(i) + E(r) = E(t) = Ex(0).

Next, integrating over z

dEx

dz

⃓⃓⃓⃓+0

−0
= −ikE(i) + ikE(r) + ikE(t) = −ik 4π

c
σ0Ex(0).

Solving for transmission amplitude

t =
E(t)

E(i)
=
(︂

1 + 2π
σ0
c

)︂−1
=
(︂

1 +
π

2
α
)︂−1

.

Finally, transmittance is T = |t|2 ≈ 1 − πα with α = e2/ℏc ≃ 1
137 standing for fine–structure

constant.



Appendix B

Polarimetry

B.1 Mueller calculus

Suppose light of unknown polarization is coming from the source, and we would like to measure

how much of the light is unpolarized, how much is linearly polarized, and how much is circularly

polarized. Mueller calculus can answer these questions. Stokes parameters are used to describe

polarization of the light. They are defined in such a way that they can be extracted from intensity

measurements. Unlike amplitude coefficients, Stokes parameters are purely real and do not contain

information about light phase.

Stokes vector of elliptically polarized light with major axis at angle ψ to horizontal and ellipticity

χ is given by

S =

⎛⎜⎜⎜⎜⎝
I

Q

U

V

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
Itotal

Ipol cos 2χ cos 2ψ

Ipol cos 2χ sin 2ψ

Ipol sin 2χ

⎞⎟⎟⎟⎟⎠
For linearly polarized light ε = 0. If additional unpolarized light is present, it will increase the

value of I, but the values of Q, U , V will be untouched since they have the meaning of intensity

differences between different polarization components, while the unpolarized part is always assumed

to be uniform without loss of generality.

86



APPENDIX B. POLARIMETRY 87

Fully polarized Jones vector can be converted to Stokes vector according to

E =

(︄
Ex

Ey

)︄
=

(︄
E0xe

iϕx

E0ye
iϕy

)︄
↦→ S =

⎛⎜⎜⎜⎜⎝
E2

0x + E2
0y

E2
0x − E2

0y

2E0xE0y cos(ϕx − ϕy)

2E0xE0y sin(ϕx − ϕy)

⎞⎟⎟⎟⎟⎠ (B.1)

Sometimes opposite conventions for the sign of S3 = V are used.

B.2 Measuring Stokes parameters

Figure B.1: Rotating quarter–waveplate method

Stokes parameters can be measured using a so-called rotating quarter-wave plate (QWP) method.

Let’s say light passes through QWP with slow axis oriented at angle η to horizontal plane and then

passes through linear polarizer oriented at angle ξ, which is usually assumed to be zero (without

loss of generality) and η is measured as the angle between QWP and polarizer.

Light traveling along slow axis (x) of QWP acquires additional phase ∆φ = ω
c ∆n · ∆z = π

2 ,

where ∆z is the thickness of QWP and ∆n = ne−no is its birefringence. The Jones matrix of QWP

is given by

Q = ei
π
4 σz =

(︄
ei

π
4 0

0 e−i
π
4

)︄
Rη = e−iησy =

(︄
cos η − sin η

sin η cos η

)︄

We could use adjoint action formula R−ησzRη = σz cos 2η − σx sin 2η to produce rotation

Qη = RηQR−η = cos
π

4
+ iRησzR−η sin

π

4

=
1√
2

+
i√
2

(σz cos 2η + σx sin 2η)

=
1√
2

(︄
1 + i cos 2η i sin 2η

i sin 2η 1 − i cos 2η

)︄

https://en.wikipedia.org/wiki/Pauli_matrices#Adjoint_action
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Next, we can find Mueller matrix for a quarter–wave plate with slow axis at angle η according to

(compare to general retarder matrix with fast axis at angle θ)

Qη = A(Qη ⊗Q∗η)A−1 =

⎛⎜⎜⎜⎜⎝
1 0 0 0

0 cos2 2η 1
2 sin 4η − sin 2η

0 1
2 sin 4η sin2 2η cos 2η

0 sin 2η − cos 2η 0

⎞⎟⎟⎟⎟⎠ A =

⎛⎜⎜⎜⎜⎝
1 0 0 1

1 0 0 −1

0 1 1 0

0 i −i 0

⎞⎟⎟⎟⎟⎠
Similarly, for polarizer P at an angle ξ Jones matrix is

Pξ = RξPR−ξ =
1

2
+

1

2
RξσzR−ξ =

1

2
+

1

2
(σz cos 2ξ + σx sin 2ξ)

which in Mueller representation looks like (compare to general polarizer matrix at angle θ)

Pξ = A(Pξ ⊗ P ∗ξ )A−1 =
1

2

⎛⎜⎜⎜⎜⎝
1 cos 2ξ sin 2ξ 0

cos 2ξ cos2 2ξ 1
2 sin 4ξ 0

sin 2ξ 1
2 sin 4ξ sin2 2ξ 0

0 0 0 0

⎞⎟⎟⎟⎟⎠
Passing through both the QWP and the polarizer is described by the product

Tξη = PξQη =
1√
2
Pξ +

1

2
Qη −

1√
2

+
i

2
√

2
[cos 2(η − ξ) + iσy sin 2(η − ξ)]

2
√

2Tξη = 1 + i cos 2(η − ξ) + σx [i sin 2η + sin 2ξ] − σy [sin 2(η − ξ)] + σz [i cos 2η + cos 2ξ]

Since the formula becomes cumbersome, let us consider two limiting cases: ξ = 0 and ξ = π
2 . Total

intensity of transmitted light, which initially had Stokes coefficients (I,Q, U, V ) is

ξ = 0 : 2Ifinal =

(︃
I +

Q

2

)︃
− V sin 2η +

Q

2
cos 4η +

U

2
sin 4η,

ξ =
π

2
: 2Ifinal =

(︃
I − Q

2

)︃
+ V sin 2η − Q

2
cos 4η − U

2
sin 4η.

Here η is orientation of slow axis of QWP, if we’re measuring fast axis instead, simple replacement

η ↦→ η ± π
2 will result in change of sgnV .

ξ = 0 : 2Ifinal =

(︃
I +

Q

2

)︃
+ V sin 2η +

Q

2
cos 4η +

U

2
sin 4η,

ξ =
π

2
: 2Ifinal =

(︃
I − Q

2

)︃
− V sin 2η − Q

2
cos 4η − U

2
sin 4η. (B.2)

https://en.wikipedia.org/wiki/Mueller_calculus#Mueller_matrices
https://en.wikipedia.org/wiki/Mueller_calculus#Mueller_matrices
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B.3 Examples

Let’s focus on the case of a vertically oriented polarizer and η being the angle of the fast axis of

QWP, i.e., use equation (B.2).

B.3.1 Linearly polarized light

Suppose incident light is fully polarized with polarization angle θ. Then according to (B.1)

E =

(︄
cos θ

sin θ

)︄
S =

⎛⎜⎜⎜⎜⎝
1

cos 2θ

sin 2θ

0

⎞⎟⎟⎟⎟⎠ 2I(η) =

(︃
1 − cos 2θ

2

)︃
− cos 2θ

2
cos 4η − sin 2θ

2
sin 4η.

B.3.2 Sum of two decoherent components

Consider light traveling along polarization–maintaining fiber. It enters the fiber linearly polarized

at 45 degrees, and the signal is split equally between fast and slow modes of the fiber patch, which

have refractive indices of ny = 1.4492 and nx = 1.4496, respectively. Further assume that SLED

emitted this light with vacuum-wavelength λ0 = 1550 nm and FWHM spectral width ∆λ0 = 50 nm,

so that it has frequency f = ω/2π = c/λ0 ≃ 200 THz. In a medium such as fiber with refractive

index n = 1.4494, the wavelength is effectively shorter λn = λ/n, while the frequency is the same

as in vacuum. Now, since such a light wave packet consists of waves with different frequencies (i.e.,

different energies) which do not interfere with each other, it has a finite coherence time τφ. This

time can be estimated from the following argument: if after time τφ wave components from the edge

of the spectrum ω ± ∆ω
2 are single period apart, then the sum over all frequencies in between will

average out to zero. From here ∆ωτφ ∼ 2π or ∆fτφ ∼ 1. Similarly, one can define the coherence

length of lφ = vτφ. Since ∆f/f ≈ ∆λ0/λ0 = ∆λn/λn we can express coherence length as

lφ =
λ20

n∆λ0
= 33 µm,

Or, in other words, it has a coherence time given by

τφ =
λ20
c∆λ0

= 160 fs.

Alternatively, we could also define phase difference, which leads to decoherence.

ϕφ = 2π · f

∆f
= 2π · λ0

∆λ0
≃ 31 · 2π.
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In our case birefringence is δn = 4.2 · 10−4, so they will acquire phase difference δϕ = ϕx − ϕy ∼ ϕφ

after traveling for

L =
k

δk
lφ =

n

δn
lφ = 3451 · lφ =

λ20
δn · ∆λ0

= 114 mm.

Suppose incident light consists of two perpendicular decoherent components (which will happen

after traveling along a polarization-maintaining fiber for more than 10 cm as described above). Their

Stokes vector is the sum of two vectors.

S =
1

2

⎛⎜⎜⎜⎜⎝
1

1

0

0

⎞⎟⎟⎟⎟⎠+
1

2

⎛⎜⎜⎜⎜⎝
1

−1

0

0

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
1

0

0

0

⎞⎟⎟⎟⎟⎠ 2I(η) = 1.

Note that this is different from coherent sum, which would result in fully linearly polarized light

oriented at 45 degrees.

B.3.3 Testing sample QWP

Assume we pass light through a circulator (with a fast axis blocking, i.e., a built-in polarizer)

and then send it to the sample through a fiber patch. Before reflecting off the sample, the laser beam

goes through a collimator, a quarter-wave plate, and a lens. How would the intensity of reflected

light (on port 3 of the circulator) depend on the orientation of the QWP?

Q2
η = i

(︄
cos 2η sin 2η

sin 2η − cos 2η

)︄

If we send in linearly polarized light (along the slow axis, i.e., x), the intensity at the detector is

going to be

I(η) =
⃓⃓
x̂TQ2

ηx̂
⃓⃓2

= cos2 2η =
1 + cos 4η

2

In reality, there is an overall damping factor due to insertion loss. Additionally, finite polarization

extinction ratio (two modes mix with each other inside the fiber) and back reflections (between the

fiber and collimator) lead to a non-zero value.

Now, assume that we place a polarizer at 45 degrees, so that an equal amount of light is sent

along the fast and slow axes of the polarization-maintaining fiber. When they reach the quarter-

wave plate, they do not interfere; hence, they should be considered independently. However, on

the way back, two components that travel in opposite directions will interfere. The easiest way

to see that only off-diagonal terms should be summed as amplitudes is to introduce a fiber matrix

Fϕ = diag(1, eϕ), which describes fiber birefringence, and then look at which terms have the same
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phase.

I(η) = |J11|2 + |J12 + J21|2 + |J22|2, J =
1√
2
Q2

η

1√
2
,

=

⃓⃓⃓⃓
cos 2η

2

⃓⃓⃓⃓2
+

⃓⃓⃓⃓
sin 2η

2
+

sin 2η

2

⃓⃓⃓⃓2
+

⃓⃓⃓⃓
−cos 2η

2

⃓⃓⃓⃓2
=

3 − cos 4η

4
.

If we place an intensity modulator on one of the arms, it will introduce a large insertion loss α2
0

along the slow (x) axis. Note that α0 describes reduction in amplitude, while α2
0 describes reduction

in intensity.

I(η) = |α2
0J11|2 + |α0J12 + α0J21|2 + |J22|2, J =

1√
2
Q2

η

1√
2
,

= α4
0

⃓⃓⃓⃓
cos 2η

2

⃓⃓⃓⃓2
+ α2

0

⃓⃓⃓⃓
sin 2η

2
+

sin 2η

2

⃓⃓⃓⃓2
+

⃓⃓⃓⃓
−cos 2η

2

⃓⃓⃓⃓2
=

(1 + 4α2
0 + α4

0) + (1 + α4
0 − 4α2

0) cos 4η

8
.
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roko Aruga Katori. Finite versus zero-temperature hysteretic behavior of spin glasses: Exper-

iment and theory. Phys. Rev. B, 76:092408, Sep 2007.

[86] Eric Vincent, Jacques Hammann, Miguel Ocio, Jean-Philippe Bouchaud, and Leticia F.

Cugliandolo. Slow dynamics and aging in spin glasses. In Miguel Rub́ı and Conrado Pérez-
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G. Springholz, K. Olejńık, L. Šmejkal, J. Sinova, T. Jungwirth, S. T. B. Goennenwein,
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